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1. Introduction

Analysis of one-dimensional structures began in the 15th century, thanks to the pioneering work
of Leonardo da Vinci. Later on, Leonhard Euler, and James and Daniel Bernoulli provided detailed
explanations and analyses regarding one-dimensional structures, specifically focusing on static of
beams [1, 2]. During the 20th century, Stephen Timoshenko and Ehrenfest further extended the
understanding of one-dimensional structures; in fact, the so-called the Timoshenko beam should be
called Timoshenko-Ehrenfest beam, but because of the untimely death of the latter, the story was
lost [3]. Inspired by three-dimensional elasticity and solutions of the Saint-Venant problem, he provided
an alternative of Euler-Bernoulli beam theory. In practice, Timoshenko’s work involves the effects
of shear deformation and rotational inertia, which were not accounted in the original theory [4]. By
incorporating these additional factors, Timoshenko beam theory provided a more comprehensive and
accurate representation of beam behavior [5].

This more general model has motivated numerous studies on various aspects of structural mechanics.
These include investigations into elasticity [6–8], plasticity and damage [9], or buckling [10, 11].
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Even if exact solutions are available for statics and dynamics in a linear regime, solutions of the
nonlinear dynamical approach were mainly given using numerical methods due to the difficulty of
solving analytically such nonlinear partial differential equations. Some analytical solutions of the static
nonlinear problem are available in the planar case (e.g. [12]) and give, in turn, interesting consequences
on stability [13] or buckling [14].

In the second part of the twentieth century, the equations governing the dynamics under large
transformation of such Timoshenko beam have been obtained in a geometrically exact way through the
pioneer work of Reissner [15, 16], Whithman [17] and Simo [18]. A modern synthesis can be found in
e.g. [19, 20]. In practice, these kinematical formulations are based on the analysis of a one-dimensional
Cosserat structure embedded in the Euclidean space [21]. Taking into account the kinematics of the
rigid frame associated to the section-plane allows to avoid kinematical constraints inherent to the
Euler-Bernoulli beam. Interestingly, these additional degrees of freedom avoid Lagrange multipliers on
the associated variational principle.

Mathematical modeling of the geometrically-exact beam model has been an active field of research
for decades now. The derivation of the model is revisited in [22] with emphasis on the initially curved
beam in order to compute static problems [23]. In [24], a splitting of the deformation gradient is
used to compute the model from three-dimensional finite-elasticity and study the finite-deformation
small-strain case. [25] applies the Frenet–Serret frame to ensure strain measure objectivity in a finite
element implementation. Modeling for finite element approach can also be found in [26, 27], and in the
series of articles [28–30] using the Rodrigues formula. An interested reader might consult [31] and [32]
for a Cartan frame perspective, where a more differential geometry oriented framework is applied to the
analytical mechanics of beam theory.

From another point of view, it is well-known that considering mechanics with respect to Hamiltonian
formulation provides interesting insights (see, for instance, [33]). [34] provides an example of such
application: even if the linearized regime is involved, a Hamiltonian formulation has been used there to
model some subtle effects such as the influence of a follower load on the beam vibration. It leads to study
Lie algebras and invariant theory [35]. On this aspect, the Hamiltonian structure of the Timoshenko
beam under large transformation has been less analyzed. One of the reasons is that the geometrically
exact formulation is quite recent [36]. Another reason is that for the study of finite transformations – in
opposition to the linearized problem – various formulations are possible and generate some confusion
between the tangent space being convected by the director-frame and the standard tangent space of the
Euclidean space. As an example, frame-invariance is formulated in a different way depending on the
choice of a material or spatial point of view [37].

In their seminal work, Simo and Vu-Quoc (see [38], rk 6.1) noticed the existence of one Hamiltonian
formulation through a variational principle and its usefulness for computational purposes. In [39], a
rigorous construction of Hamilton equations and appropriate Poisson brackets is provided. There, this
construction is aimed at studying conservation laws and the Noether theorem on one hand, and stability
and bifurcations on the other hand [40]. A crucial use is made of left multiplication by rotations in
order to deal with intrinsic group invariance. A Hamiltonian formulation of geometrically exact beam is
provided in [41] using Poisson brackets through a Legendre transformation. However, none of them
fully rely on Lagrangian coordinates.

In turn, geometrical studies of the Timoshenko model apply to numerical purposes. Simo et al. [42]
studied the geometric structure of the three-dimensional nonlinear dynamics of rods in order to develop
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and benchmark geometric numerical methods. This aimed at comparing this geometric approach to
more traditional numerics. Simo’s formulation is already applied in [43] to construct an objective
finite element formulation. Ghosh and Roy [44, 45] investigated parametrization of rotations for
objectivity–ensuring numerical schemes, discussing whether quaternions or rotation vectors should
be used. Demoures et al. [46], Hante and co-authors [47], and Herrmann and Kotyczka [48] derived
structure-preserving integrators for geometrically exact beam dynamics by using a Lie group variational
integrator. The latter even investigated a numerical framework to handle dissipation. About ten years
ago, [49] reformulated the objectivity property of a given finite element formulation by the equivariance
of the corresponding interpolation operator.

These last decades, the study of symmetries of the Timoshenko model attracted more and more
attention. Here, too, Lie group structures can be used in beam theory to describe the invariances
and symmetries associated with beam motions and deformations. In [50–52], a theoretical study of
one-dimensional Cosserat structures has been performed using the Lie algebra of the displacement
group. Djondjorov [53] studied invariance properties of the Timoshenko beam equations using a Lie
group formalism.

A point has been neglected so far. In order to preserve objectivity and material invariance, the
parameters of the model are naturally expressed in material coordinates. Therefore, it is natural to study
the Timoshenko model in Lagrangian coordinates: by avoiding any decomposition of tensors on the
Cartesian frame associated to the ambient space. This is the main motivation of the present paper.

Outline of the paper. Basics on beam modeling are first presented in an extensive way in Section 2
by describing in a detailed manner all the mathematical tools used to describe such Cosserat structure
involving both first-order (e.g., translation) and second order (e.g., rotation) tensors. Particular attention
is paid to the choice of formulation, privileging either components or full tensors, in the moving
frame convected by the beam section. In the Section 3, the main mechanical objects are introduced:
strains, stress, energy densities, etc. This allows us to expose, in a clear way, the conservation
equation, compatibility conditions and a variational formulation of the dynamical problem. Again, the
choice of formulation is discussed: mechanical quantities are expressed on a moving frame whereas
numerical resolution invokes algebraic formulations. Once these mechanical preliminaries are stated,
the Hamiltonian formalism is presented and discussed in Section 4. We devote one part of this section to
a detailed explanation of the choice of variables. Using the mobile frame, we exhibit a set of variables
that is different from the one we used for the equilibrium equations. In addition to the Poisson brackets
already mentioned in the literature [39], two Poisson brackets are constructed to recover equations
of motion through the Hamilton equation. The last is new and is proved to deliver time-variations of
curvature κ and strain-vector ε.

2. Cosserat beam formalism and associated tools

One considers a one-dimensional Cosserat beam model [21] defined by a material curve C called the
fiber. C lies in a three-dimensional and oriented Euclidean space R3. In practice, the curve corresponds
to the position of the centroids G of the cross-sections S of the beam. In the stress-free reference
configuration, the fiber C is a straight segment of length L, and the sections are normal to the spatial
curve. These sections are uniform all along the fiber. For such a beam model, the sections S of
the beam are supposed to be rigid whatever the transformation. Hence, placement of centroid and
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orientation of the cross-section are two independent degrees of freedom. In particular, the sections are
not necessarily normal to the fiber C as opposed to Euler-Bernoulli beam assumption. We explain below
the mathematical counterpart of these assumptions.

2.1. Modeling

Considering S ∈ [0, L] as a material curvilinear coordinate of C, the placement of G after transforma-
tion is defined by the map

S ∈ [0, L]→ ϕ(S , t) := OG(S , t) ∈ R3.

where O is an arbitrary fixed origin of the surrounding space.
For such a Cosserat-like structure it is justified to use a moving orthonormal frame, called the director

frame basis {di} := (d1,d2,d3), for which (d1,d2) is a principal basis of the cross-section S and d3 is
normal to S.

In a general configuration, the basis {di} depends on the time and the curvilinear abscissa S of
the beam; meanwhile, in the reference configuration, {di} coincides with a chosen Cartesian frame
{eI} := (e1, e2, e3), assumed to be constant with respect to t and S . Since {eI} and {di} are both
orthonormal bases having the same orientation, a rotation tensor R(S , t) ∈ S O(3) relates each basis

di(S , t) = R(S , t)ei. (2.1)

A configuration is completely defined by the determination of ϕ(S , t) and R(S , t). Note that {di} is a
material and convected basis, and S is a material coordinate. Therefore, ϕ is not assumed to be an
isometry onto its image: ‖ ∂ϕ

∂S ‖ , 1, a priori. This allows compressibility of the fiber C.

2.2. Mobile frame notation

Let us consider* a vector u = uidi expressed in the moving frame {di}. The components ui are said to
be Lagrangian coordinates. An alternative notation is:

u :=


u1

u2

u3

 and then d1 :=


1
0
0

 , d2 :=


0
1
0

 , d3 :=


0
0
1

 .
Within this notation, the moving aspect of the frame is lost. We highlight these differences by the
following:

• vectors with algebraic notation are denoted by a regular font, e.g., u
• vectors in the moving frame are denoted by a fat font, e.g., u = uidi. We call this the mobile

notation.

These require particular attention when one comes to derivations. We will highlight this in Section 2.5.

2.3. Properties of the cross product

To fix ideas, let us introduce some useful mathematical tools. For vectors in R3, ∧ and <, > are used
for the cross product and for the Euclidean scalar product, respectively. The commutator of 2 matrices

*Einstein notation is used all along the paper
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A and B is set to be [A,B] = AB − BA, whereas the scalar product of matrices is defined by:

� A,B �:=
1
2

Tr(AT · B). (2.2)

Let us denote j as the map
j : so(3) → R3

0 −u3 u2

u3 0 −u1

−u2 u1 0

 7→

u1

u2

u3

 . (2.3)

We will use the following properties of the map j all along this article.

Proposition 2.1. The map j is a linear isomorphism. Furthermore,

1. it is an isometry: for any A and B in so(3),

< j(A), j(B) >=� A,B � (2.4)

2. it is a Lie morphism:
j([A,B]) = j(A) ∧ j(B) (2.5)

3. for any u ∈ R3,

A · u = j(A) ∧ u. (2.6)

Note that the last expressions are base-dependent in the sense that the cross product is considered on
columnn vectors associated to a given vector basis. In the following, all computations are performed on
the mobile frame {di}. Cartesian components are never invoked in these computations.

2.4. Curvature and spin

According to (2.1), the spatial derivation of directors writes:

∂di

∂S
= Kdi where K(S , t) = R−1∂R

∂S
(2.7)

By writing K(S , t), one highlights that this tensor is time-dependent and not homogeneous. As K(S , t) ∈
so(3), one introduces the curvature

κ := j(K)

and then (2.7) can be formulated with the cross product:

∂di

∂S
= κ ∧ di (2.8)

The reader may notice that, introducing the components κi = κ · di of κ in the moving frame:

κ :=


κ1

κ2

κ3

 and K :=


0 −κ3 κ2

κ3 0 −κ1

−κ2 κ1 0

 . (2.9)
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Equation (2.9) gives the components of K in the moving frame.
The same holds true for time derivation: introducing

W(S , t) := R−1∂R
∂t
, and the spin ω := j(W), (2.10)

one obtains, by differentiation with respect to the time,

∂di

∂t
= Wdi = ω ∧ di (2.11)

and the associated components in the moving frame are:

ω :=


ω1

ω2

ω3

 and W :=


0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

 . (2.12)

2.5. Derivations in material coordinates

For any vector u(S , t):

∂u
∂S

=
∂ui

∂S
di + κ ∧ u,

∂u
∂t

=
∂ui

∂t
di + ω ∧ u, (2.13)

and the Schwarz lemma gives:
∂

∂t
∂u
∂S

=
∂

∂S
∂u
∂t
. (2.14)

We apply this to the material basis {di} to obtain the following result.

Proposition 2.2. The time derivative of curvature and the space derivative of spin are related by:

∂κ

∂t
=
∂ω

∂S
+ ω ∧ κ. (2.15)

Proof. For any directors di(S , t), the computation of crossed derivation gives:

∂

∂t
∂di

∂S
=
∂

∂t
(κ ∧ di)

∂

∂S
∂di

∂t
=

∂

∂S
(ω ∧ di)

=
∂κ

∂t
∧ di + κ ∧

∂di

∂t
=
∂ω

∂S
∧ di + ω ∧

∂di

∂S

=
∂κ

∂t
∧ di + κ ∧ (ω ∧ di) =

∂ω

∂S
∧ di + ω ∧ (κ ∧ di)

Equating the two terms and using Jacobi identity leads to

∂κ

∂t
∧ di + κ ∧ (ω ∧ di) =

∂ω

∂S
∧ di + ω ∧ (κ ∧ di)

∂κ

∂t
∧ di =

∂ω

∂S
∧ di + ω ∧ (κ ∧ di) + κ ∧ (di ∧ ω)

∂κ

∂t
∧ di =

∂ω

∂S
∧ di + (ω ∧ κ) ∧ di

(2.16)

for any di. This gives the desired result. �
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2.6. Perturbations in material coordinates

In the present work, an extensive use of linear perturbation is made. In particular, it will be a crucial
tool for the variational principle of Section 3.6. Therefore, this section provides important relations
related to linear perturbations. At this stage, we highlight that perturbation δ and the derivation are
independent, hence, for any vector u :

δ
∂u
∂S

=
∂δu
∂S

, δ
∂u
∂t

=
∂δu
∂t

(2.17)

and the same holds for any matrix A. We state now the analogous of (2.15) for linear perturbations.

Lemma 2.3. Let R : I → S O(3) and Θ = R−1δR ∈ so(3). For K(S , t) and W(S , t) defined in (2.7) and
(2.10), respectively, one gets:

δW =
∂Θ

∂t
+ [Θ,W]. (2.18)

Similarly:

δK =
∂Θ

∂S
+ [Θ,K]. (2.19)

Proof. We compute both: 
δW = R−1δ(

∂R
∂t

) − R−1δRR−1∂R
∂t

∂Θ

∂t
= R−1∂δR

∂t
− R−1∂R

∂t
R−1δR

.

Equations (2.17) provide ∂δR
∂t = δ∂R

∂t and we conclude at equation (2.18). Equation (2.19) is proven the
same way by replacing time with space derivatives. �

Corollary 1. Following the definitionsω = j(W) and κ = j(K), one introduces δθ = j(Θ). A consequence
of the previous lemma is: 

δω =
∂δθ

∂t
+ δθ ∧ ω

δκ =
∂δθ

∂S
+ δθ ∧ κ

. (2.20)

Proof. Since j is linear, it commutes with space and time derivations:

∂ j(W)
∂S

= j(
∂W
∂S

) and
∂ j(Θ)
∂t

= j(
∂Θ

∂t
). (2.21)

Since j is a Lie morphism, it commutes with Lie brackets:

j([Θ,W]) = j(Θ) ∧ j(W) and j([Θ,K]) = j(Θ) ∧ j(K) (2.22)

and this concludes the proof. �
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2.7. Derivation and perturbation of a quadratic form

Let us consider, for any vectors u(S , t) and v(S , t), the quadratic form:

f (u, v) := uXv, (2.23)

where X = XT is symmetric and has time and space independent components when expressed in {di}.
Thanks to equation (2.13), time and space derivations of such quadratic forms are expressed in the
following:

Proposition 2.4. Time and space derivations of the quadratic form f are respectively related to
corotational time and space derivations of associated vectors. In equations:

∂ f
∂t

=

(
∂u
∂t
− ω ∧ u

)
Xv + uX

(
∂v
∂t
− ω ∧ v

)
∂ f
∂S

=

(
∂u
∂S
− κ ∧ u

)
Xv + uX

(
∂v
∂S
− κ ∧ v

) (2.24)

Proof. Of course, for algebraic notation:

∂ f
∂t

=
∂

∂t
(uXv) =

∂ u
∂t

Xv + uX
∂ v
∂t

(2.25)

but it cannot be transposed if the mobile notation is used, namely, if the frame is time-dependent. We
use equation (2.13) to obtain

∂u
∂t

=
∂u
∂t
− ω ∧ u. (2.26)

The previous relation (2.25) gives directly the desired result for time derivation, and a similar proof
holds for space derivation. �

The following consequence is obtained through differential calculus.

Corollary 2. The infinitesimal perturbation of the quadratic form f follows in the same way:

δ f = (δu − δθ ∧ u) Xv + uX (δv − θ ∧ v) (2.27)

δu := δu − δθ ∧ u is sometimes called the corotational perturbation.

3. Constitutive laws and dynamical behavior

One presents the main mechanical quantities allowing to formulate the dynamics of the Timoshenko
beam. These latter are associated to material parameters (rigidity tensors, inertia tensors) being uniform
and constant on the mobile frame.

3.1. Internal free energy density

The strains are defined by two quantities: the spatial curvature κ and the strain-vector ε where

ε :=
∂ϕ

∂S
− d3. (3.1)
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Remark 1. Let us use the linear perturbation tool of the previous section to compute δε :

δε =
∂δϕ

∂S
− δd3 (3.2)

=
∂δϕ

∂S
− δθ ∧ d3. (3.3)

This computation will be used later on.

We introduce the strain-energy density U(ε, κ). For linear stress-strain relations, it is quadratic:

U(ε, κ) :=
1
2
εGε +

1
2
κHκ, (3.4)

where the rigidity tensors are diagonal matrices in the {di}-frame:

G :=


GA 0 0
0 GA 0
0 0 EA

 , H :=


EI1 0 0
0 EI2 0
0 0 GI3


and G and E are the shear and bulk modulus, whereas A and Ii are the area and quadratic moment (along
di) of the cross-section. Note that G and H are both constant and uniform. This excludes the case of a
non-homogeneous beam to the present work.
The internal force N and the torque M acting on a beam section are defined in the following way:

N :=
∂U
∂ε

, M :=
∂U
∂κ

. (3.5)

From (3.4) and (3.5), the linear stress-strain relations are:

N = Gε, M = Hκ. (3.6)

3.2. Kinetics

The kinetics of the beam are defined by the spin ω of the cross-section and the velocity v of the
center of mass:

v :=
∂ϕ

∂t
. (3.7)

One introduces the kinetic energy density T (v,ω)

T :=
1
2

vAv +
1
2
ωJω. (3.8)

where A and J are diagonal inertial tensors in the mobile frame {di}:

A :=


ρA 0 0
0 ρA 0
0 0 ρA

 , J :=


ρI1 0 0
0 ρI2 0
0 0 ρI3

 ,
ρ being the mass density. As for G and H, the inertial tensors A and J are both constant and uniform.
One considers indeed a uniform beam.
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3.3. Strong formulation of dynamical equations

3.3.1. In the mobile frame

The general equilibrium relations of the Timoshenko model are (e.g., [8, 54]):

∂N
∂S

=
∂Av
∂t

∂M
∂S

+
∂ϕ

∂S
∧ N =

∂Jω
∂t

(3.9)

However, in the present context, this system cannot be solved without introducing the additional relation.
The strain definition (3.1) and the stress-strain relations (3.6) are involved to obtain:

∂Gε
∂S

=
∂Av
∂t

∂Hκ
∂S

+ (ε + d3) ∧ (Gε) =
∂Jω
∂t

.

(3.10)

Remark 2 (Static or rigid problem). This problem can generally be solved for the quasi-static case,
where the righthand side is zero, if boundary conditions are supplied. Indeed, this quasi-static problem
decomposes in the frame {di}, in a system of six-scalar ordinary, first-order, differential equations, with
six unknowns (εi) and (κi). This remains true for rigid situation, where the lefthand side – instead of the
righthand side – is zero. This last problem is nothing else than the standard Euler dynamic equations of
the rigid body.

Remark 3. In order to complete the formulation (3.10), the relation (2.15) gives a first additional
relation. A second relation is:

∂v
∂S
− ω ∧ d3 =

∂ε

∂t
, (3.11)

coming from crossed derivation of ϕ:
∂

∂S
∂ϕ

∂t
=
∂

∂t
∂ϕ

∂S
(3.12)

and using (3.1) and (3.7):

∂v
∂S

=
∂

∂t
(ε + d3)

=
∂ε

∂t
+ ω ∧ d3.

From (2.15), (3.10), and (3.11), a system of four first-order differential equations with four 3-
dimensional unknowns is addressed:

∂Gε
∂S

=
∂Av
∂t

∂Hκ
∂S

+ (ε + d3) ∧ (Gε) =
∂Jω
∂t

∂ v
∂S
− ω ∧ d3 =

∂ ε

∂t
∂ω

∂S
+ ω ∧ κ =

∂ κ

∂t

(3.13)

The last two relations are sometimes called closure (or compatibility) relations.
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Remark 4. After projection along {di}, this system allows to solve (vi), (ωi), (εi), and (κi), if boundary
conditions and initial conditions are given properly. This corresponds indeed to solve equation (3.13)
within an algebraic formulation.

3.3.2. With algebraic formulation

The system (3.13) gets written in an algebraic formalism as

∂Gε
∂S

+ κ ∧ Gε − ω ∧ Av =
∂Av
∂t

∂Hκ
∂S

+ κ ∧ Hκ + (ε + d3) ∧ Gε − ω ∧ Jω =
∂Jω
∂t

∂ v
∂S

+ κ ∧ v + (ε + d3) ∧ ω =
∂ ε

∂t
∂ω

∂S
+ κ ∧ ω =

∂ κ

∂t

(3.14)

Remark 5. More concisely, and after multiplying the third line by G and the last one by H:
0 0 G 0
0 0 0 H
G 0 0 0
0 H 0 0




v′

ω′

ε′

κ′

 +


−WA 0 KG 0

0 F EG KH
GK GE 0 0
0 HK 0 0




v
ω

ε

κ

 =


A 0 0 0
0 J 0 0
0 0 G 0
0 0 0 H




v̇
ω̇

ε̇

κ̇

 (3.15)

where F := j−1(Jω) and E := j−1(ε + d3), then

F =


0 −ρI3ω3 ρI2ω2

ρI3ω3 0 −ρI1ω1

−ρI2ω2 ρI1ω1 0

 , E =


0 −(ε3 + 1) ε2

ε3 + 1 0 −ε1

−ε2 ε1 0


respectively. As the other matrices, they have their components given in the moving frame {di}. Vector’s
component derivations are written with the following convention (here for v)

v′ =


∂v1
∂S
∂v2
∂S
∂v3
∂S

 v̇ =


∂v1
∂t
∂v2
∂t
∂v3
∂t

 .
Let us introduce

u :=


v
ω

ε

κ

 , D :=


0 0 G 0
0 0 0 H
G 0 0 0
0 H 0 0

 , Y :=


−WA 0 KG 0

0 F EG KH
GK GE 0 0
0 HK 0 0

 , M :=


A 0 0 0
0 J 0 0
0 0 G 0
0 0 0 H


whereD is symmetric andM is diagonal; both are constant and uniform, which is not the case of the
skew-symmetric matrix Y that is u(S , t)-dependent. The skew-symmetry of Y results form the fact that
(KH)T = HT KT = −HK (the same reasoning holds true for EG and KG), W is skew-symmetric, and A is
of the form cst × 1. The system (3.15) becomes:

Du′ +Yu =Mu̇, (3.16)
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Introducing some change of variables:

u˜ :=
√
Mu, D˜ :=M− 1

2DM− 1
2 , Y˜ :=M− 1

2YM− 1
2 , (3.17)

the equation (3.16) leads to a transport equation for the variable u˜:

D˜u˜′ +Y˜u˜ = u̇˜, (3.18)

Since all values on the diagonal matrixM are strictly positive,D˜ is symmetric and Y˜ skew-symmetric.
Solutions are, therefore, hyperbolic with no degeneracy (Y˜ andD˜ are always defined).

3.4. Determining the kinematics

We highlight that solving (3.13) (or (3.16)) is not sufficient to determine {v, ω, ε, κ}. Indeed, even if
components {v, ω, ε, κ} are known, it is not the case of the local frame {di}.
Therefore, one has to determine not only R(S , t) or {di(S , t)} (being equivalent according to (2.1)) but
also the placement ϕ(S , t) (or ϕ(S , t)) too. Let us first begin with this latter.

3.4.1. Determining the placement

The placement ϕ has to satisfy both (3.1) and (3.7). The closure relation (3.11) ensures that if one of
the relations is satisfied, the other is satisfied up to a constant. Then, ϕ(S , t) has to satisfy

either
∂ϕ

∂S
= ε + d3 or

∂ϕ

∂t
= v.

As {v, ω, ε, κ} are supposed to be known, these relations write:

ϕ′ + κ ∧ ϕ = ε + d3 or ϕ̇ + ω ∧ ϕ = v.

Any of these differential relations can be used to determine ϕ(S , t). More precisely, the left-side case
can be solved if a boundary condition ϕ(0, t) is given, and the right-side case can be solved if an initial
condition ϕ(S , 0) is prescribed.

3.4.2. Determining the orientation of the cross-section

Determining the frame {di} can be explicitly performed if another frame is known. In our case,
the Cartesian frame {eI} is chosen as reference. In other words, one has to determine the components
(dIi) := (dxi, dyi, dzi) of di = dIieI. In the Cartesian frame, solving

∂di

∂t
= ω ∧ di

is equivalent to solve

∂

∂t


dx1 dx2 dx3

dy1 dy2 dy3

dz1 dz2 dz3

 =


dx1 dx2 dx3

dy1 dy2 dy3

dz1 dz2 dz3




0 ω3 −ω2

−ω3 0 ω1

ω2 −ω1 0


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where the matrix R := [dIi] is nothing else than the matrix representation of R in the Cartesian frame
{eI}. This provides the concise relation:

∂R
∂t
− RW = 0

Solving this systems allows us to determine R and the components of {di} in the Cartesian frame, if
initial conditions are given for the directors along S .
As for ϕ, another integration choice can be used by exploiting space derivation. In that case, R and {di}

can be determined by solving
∂R
∂S
− RK = 0

if a boundary condition is given for the frame {di(0, t)} at any time.

3.5. Conservation of energy

In this section, we use the formulation (3.16) to give a concise proof of the conservation of energy in
the Timoshenko model.

Theorem 3.1. The conservation of energy (strain energy and kinetic energy) is ensured if boundary
conditions are chosen properly. Using components, this is formulated by

∂

∂t

∫ L

0

1
2

vAv +
1
2
ωJω +

1
2
εGε +

1
2
κHκ dS =

[
vGε + ωHκ

]L

0
. (3.19)

Proof. By projecting equation (3.16) along the vector u through the usual Euclidean scalar product and
integrating along the fiber: ∫ L

0
u · Du′ + u · Yu − u · Mu̇ dS = 0. (3.20)

First, direct integration delivers:∫ L

0
u · Du

′

dS =

∫ L

0
v · Gε′ + ω · Hκ′ + ε · Gv′ + κ · Hω′dS

= [vGε + ωHκ]L
0 .

The second term vanishes thanks to the property of vectorial product:∫ L

0
u · YudS = −

∫ L

0
v ·WAv + ω · FωdS

= −

∫ L

0
(Av) · (ω ∧ v) + ω · (ω ∧ (Jω))dS

= 0.

The last part provides:∫ L

0
u · Mu̇dS =

∂

∂t

∫ L

0

1
2

(v · Av + ω · Jω + ε · Gε + κ · Hκ) dS .

Hence, (3.20) gives the desired result. �
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Remark 6 (Mobile reformulation). The relation (3.19) has the mobile frame counterpart

∂

∂t

∫ L

0

1
2

vAv +
1
2
ωJω +

1
2
εGε +

1
2
κHκ dS =

[
vGε + ωHκ

]L

0
(3.21)

Moreover, particular attention must be paid on time derivation of strain energy. Indeed, quadratic terms
in mobile and algebraic formulation are derived the same way with respect to time:

∂

∂t

(
1
2
εGε

)
=

(
∂ ε

∂t
− ω ∧ ε

)
· (Gε) =

∂ ε

∂t
· (Gε) =

∂

∂t

(
1
2
εGε

)
∂

∂t

(
1
2
κHκ

)
=

(
∂ κ

∂t
− ω ∧ κ

)
· (Hκ) =

∂ κ

∂t
· (Hκ) =

∂

∂t

(
1
2
κHκ

) (3.22)

due to symmetry of rigidity tensors G and H.

Remark 7 (Link with port-Hamiltonian structure). The two preceding formulations (3.19) and (3.21)
explicitly show the boundary conditions that allow energy to be conserved in the system. This
involves two conjugate pairs of speed (velocity v and spin ω) and loads (the forces Gε and torques
Hκ). Note that this pairing is not sensitive to the choice of the formulation (3.19) or (3.21); indeed,
(3.21) differs mainly from (3.19) because of the derivation of the lefthand side, as is underlined in
(3.22). In the framework of port-Hamiltonian formalism, one of these pairs could play the role of
inputs, whereas the other could be interpreted as outputs of the system. The interested readers might
refer to [55] or [56] on this topic. Conservation is of course trivial if loads or speeds have Dirichlet
boundary conditions, but this is not systematic if some Robin condition (for example, if Gε + λv = 0
at S = 0 or S = L) is imposed.

3.6. Variational principle

The Lagrangian density `(v,ω, ε, κ) and Lagrangian L(v,ω, ε, κ) associated to this problem are in
the mobile convention:

`(v,ω, ε, κ) :=
1
2

vAv +
1
2
ωJω −

1
2
εGε −

1
2
κHκ, L(v,ω, ε, κ) :=

∫ L

0
`(v,ω, ε, κ) dS (3.23)

Accordingly, the action S is:

S :=
∫ t2

t1
L dt.

Theorem 3.2. Under suitable boundary conditions, Hamilton’s Principle δS = 0 is equivalent to∫ t2

t1

∫ L

0
δϕ ·

(
∂Gε
∂S
−
∂Av
∂t

)
+ δθ ·

(
∂Hκ
∂S

+
∂ϕ

∂S
∧ (Gε) −

∂Jω
∂t

)
dS dt = 0. (3.24)

Proof. Perturbation of the action ∫ t2

t1

∫ L

0
δ` dS dt = 0. (3.25)
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is performed according to (2.27) applied on each quadratic form, hence, (3.25) becomes∫ t2

t1

∫ L

0
(Av) · (δv − δθ ∧ v) − (Gε) · (δε − δθ ∧ ε)

+ (Jω) ·
(
δω − δθ ∧ ω

)
− (Hκ) ·

(
δκ − δθ ∧ κ

)
dS dt = 0.

(3.26)

From the Schwarz lemma,

δv =
∂δϕ

∂t
, δε =

∂δϕ

∂S
− δd3 =

∂δϕ

∂S
− δθ ∧ d3 (3.27)

and one obtains the following, thanks to (2.20):∫ t2

t1

∫ L

0
(Av) ·

(
∂δϕ

∂t
− δθ ∧

∂ϕ

∂t

)
− (Gε) ·

(
∂δϕ

∂S
− δθ ∧

∂ϕ

∂S

)
+ (Jω) ·

∂ δθ

∂t
− (Hκ) ·

∂ δθ

∂S
dS dt = 0.

(3.28)

Since A = ρA1, Av and ∂ϕ
∂t = v are colinear. Therefore,

(Av) ·
(
δθ ∧

∂ϕ

∂t

)
= 0. (3.29)

As a consequence:∫ t2

t1

∫ L

0

∂ δϕ

∂t
· (Av) −

∂ δϕ

∂S
· (Gε) +

(
δθ ∧

∂ϕ

∂S

)
· (Gε) +

∂ δθ

∂t
· (Jω) −

∂ δθ

∂S
· (Hκ) dS dt = 0 (3.30)

By integration by parts:∫ t2

t1

∫ L

0
−δϕ ·

∂Av
∂t

+ δϕ ·
∂Gε
∂S

+

(
δθ ∧

∂ϕ

∂S

)
· (Gε) − δθ ·

∂Jω
∂t

+ δθ ·
∂Hκ
∂S

dS dt

+

∫ L

0

[
δϕ · (Av) + δθ · (Jω)

]t2

t1
dS −

∫ t2

t1

[
δϕ · (Gε) + δθ · (Hκ)

]L

0
dt = 0.

(3.31)

Since δϕ(S , ti) = 0 and δθ(S , ti) = 0 for ti ∈ {t1, t2}, one obtains, after a cyclic permutation of the mixed
product: ∫ t2

t1

∫ L

0
δϕ ·

(
∂Gε
∂S
−
∂Av
∂t

)
+ δθ ·

(
∂Hκ
∂S

+
∂ϕ

∂S
∧ (Gε) −

∂Jω
∂t

)
dS dt =∫ t2

t1

[
δϕ · (Gε) + δθ · (Hκ)

]L

0
dt

(3.32)

�

Corollary 3 (Strong formulation). Under suitable boundary conditions, Hamilton’s Principle δS = 0 is
equivalent to the strong formulation

∂Gε
∂S

=
∂Av
∂t

∂Hκ
∂S

+
∂ϕ

∂S
∧ (Gε) =

∂Jω
∂t

.

(3.33)
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Proof. We choose test functions δθ and δϕ such that, at any time t and at S = 0 and S = L,

< δϕ,Gε >=< δθ,Hκ >= 0. (3.34)

As this relation is true at any time t1 and t2, and for any δθ and δϕ, one gets out of Theorem 3.2 the
desired strong formulation (3.33). �

In that sense, the variable δθ – involved in the weak formulation (3.24) – is related to Euler-Poincaré
reduction [57].

4. Hamiltonian mechanics of Timoshenko model

The Lagrangian has been initially introduced with secondary variables: the velocity v, the spin ω,
the curvature κ, and the strain ε. However, weak formulation (3.24) and equilibrium relations (3.33)
have been obtained by introducing test functions δθ and δϕ associated to primary kinematical variables
ϕ and R. This motivates the study we lead in the present section, considering dual variables in order to
obtain three different Hamiltonian formulations of the Timoshenko model. This section contains the
main results of this work.

4.1. A first Hamiltonian formulation of Timoshenko model

It turns out that, by looking for a Hamiltonian formulation of equation (3.14), i.e., by using algebraic
notation, the associated Poisson structure has been already presented (see Theorem 6.2 and Corollary
6.3 of [39]).
Let us set p = Av and σ = Jω. The system with variables (p, σ, ε, κ) gets written as

∂Gε
∂S

+ κ ∧ (Gε) − (J−1σ) ∧ p =
∂ p
∂t

∂Hκ
∂S

+ κ ∧ (Hκ) + (ε + d3) ∧ (Gε) − (J−1σ) ∧ σ =
∂σ

∂t
∂A−1 p
∂S

+ κ ∧ (A−1 p) + (ε + d3) ∧ (J−1σ) =
∂ ε

∂t
∂J−1σ

∂S
+ κ ∧ (J−1σ) =

∂ κ

∂t

(4.1)

Theorem 4.1. The system (4.1) is Hamiltonian for the Hamiltonian

H(p, σ, ε, κ) =

∫ L

0

1
2

pA−1 p +
1
2
σJ−1σ +

1
2
εGε +

1
2
κHκ dS (4.2)

and the Poisson bracket, given for any f and g functions of the variables {p, σ, ε, κ}:

{ f , g} =

∫ L

0
<
∂ f
∂p
,
∂

∂S

(
∂g
∂ε

)
> − <

∂g
∂p
,
∂

∂S

(
∂ f
∂ε

)
> (4.3a)

+ <
∂ f
∂σ

,
∂

∂S

(
∂g
∂κ

)
> − <

∂g
∂σ

,
∂

∂S

(
∂ f
∂κ

)
> (4.3b)

+ < κ,
∂g
∂ε
∧
∂ f
∂p
−
∂ f
∂ε
∧
∂g
∂p

> (4.3c)
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+ < σ,
∂g
∂σ
∧
∂ f
∂σ

> + < p,
∂g
∂σ
∧
∂ f
∂p
−
∂ f
∂σ
∧
∂g
∂p

> (4.3d)

+ < ε + d3,
∂g
∂ε
∧
∂ f
∂σ
−
∂ f
∂ε
∧
∂g
∂σ

> + < κ,
∂g
∂κ
∧
∂ f
∂σ
−
∂ f
∂κ
∧
∂g
∂σ

> dS . (4.3e)

Sketch of the proof. We rewrite the Poisson bracket using integration by parts and properties of the
cross product:

{ f , g} =

∫ L

0
<
∂ f
∂p
,
∂

∂S

(
∂g
∂ε

)
+ p ∧

∂g
∂σ

+ κ ∧
∂g
∂ε

>

+ <
∂ f
∂σ

,
∂

∂S

(
∂g
∂κ

)
+ σ ∧

∂g
∂σ

+ (ε + d3) ∧
∂g
∂ε

+ κ ∧
∂g
∂κ

>

+ <
∂ f
∂ε
,
∂

∂S

(
∂g
∂p

)
+ (ε + d3) ∧

∂g
∂σ

+ κ ∧
∂g
∂p

>

+ <
∂ f
∂κ
,
∂

∂S

(
∂g
∂σ

)
+ κ ∧

∂g
∂σ

> dS .

(4.4)

With the derivatives of the Hamiltonian

∂H
∂p

= A−1 p
∂H
∂σ

= J−1σ

∂H
∂ε

= Gε
∂H
∂κ

= Hκ,
(4.5)

we recover easily the equations (4.1). �

Remark 8. Since any Hamiltonian system is conservative, the conservation of energy obtained in
Section 3.5 is recovered as a consequence of Theorem 4.1.

Remark 9. The first two lines (4.3a) and (4.3b) are the analogs in our context of a canonical Poisson
bracket in mechanics. In [39, Eq. (6.23)], the third line (4.3c) has been interpreted as an interaction term,
mixing up the three variables (p, ε, κ). The two last lines (4.3d)-(4.3e) are the canonical Lie-Poisson
bracket on the dual of the semi-direct product Lie algebra (R3)[0,L] n

(
(R3)[0,L] × (R3)[0,L] × (R3)[0,L]

)
,

where σ is the acting variable and the infinitesimal action is given by the cross product.
We refer to the articles [50, 58, 59] for a study of semidirect products occurring in mechanics and to the
lecture [60] for a nice introduction to the topic.

However, this Poisson bracket carries many terms and could be heavy to manipulate. On behalf of
the authors of the present paper, the main reason is that the algebraic notation is used instead of material
coordinates. Furthermore, the set of variables (p, σ, ε, κ) is not sufficient to determine the kinematics as
it as been mentioned in Section 3.4. In the sequel, we use material coordinates to provide alternative
points of view on Hamiltonian formulations of the Timoshenko model.

4.2. Configuration space and Euler-Lagrange equations

Now, we use the space of position and velocities TC = {(ϕ,R, δϕ, δR)} as well as the space of
position and momenta T ∗C = {(ϕ,R,p,Σ)} of the configuration space C = {(ϕ,R)} to explicit the
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geometric belonging of each variable.

Let us first introduce the space of configurations and its associated space of velocities.

Definition 4.1 (Configuration and velocity spaces). The configuration space is

C = {(ϕ,R) : [0, L]→ R3 × S O(3)}. (4.6)

The velocity space is the tangent bundle TC of C:

TC = {(δϕ, δR) : [0, L]→ R3 × TRS O(3), (ϕ,R) ∈ C}. (4.7)

Remark 10. Writing any element of the Lie group S O(3) as a matrix allows us to represent any tangent
vector δR ∈ TRS O(3) at R as an element of the form

δR =
∂R(ν)
∂ν |ν=0

(4.8)

where (R(ν))ν∈R is any ν-dependent S O(3) matrix valuing R(0) = R at 0.

At this stage, we introduce the action

S
(
(ϕ(t),R(t))t1≤t≤t2

)
=

∫ t2

t1
L(ϕ,R,

∂ϕ

∂t
,
∂R
∂t

)dt (4.9)

where L : TC → R is the Lagrangian density. Evaluated on a given path (ϕ(t),R(t))t1≤t≤t2 , L is defined
as

L(ϕ,R,
∂ϕ

∂t
,
∂R
∂t

) =
1
2

∫ L

0
<
∂ϕ

∂t
,A
∂ϕ

∂t
> + < j(R−1∂R

∂t
),J j(R−1∂R

∂t
) >

− <
∂ϕ

∂S
− d3,G(

∂ϕ

∂S
− d3) > − < j(R−1∂R

∂S
),H j(R−1∂R

∂S
) > dS .

(4.10)

The results of Section 3.6 are reformulated through the following theorem.

Theorem 4.2. The Euler-Lagrange equations associated to the action S are the equilibrium relations
(3.33).

Remark 11 (Boundary conditions). In order to achieve the minimization of the action S , we used
boundary conditions (3.34).

4.3. Momenta through Legendre transform

Now, we make use of the Legendre transform to define momenta variables p and Σ. They belong to
the phase space T ∗C = {(ϕ,R,p,Σ)}, also called the position-momenta space.

Definition 4.2. On C, we define a Riemannian metric g, allowing us to identify TC with T ∗C. For any
(ϕ,R) ∈ C and any

(
(δϕ, δR), (δ̃R, δ̃ϕ)

)
∈ T(ϕ,R)C × T(ϕ,R)C, the metric g is set to be

g
(
(δϕ, δ̃ϕ), (δR, δ̃R)

)
=< δϕ, δ̃ϕ >[0,L] + � δR, δ̃R �[0,L] (4.11)
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with

< δϕ, δ̃ϕ >[0,L]=

∫ L

0
< δϕ(S ), δ̃ϕ(S ) > dS , (4.12)

< ·, · > denoting the usual scalar product on R3, and

� δR, δ̃R �[0,L]=

∫ L

0
� δR(S ), δ̃R(S ) � dS , (4.13)

� A,B �= 1
2Tr(A · BT ) denoting the Frobenius scalar product of matrices.

Remark 12. The metric g is a useful tool to handle geometric objects in order to achieve concrete
computations. Using Riesz’s lemma, Definition 4.2 provides a representation for covectors in T ∗C. Let
Σ be any covector above R. Thanks to the remark 10, Σ can be uniquely represented as a matrix element
–denoted again by Σ with a slight abuse of notations– of the form

Σ(S ) =
∂R(S , ν)
∂ν |ν=0

(4.14)

where (R(S , ν))ν∈R is any ν-dependent S O(3) matrix valuing R(S , 0) = R(S ) at ν = 0. The covector acts
on vectors δR thanks to the metric:

Σ(δR) =� Σ, δR �[0,L] . (4.15)

A similar remark holds for position momenta p: thanks to the metric g, any covector p can be represented
as a vector element, denoted p as well. In the sequel, we will make a great use of matrix and vector
representations of momenta.

Remark 13. Left translations by elements of the Lie group S O(3) have an interesting interpretation.
In the present context, a covector Σ ∈ T ∗RS O(3) is a momentum in Cartesian coordinates, while its left
translated element R−1Σ lies naturally on the Lie algebra T ∗IdS O(3) ' so∗(3). R−1Σ is then the covector
Σ translated by R−1 on the moving frame. This point is underlined by denoting Σ with a normal font
(and not bold) as it can be seen as a covector in the Cartesian frame. As already pointed out in [61], the
metric g is invariant with respect to left translations toward the moving frame:

� δR, δ̃R �[0,L]=� R−1δR,R−1δ̃R �[0,L] . (4.16)

Remark 14. Let us also recall here that the left-invariant Frobenius metric (2.2) yields to the identifica-
tion so(3)∗ ' so(3), allowing us to finally identify

T ∗IdS O(3) ' so(3). (4.17)

To obtain a Hamiltonian formulation, one must study the dynamics on the space of momenta. A
fundamental tool to recover equations of motion in terms of the momenta p and Σ is the Legendre
transform.

Proposition 4.1. The Legendre transform induced by L is

(q, δq) ∈ TC 7→ (q, π) ∈ T ∗C (4.18)

with q = (ϕ,R) ∈ C and

π =

(
p
Σ

)
=

 Aδϕ
R j−1

(
J j(R−1δR)

) ∈ T ∗qC. (4.19)
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Proof. The first formula is simply:

p =
∂L

∂ϕ̇
= Aδϕ.

The second one results from the isometry j:

� Σ, δR �=�
∂L

∂Ṙ
, δR � =< j(R−1δR),J j(R−1Ṙ) >

=� R−1δR, j−1
(
J j(R−1Ṙ)

)
�

=� R j−1(J j(R−1Ṙ)), δR � .

where Ṙ = ∂R
∂t and δR is any element of the tangent space TRS O(3)[0,L] of the group S O(3)[0,L] of

rotations along the fiber C at R. �

4.4. Hamiltonian function and Poisson brackets (second formulation)

The next proposition follows from a simple change of variables.

Proposition 4.2. The Legendre transform of Prop.4.1 induces the Hamiltonian H : T ∗C → R defined as

H(q, π) =
1
2

∫ L

0
< p,A−1p > + < j(R−1Σ),J−1 j(R−1Σ) >

+ <
∂ϕ

∂S
− d3,G(

∂ϕ

∂S
− d3) > + < j(R−1∂R

∂S
),H j(R−1∂R

∂S
) > dS .

(4.20)

Remark 15. Using the metric of Definition 4.2, the following fundamental duality relation (see chapter
II, Theorem 8.6 of [62]) holds:

g
(
(p,Σ), (δϕ, δR)

)
= L(ϕ,R, δϕ, δR) + H(ϕ,R,p,Σ). (4.21)

Definition 4.3. On T ∗C = {(ϕ,R,p,Σ)}, we define the canonical Poisson bracket:

{ f , g} =

∫ L

0
<
∂ f
∂ϕ
,
∂g
∂p

> − <
∂g
∂ϕ
,
∂ f
∂p

> + �
∂ f
∂R

,
∂g
∂Σ
� − �

∂g
∂R

,
∂ f
∂Σ
� dS . (4.22)

At this stage, let us make an important remark. Material indifference is phrased in variables (ϕ,R)
as invariance with respect to semidirect product S O(3) n R3 transformations: for any Q ∈ S O(3) and
c ∈ R3, (

ϕ
R

)
7→

(
Qϕ + c

QR

)
. (4.23)

With respect to the variables (p,σ, ε, κ), such a quasi-static rigid transformation gets reformulated as

σ = 0 (quasi-static transformation)
p = 0 (quasi-static transformation)
κ = 0 (rigid transformation)
ε = 0 (rigid transformation).

(4.24)
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In turn, these relations, when plugged in the Poisson bracket of Theorem 4.1, give rise to the existence of
nontrivial Casimir functions. More precisely, at the point given by equation (4.24), the Poisson bracket
of equations (4.3) becomes

{ f , g}(0, 0, 0, 0) =

∫ L

0
<
∂ f
∂p
,
∂

∂S

(
∂g
∂ε

)
> − <

∂g
∂p
,
∂

∂S

(
∂ f
∂ε

)
> (4.25)

+ <
∂ f
∂σ

,
∂

∂S

(
∂g
∂κ

)
> − <

∂g
∂σ

,
∂

∂S

(
∂ f
∂κ

)
> dS . (4.26)

Hence, this bracket admits obvious degeneracies: any function g admitting space-independent derivative
will provide a Casimir function at zero, meaning that for any function f of the variables (p, σ, ε, κ),

{ f , g}(0, 0, 0, 0) = 0. (4.27)

The geometric reason for this is reduction theory of Poisson structures. By this, we mean that the Poisson
bracket of Theorem 4.1 comes from a reduction procedure by quotienting out the Poisson structure
(4.22) through transformations of the form (4.23). An interested reader can consult [62], chapter IV, for
more insights on the topic. One of the main ideas of the present work is the following: using material
coordinates to construct Hamiltonian structure shortcuts this quotienting procedure because it ensures
material invariance automatically. As we will see later on (see Theorem 4.4), using the mobile frame
to construct a Hamiltonian formulation of the Timoshenko model does not give rise to any nontrivial
Casimir function.

Proposition 4.3. In the coordinates {ϕ,p,R,Σ}, the equations of motion are

∂ϕ

∂t
= A−1p

∂p
∂t

=
∂Gε
∂S

∂R
∂t

= R j−1(J−1 j(R−1Σ))
∂Σ

∂t
= R(

∂HK
∂S

+ j−1(
∂ϕ

∂S
∧ (Gε)) + j−1(J−1 j(R−1Σ))R−1Σ).

(4.28)

4.5. Hamiltonian function and Poisson brackets (third formulation)

In our task of formulating a Hamiltonian approach of the Timoshenko model, let us look for a better
set of variables. Σ – being in the cotangent fiber above R – shall be replaced by the variable σ – being the
variable Σ shifted above Id in the sense of Equation (4.31) below –. Indeed, the Hamiltonian (4.20) and
the Poisson brackets (4.22) provide unsatisfactory Hamilton equations, with them not being formulated
on the mobile frame. In order to deal with this issue, we use – in addition to Frobenius metric – left
translations on the group S O(3) to identify the cotangent space T ∗S O(3) and S O(3) × so(3) :

T ∗S O(3) → S O(3) × so(3)
Σ(S ) ∈ T ∗R(S )S O(3) 7→ (R(S ),R−1(S )Σ(S ). (4.29)

The map j allows us to represent any anti-symmetric matrix as a vector of R3. Therefore, we obtain
an isomorphism

T ∗C → T ∗
(
(R3)[0,L]

)
× S O(3)[0,L] × (R3)[0,L]

(ϕ,R,p,Σ) 7→ ϕ,p R σ
(4.30)

Communications in Analysis and Mechanics Volume 18, Issue 1, 37–69.



58

where
σ = j(R−1Σ) (4.31)

is the momentum of the rotation written on the moving frame using a 3-dimensional vector.

Remark 16. We emphasize an interesting feature of σ. By construction, σ is invariant by the action
of S O(3) on T ∗S O(3): for any Q ∈ S O(3), and denoting pQR, the rotation momentum associated to
Q · R(t),

j
(
(QR)−1(pQR)

)
= j(R−1Q−1QΣ) = σ. (4.32)

This property of σ will be important in the construction of Hamilton’s equations.

Using the natural set of variables (ϕ,p,R,σ), it is elementary to deduce the Hamiltonian from
equation (4.20):

H(ϕ,p,R,σ) =
1
2

∫ L

0
< p,A−1p > + < σ,J−1σ >

+ < (
∂ϕ

∂S
− d3),G(

∂ϕ

∂S
− d3) > + < j(R−1∂R

∂S
),H j(R−1∂R

∂S
) > dS .

(4.33)

We are now able to provide an alternative Poisson bracket.

Theorem 4.3. In the coordinates {ϕ,p,R,σ}, the Poisson bracket (4.22) becomes

{ f̄ , ḡ} =

∫ L

0
<
∂ f̄
∂ϕ
,
∂ḡ
∂p

> − <
∂ḡ
∂ϕ
,
∂ f̄
∂p

>

+ �
∂ f̄
∂R

,R j−1(
∂ḡ
∂σ

) � − �
∂ḡ
∂R

,R j−1(
∂ f̄
∂σ

) � dS .

(4.34)

Proof. Let f : {(ϕ,p,R,Σ)} → R. In (ϕ,p,R,σ) coordinates,

f (ϕ,p,R,Σ) = f̄ (ϕ,p,R, j(R−1Σ)) = f̄ (ϕ,p,R,σ) (4.35)

The equation:
∂ f
∂Σ

= R j−1(
∂ f̄
∂σ

). (4.36)

results from

�
∂ f
∂Σ
, δΣ �=<

∂ f
∂σ

, j(R−1δΣ) >=� R j−1(
∂ f̄
∂σ

), δΣ � . (4.37)

Since σ is S O(3)-invariant (see remark 16):

�
∂ f
∂R

, δR �=�
∂ f̄
∂R

, δR � . (4.38)

The Poisson bracket in the coordinates {ϕ, p,R,σ} is therefore

{ f̄ , ḡ} =

∫ L

0
<
∂ f
∂ϕ
,
∂g
∂p

> − <
∂g
∂ϕ
,
∂ f
∂p

> + �
∂ f
∂R

,
∂g
∂Σ
� − �

∂g
∂R

,
∂ f
∂Σ
� dS

=

∫ L

0
<
∂ f̄
∂ϕ
,
∂ḡ
∂p

> − <
∂ḡ
∂ϕ
,
∂ f̄
∂p

> + �
∂ f̄
∂R

,R j−1(
∂ḡ
∂σ

) � − �
∂ḡ
∂R

,R j−1(
∂ f̄
∂σ

) � dS

and the desired formula for the Poisson brackets is proved. �
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Remark 17. Let us comment on the Poisson bracket described by equation (4.34). The first line remains
unchanged compared to the canonical bracket (4.22). The second line is similar, although subtler: the
term j−1( ∂ḡ

∂σ
) can be thought as being dual to an S -dependent rotation momentum, i.e., an element of

TId

(
S O(3)[0,L]

)
= so(3)[0,L]. It is then left-translated by R so that

R j−1(
∂ḡ
∂σ

) ∈ TR
(
S O(3)[0,L]

)
. (4.39)

Since
∂ f̄
∂R
∈ T ∗R

(
S O(3)[0,L]

)
, (4.40)

the term

�
∂ f̄
∂R

,R j−1(
∂ḡ
∂σ

) � (4.41)

is the natural pairing of a vector in T
(
S O(3)[0,L]

)
with a covector in T ∗

(
S O(3)[0,L]

)
.

Let us now write the dynamics in the coordinates we introduce. In addition to the definitions of
momenta p and σ, equilibrium equations (3.33) provide the following proposition.

Proposition 4.4. In the coordinates {ϕ,p,R,σ}, the equations of motion are

∂ϕ

∂t
= A−1p

∂p
∂t

=
∂Gε
∂S

∂R
∂t

= R j−1(J−1σ)
∂σ

∂t
=
∂Hκ
∂S

+
∂ϕ

∂S
∧ (Gε).

(4.42)

Remark 18.
σ = J j(R−1∂R

∂t
) (4.43)

holds along a trajectory because in this equation, R depends on t. We recover, therefore, the definition

σ = Jω (4.44)

of the kinetic momentum (also called moment of momentum). In general, R and σ are not related by any
equation, because those are seen as two independent variables of the phase space. A similar remark
holds for the displacement.

We now combine the Hamiltonian (4.33) and the Poisson bracket (4.34) to obtain a new Hamiltonian
formulation of the Timoshenko model in Lagrangian coordinates.

Theorem 4.4 (Hamiltonian formulation of Timoshenko model). Under suitable boundary conditions,
the equations of motion (4.42) are Hamiltonian for the bracket (4.34) and the Hamiltonian (4.33).

Proof. We are left to prove the four equations:

{ϕ,H} = A−1p (4.45)

{p,H} =
∂Gε
∂S

(4.46)
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{R,H} = R j−1(J−1σ) (4.47)

{σ,H} =
∂Hκ
∂S

+
∂ϕ

∂S
∧ (Gε). (4.48)

Applying formula (4.34),

{ϕ,H} =
∂H
∂p

(4.49)

{p,H} = −
∂H
∂ϕ

(4.50)

{R,H} = R j−1(
∂H
∂σ

) (4.51)

{σ,H} = − j(R−1∂H
∂R

). (4.52)

From here, equations (4.45) and (4.47) are straightforward. Equation (4.46) is derived by integration
by parts: under the boundary assumption

< δϕ,Gε >= 0 (4.53)

at S = 0 and S = L,∫ L

0
<
∂H
∂ϕ

, δϕ > dS =

∫ L

0
< Gε,

∂δϕ

∂S
> dS = −

∫ L

0
<
∂Gε
∂S

, δϕ > dS . (4.54)

In order to prove equation (4.48), we compute ∂H
∂R . Let us do that in two steps. We first compute the

derivative with respect to R of

M(R) :=
1
2
<
∂ϕ

∂S
− d3,G(

∂ϕ

∂S
− d3) > . (4.55)

By noticing that (see also (3.3)):

δε − δθ ∧ ε =
∂ δϕ

∂S
− δθ ∧

∂ϕ

∂S
, (4.56)

applying formula (2.27) and the fact that ∂ δϕ
∂S does not depend on R, we obtain

�
∂M
∂R

, δR � =< −δθ ∧
∂ϕ

∂S
,Gε > (4.57)

= − < δθ,
∂ϕ

∂S
∧ Gε > (4.58)

= − � R j−1(
∂ϕ

∂S
∧ Gε), δR � (4.59)

and consequently
∂M
∂R

= −R j−1(
∂ϕ

∂S
∧ Gε). (4.60)
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We then compute the derivative with respect to R of

F(R) :=
1
2

∫ L

0
< j(R−1∂R

∂S
),H j(R−1∂R

∂S
) > dS . (4.61)

We combine the perturbation of κ stated in equation (2.20) and the formula (2.27). Using the boundary
conditions

< δθ,Hκ >= 0 (4.62)

at S = 0, S = L and any time,

�
∂F
∂R

, δR � =
1
2

∫ L

0
δ < κ,Hκ > dS

=

∫ L

0
< δκ − δθ ∧ κ,Hκ > dS

=

∫ L

0
< (δθ)

′

,Hκ > dS

= −

∫ L

0
< δθ,

∂Hκ
∂S

> dS

= −

∫ L

0
� δR,R j−1(

∂Hκ
∂S

) � dS .

(4.63)

As a consequence,
∂H
∂R

=
∂M
∂R

+
∂F
∂R

= −R j−1(
∂ϕ

∂S
∧ Gε) − R j−1(

∂Hκ
∂S

) (4.64)

and this last computation, with the help of (4.52), proves equation (4.48). �

Remark 19 (Relation in between boundary conditions and conservation of energy). In the proof, we
used the boundary conditions (4.53) and (4.62). They are similar to

1. the ones used in the variational principle of Section 3.6 to obtain the equations of equilibrium,
2. the ones used to prove the conservation of energy in Section 3.5.

Let us comment the second item. It is no surprise to observe a relation in between the conservative
property of a mechanical system and the fact that it admits a Hamiltonian formulation. Nevertheless,
there is a slight difference in between the two equations (4.53) and (4.62) and[

vGε + ωHκ
]L

0
= 0. (4.65)

In both cases, a sufficient condition for these boundary terms to vanish is that ϕ and R are constant with
respect to time at extreme points of the fiber C.

4.6. Closure relations through the last Hamiltonian formulation

Closure relations (2.15) and (3.11) were part of the set of equations (4.1). For the sake of complete-
ness, we use the Hamiltonian formulation of Theorem 4.4 to recover the closure relations (2.15) and
(3.11). In that context, the right tool to handle Poisson brackets is test functions. Therefore, both closure
relations are reformulated dually in terms of test functions in the sequel.

Communications in Analysis and Mechanics Volume 18, Issue 1, 37–69.



62

4.6.1. Time-derivative of strain-vector

Proposition 4.5. For any test function f : (R3)[0,L] → R,

∂ f
∂t

(ε(t)) =

∫ L

0
<
∂ f
∂ε
,
∂v
∂S
− ω ∧ d3 > dS . (4.66)

where v = A−1p and ω = J−1σ.

Proof. Thanks to the Theorem 4.4, it is enough to show:

{ f (ε),H} =

∫ L

0
<
∂ f
∂ε
,
∂v
∂S
− ω ∧ d3 > dS . (4.67)

Using the Poisson bracket (4.34),

{ f (ε),H} =

∫ L

0
<
∂ f
∂ϕ
,A−1p > + �

∂ f
∂R

,R j−1(ω) � dS . (4.68)

In the previous sum, the first term is computed by the chain rule:

<
∂ f
∂ϕ
,A−1p > =<

∂ f
∂ε
,
∂ε

∂ϕ
A−1p > (4.69)

=<
∂ f
∂ε
,
∂A−1 p
∂S

> . (4.70)

The second term

�
∂ f
∂R

,R j−1(ω) �=<
∂ f
∂ε
,
∂ε

∂R
R j−1(ω) > (4.71)

requires to compute ∂ε
∂R : TR (S O(3))[0,L]

→
(
R3

)[0,L]
. Any element of TR (S O(3))[0,L] can be written as

RQ, with Q ∈ (so(3))[0,L]. So, we use equation (3.3) to compute ∂ε
∂R · RQ for any Q ∈ (so(3))[0,L]:

∂ε

∂R
· RQ = j(Q) ∧ d3. (4.72)

To conclude, we set Q = j−1(ω) in the previous equation and gather (4.69) and (4.71) to provide

∂ f (ε)
∂t

=

∫ L

0
<
∂ f
∂ε
,
∂A−1p
∂S

− ω ∧ d3 > dS . (4.73)

�

4.6.2. Time-derivative of spatial curvature

Proposition 4.6. For any test function f : (R3)[0,L] → R,

∂ f
∂t

(κ(t)) =

∫ L

0
<
∂ f
∂κ
,
∂ω

∂S
+ ω ∧ κ > dS . (4.74)
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Proof. Thanks to the Theorem 4.4, it is enough to show:

{ f (κ),H} =

∫ L

0
<
∂ f
∂κ
,
∂ω

∂S
+ ω ∧ κ > dS . (4.75)

Using the Poisson bracket (4.34),

{ f (κ),H} =

∫ L

0
�

∂ f
∂R

,R j−1(ω) � dS (4.76)

=

∫ L

0
<
∂ f
∂κ
,
∂κ

∂R
R j−1(ω) > dS . (4.77)

We are left to show:
∂κ

∂R
·
(
R j−1(ω)

)
=
∂ω

∂S
+ ω ∧ κ. (4.78)

Let us recall K = R−1 ∂R
∂S . From [35], Section 13.5, for any Q ∈ so(3)[0,L]:

∂K
∂R
· (RQ) = R−1∂RQ

∂S
− R−1∂R

∂S
Q (4.79)

and
∂Q
∂S

= R−1∂RQ
∂S
−QR−1∂R

∂S
. (4.80)

Combining the two last equations (see also equation (2.19)):

∂K
∂R
· (RQ) =

∂Q
∂S

+

[
Q,R−1∂R

∂S

]
. (4.81)

Since κ = j(K),
∂κ

∂R
· (RQ) = j(

∂Q
∂S

) + j(Q) ∧ κ. (4.82)

We conclude at equation (4.78) by setting Q = j−1(ω) in equation (4.82). �

5. Conclusion and perspectives

This paper has highlighted certain features that are intrinsic to the modeling of beams. First, such
one-dimensional body, lying in a three-dimensional ambient space, could be modeled in various ways:
privileging the ambient space or the material space. This is particularly true for large transformations
where Lagrangian and Eulerian formulations stand out. Second, these Cosserat structures have (at each
point) degrees of freedom of different nature: translation and rotation. Accordingly, it is not surprising
to observe that the Hamiltonian structure of such material body could be presented rigorously in various
manner, all preserving the geometrical and material background, but focusing on various variables.

Three Hamiltonian structures and associated Poisson brackets have been presented (respectively,
(4.2) and (4.3), (4.20) and (4.22), (4.33) and (4.34)). The first one focuses on variables associated to
the tangent space (secondary variable) and lead to dynamical equations written as two sets of first-order
differential equations. These secondary variables have first-order shape as they are associated to vectors,
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co-vectors, or elements of so(3). The two others are explicitly written on the mobile frame. The second
one is the canonical Hamiltonian structure of classical mechanics. The last one is formulated thanks to
first-order degrees of freedom, i.e., translations and rotations of the beam section.

This paper focuses on these Hamiltonian structures for large dynamical transformations in three-
dimensional ambient space. As a consequence, less attention has been paid to external loading and
non-standard boundary conditions (e.g., Robin-type or non-holonomic contact). This technical aspect is
postponed to future work dealing with more practical applications. Another extension of this work could
be to extend derivatives and perturbations of quadratic forms in order to deal with a non-quadratic strain
energy, typically a nonlinear stress-strain relationship. However, the problem presented in this paper is
sufficiently general to model dynamics of rigid bodies, linear vibrations [63], large transformations of
string, buckling of beam [11], or three-dimensional dynamics.

Beyond theoretical interest, it seems to us that the exhibit of Hamiltonian structures may be of
interest from a numerical point of view. In fact, each formulation can be used to construct a numerical
integration scheme that preserves the Hamiltonian structure of the problem. A particularly effective
example is the coupling problem for dynamical structures, where – even in linear regimes – some
multi-splectic shemes are needed to catch numerically the phenomena (see, for example, [64] for beams
or [65] for plate). Moreover, having three distinct formulations can then be useful so that the integration
of each variable is subject to this preservation.

Another application of these Hamiltonian formulations concerns the loss of symmetry during a
bifurcation. For example, in [66] , nonlinear dynamics of Euler-Bernoulli supports symmetry breaking,
which again needs dedicated structure-preserving numerical schemes. Indeed, it could be interesting to
observe how each formulation is sensitive to such instabilities and how it expresses these symmetries
and their loss. As an example, one could show that the plane problem in the (e1, e3)-plane is a sub-
Hamiltonian system of the Hamiltonian system (4.42) in the following sense: first, the phase space of
the plane problem is a Poisson sub-manifold of the space {(ϕ,p,R,σ)}, meaning that the restriction
of the variables (ϕ,p,R,σ) to the plane problem still provides a Poisson bracket, say, {., .}sub, on this
smaller space. Second, the plane problem in the (e1, e3)-plane is Hamiltonian for the restriction of the
Hamiltonian (4.33) and the Poisson bracket {., .}sub. Hamiltonian formulations of Timoshenko model
could be used to study its instabilities by reformulating them geometrically. We are then left with the
study of a Hamiltonian system in a neighborhood of a Poisson submanifold. This geometric approach to
beam instabilities could be enriched by the numerous Hamiltonian formulations listed in the paper. This
investigation is beyond the scope of this paper and postponed to future work.
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