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1. Introduction and notation

It is well known, and it goes back to Liouville, that if u is harmonic, bounded function in Rn then u
has to be a constant, i.e., if

−∆u = 0 in D′(Rn)

and u is bounded, then u is constant (see for instance [1,2]). The problem is much more subtle when the
equation above has a lower-order term, i.e., if u is a solution to the Schrödinger equation

−∆u + bu = 0 in D′(Rn) (1.1)

for some function b ≥ 0. If n = 2 and b , 0, then every bounded solution to (1.1) is equal to 0. The
situation is radically different when n > 2. To sketch the situation, if b is not decaying too quickly at
infinity, then bounded solutions to (1.1) are vanishing. On the contrary, for functions b with fast decay,
equation (1.1) can have bounded nontrivial solutions (see, for instance, [3–6]).
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The goal of this note is to investigate the situation when the Laplacian is replaced by the p-Laplacian.
The expectation in this case is as follows. For p ≥ n, every bounded solution u to

−∆pu = 0 in D′(Rn)

has to be constant. But when 1 < p < n and b decays fast enough, then one can exhibit nontrivial
bounded solutions u to

−∆pu + b|u|p−2u = 0 in D′(Rn).

This is what we would like to investigate in a slightly more general framework. Recall that the
p-Laplacian is defined as

∆pu := ∂xi{|∇u|p−2∂xiu} = ∇ · {|∇u|p−2∇u}

with the summation convention in i, i.e., in the above formula one sums in i for i = 1, . . . , n. We will
address these issues for p-Laplacian type operators, the archetype of which is

−∇ · {a(x, u)|∇u|p−2∇u}.

We also discuss cases for sums of p-Laplace type operators

∂xk

( N∑
i=1

ai(x, u)|∇u|pi−2∂xku
)
,

which are involved in double phase problems (see, for example, [7–9], and references therein), and, in
particular, model the anisotropic p⃗-Laplace operator (see, for instance, [10]).

We note that our method to establish non-existence of non-constant bounded solutions u to

∂xk

( N∑
i=1

ai(x, u)|∇u|pi−2∂xku
)
+ b(x, u) = 0 inD′(Rn)

is not new; it relies on the classic truncation techniques obtained by multiplying the equation with
suitable test-functions, and using the coercivity properties of the principal differential operator (see,
e.g., [3, 11, 12]). The novelty in this paper is that we could adapt this technique to the case of sums of
p-Laplace type operators and the anisotropic p⃗-Laplace operator.

The paper is divided as follows. The two next sections provide Liouville-type results in different
situations, getting in particular inspiration from the case of the Laplacian where b is chosen with a
relatively slow decay at infinity. In Section 4, we give an example of a nontrivial bounded solution when
the lower-order term of the operator vanishes at infinity. Finally, in the last section, we briefly explain
how the arguments developed in Theorem 3.1 can be extended in the case of several operators.

For interesting related topics, we refer to [11, 13–20].

2. p-Laplacian type operators for “p ≥ n”

Let us denote by ai(x, u), i = 1, · · · ,N Carathéodory functions such that for some positive constants
λ,Λ one has for i = 1, · · · ,N

λ ≤ ai(x, u) ≤ Λ a.e. x ∈ Rn, ∀u ∈ R.

Communications in Analysis and Mechanics Volume 17, Issue 4, 955–970.



957

Let p1, · · · , pN be real numbers such that

1 < p1 ≤ p2 ≤ · · · ≤ pN .

Denote also by b : Rn × R→ R, (x, u) 7→ b(x, u) a Carathéodory function satisfying

b(·, u)v ∈ L1
loc(R

n) for every u, v ∈ W1,pN
loc (Rn),

and
b(x, u)u ≥ 0 for a.e. x ∈ Rn, ∀u ∈ R. (2.1)

Suppose now that u is a solution to

−∂xk

( N∑
i=1

ai(x, u)|∇u|pi−2∂xku
)
+ b(x, u) = 0 inD′(Rn), (2.2)

i.e., u ∈ W1,pN
ℓoc (Rn) and for every bounded open subset Ω of Rn

∫
Ω

N∑
i=1

ai(x, u)|∇u|pi−2∇u · ∇v + b(x, u)v = 0 ∀v ∈ W1,pN
0 (Ω). (2.3)

Then, one can show :

Theorem 1. Suppose that pi ≥ n, for all i = 1, · · · ,N. Then, the only bounded solutions to (2.2) are the
constants.

Proof. Set

A(x, u(x), ξ) =
N∑

i=1

ai(x, u(x))|ξ|pi−2ξ

for a.e. x ∈ Ω, and every ξ ∈ Rn. One has, if we denote by a dot the scalar product

A(x, u(x), ξ) · ξ ≥ λ
N∑

i=1

|ξ|pi , (2.4)

and

|A(x, u(x), ξ)| ≤ Λ
N∑

i=1

|ξ|pi−1 (2.5)

for a.e. x ∈ Ω, and every ξ ∈ Rn. Let us denote by ρ a smooth, nonnegative function on Rn such that

ρ = 1 on B 1
2
, ρ = 0 outside B1, |∇ρ| ≤ K (2.6)

for some constant K (Br denotes the ball of center 0 and radius r). If u is a weak solution to (2.2) and if
p ≥ pN , then one has that

v := u ρp
(
·

r

)
∈ W1,pN

0 (Br).
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Thus, from (2.3) one derives, omitting the measures of integration∫
Br

A(x, u(x),∇u(x)) · ∇
{
u ρp( x

r )
}
+ b(x, u(x)) u(x)ρp( x

r ) = 0,

which is equivalent to∫
Br

A(x, u(x),∇u(x)) · ∇u ρp( x
r ) + b(x, u(x)) u(x)ρp( x

r )

= −p
∫

Br\B r
2

A(x, u(x),∇u(x)) · ∇
{
ρ( x

r )
}
ρp−1( x

r )u.

Using (2.4)–(2.6), recalling that ∇{ρ( x
r )} = 1

r∇ρ( x
r ), we get by (2.1) that

λ

∫
Br

N∑
i=1

|∇u|pi ρp( x
r ) ≤

pKΛ
r

N∑
i=1

∫
Br\B r

2

|∇u|pi−1ρp−1( x
r )|u|

≤
pKΛ

r

N∑
i=1

∫
Br\B r

2

|∇u|pi−1ρ
p(pi−1)

pi ρ
p− p(pi−1)

pi
−1
|u|

=
pKΛ

r

N∑
i=1

∫
Br\B r

2

|∇u|pi−1ρ
p
p′i ρ

p−pi
pi |u|

with p′i =
pi

pi−1 . Using Hölder’s inequality in this last integral, one sees that

λ

∫
Br

N∑
i=1

|∇u|pi ρp( x
r ) ≤

N∑
i=1

∫
Br\B r

2

|∇u|piρp( x
r )


1
p′i

∫
Br\B r

2

ρp−pi( x
r )|u|pi


1
pi pKΛ

r
. (2.7)

Then, by the Young inequality ∑
i

aibi ≤ ε
∑

i

ap′i
i +Cε

∑
i

bpi
i (2.8)

holding for all ε > 0, ai, bi ≥ 0 with some constant Cε > 0, we get

λ

∫
Br

N∑
i=1

|∇u|pi ρp( x
r ) ≤ ε

∫
Br\B r

2

N∑
i=1

|∇u|piρp( x
r ) +Cε

N∑
i=1

∫
Br\B r

2

1
rpi
ρp−pi( x

r )|u|pi

≤ ε

∫
Br\B r

2

N∑
i=1

|∇u|piρp( x
r ) +Cε

N∑
i=1

∫
Br\B r

2

|u|pi

rpi
.

Recall that p ≥ pi ∀i. Let us assume that

N∑
i=1

1
rpi

∫
Br\B r

2

|u|pi is bounded independently of r. (2.9)
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Then, choosing ε = λ
2 , one derives that

∫
B r

2

N∑
i=1

|∇u|pi is bounded independently of r

and thus, since this integral is nondecreasing in r for every i, we can conclude that

lim
r→∞

∫
Br

|∇u|pi exists.

Going back to (2.7), applying (2.9), one easily derives that for some constants C,

λ

∫
B r

2

N∑
i=1

|∇u|pi ≤ C
N∑

i=1

∫
Br\B r

2

|∇u|pi


1
p′i

∫
Br\B r

2

1
rpi
|u|pi


1
pi

≤ C
N∑

i=1

∫
Br

|∇u|pi −

∫
B r

2

|∇u|pi


1
p′i

→ 0 when r → ∞.

Thus, in case (2.9) holds, ∇u = 0, and so u is constant. Note, if pi ≥ n for every i and if u is bounded,
then it is easy to see that (2.9) holds. This completes the proof of the theorem. □

Remark 1. The condition (2.9) is weaker than assuming boundedness of u. Of course, if b(x, u) is not
identically equal to 0, the constant in Theorem 1 vanishes. Also, using the structure assumptions (2.4)
and (2.5), one sees that the theorem above can be extended to more general operators. For instance,
with a summation in k for

−

N∑
i=1

(
∂xka

k
i (x, u)|∇u|pi−2∂xku

)
.

In this case, the k-component of A(x, u, ξ) is given by

−

N∑
i=1

ak
i (x, u)|ξ|pi−2ξk

and provided ak
i ≥ λ one has

A(x, u, ξ) · ξ ≥ λ
N∑

i=1

|ξ|pi

(2.5) being easy to establish if the ak
i are bounded.

Similarly, for instance, for the so-called anisotropic pseudo p⃗-Laplace operator

−∂xk{a
k(x, u)|∂xku|

pk−2∂xku}

(see, for example, [10, 21, 22]), the k-component of A(x, u, ξ) is given by

ak(x, u)|ξk|
pk−2ξk
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and provided ak ≥ λ it holds

A(x, u, ξ) · ξ =
n∑

k=1

ak(x, u)|ξk|
pk ≥ λ

n∑
k=1

|ξk|
pk .

The proof of Theorem 1 follows the same pattern in this case, (2.7) being replaced by

λ

n∑
k=1

∫
Br

|∂xku|
pk ρp( x

r ) ≤
C
r

n∑
k=1

∫
Br\B r

2

|∂xk |
pkρp( x

r )


1
p′k

∫
Br\B r

2

ρp−pk( x
r )|u|pk


1
pk

and the result holds for pk ≥ n, ∀k.

3. p-Laplacian type operators for “N = 1” but “p” arbitrary

In this section, we would like to show that, in case the lower-order term b(x, u) in equation (2.2)
is stronger, one can extend Theorem 1 to every 1 < p < ∞. To avoid technicalities, we will restrict
ourselves to the case of one single operator of p-Laplacian type (that is, we take N = 1), postponing
to the last section (Section 5) the possible extensions. Thus, for some p > 1, we suppose that u is a
solution to

−∂xk

(
a(x, u)|∇u|p−2∂xku

)
+ b(x, u) = 0 inD′(Rn), (3.1)

i.e., u ∈ W1,p
ℓoc(Rn) and for every bounded open subset Ω of Rn,∫

Ω

a(x, u)|∇u|p−2∇u · ∇v + b(x, u)v = 0 ∀v ∈ W1,p
0 (Ω). (3.2)

We suppose, of course, that a(x, u) is a Carathéodory function satisfying

λ ≤ a(x, u) ≤ Λ a.e. x ∈ Rn, ∀u ∈ R. (3.3)

Theorem 2. Suppose, in addition to (2.1), that there are 0 < ℓ < p and constants c, R > 0 such that for
every r ≥ R,

b(x, u)u ≥
c
rℓ
|u|p ∀ |x| ≥ r. (3.4)

Then every bounded solution to (3.1) vanishes.

Proof. Let ρ be a function satisfying (2.6). Taking as test function in (3.2)

v = u ρp(
·

r
),

we get ∫
Br

a(x, u)|∇u|p−2∇u · ∇{u ρp( x
r )} + b(x, u) u ρp(

x
r

) = 0.

This implies easily∫
Ω

a(x, u)|∇u|pρp(
x
r

) + b(x, u)uρp( x
r ) = −p

∫
Ω

a(x, u)|∇u|p−2∇u · ∇{ρ( x
r )}ρp−1u. (3.5)
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Arguing as in the previous section, one derives (see (3.3), (3.4))∫
Br

λ|∇u|pρp + b(x, u)uρp ≤
pKΛ

r

∫
Br\B r

2

|∇u|p−1ρp−1|u|. (3.6)

Applying Hölder’s inequality, the estimate (3.6) becomes

∫
Br

λ|∇u|pρp + b(x, u)uρp ≤
pKΛ

r

∫
Br\B r

2

|∇u|pρp


1
p′
∫

Br\B r
2

|u|p


1
p

≤
pKΛ

r

∫
Br\B r

2

|∇u|pρp


1
p′
∫

Br\B r
2

rℓ

c
b(x, u)u


1
p

≤
pKΛ

c
1
p r1− ℓ

p

∫
Br\B r

2

|∇u|pρp


1
p′
∫

Br\B r
2

b(x, u)u


1
p

.

(3.7)

Using the Young inequality

ab ≤
1
p′

ap′ +
1
p

ap, ∀ a, b ≥ 0,

we get ∫
B r

2

λ|∇u|p + b(x, u)u ≤
pKΛ

λp′c
1
p r1− ℓ

p

∫
Br\B r

2

λ|∇u|pρp +
pKΛ

pc
1
p r1− ℓ

p

∫
Br\B r

2

b(x, u)u.

Thus, for some constant C > 0,∫
B r

2

λ|∇u|p + b(x, u)u ≤
C

r1− ℓ
p

∫
Br

λ|∇u|p + b(x, u)u.

Iterating this formula, one derives∫
B r

2k+1

λ|∇u|p + b(x, u)u ≤
C

(r/2k)1− ℓ
p

∫
B r

2k

λ|∇u|p + b(x, u)u

=
C 2k(1− ℓ

p )

r1− ℓ
p

∫
B r

2k

λ|∇u|p + b(x, u)u

≤
Ck 2k k+1

2 (1− ℓ
p )

rk(1− ℓ
p )

∫
B r

2

λ|∇u|p + b(x, u)u

and so, ∫
B r

2k+1

λ|∇u|p + b(x, u)u ≤
C(k, ℓ, p)

rk(1− ℓ
p )

∫
B r

2

λ|∇u|p + b(x, u)u (3.8)

for some constant C(k, ℓ, p) > 0 depending on C, k, ℓ, and p. Going back to (3.7), we have

∫
Br

λ|∇u|pρp + b(x, u)uρp ≤
pKΛ

r

∫
Br\B r

2

|∇u|pρp


1
p′
∫

Br\B r
2

|u|p


1
p
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≤
pKΛ

r
1

λ
1
p′

∫
Br\B r

2

λ|∇u|pρp


1
p′
∫

Br\B r
2

|u|p


1
p

≤
pKΛ

r
1

λ
1
p′

∫
Br\B r

2

λ|∇u|pρp + b(x, u)uρp


1
p′
∫

Br\B r
2

|u|p


1
p

and thus, for some constant C > 0,[∫
Br

λ|∇u|pρp + b(x, u)uρp

] 1
p

≤
C
r

∫
Br\B r

2

|u|p


1
p

which leads to ∫
B r

2

λ|∇u|p + b(x, u)u ≤
(C

r

)p ∫
Br\B r

2

|u|p.

If u is uniformly bounded by assumption, then one gets∫
B r

2

λ|∇u|p + b(x, u)u ≤ Crn−p. (3.9)

for some other constant C. From (3.8), we derive then∫
B r

2k+1

λ|∇u|p + b(x, u)u ≤
C(k, ℓ, p)

rk(1− ℓ
p )

C rn−p → 0 as r → ∞

when k(1 − ℓ
p ) > n − p. This completes the proof of Theorem 2. □

Remark 2. From (3.9) one can get the result for p > n. Note also that (3.4) holds with ℓ = 0 when one
has

b(x, u)u ≥ c|u|p for a.e. x ∈ Rd and every u ∈ R. (3.10)

4. Existence of a nontrivial solution for “N = 1” and “p < n”

In this section, we would like to construct a nontrivial bounded solution to the equation

−∆pu + b |u|p−2u = 0 inD′(Rn), (4.1)

when b = b(x) is nonnegative. Here, a function u is called a solution to (4.1) if u ∈ W1,p
ℓoc(Rn) and for

every open bounded subset Ω ⊆ Rn,∫
Ω

|∇u|p−2∇u · ∇v + b(x)|u|p−2uv = 0 ∀v ∈ W1,p
0 (Ω). (4.2)

Recall that Bk denotes the ball of center 0 and radius k. Then, for every k ∈ N, there exists a unique
solution uk to the variational inequality

uk ∈ K = {v ∈ W1,p(Bk) : v = 1 on ∂Bk},∫
Bk

|∇uk|
p−2∇uk · ∇(v − uk) + b(x)|uk|

p−2uk(v − uk) ≥ 0 ∀v ∈ K.
(4.3)
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We refer, for instance, to [23, 24], or the Remark 3 below.

1. Claim: 0 ≤ uk ≤ 1 on Bk

Recall that w+(x) := max{0,w(x)} denotes the positive part of a function w and w− := (−w)+ the
negative part. Then, taking v = u+k as a test function in (4.3) and by using that u+k − uk = u−k , it comes

0 ≤
∫

Bk

|∇uk|
p−2∇uk · ∇u−k + b |uk|

p−2uku−k

= −

∫
Bk

|∇u−k |
p−2∇u−k · ∇u−k + b |u−k |

p−2u−k u−k ≤ 0,

from which we can conclude that ∫
Bk

|∇u−k |
p + b|u−k |

p = 0.

Thus, u−k = 0 on Bk, which implies that uk ≥ 0 on Bk.

It should be noted that uk ± (uk − 1)+ ∈ K. Thus, taking v = uk ± (uk − 1)+ in (4.3), one gets∫
Bk

|∇uk|
p−2∇uk · ∇(uk − 1)+ + b|uk|

p−2uk(uk − 1)+ = 0

and hence, ∫
Bk

|∇uk|
p−2∇(uk − 1) · ∇(uk − 1)+ = −

∫
Bk

b|uk|
p−2uk(uk − 1)+ ≤ 0.

Thus, (uk − 1)+ = 0, i.e., uk ≤ 1.

2. Claim: uk+1 ≤ uk on Bk

Clearly (uk+1 − uk)+ ∈ W1,p
0 (Bk). We now suppose that this function is extended by 0 on Bk+1. Taking

v = uk ± (uk+1 − uk)+ in (4.3), we get that∫
Bk

|∇uk|
p−2∇uk · ∇(uk+1 − uk)+ + b|uk|

p−2uk(uk+1 − uk)+ = 0.

Similarly, taking v = uk+1 ± (uk+1 − uk)+ in (4.3) gives∫
Bk

|∇uk+1|
p−2∇uk+1 · ∇(uk+1 − uk)+ + b|uk+1|

p−2uk+1(uk+1 − uk)+ = 0.

By subtraction, we obtain that∫
Bk

{|∇uk+1|
p−2∇uk+1−|∇uk|

p−2∇uk} · ∇(uk+1 − uk)+

+ b{|uk+1|
p−2uk+1 − |uk|

p−2uk}(uk+1 − uk)+ = 0.
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Thus, for some constant cp > 0, we get that (see, for example, [23, Proposition 17.3])

cp

∫
Bk

(
|∇uk+1| + |∇uk|

)p−2
|∇(uk+1 − uk)+|2 ≤ 0,

implying that (uk+1 − uk)+ = 0 on Bk, which is uk+1 ≤ uk on Bk.

From Claim 1 and Claim 2, we derive that

uk(x)→ u(x) pointwise for a.e. x ∈ Rn, (4.4)

where u : Rn → R is a function satisfying

0 ≤ u ≤ 1 on Rn.

3. Claim: If b is radially symmetric, so are uk and u.

If R = (R j,k) is an orthogonal transformation, then one has with the summation convention

∇{v(Rx)} = (∂y jv(Rx)∂xiR j,kxk)
= (R j,i∂y jv(Rx)) = RT {∇v}(Rx).

Thus, a change of variable yields that∫
Bk

|∇{uk(Rx)}|p−2∇{uk(Rx)} · ∇{(v(Rx) − uk(Rx))}

+ b|uk(Rx)|p−2uk(Rx)(v(Rx) − uk(Rx)) ≥ 0

for any v ∈ W1,p
0 (Bk), v = 1 on ∂Bk. Choosing v(RT x), we see, by uniqueness of uk that

uk(Rx) = uk(x)

for any orthogonal transformation R.

Remark 3. Taking v = uk ± φ for φ ∈ W1,p
0 (Bk) in (4.3), one sees that uk satisfies

uk ∈ K and
∫

Bk

|∇uk|
p−2∇uk · ∇φ + b|uk|

p−2ukφ = 0 ∀φ ∈ W1,p
0 (Bk), (4.5)

that is, uk is a weak solution of the nonlinear Dirichlet problem

−∆puk + b |uk|
p−2uk = 0 in Bk,

uk = 1 on ∂Bk.

Note that uk is also the unique minimiser on K to

J(v) =
∫

Bk

|∇v|p + b|v|p.
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From now on, we suppose that

b ∈ L1(Rn) and b is radially symmetric with compact support, i.e.,
b(x) = b(|x|) = 0 for all |x| = r ≥ r0.

(4.6)

Since the function 1 ∈ K, one has then∫
Bk

|∇uk|
p + b|uk|

p = J(uk) ≤ J(1) =
∫
Rn

b < +∞.

Thus, up to a subsequence,
∇uk ⇀ ∇u in Lp(Ω) (4.7)

for every bounded subdomain Ω of Rn.

4. Differential equation satisfied by uk and u.

If uk = uk(r), then
∇uk = u′k(r)∇r = u′k(r)

x
r

and |∇uk| = |u′k(r)|.

From this, it follows that

∇ · (|∇uk|
p−2∇uk) = ∂xi(|u

′
k|

p−2u′k
xi
r )

= |u′k|
p−2u′k∂xi{

xi
r } + (|u′k|

p−2u′k)
′ xi

r
xi
r

= |u′k|
p−2u′k(

n
r ) + |u′k|

p−2u′kxi
(
− 1

r2

) xi

r
+ (|u′k|

p−2u′k)
′

= |u′k|
p−2u′k(

n−1
r ) + (|u′k|

p−2u′k)
′

=
1

rn−1

(
|u′k|

p−2u′k(n − 1)rn−2 + rn−1(|u′k|
p−2u′k)

′
)

=
1

rn−1 (|u′k|
p−2u′kr

n−1)′.

Thus from (4.5), one derives that uk satisfies

1
rn−1 (|u′k|

p−2u′kr
n−1)′ = b|uk|

p−2uk for 0 < r < k,

which is equivalent to

(|u′k|
p−2u′kr

n−1)′ = rn−1b|uk|
p−2uk for 0 < r < k,

and again, equivalent to

|u′k(r)|p−2u′k(r) =
1

rn−1

∫ r

0
sn−1b|uk|

p−2ukds for 0 < r < k.

Setting Ψ(x) = |x|p−2x for x ∈ R, then ψ is bijective on R and its inverse is Ψ−1(x) = |x|
1

p−1 sign x, where
sign x denotes the sign of x. One gets

u′k = Ψ
−1(

1
rn−1

∫ r

0
sn−1b|uk|

p−2ukds) for 0 < r < k. (4.8)
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From (4.7), one has up to a subsequence still labelled by k

∇uk = u′k
x
r
⇀ u′

x
r

in Lp(Ω) (4.9)

for every open and bounded subset Ω ⊆ Rn. Thus, by using (4.4), multiplying (4.8) with x/r for r > 0
and subsequently passing to the limit, we arrive at

u′(r)
x
r
=

x
r
Ψ−1(

1
rn−1

∫ r

0
sn−1b|u|p−2uds) for r > 0,

which is equivalent to

u′(r) = Ψ−1(
1

rn−1

∫ r

0
sn−1b|u|p−2uds) for r > 0,

and

Ψ(u′) = |u′|p−2u′ =
1

rn−1

∫ r

0
sn−1b|u|p−2uds for r > 0.

Multiplying the last equation by rn−1 and subsequently differentiating it; shows that u satisfies

−
1

rn−1 (|u′|p−2u′rn−1)′ + b|u|p−2u = 0 in (0,∞),

that is, u satisfies the same equation as uk in all Rn.

We would like to show now that u is nontrivial.

5. The limit of uk cannot be identically 0, that is, u is nontrivial.

Due to the definition of b, one has that

(|u′k|
p−2u′kr

n−1)′ = 0 for r ≥ r0.

Thus,
|u′k|

p−2u′kr
n−1 = Ck for r ≥ r0.

where Ck is some constant. Thus, for r ≥ r0 one has

u′k = Ψ
−1(

Ck

rn−1 ) = |Ck|
1

p−1 sign Ck
1

r
n−1
p−1

.

Integrating between r0 and r, we get

uk(r) − uk(r0) = |Ck|
1

p−1 sign Ck

∫ r

r0

1

r
n−1
p−1

. (4.10)

Now, if uk(r)→ 0 pointwise, (4.10) implies that Ck → 0. On the other hand, choosing r = k in (4.10)
gives that

1 − uk(r0) = |Ck|
1

p−1 sign Ck

∫ k

r0

1

r
n−1
p−1

(4.11)

for every k ≥ r0. If n > p, then the integral above converges, and so, we arrive at a contradiction when
we send k → ∞ in (4.11). Thus, we have proved

Theorem 3. In the case p < n (n > 2 in the case of the Laplacian), one can find functions b satisfying
(4.6) such that equation (4.1) admits a nontrivial bounded solution.
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5. Concluding remarks

We would like to show briefly here how Theorem 2 can be extended in the case of several p-Laplacian
type operators. Suppose that u is a solution to (2.2). Arguing as in (3.5) and (3.6), one gets that∫

Br

λ

N∑
i=1

|∇u|pi ρp( x
r ) + b(x, u)uρp( x

r ) ≤
pKΛ

r

∫
Br\B r

2

N∑
i=1

|∇u|pi−1ρ
p
p′i ρ

p−pi
pi |u|. (5.1)

Using the Hölder inequality, we derive∫
Br

λ

N∑
i=1

|∇u|pi ρp( x
r ) + b(x, u)uρp( x

r )

≤
pKΛ

r

N∑
i=1

( ∫
Br\B r

2

|∇u|piρp
) 1

p′i
( ∫

Br\B r
2

ρp−pi |u|pi
) 1

pi .

Assuming then for |x| large enough and for all i

b(x, u)u ≥
c
rℓ
|u|pi , c > 0, ℓ < p1 ≤ pi

we get ∫
Br

λ

N∑
i=1

|∇u|pi ρp( x
r ) + b(x, u)uρp( x

r )

≤
pKΛ

r1− ℓ
p1

N∑
i=1

( ∫
Br\B r

2

|∇u|piρp
) 1

p′i
( ∫

Br\B r
2

ρp−pi
1
c

b(x, u)u
) 1

pi .

Then, applying the Young inequality

ab ≤
1
p′i

ap′i +
1
pi

bpi , a, b ≥ 0

to the latter estimate, one easily sees that for some constant C > 0,∫
Br

λ

N∑
i=1

|∇u|pi ρp( x
r ) + b(x, u)uρp(

x
r

) ≤
C

r1− ℓ
p1

∫
Br\B r

2

N∑
i=1

λ|∇u|piρp + ρp−pib(x, u)u.

Thus, if p ≥ pi, for some constant C > 0, we get∫
B r

2

λ

N∑
i=1

|∇u|pi + b(x, u)u ≤
C

r1− ℓ
p1

∫
Br

λ

N∑
i=1

|∇u|pi + b(x, u)u.

Iterating this formula, one gets∫
B r

2k+1

λ

N∑
i=1

|∇u|pi + b(x, u)u ≤
C(k, ℓ, p1)
rk(1−ℓ/p1)

∫
B r

2

λ

N∑
i=1

|∇u|pi + b(x, u)u. (5.2)
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Going back to (5.1) and using (2.8) (taking ε = 1
2 ), we obtain that∫

Br

λ

N∑
i=1

|∇u|piρp + b(x, u)uρp ≤ ε

∫
Br

λ

N∑
i=1

|∇u|piρp +Cε

∫
Br

N∑
i=1

|u|pi

rpi

and ∫
B r

2

λ

N∑
i=1

|∇u|pi + b(x, u)u ≤ 2 Cε

∫
Br

N∑
i=1

|u|pi

rpi
.

If u is bounded, this leads to ∫
B r

2

λ

N∑
i=1

|∇u|pi + b(x, u)u ≤ C
N∑

i=1

rn−pi .

By (5.2), it follows that∫
B r

2k+1

λ

N∑
i=1

|∇u|pi + b(x, u)u ≤
C(k, ℓ, p1)

rk(1− ℓ
p1

)
C

N∑
i=1

1
rpi−n → 0

as r → ∞, provided k(1 − ℓ
p1

) > n − pi. This completes the proof in this case.
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