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1. Introduction

Let Q c RY be a bounded domain of class C! with 0Q = T UT; and ToNT; = 0, where [’y and I'; are
measurable over 0Q2, endowed with (N — 1)-dimensional surface measure and mes (I'y) > 0. The goals
of the present article are to study the local well-posedness, global existence, and blow-up phenomenon
of the following parabolic problem with logarithmic reaction term and nonlinear dynamic boundary
condition:

u, — Au=|uPulnlul, >0, xeQ,

u(t,x) =0, t>0, xely, (L.1)
g_:; = —lu " u, >0, xely, ’
M(O,X):M()(X), er,
where % stands for the unit outer normal derivative. The positive parameters m, p satisfy
2*
m>land2<p<1+ —, (1.2)
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where 2* denotes the Sobolev conjugate of 2, namely,

N_2°
+oo0, if N=1,2.

2*:{ IV if N >3,
The initial datum u, belongs to H' () and fulfills the compatibility condition uy = 0 on I,

First of all, we briefly introduce the relevant physical background of model (1.1). Let Q be a
solid body surrounded by a fluid denoted by A, with contact I'; and having an internal cavity with
contact boundary I'y. We suppose that a heat reaction-diffusion process occurs inside € such that, if
u = u(t, x) represents the temperature at time ¢ and point x, the quantity of heat produced by the reaction
is u/”? uln|u|. Thus, the process can be described by the following heat equation with logarithmic
reaction term

u — pAu = ufPulnlul, t >0, x e Q, (1.3)

where the thermal conductivity p > 0 is taken to be 1 for simplicity. Meanwhile, the surrounding
fluid is assumed to be well stirred. That is to say, A is a perfect conductor of heat such that the
temperature in A is spatially homogeneous and can be described by v = v(¢) for any ¢ > 0. To control
the reaction-diffusion process inside the solid €2, a refrigerating system is installed in the fluid. We
assume that the refrigerating system is controlled in such a way that the heat absorbed from the fluid
is proportional to a power of the rate of change of the temperature, as V' ()" V' (¢). Then, the rate of
change of the temperature v'(¢) can be written as

V() = — |V’(l‘)|m_2 V() + f Jj(t, x)dl, (1.4)
I

where j = j(t, x) is the heat flux from Q to A. Since p = 1, according to the classical conductivity rule,
one knows that the heat from Q to A is equal to —%. Further, the thermal contact of the fluid at I';
yields the continuity condition

ut,x)=v(), t >0, xel}.

This, along with (1.4), yields that

0
A — " 2w, 120, xeT. (1.5)
ov

To simplify from the point of mathematics, we take the modified form of (1.5) as follows,

du

= " u,, t >0, x €T, (1.6)

On the other hand, the temperature on Iy is assumed to be constant (for simplicity, constantly vanishing),
that is
u(t,x) =0, xely, t >0, (1.7)

which, together with (1.3) and (1.6), leads to model (1.1).
The semilinear heat equation

u—Au=fw, t>0, xeQ, (1.8)
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subject to zero Dirichlet (or Neumann) boundary condition and initial datum u, (x) has been considered
extensively and systematically by many mathematicians in the last few decades. For instance, the authors
of [1] studied the relation between the global existence of the solution to (1.8) and the existence of the
weak solution to the corresponding stationary problem. Levine in [2, 3] proved the finite time blow-up
result of the solution to problem (1.8) by using the concavity method. In particular, for f (u) = |ul”* u
in (1.8), the authors of [4] dealt with the behavior of the solution when the initial energy is subcritical,
that is, initial energy smaller than the mountain pass level. Gazzola and Weth [5] obtained the global
well-posedness by using semigroup theory and potential well theory, and proved the finite time blow-up
of the solution with supercritical initial energy by applying the comparison principle and variational
method. For f («) = uln|u| in (1.8), under different initial energy levels, the authors of [6—8] proved that
the solutions no longer blow up in finite time but blow up in infinite time and claimed that the power
nonlinearity is a critical condition of blow-up in finite time for the solutions of semilinear heat equations.
For f(u) = lu|P~2 uln |u| with p > 2in (1.8), Le and Le in [9, 10] showed the finite time blow-up
phenomena of the solutions with subcritical and critical energy levels, while Han et al. in [11] claimed
that problem admits a finite time blow-up solution for arbitrarily high initial energy by borrowing
some ideas from [5, 12]. For other related works on the well-posedness, global existence, and blow-up
behavior of parabolic equations, we refer the readers to the references [13-16].

Recently, the authors of [17, 18] considered problem (1.1) by replacing f (u) = |u|”~ uIn |u| with
f(w) = |ulf =2 4. Fiscella and Vitillaro in [17] obtained the blow-up result of the weak solution with a
low initial energy level, while the authors of [18] showed the blow-up phenomena of the solutions with
arbitrary high initial energy levels.

To the best of our knowledge, models like (1.1) involving both an interior logarithmic source and
a nonlinear dynamic boundary condition have not been studied yet. On the one hand, similar to the
power-type source term, the interior logarithmic source will also promote the occurrence of blow-up
phenomenon. On the other hand, unlike the zero Neumann boundary condition, the dynamic boundary
condition (1.6) may prevent (or delay) the occurrence of the blow-up phenomenon; see [19]. To
some extent, there is a competition between the interior logarithmic source and the dynamic boundary
condition. So, a natural and interesting question arises, that is, how do they compete with each other?
Meanwhile, if the blow-up phenomenon occurs, can we give the lower bound of the blow-up time? The
main objectives of this article are the global existence and finite time blow-up of the weak solution (see
Definition 2.1) to problem (1.1). More specifically, we aim to investigate the competitive interaction
among the interior logarithmic source, diffusion, and dynamic boundary conditions with nonlinear
dissipation, and to elucidate the effect of the initial energy level on the blow-up behavior of the weak
solution. To answer these questions, one has to develop some new skills and techniques to solve the
following two difficulties caused by the concurrent occurrence of the interior logarithmic source and
nonlinear dynamic boundary condition.

(1) The structure and property of the corresponding energy functional to problem (1.1) will change
radically when the power-type source term is replaced by the logarithmic source, and the potential
well method proposed in [20] and used in [4, 5, 17, 18] cannot be directly used to handle our
problem. To be exact, the primary difficulty caused by the logarithmic source lies in energy-based
estimates. To solve it, one has to establish a positive lower bound of dj (see Lemma 3.1) and some
other new inequalities and methods (see Lemmas 3.2, 3.3, and 3.4).
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(2) Since the homogeneous Dirichlet boundary condition is replaced by the nonlinear dynamic bound-
ary condition, one need to modify and improve some details of the concavity method introduced by
H. Levine in [2]. First, inspired by [21], we give a crucial modification by skillfully constructing
some new auxiliary functions Z (¥) and Y (¢) (see (3.23) and (3.26), respectively). Then, the trace
embedding for Sobolev space of fractional order (see (3.19)) and the interpolation inequality are
used to estimate the L™ (I';) norm of ulr, .

The rest of this article is organized as follows. Section 2 is devoted to the local existence, uniqueness,
and continuous dependence on the initial datum of the weak solution to problem (1.1). By making use
of the Banach contraction theorem, the local well-posedness result of the weak solution is obtained.
Section 3 mainly concerns the global existence and finite-time blow-up behavior of the weak solution to
problem (1.1) with different initial energy levels. By virtue of a new family of potential wells, together
with the modified differential inequality approach and w-limit set, the sufficient conditions on the global
existence and the occurrence of the finite time blow-up phenomenon are discussed. Moreover, by
using the first-order differential inequality technique for a suitably defined auxiliary function and some
Sobolev-type inequalities, a lower bound of the maximal existence time 7,5 (see Definition 3.1) for the
special case m = 2 is also deduced in section 3.

2. Local well-posedness

In this section, our attention is focused on the local existence, uniqueness, and continuous dependence
on the initial datum of the weak solution to problem (1.1). For this purpose, we first introduce some
notations, known facts, and the definition of the weak solution that will be used throughout this article.

For given g € [1,+0), we use || - ||, and || - ||,r, to represent the L7(Q2) norm and L(I"}) norm,
respectively. We denote the Hilbert space H%O Q) = {u eH' (Q):u=0forxe FO}, endowed with the
norm

1
2 2\2
il = ([l + 19l3)”

The trace theorem indicates the existence of the continuous trace mapping H}O (Q) — L? (0Q). Mean-
while, since mes (I'y) > 0, a Poincaré-type inequality holds (see [22,23]). Hence ||Vu||, can be viewed as
an equivalent norm to the norm ||u|| - Throughout this article, the symbols C and C swithi=1,2,---,
will denote positive constants that may change from line to line even if in the same inequality.

The definition of the weak solution and the local well-posedness result of problem (1.1) are stated as
follows:

Definition 2.1 (Weak solution). Assume that (1.2) holds. Let u, € Hllo (Q)and T > 0. A function
u(t) := u(t, x) defined in [0, T] X Q is called a weak solution of problem (1.1) if

(i) e L (0,T; HL (Q)) and u, € L* (0, T; LA(Q)):
(ii) the spatial trace of u(t) on (0, T) X 0, which exists by the trace theorem, has a distributional time
derivative on (0, T) X 0Q whose restriction to (0, T) X I'y belongs to L ((0,T) x TI'y);
(iii) for all ¥ € H}O Q)N L") and t € [0, T), the distribution identity

f (Vu, + VO - Vu) dx + f O, |" % u,dl = fﬂlul”_zu In |u|dx 2.1
Q I Q

holds;
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(iv) u (0, x) = ug (x).

Theorem 2.1 (Local well-posedness). Suppose that (1.2) holds and u, € H}O (Q). Then there exists a

T such that problem (1.1) admits a unique weak solution u (t) in [0, T*] X Q. Furthermore, one has
ueC ([0, T*]; Hy, (Q)), u, € L™ ((0,T)xT) NL2 (0, T") x Q), (2.2)

t

1 ! !
?WM@*1[(WM%W%ML%”ZJﬁfﬁMQMmWWAMLOSsﬁtSTi 2.3)
s K s Q

and

el < Cllugllyy - (24)

c(or30 @)
In addition, u (t) depends continuously on the initial datum wy. In other words, for any {uo,},., Hllo Q)
and ug, — Ug asn — +oo in H}O (Q), the weak solution u" (t) to problem (1.1) with initial datum uy, is
defined in [0, T*] X Qand u" (t) - u(t) asn — +ooin C ([0, T7] ;H}O (Q)).

To prove the local well-posedness result, we need the following lemma.

Lemma 2.1. (see [24]) Assume that €, and €, are two positive constants. Then one has
Yo lnY < (e) ' PO forall ¥ > 1,
and

[P InY| < (eg)™" forall0 <¥ < 1.

Proof of Theorem 2.1. For arbitrary 7 € (0, +c0), we set Yr = C ([O, T] ;H}0 (Q)) endowed with the

usual norm ||ully, = ||u||Lm(0 - (Q)), and the closed convex set X7 = {u € Y7 : u(0) = up}. The proof of
T:H]

Theorem 2.1 is divided into three steps as follows:

Step 1: Local existence. Let u € X7. From (1.2), it follows that there exist some appropriate
6 € (0, %] such that 2 < 2(p — 1 + &) < 2*. Then, owing to Sobolev embedding theorem, for
t € [0,T], one has

llellap-146) < Ci llully - (2.5)

With the help of Lemma 2.1 and (2.5), one can see

2 2. ) 2 -2 2
fg (lulp ulnlul) dx = fg | (|u|P ulnlul) dx + f (|u|P ulnlul) dx

Q

Q| 1 2p-l+e)
< + u (2.6)
e2 (p _ 1)2 €2E§ ” ||2(P—1+52)

2(p-1+
< Cy+ Gl
I

which implies that [’ ulnju| € L*((0,7);L*(Q)), where Q; = {xeQ:|u(x,n| <1}, Q =
(xeQ:lux, 0> 1},C; = 1Q|[e(p - 1)] > and C; = (ee) > C37~'*%). A direct application of Theorem
1.5 in [17] tells us that

vi—Av =uP?ulnlul, t€(0,T), xeQ,

v(x, 1) =0, te[0,T), xely,

2.
o = 2y, 1e[0,T), xeTy, @.7)
v(0,x) = uy(x), x € Q,
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admits a unique weak solution v (f) € Y7 with v, € L™ ((0,T) x ') N L2 ((0, T) x Q) and

! t
f (IvelB3 + el ) dr = f f |ul”~2 uln |u| v-dxdr, ¢ € [0,T]. (2.8)
0 0 Q

Define @ : X; — X7 by ® (1) = v, where v stands for the solution of problem (2.7) that corresponds to
u. Set By = {u € Xy : lully, < R}. It is obvious that By is a nonempty set provided that Ry = ||u0||H} <R.
0

1 |
=IVvlly| +
2 2l

Now, we are in the position to show that, for sufficiently large R and sufficiently small 7, ® : By — By
is a contraction mapping. To this end, we first show that ® maps By into itself. Let u € Bg. From (2.6),
(2.8), Holder’s inequality, and Young’s inequality, one can infer that, for ¢ € [0, T'],

1 !
2 IVvli3 +f [[vell3 dr

1
<~ ||Vuoll; + f f [P~ uln |u| v.dxdr

1 ) , \2
SE |Vu0||§+f ||vT||2(f (|u|P 2u1n|u|) dx) dr

2
=3 IVuoll; + f [IVell, (C2 +C3||u(7')||2(” 1+62>) dr
! 2 2 L[ 2p-1+e)
<=||Vuol5 + E ||vT||2 dr + B C, + C; ||u (T)” dr
0 0

1 (" 1
IVuoll; + 3 f Ivll5 d + 5 (C2 + C3R2<P—1+ez)) T,
0

[\.)

A\
| —_

[\S)

IA
| =

which implies that,
!
V3 + f Ivell}dr < RS + (c2 + c3R2<P-1+fz>) T. (2.9)
0

Consequently, one has

V] <R+ (Cy+ GRO)T, (2.10)

L=(0.T:L2(Q)) —

On the other hand, Holder’s inequality and (2.9) can be used to obtain

!
Up + f v.dr
0

2 2

32||Mo||§+2f(f V-,-dT) dx
2
(|M0||2 f f(vT) de)C) (211)

< 2|RY + BT + (Co + CRYP1) 72|

1
R= max{l, \/10R2 +6C2}, T < min{l e — R f2>}, (2.12)
3
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then from (2.10) and (2.11), it follows that
1 1
IV}, < SRS +3C, +3C;R* P 19T < SR+ SR =R,

which means that @ maps By into itself for sufficiently large R and sufficiently small 7.
Next, suppose that # and u belong to Bg, denote v = @ (1), v = ® (u), and w = u — u. Then it is trivial
to check that w is a weak solution of the problem

— Aw = [ufP2uln|u| - [ul"2ulnful, t€(0,T), x€Q,

w(x, 1) =0, tel0,T), xeTly, (2.13)
2= — "+ te[0,T), xel, '
w(0,x) =0, x € Q.

Since v;, v, € L ((0,T) x T'y), then by Hélder’s inequality, one can deduce that [v[" > v,, [v|" ¥, €
L#1((0,T) xT). In view of Lemma 2.2 in [17], one has

f [hwell3 d + f [Ivd" 2 ve = el 27 | wedlde
I
:f f P uln|u| — [@)” > uln |ﬁ|)WdedT, te[0,T].
0 JQ

Denote G (s) = |s|” % sln|s|. Then G’ (s) = |5’ [1+(p—1In]|s|]. Since i 11m sl = 0 holds for

53

5 IIVWII2

(2.14)

ln| €|

<1

any positive constant €3, one can claim that there exists a sufficiently large constant C4 such that
holds for |s| > C4. As a result,

IsIP~2 [In|s]| < |s|P~2*%, for |s| > C4. (2.15)
On the other hand, noticing that Illin(’)l+ Is|”21n|s| = 0 holds true for p > 2, then one can infer that there

exists a positive constant Cs such that

IsIP~%|In|s]| < Cs, for |s| < Cy. (2.16)
Bearing (2.15) and (2.16) in mind yields that
IsI” [In]s]| < Cs + |s]77>*%, p>2, & >0. (2.17)

By the mean value theorem and (2.17), there exists a constant € € (0, 1) such that
IG W) -G @) =G (&u + (1 — &) u)llu—ul
=1+ (p- Dinlgu+ (1 - e)ull legu + (1 — &) @l” > ju— 1l (2.18)
<[Cs(p =1+ (o= 1) (ul + )’ + (ul + [al)”™ |l = ..

In light of Holder’s inequality and Young’s inequality, one can immediately get
! !
f f Cs(p— Dl — il wrdxdr < Cs (p— 1) f it = Tl Iwell d
0 Q 0
!
< Co [ =yl e 2.19)
0 0

1 t =2 & [ 2
<C - - 1 d + — T d s
< 6(265j;||14 ””Hro T 2J;IIW Il; dr
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where €5 > 0 will be chosen later. Now, set r = 2" if N € N \ {2}, while r = 2p when N = 2, such that
2<p<1+L£<1+2Z andr>2. Fixing & suchthat2 < p+e < 1+£ < 1+2 and taking s = 2 such
that L + 1 + 1 =1, then by using Holder’s inequality, Minkowski’s inequality and Young’s inequality,
one can claim that

!
f f (p = 1) (Jul + [@)” " |u — u| w.dxdr
0 Q
! 2
—_— — +€ —
<(p-1) f lloel + 27243 e =l [lwe I, d
0
' 2 2
<(p-1) f (lall? 252+ Nl 255 ) e = 2l liwell, de (2.20)
) :
!
2+ 2+
<Gy f (nun’;, o+l ) lu =Tl [Iwell, de
0

3267RP‘2+E‘( f [l — uIIHl dr+ = f IIWTIIZdT)

where € > 0 will be chosen later. Similarly, one has

! 1 ! !
f f (lu| + [@)”? |u — u| wodxdr < CsRP™2 | — f Nl — @l dr+ 2 f w2 dr], (2.21)
0 Jo 2e7 Jo To 2 Jo

where € > 0 will be chosen later. Recalling (2.12), collecting (2.14), (2.19), (2.20), and (2.21) yields
that

1 t
2 Vw3 +f [Iwell5 dz
0

<co[2 ftn a2, d +65f|| 2d
— u—ull;, dr+ —= well5dt
=0 265 0 Hro 2 0 2
—2+€ 1 t =2 66 t 2
+ 2C7Rp | — ||I/l - u”Hl dr + — ||WT||2 dr (222)
+C8Rp_2( f”lxt l/l”Hl dT+_f ||WT||2dT)
( +—+—)f llu — u||H1 dT+(€5+€7+€7)f ||WT||2dT]

Choosing suitable €5, €, and € such that 2CoRP~2*¢ (5 + € + €7) = 1, then from (2.22), one can
conclude that

<C9Rp—2+e3

Vw3 + f Iwrlf T < ClR"2 T = )
which indicates that
Vil < CoR" T e =T, ) .
and
f Iwelly dr < CroR”2T e =l (ot @) (229
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Noticing that w (0) = 0, and combining Holder’s inequality with (2.24) leads us to

2
Iw (I = fo wedr =T fo e dr < iR 0T o) 22
Since T < 1, then from (2.23) and (2.25), one has
b @, = I Ol + [19wil; < 2C10R"T Jlu - ﬁnjm(owo(m), (2.26)
which means that @ is a contraction provided that 2C,oR?~>*¢T < 1. Up to now, putting
T* = min {1, L per-o), LRZ-P-Q} (2.27)
6C; 2Cy

with R = max {1, A / 10R(2) + 6C2}, and keeping the Banach contraction theorem in mind, one can claim
that problem (1.1) admits a weak solution in [0, 7*] x Q fulfills (2.2), (2.3), and (2.4).

Step 2: Uniqueness. Letu,u € C ([O, T7] ;H}0 (Q)) be two weak solutions of problem (1.1). Then,
by the uniqueness of the weak solution of the linearized problem (2.7) and the fixed point property of
the contraction mapping, one can directly claim that u; = u;.

Step 3: Continuous dependence on the initial datum. Put

Ci=|u
11 || ||C([O,T*];H}O(Q))

(9]

and suppose that {u,},., € H}O () and uy, — ug in H}O (©). Then there exists a n; € N such that
||uo,,||H% < ||u0||H% + 1 < Cy; + 1 holds for n > n;. Moreover, for any n € N, one has
0 0

H! }
Ty

Step 1 tells us that problem (1.1) vyjth initial datum u, admits a unique weak u”" in [0, 7] X Q with
T* € (0, 1] and ||u"|| < CCy,. Consequently, w" = u" — u is a weak solution of the problem

ol < litolly +1 < Ciz i= max {Cur + L llolly -+ o,

C([O,T*];Hll.o (Q))

W — AwW" = [P In |u”| — |ulPulnul, t€(0,T%), x€Q,

w'(x,t) =0, tel0,T%), xely,
. ) _
%:—u;’m u' + || te[0,T%), xeTIy,
w" (0, x) = ug, — uo, x€Q,
and satisfies
1 ! d 2 ! m-2
— ||Vw”||§ + f | wyl|, dr + f f [uf’ u' — |u "% u, | wdldr
2 0o Jo 0o Jn

(2.28)

!
= f f (1”772 " In Ju"| = u”™ wn Ju) widxdir.
0 JQ
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Similar to the process of the derivation of (2.22), one has

1 1
5 VW 05 - = 5 IV (o - uo)ll3 +

(2.29)
SC13( +—+—)f||WII ]
€10
Co(CCyp)" 2 : .
where C13 = —————. Selecting suitable €3, €, and € such that
1
Ciz(es + 6 +€) = R
then (2.29) means that
!
IVw" @Ol + f Wl A7+ 11V o = o)l (2.30)
0 0
By virtue of Minkowski’s inequality and Holder’s inequality, one finds that
; 2
" @)II; = f widr + (o, — o)
0 2
t 2
< ( f widr|l + |luo, — Mo||2)
0 2
y 2
<2 ”dT + lluon — uoll%)
<2|T - uollg) ,
which, together with (2.30), leads to
!
" @)If; < 2(014 f Wl T+ llaton = ol ) (2.31)
0 0 0]

Combining (2.30) with (2.31), one can arrive at

!
W DI, <3(Cra | IW'I5 dr + lluon — uoll7, |-
To 0 To o
Gronwall inequality can be used to obtain
W Ol < 3lluon = uoll7, (1+3C1ute™), te[0,T71<[0,1].
To o

Moreover,
c
Iw" (l)||H1 < C15||Mon—uo||Hl e, 1e[0,T"].

where Ci5s = V6max {1,3C 4} and Ci4 = 3ch As a consequence of this inequality, one has
llu* (1) — u(t)IIH;0 = [jw" (t)IIHgO < Cis lluon = uollsy €' — 0, as n — +oo,

which tells us that u (#) depends continuously on the initial datum uy. The proof of Theorem 2.1 is
complete. O
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3. Global existence and blow-up of the weak solution

In this section, we shall discuss the global existence and finite-time blow-up behavior of the weak
solutions to problem (1.1) at both the subcritical and supercritical initial energy levels. To achieve these
goals, we first introduce some definitions and notations.

Definition 3.1 (Maximal existence time). Suppose that u(t) is a weak solution of problem (1.1). We
define the maximal existence time Ty.x of u(t) as follows:

(i) If u(t) exists for all t € [0, +00), then Ty.x = +o0. In this case, we say that the weak solution u (t)
of problem (1.1) is global in time.

(ii) If there exists a T € (0, +00) such that u(t) exists for t € [0,T), but does not exist att = T, then
T =T.

Definition 3.2 (w-limit set). If the weak solution u (t) of problem (1.1) is global in time, we say that

w (1y) = ﬂ{u(s):sZt}

>0
is the w-limit set of uy € Hllo (Q). Here the closure is taken in H}O Q).

Definition 3.3 (Finite time blow-up). Suppose that u (t) is a weak solution of problem (1.1). We say
that u (t) blows up in finite time if the maximal existence time Ty, is finite and

lim ||u (t)llH%0 = +00.

=1 max

In what follows, we introduce some functionals and sets related to problem (1.1). Let u (¢) € H}O (Q).
We define the energy functional

1 1 1
J(u) = EIIVuH% + ?Ilullﬁ > fg |u|” I ue| dx, (3.1)
and the Nehari functional
I(u) = ||Vu||§ - f |u|P In |u| dx. (3.2)
Q

‘We call the number

dy= inf supJ(du)
ueH} (Q\(0} 1>0

as mountain-pass level or potential well depth.
We denote the Nehari manifold relative to J (i)

N ={u e Hy, () : I(u) = 0}\ {0},
which separates the two unbounded sets

N, = {u e H (Q): I(u) > 0} and N_ = {u € H}, (Q) : I(u) < 0}.
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Then d, can also be characterized as dy = in{/ J(u). Namely,
ue

dy= inf supJu) = in{/ J(u). (3.3)
ue

uEH}O (N0} >0

What is worth mentioning is that, although the occurrence of the logarithmic nonlinearity makes it
impossible to determine the specific value of dj, we are able to prove that dj has a positive lower bound
d; (see Lemma 3.1), which can help us to prove the finite time blow-up result for subcritical initial
energy level.

Furthermore, for any a > d,, we define

J¢ = {u GH}O Q) : Ju) < a},

and

-2 1
NazNﬂJ“:{ueN:p—IIVu||§+—2||u||§<a}¢0.
2p p

We put

Ao = inf (Wl + sy, ) Ao = sup (s + ).
For fixed a > d,, by the definitions of infimum and supremum, one knows that 1, < A,. Moreover, if
a, > ay > dy, then N,, € N,,. Hence, 4,, < A,, and A,, < A,,. That is to say, 1, is nonincreasing with
respect to a, while A, is nondecreasing.
Now, we give some lemmas, which have great significance in the proofs of our global existence and
blow-up results.

Lemma 3.1. Suppose that (1.2) holds. Let u(t) be a weak solution of problem (1.1). If I (u) < 0, then

one has
IVully > 72 (3.4)
and
do>d, = %, (3.5)
where

1
pter—2 .
sup (B,fii],) , if N2>3,

are(0.20=0 1 Ve
po={ a0 (3.6)
el preyp—2 .
sup | ey , if N=1,2,
€11€(0,+00) \ €11

and B.,, is the optimal embedding constant of H}O (Q) — LPra(Q), namely,

-1
) Vu
Be” = inf || ”2 .
MEHFO(Q)\{O} ||u||p+611
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Proof. Since €1 > 0, then by the fact that In |u| < ;ll lu|"! and the Sobolev embedding theorem, one has

I (u) = ||Vull5 - f |uaf? In Ju| dox
Q

1
2 +
> (Vull; = — llullyie, 3.7
€11
Ptern
> (IVull; — —— || Vul;™" .
€11

Combining / (1) < 0 with (3.7) leads to

pren DHEll
IVuly = == IVully™" = IVul {1 = == [Vull;™ ) < 0,
11 11

which results in ||Vu||§ > r2. On the other hand, for all u € N, one can find that

p—2

1 , 1
J () = ];I(M) + IVull; + s lluell?

-2 1
= P2\ Vul + = llul?
2p p
p-2 ) (3.8)
2 — = IVul;
D
_ 942
L p=2) r
2p
which tells us that dy > d,. The proof of Lemma 3.1 is complete. O

Lemma 3.2. Suppose that (1.2) holds. Let u(t) be a weak solution of problem (1.1). Then for any
T € (0, Thax), one has

d(1 1
— | —=lull? = = | P Injuldx|=- | [ uln|uludx ae. in(0,T). 3.9)
2 1l
dr\p P Jao Q

Proof. From (1.2) and Definition 2.1, one can infer that |u|” In |u| € L® (0, T, Ll(Q)), which implies that
f |u” In |u| dx € L=(0,T) c L*(0,T).
Q
It also follows that u € H'((0,T) x Q). Since u > |u|” In|u| is locally Lipschitz continuous and

t = |u(?)|”In|u(t)| is absolutely continuous for almost all x € €, then by the chain rule in Sobolev
spaces, one has

(%W Infuf = (jul”2u + pluf’ulnjul)u, € L* (0, T; L'(Q)) = L'((0.T) x Q).

For any ¢ € C(€2) and xy € C7(0,T), one has

f f |ul” In |u| @y’ dtdx = — f f (Il + pluluIn ul) oy dedx.
0.T)xQ 0,7)xQ
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This, along with the arbitrariness of ¢ and Fubini’s theorem, yields that

T T
f ul” In |u y'dt = — f (k22 + plual”u I ud]) e,
0 0
which, together with
f (Iulp_zu + plul’uln Iul) udx € L*(0,T),
Q

tells us that [ [ul” In|u|dx € H'(0,T) and

d
" f |ul” In Ju| dx = f (Il 2w + plul”uln ul) udx a.e. in (0, T). (3.10)
Q Q

By similar arguments, one can derive that ||u||§ € H'(0,T) and

d
gl = p f ul”uu,dx a.e. in (0, 7). (3.11)
Q

Collecting (3.10) and (3.11), one can see that (3.9) holds. The proof of Lemma 3.2 is complete. O

Lemma 3.3. Suppose that (1.2) holds. Let u(t) be a weak solution of problem (1.1). If uy € N_ and

J (up) < dy, then one has

d1<p

-2
f |u|? In |u| dx, t € [0, Tax) - (3.12)
2p Jo

Proof. First, we claim that u (r) € N_ holds for all ¢ € [0, T\,.x). In fact, if this statement is not true, then
by uy € N_ and the continuity of u (¢) in [0, Ty,.x), there exist some intervals [0, #;) C [0, Tax) such that
u(t) e N_fort € [0,1t). Denote

t, =sup{t; : u(t) e N_fort e [0,1))}.

Then u(t,) € N, which yields
J(u(t)) > in}\f/](u (1) =dy = d,. (3.13)
ue

On the other hand, by Lemma 3.2, the energy identity (2.3) can be written as

t
J), = —f (llu,ll% + ||Mr||;z,r1)d7', 0<s5<t<Tha- (3.14)
With the help of (3.14) and the condition J (1) < d;, one can immediately conclude that
15}
T (u () = J (o) - f (el + e, ) dr < T (uo) < dh.
0
This is contradictory to (3.13). Hence, u (f) € N_ in [0, Ty,.x), namely,

||Vu||§ < f [u|” In |u| dx. (3.15)
Q
Collecting (3.4) and (3.15) leads to the desired result (3.12). The proof of Lemma 3.3 is complete. O
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Lemma 3.4. One has

(i) N and N_ are away from 0, that is to say,
dist (0, N) = min ||u||;n and dist (0, N_) = min ||u||;
ueN o ueN_ To

are positive;
(ii) J* N N, is bounded in H}O (Q) for any a > d,;
(iii) 0 < A, £ A, < +oo for any a > d,.

Proof. (i). For any u € N, one has

IVull; = f |l In |u| dx.

Q

Then, in view of the Sobolev embedding inequality, one knows that

p—2 2 1
O<dy<J = ——||Vull; + —= ||u||”
o < J(u) o (IVull3 P lluell,

p—2
< o IVull; + Ci7 [IVull?

<{ Cis IVully, if [[Vull3 > 1,
=\ CllVully, if [[Vull; <1,

which means that ||Vu||§ > Cy > 0. Namely, dist (0, N) = mg\I/l”MHH; > 0. By similar arguments,
ue 0
dist (0, N_) > 0 can also be proved.
(i1). For any u € J* N N, one sees that J (#) < a and I (u) > 0. Furthermore, one has

1 -2 1 -2
a>JG) = 1w+ =Vl + = i, > Z==vulg, (3.16)
p p 2p
which implies that ||Vu||§ < %. That is to say, ||u||H% is bounded.
0

(iii). It suffices to prove A4, > 0 and A, < +co. First, noticing u € N,, using Lemma 2.1, and the
Gagliardo-Nirenberg interpolation inequality, one gets

2 + O(p+ 1-0)(p+
IVul2 = f lul? 1n Ju| dx < Coy [[ull24E2 < Co [Vul57F 92 a5}~ 7P*2).
Q

pten —
From this inequality, it follows that
2-6 1-6
IVull;™" P+ < Cos [lully =72, (3.17)

and

where €, € (0, #)

€(,1).

O:N(l— 1 ):N(P+612—2)
2 pten 2(p+en)
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From (i) and (i) of this lemma, it follows that ||Vu||, has both positive upper and lower bounds. This
fact, along with (3.17), leads to |[ull; > Ca4 > 0. Therefore, |[ull; + |[ull3 -, > Ca4 > 0, which implies that
A, > 0.

On the other hand, u € N, indicates that ||u||5 < ap?® and ||Vu||§ < ;L_l; By Holder’s inequality, one
has

p=2 p=2 2
lll3 < 1947 Nlll? <1917 (ap?)” . (3.18)

We now recall the trace embedding for fractional-order Sobolev space (see Theorem 7.58 of [22])
H" (RN) — WP (RN‘I) whenn > 0,2 </ < +oo,and B = n— % + & > 0. Since WA/ (RN‘I) SN

L (RN ‘1), and Q is of class C', then by a standard partition of the unity, one has the trace embedding

N N-1
H"(Q) — L' (0Q), wherep >0and 2 <[ < +o0 satisfyn—3+ l

> 0. (3.19)

Utilizing (3.19) with/ =2 and 5y € (% 1), together with the interpolation inequality and (3.18), one has

_ _ L 2ap |
M%S%M%ﬁQWWWW@ﬂbM”ﬁﬂ(%J- (3.20)
Summing (3.18) and (3.20) indicates that A, < +co. The proof of Lemma 3.4 is complete. O

The main results of this section are stated as follows. Theorems 3.1 and 3.2 concern the global
existence and finite time blow-up of the solution at subcritical initial energy levers, while Theorems 3.3
and 3.4 concern that of the solution at supercritical initial energy levels. Theorem 3.5 concerns with the
lower bound of the maximal existence time 7 ax.

Theorem 3.1. Suppose that (1.2) holds. Assume that J (uy) < dy, and uy € N,. Then the weak solution
u(t) of problem (1.1) exists globally.

Theorem 3.2. Suppose that (1.2) holds and m < 1 + % Assume that J (ug) < dy, and uy € N_. Then
the weak solution u (t) of problem (1.1) blows up in finite time.

Remark 3.1. From Theorem 3.2, one can find that there is a gap, that is, when J (uy) € (dy, dy), whether
the weak solution of problem (1.1) possesses blow-up property? The estimate (3.29) in the proof of
Theorem 3.2 is based on Lemma 3.3, which needs the restriction J (ug) < d, rather than J (uy) < dy. We
hope to be able to fill this gap in the near future.

Theorem 3.3. Suppose thatm = 2 and?2 < p < 1+ 27 Assume that J (ug) > doy, uy € Ny, and
||u0||§ + ||”0||§,r, < Ajw,)- Then the solution of problem (1.1) exists globally and vanishes as t — +co.

Theorem 3.4. Suppose thatm = 2 and?2 < p < 1+ % Assume that J (uy) > doy, up € N_, and
||u0||§ + ||”0||§,r1 > A jwy). Then the solution of problem (1.1) blows up in finite time.

Theorem 3.5. Suppose thatm = 2 and 2 < p < min{l + %,2(1 + %)} Assume that uy € N_ and
J (up) < d; or J (uy) > dy with ||u0||§ + ||“0||%,r1 > Ajug)- Then the maximal existence time Ty, of u (t)

satisfies
5 5 2[2—(p+ex0)]
4-N(p+erp-2
Tonax 2 Caa ([luoll3 + o3, )@,
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where € is a constant satisfying
2" 2
2<p+eog<minsl+—2{1+—]|?,
P T € min { > ( N)}

and

C42

)

4
4—N(p+€20—2)

where Cy is the embedding constant in the following Gagliardo-Nirenberg interpolation embedding

inequality

€€y

N(p+ex0-2) 1= Mp+ey-2)
2(p+ey) 2(p+ex)
etll prery, < Cao lIVull, ™2 lull, =72 .

We first consider the global existence and nonexistence of the solution at a subcritical initial energy
level and give the proofs of Theorems 3.1 and 3.2.

Proof of Theorem 3.1. First, we are going to prove that u () € N, for all ¢+ € [0, Th.). If this
conclusion is not true, then there exists a #3 € (0, Thax] such that J (u (t3)) = dy or I (u(t3)) = 0. From
(3.14) and the assumption J (uy) < dy, one knows that J (u (¢3)) cannot equal dy,. Hence, u(t;) € N,
which combined with the definition of dj in (3.3) yields that J (u (t3)) > d,. This also contradicts (3.14).
That is to say, u (1) € N, for all 1 € [0, Thax).
Second, we shall show that ||Vu (t)ll% < % holds for all r € [0, Tpax). In fact, from (3.14), the
definitions of J (u (¢)) and I (u (¢)), one knows immediately
T (@) = ﬁl(u(m y P2

!

=J (up) - f (||MT||§ + ||MT||ﬁ,r])dT
0
< J (o) < do,

1
IVu I3 + peladllt

which together with 7 (« (1)) > 0 in [0, T,y) tells us that, for all ¢ € [0, Tax),

2pd,
IVu Dl3 < 222 (3.21)
p—2
In the end, we suppose, on the contrary, that Tp,x < +oco and lim |ju (t)||H% = +oco. Then
-1 0

max

lim [|Vu(#)|l, = +oo, which is contradictory with (3.21). This completes the proof of Theorem
1=Tinax

3.1. O

Proof of Theorem 3.2. Suppose, by contradiction, that u exists globally, i.e., T, = +o0. Then for any
T € (0,+00) and t € [0, T], there exists a positive constant Cpg such that

e G = llu @I + 1V @Il < Cos. (3.22)

Case 1: J (ug) < d;. Selecting @ € (0, 1) and & € (J (uy) ,d,), defining

H(t)=h-Ju(),
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and
Z(O)=H"™@) +esllu@)ls,

where €3 > 0 will be determined later. Then by a series of simple calculations, one has

2
H'(®) = iy, + ey > Nl > 0,

and

Z'1t) =0 -a)H “(OHH' (1) + 2€)3 f uu,dx
Q

= (1 - ) H “(OH'(1) + 2€13 f u (Au + [P unul) dx
Q

=1 -a)H *(0)H'(t) — 2€13 ||Vu||§ - 2€n3 f " u,dl + 2613 f |ue|” In |u|dx

I Q

= (1=a)H " OH (1) + €3 (p = 2) [Vull; - 2€13 f o, u,dT

Iy

2e
+2e3pH () + f llu (DI — 2€13ph.

Defining a function as the form

a(m—1)

Y()=€,” H " (1),

where €4 is a positive constant to be determined later, and using Young’s inequality, one has

f ulu, " u,dT
I

(uY) (Y—1 |u,|m-2u,) dr

I
Ym m — _ —1
< ;IIM(I)IIZI1 + Y Ol @)l
| 1 ea(m—-1)
= — S H D O Ol + T (O Ol

€4
Inserting (3.24) and (3.27) into (3.25) leads to

_ 2€13€14 (m — 1)
m

4 - m 26
ZN 2|l -« H Ol DIl r, + fllu(t)llﬁ — 2€13ph

m,I'y

2e _ m
+2e3pH (1) + €3 (p — 2) [[Vu (D5 - W&HW DOl
14

By (3.12) in Lemma 3.3, one has
H(t)=h-J(u)

1 1 1
=h— = IVu I3 — S lu@I? + = f | (1)I” In |u () |dx
2 P P Ja
1
<d + —f|u(t)|P In |u (7) |dx
P Jao

Sflu(t)lplnlu(t)ldx.
Q

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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On the other hand, by Lemma 2.1, one can arrive at

flu(t)lplnlu(t)ldx:f |u(t)|pln|u(t)|dx+f |u()|” In |u(r)| dx
Q Q) Q

(3.30)
Q 1
< £ +— [ [|u@)"dx,
ep e€s Jo,
where €5 is an arbitrary positive constant. Since 2 < p < 1 + 27*, one can take €5 such that
€5 > max {0,4 — p}, for N =1,2; (3.31)
max {0,4 - p} < 65 < =D —p, for N > 3. '

In other words, 2 < % <1+ 27 Using the following Sobolev-type inequality

€16
f Jue (x, D dXSC29( f |Vu(x,t>|2dx) ,
Q Q

with €4 = 2295 then from (3.22) and (3.30), one can conclude that

2
Q 1 Q C
f |u(®)|P In |u(r)|dx < u + — lu(H)|Prs5dx < u + £||Vu () II‘SJ'E15 < Cs,
Q ep €15 Jo, ep  e€;s

p+€15
which together with (3.29) yields that H (1) < C3y, where C3p = % + %CZSZ . Now, we estimate the
N_N-1 g
2 m :

Using (3.19) with/ =m and n € (% - NT‘I, 1), the interpolation inequality, and (3.22), one has

L™ (I'y) norm of u]r, as follows. If 2 <m < 1+ %, then one can immediately check that 0 <

(1-1) %
@)l r, < Cai llullfngy < Cxa llully” " IVully” < C33Cy.

If m € (1,2), then Holder’s inequality, (3.19) with / = 2 and % < n < 1, the interpolation inequality and
(3.22) can be used to obtain that

1-2 (1-n) 5
lu@ll,r, < mes @) 2 lu@)llyr, < Caallullfngy < Cssllully” ™ IVull}” < Cs6Cg.
Consequently, one has

H D Olulfr, < C5"VCo max(Cas, Cael

m,I'y

Cy7

Inserting this into (3.28), one can deduce that

2€13€14 (m — 1)
m

’ {04 m 26
AOE [1 —a- H Ol Ol + =2l

€17
3.32

2 2¢,,"Cy ( )
+2e3pH (1) + €13 [(p = 2) [Vu |5 — 2ph — —— .

€18
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Fixing

€14 € _ Gy - +00
14 mp (d, —h) , )

and using condition / (1) < 0, one can infer from (3.4) in Lemma 3.1 that
1-

2¢€ mC37 el—mC37
s = €3 |(p = D IVu (0|3 - 2ph — —14m ] > 263 (d1 ~h- —14m > 0.

Selecting

"2e4(m—1)

to ensure that €7 is positive, then it follows from (3.32) that

‘. E(O m(l —a) )’

Z'(t) 2 2pers (H () + luo)Il) (3.33)

On the other hand, since H (¢) is bounded, then from (3.22), one can claim that there exists a positive
constant Csg such that

Zra(t) = (H'™ (1) + e lu@IB) ™"

a T-a 2
<2 (H (1) + € llu (t)llz"")
(3.34)

<215 (H (1) + (€13C28) ™7 )

< C3sH (1)

< Cag (H (@) + lu@)})
Combining (3.33) with (3.34) means that

Z/(t) = CoZ (1),
where C39 = 2pei3Cy; . Integrating this inequality from O to ¢ yields that

1
Z 1% (0) — 92y

1-a

775 (f) >

Since Z(0) = (h — J (up))" ™ + €13 ||u0||% > (, then the above inequality implies that Z(¢) blows up in a

finite time 7'y, where
l-a__

T, < 3 (0).

alig

If one takes T > ;E—iZ‘ﬁ(O), then T, < T. This contradicts our assumption.
Case 2: J (1) = d;. Since I (ug) < 0, one has I (u(¢)) < 0 for all t > 0. Moreover, it follows from
Holder’s inequality that

-2 -1
0<-I(u®) = fuzudx +f oty dl < lutlly Neeelly + Netllyr, Nl 5
Q

I

Communications in Analysis and Mechanics Volume 18, Issue 1, 70-97.



90

which implies that, at least, one of ||u,||, and |||, is positive. This results in
llwell3 + et > 0, forall £ > 0.

Therefore, for any fixed sufficiently small positive constant €9, there is a constant 7., > 0 such that

et
T (u(ta,)) = J () — f (el + lleellr, ) dr = dy = €10 < dby.
0

Up to now, by taking f,, > 0 as the initial time and applying the analogous arguments as in Case 1, one
can immediately get the blow-up result. The proof of the Theorem 3.2 is complete. m|

Now, we are in the position of considering the case J (uy) > d,. Inspired by the ideas of [5,11,12,25],
we will give some criteria on the global existence and finite time blow-up of the solutions to problem
(1.1) withm = 2.

Proof of Theorem 3.3. We divide the proof into two steps as follows.

Step 1: Global existence and uniformly boundedness of the solution. First, we claim that
u(r) € N, forall t € [0, Tay). If it is not true, then there exists a 4, € (0, Tax) such that u (¢) € N, for
t € [0,1,) and u (¢4) € N. Moreover, it follows from Holder’s inequality that

0<I(u@®)=- (f uudx + f Muzdf) < lually lluelly + Ml Nl
Q I

which implies that, at least, one of ||u;||, and [[u||, r, is positive. This results in
2 2

From (3.14), one knows that J (u (t4)) < J (1), which indicates that u (t4) € J7“0. Hence, u (t4) € Ny,
which combined with the definition of A;,,) yields that

ot EDIB + e EDIBr, = Ague)- (3.35)

On the other hand, for ¢ € [0, #;), one has

1d ) 5
S (e IR + e 0B = fg wtydx + fr wnar

_ fg e (6) P In e ()] dx — || Ve (1)
= —[ () <0,

(3.36)

which means that ||u (t)||§ + ||u (t)”%,rl is strictly decreasing in [0, #4). Thus,

2 2 2 2
[l EDI; + Nl @I, < ol + lletollzr, < Asue)-

This is contradictive with (3.35). Namely, u(t) € N, for all t € [0, Tj,.x). Furthermore, one has
u(t) € J7“ N N, for any t € (0, Trmay). This, along with the statement (ii) of Lemma 3.4, indicates that
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T'max = +00. Then, for all ¢ € (0, +0), it follows from (3.16) that ||Vu (t)ll% < %J(uo). In other words,

u (t) is uniformly bounded with respect to ¢ in H}O Q).

Step 2: Vanishing of the solution. To achieve this goal, we first need to show w (1) is non-empty.
We take a monotone increasing sequence {f,} 2] such that 7, — +oc0 as n — +oco and denote u,, = u(t,).
By step 1, one knows the sequence {u,}!2] is uniformly bounded in H%O (Q). Thus, there exist a function
X € Hllo (Q) and a subsequence {u,,},°; C {u,};2] such that

Uy, — x weakly in Hf, (Q) and u,, — y a.e. in Q.

Moreover, from the compactness of the embeddings H, (Q) — L*(Q) and H} (Q) — L*(I), it
follows that
U,, — y strongly in L* (Q) and u,, — y strongly in L*(T}). (3.37)

Let us construct a function in the form

_fp=t)ex), (x,1) € QX (ty,,+0),
= { 0, (x,1) € Q% [0,1,],

where ¢ and p are some suitable test functions that satisfy
~ T ~
pe H}O Q), pe Cé(O, T), p=>0, f p(s)ds =1, forT € (0, +c0).
0

In (2.1), taking ¢ = ¢ and integrating it over (t,,k, T+ t,,k) with respect to ¢, one obtains

T+ty, T+,
f (f (pu, + Vo - Vu) dx + f ¢u,dr) dr = f fqﬁlulp_zu In |u|dxdz. (3.38)
g Q I g o)

Using integration by parts and p(0) = p(T) = 0, one finds that

T+, T+,
f f ¢u,dxdt = f f up (t —t,,) pdxdt
In Q t"k Q

T+,
= f[up(T)go — up(0)pldx — f f upp’ (t — t,,) dxdt (3.39)
1, Q

Q i
T+,
=— f f upp’ (t — t,,) dxdr.
tny Q
T+, T+,
f f ou,dl’dt = —f f upp’ (t — t,,) dIdz. (3.40)
I I Iy Iy

Collecting (3.38), (3.39), and (3.40) yields that

T+, T+,
0= f f upp’ (t — t,,) dxdr — f fp (t—t,,) Vu - Vodxdt
I, Q I, Q

T+, T+,
+ f f upp’ (t —t,,)dldr + f fp (t — t,,) @lul”*uln |uldxdz.
1 I Iy, Q

nj

Analogously,

(3.41)
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Putting § = ¢ - 1,,, then (3.41) becomes

T T
:f fp’ (S u(t,, +5)pdxds + f f o u(t, +75)edlds
0 Jo 0o Jr

T
- f f p () Vit (1, + 5) - Vpdxd (3.42)
0 Q

T
+ f f 0 (3) @lu (ty, + 3) 17 u (ty, + 5)In|u(t,, + 5)|dxds.
0 Q

Noticing that H}O (Q) cc L*(Q), H}O (Q) cc L*(I'y) and the fact that {u(t,, + 5)},_; is uniformly
bounded in H. ! (Q) forany § € [0, T1, it follows that there exist a function y € H, 10 (€2) and a subsequence
of {u(t,, + s)} “ which still denoted by {u (,, + 5)},-; such that

u(t,, + ) — y strongly in L* (Q) and u (¢, + §) — j strongly in L* (T'}). (3.43)

Now, we will prove that ¥ = y a.e. in Q. Since u (1) € N, one has I (u(¢)) > 0. Hence

1 -2 1
T =1+ P v + 5l > .

which, together with (3.14), yields that

f (el + lleel B, ) d = T (up) = J(u(®)) < J (ug) -
0

As a consequence of this inequality, one can claim that

T+t,,k
2 2
f (”u‘rllz + ”u‘rllg,rl)d?’ —0ask > +o0.
Iy

k

Then

|u (ty, +5) —u(ty)

2 dx + f [ (1, + 3) = 1 (1) T
I
g +5
f u.dt
1

2 3 2
t,,k+s
dx + f f udr
" T 1

X
g +5
<3 2 2 d
<§ lletlly + llucllyr, ) dT
ty

k

< dr

I
I

(3.44)

t,1k+7~“
STf (IluTH% + ||uT||§,r.)dT — 0, ask — +oo.
Iy,

k
This tells us that y = y a.e. in Q for any fixed T <+o0and 5 €[0,T]. Taking k — +oo0 in (3.42), and
using dominated convergence theorem, one has

T T
0= f f " (5) xpdxds + f f " (85) xpdI'ds — f fp (8) Vy - Vodxds
0 Ja
f f p (3) ¢y’ x In [yldxd3.
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Integrating by parts and recalling the fact of p(0) = p(T) = 0, one can find that

T T
f fp’ (5) xpdxds + f f 0 (3) yepdl'ds = 0.
0o Ja 0o Jr,

This, along with (3.45), one knows that

T T
f f p (3) lyl”x In |y|dxd5 — f f p(3) Vy - Vpdxds = 0,
0 Q 0 Q

which implies that

T
fg (el 2y Il - Vy - Vo) dx = f p(3)d5 fg (¢bel”2x Injw| - V - Vig) dx
0

T 3.46
- [ [roftzrmio-ve-vejasas O
=0

That is to say, y is a stationary solution of problem (1.1). In other words, u () converges to the stationary
solution of problem (1.1) as t — +oo. Furthermore, one knows that w (1) is non-empty.

Now, we show that w (1y) = {0}. Let w be an arbitrary element in w (). From (3.14), one finds that
J (w) < J (up), which implies that w € J/®, Meanwhile, it follows from (3.36) that

2 2 2 2
llwlly + llwllzr, < lluollz + luollyr, < Aswo)

which together with the definition of 4, indicates that w & Nj,. Using this result and w € J/®),
one knows that w ¢ N. On the other hand, recalling that u(#) € N, one has J (u(t)) > 0 for all
t € [0, +00). In other words, J (u(#)) is bounded below. Therefore, there is a nonnegative constant y
such that ;1_1)520 J (u(t)) = . Let u, () be the weak solution of problem (1.1) with initial value w. Then
J (u, (0)) = J (w) = y. Moreover, by the monotonicity of J (u, (¢)), one has J (i, (t)) = y in [0, +00).
Substituting u = u,, into (3.14) tells us that

!
f (It0)- 3 + 1) M, ) dT = 0, 1 € [0, +00),
0

which means that u,, (f) = w. Hence

1d
=5 g Ut OI + e, DI 1, ) = 1 (1) = 0.
This, along with w ¢ N, leads to w = 0. Therefore, w (1) = {0}, which contradicts the statement (i) of
Lemma 3.4 and implies u (f) — 0 as t — +oco. This completes the proof of Theorem 3.3. i

Proof of Theorem 3.4. Under the assumptions uy € N_ and ||u0||§ + ||u0||%,r1 > A j,)> One can also show
that u (1) € N_ for all ¢ € [0, Tax). Suppose that, on the contrary, Ty,,x = +00. Combining (3.14) with
(3.36) results in, for any w € w (1),

2 2
J(w) < J (uo), llwll; + llwllzr, > Aswe)-

This together with the definition of A, indicates that w (up) N N = 0. By the similar arguments as
those in Theorem 3.3, one can obtain that w (o) = {0}, which contradicts the statement (i) of Lemma
3.4. The proof of Theorem 3.4 is complete. O
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Now, we will deduce a lower bound of the maximum existence time 7.« of the solution u (¢) as the
end of this section.

Proof of Theorem 3.5. As a direct application of Theorems 3.2 and 3.4, one knows that the weak
solution u (¢) of problem (1.1) will blow up in finite time, namely, 7Ty,,x < +00. For arbitrary 7' € (0, Tyax),
we define

1
® (u () = 5 (Il )+l (), ) . £ € 10,71, (3.47)

Taking the derivative of ®(#) with respect to ¢, and using Lemma 2.1 and the Gagliardo-Nirenberg
interpolation embedding inequality, one gets

O'(t)=-1u@®) = flu(t) 7 In |u (1) dx — ||Vu 0)II3
0
Sflu(t)lplnlu(t)ldx
0

= [ lu@®PInlu (l)|dx+f |t (DI 1n Ju (1) dx (3.48)
Q

Q)
1
< —u@lbie

+
€€y ptex
P+e€0

40 O(p+ex) (1-0)(p+ex0)
< —— [IVu Ol N (I, 77,
€€y

where Cy is a positive constant, € satisfies

2" 2
2<p+620<min{1+3,2(1+ﬁ)}, (3.49)

and

GZN(l 1 ):N(p+€20_2)€(0,1),

5_P‘|‘620 2(p + &)

From the assumption uy € N_, one has

Iu@) = Vu @l - f lu @ 1" Infu()]dx <0, 1 €[0, Trax) ,

Q
which together with (3.48) results in

Pt+e€x

2-6 40 1-6
IVu ()13 <””2°>s7||u<r>n; Hpreo) (3.50)
20

Noticing that the expression of 8 and the restriction on p + €, one can check that 2 — 0 (p + €) is
greater than zero. Then (3.50) results in

P+e€0

p 2-9(,;1+520) (1*9)((P+€20))

2-0(p+e

IVu @)ll, S( ] lu@ll, ™" . (3.51)
(AN
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Collecting (3.48) and (3.51) yields that

_ 2
CPreo )29(,”520) 201-0)(prey) (1-0)(p+exp)

q)/(t) S ( 40 ||u (t)||2279(11+€20) S C41q) 2—9(1}+€20) (t) s (3_52)
€€

where

C4] o 2 2-0(p+ey)

2
1-0(p+ex) ( C fl)(;— €20\ 2-6(p+e)
(AN '

Since g:z();—p;z(;) > 1, then one can claim that, by integrating inequality (3.52) from O to ¢,
— 2-(p+ey) 2-(p+ey)
L Ca(p+en=2) [(D ZEE 0) - o (,)],
2-6(p+ e

Letting t — Ty« results in

2-(p+erg) 2[2-(p+ep)] 2[2—(p+ex)]

Tmax > C42(D2‘9(/’+520) (O) = C42(I)4—N(1’+€20‘2) (O) = C42 (”u()”% + ||u0||§,l"])4_N(p+€20_2) ,

where

Cy(p+en—2)
Cip = , 3.53
PTA-NQp+en-2) (3.53)

which completes the proof of Theorem 3.5. O
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