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1. Introduction and notation

It is well known, and it goes back to Liouville, that if u is harmonic, bounded function in R” then u
has to be a constant, i.e., if

-Au=0 in D'[R")

and u is bounded, then u is constant (see for instance [1,2]). The problem is much more subtle when the
equation above has a lower-order term, i.e., if « is a solution to the Schrédinger equation

—Au+bu=0 in D'R") (1.1

for some function b > 0. If n = 2 and b # 0, then every bounded solution to (1.1) is equal to 0. The
situation is radically different when n > 2. To sketch the situation, if b is not decaying too quickly at
infinity, then bounded solutions to (1.1) are vanishing. On the contrary, for functions b with fast decay,
equation (1.1) can have bounded nontrivial solutions (see, for instance, [3-6]).
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The goal of this note is to investigate the situation when the Laplacian is replaced by the p-Laplacian.
The expectation in this case is as follows. For p > n, every bounded solution u to

~Au=0 in D'R"

has to be constant. But when 1 < p < n and b decays fast enough, then one can exhibit nontrivial
bounded solutions u to
—Apu+buP?u=0 in D'R".

This is what we would like to investigate in a slightly more general framework. Recall that the
p-Laplacian is defined as
Apu = 0, {IVulP 20 .u} = V - {|VulP*Vu)

with the summation convention in i, i.e., in the above formula one sums inifori =1,...,n. We will
address these issues for p-Laplacian type operators, the archetype of which is

-V - {a(x, w)|VulP > Vu).

We also discuss cases for sums of p-Laplace type operators

N
0 (D @il wIVulP 7, u),
i=1

which are involved in double phase problems (see, for example, [7-9], and references therein), and, in
particular, model the anisotropic p-Laplace operator (see, for instance, [10]).
We note that our method to establish non-existence of non-constant bounded solutions u to

N
0y, ( Z a;(x, w)|\VulP 20, .u) + b(x,u) = 0 in O'(R")

i=1

is not new; it relies on the classic truncation techniques obtained by multiplying the equation with
suitable test-functions, and using the coercivity properties of the principal differential operator (see,
e.g., [3,11,12]). The novelty in this paper is that we could adapt this technique to the case of sums of
p-Laplace type operators and the anisotropic p-Laplace operator.

The paper is divided as follows. The two next sections provide Liouville-type results in different
situations, getting in particular inspiration from the case of the Laplacian where b is chosen with a
relatively slow decay at infinity. In Section 4, we give an example of a nontrivial bounded solution when
the lower-order term of the operator vanishes at infinity. Finally, in the last section, we briefly explain
how the arguments developed in Theorem 3.1 can be extended in the case of several operators.

For interesting related topics, we refer to [11, 13-20].

2. p-Laplacian type operators for “p > n”

Let us denote by a;(x,u), i = 1,--- , N Carathéodory functions such that for some positive constants
A, Aonehasfori=1,--- ,N

A<aix,u) <A ae. xeR", YueR.
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Let py,- -, py be real numbers such that

lL<pi<p<---<pw
Denote also by b : R" X R — R, (x,u) — b(x, u) a Carathéodory function satisfying

b(-,u)v € LI (R" for every u, v € WPV (R,

loc loc

and
b(x,u)u >0 fora.e. x e R", Yu € R. (2.1

Suppose now that u is a solution to

N
0, )" @i WUl 20, ) + b(x,u) =0 in D'(R"), 2.2)

i=1

ie,ue€ W;O”C’ Y(R™) and for every bounded open subset Q of R”
N
f Z a;(x, )| VulP>Vu - Vv + b(x,u)y = 0 Yv e W(;’pN(Q). 2.3)
Qo0

Then, one can show :

Theorem 1. Suppose that p; > n, foralli = 1,--- ,N. Then, the only bounded solutions to (2.2) are the
constants.

Proof. Set
N

ACru(x),€) = ) ailx, u(x)|EP ¢

i=1

for a.e. x € Q, and every £ € R". One has, if we denote by a dot the scalar product

N
A(x,u(x),8) - & = /12 €17, (2.4)
i=1
and
N
|A(x, u(x), &)l < A Z 7! (2.5)
i=1

for a.e. x € Q, and every £ € R". Let us denote by p a smooth, nonnegative function on R" such that
p=1lonBi, p= 0 outside By, |Vp| < K (2.6)

for some constant K (B, denotes the ball of center 0 and radius r). If u is a weak solution to (2.2) and if
p = pn, then one has that

vi=up’ (—) € Wé’pN(B,).
r
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Thus, from (2.3) one derives, omitting the measures of integration
f A(x, u(x), Vu(x)) - Viu pP ()} + b(x, u(x)) u(x)p”(5) = 0
B,

which is equivalent to

f A(x, u(x), Vu(x)) - Vu p? () + b(x, u(x)) u(x)p"(5)
B,

= —pf A(x, u(x), Vu(x)) - Vip(H} o (Hu.
B/\Br

Using (2.4)—(2.6), recalling that V{p(3)} = %Vp(’;‘), we get by (2.1) that

IVul” p" (3 )<— f Vul" ™ P~ ()
flzl“ ) Z B/\B: wep "

pKA f (pi=1) p_p(p,-—l)_l
|Vul! p v pt e
>,
KA Lo ppi
- Zf IVu|Pf‘1prp”vf’ u
© = BB

with p; = —==. Using Holder’s inequality in this last integral, one sees that

f Zwmpf P ><Z[ fB » Vul”p"(2) [ fB el

r
rll 3

Dabi<ey d' +C, > 2.8)

]

1
" KA
pRAa 2.7)
.

Then, by the Young inequality

holding for all € > 0, a;, b; > 0 with some constant C, > 0, we get

wamPl P ><sz BrZIVuI”' PR +C, Zf e

B, o] = \B’
|u|1"
[Vul”o?(Z) + C, f .
f BBy ; Z BBy "
Recall that p > p; Vi. Let us assume that
5
— |u’" is bounded independently of r. 2.9)
Di P y
o1 7 BBy
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Then, choosing € = %, one derives that

I

and thus, since this integral is nondecreasing in r for every i, we can conclude that

N
|[Vu|’" is bounded independently of r
1

5 i=

lim |VulP' exists.

—00
r B,

Going back to (2.7), applying (2.9), one easily derives that for some constants C,

4,

1 1

f —[ul”
Br\B% ]"pl

P,

N

o
VP SCZ f IVl
1 =1 [V Br\Bg

1

5 =

<C

— 0 whenr — .

o
f Vul? - f Vul”
mall % B

r
2

i

Thus, in case (2.9) holds, Vu = 0, and so u is constant. Note, if p; > n for every i and if u is bounded,
then it is easy to see that (2.9) holds. This completes the proof of the theorem. m|

Remark 1. The condition (2.9) is weaker than assuming boundedness of u. Of course, if b(x, u) is not
identically equal to 0, the constant in Theorem I vanishes. Also, using the structure assumptions (2.4)
and (2.5), one sees that the theorem above can be extended to more general operators. For instance,

with a summation in k for
N

- Z (0xkaf.‘(x, u)IVulp"_zéxku).
i=1

In this case, the k-component of A(x,u, &) is given by

N

= di i
i=1

and provided a* > A one has
N
ACru,€)-E2 )l
i=1

(2.5) being easy to establish if the af.‘ are bounded.
Similarly, for instance, for the so-called anisotropic pseudo p-Laplace operator

— 0, 4" (ox, )| O ul” > Dy u)
(see, for example, [10,21,22]), the k-component of A(x, u, &) is given by

d" (x, W& &
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and provided a* > A it holds

n

Aleu,8)-€ = ) dewlgl™ 2 4 ) &,
k=1

k=1

The proof of Theorem 1 follows the same pattern in this case, (2.7) being replaced by

n C}’l
1 A ulPr pP(2) < = A, PP (£
;Lmuw(,) rZUB,\B,""p(’)
- 2

r k=1

1 1

A %
f Pl
B,\B%

and the result holds for p; > n, Vk.
3. p-Laplacian type operators for “N = 1’ but *“p”’ arbitrary

In this section, we would like to show that, in case the lower-order term b(x, u) in equation (2.2)
is stronger, one can extend Theorem 1 to every 1 < p < co. To avoid technicalities, we will restrict
ourselves to the case of one single operator of p-Laplacian type (that is, we take N = 1), postponing
to the last section (Section 5) the possible extensions. Thus, for some p > 1, we suppose that u is a

solution to
-0, (a(x, u)quIp_zﬁxku) +b(x,u) =0 in O'(R"), (3.1

1e.,u€ W;o"z (R™) and for every bounded open subset Q2 of R”,
fa(x, w)|VulP2Vu - Vv + b(x, u)v = 0 Yv e W(;’p(Q). (3.2)
Q

We suppose, of course, that a(x, u) is a Carathéodory function satisfying
A<alx,u) <A ae. xeR" YuelR. (3.3)

Theorem 2. Suppose, in addition to (2.1), that there are 0 < £ < p and constants ¢, R > 0 such that for
everyr > R,
b(x, u)u > %Iul” Vx| > r. (3.4
r

Then every bounded solution to (3.1) vanishes.
Proof. Let p be a function satisfying (2.6). Taking as test function in (3.2)
v=up’(-),
r

we get

f a(x, w)|VulP>Vu - Viup”(£)} + b(x, u) upp(é) =0.

B,

This implies easily
f a(x, )IVul’p (%) + b(x, wup”(%) = —p f aCe, wIVul"2Vu - Vip(H)p'u. (3.5)
Q r Q
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Arguing as in the previous section, one derives (see (3.3), (3.4))

KA
f /1|Vu|ppp + b(x, u)upp < p_f |Vbt|p_]pp_]|u|_
B, rJs

r\B%

Applying Holder’s inequality, the estimate (3.6) becomes

1

KA | [l ’
f AVulPp? + b(x, uyup” < P22 f [Vul?p? f |ua”
B, N AV | [VBAB;
_ -1
KA 7 rt '
<P f |VulPp” f —b(x, u)u
I |JB\B | VBB €

3
1
P
f |Vul|Pp? f b(x,u)u| .
B\By B\By

1 , 1
ab < —/a” +—a?, Ya,b>0,
P P

KA KA
f AVul? + b(x, wu < —L=2— f AVulrpr + 222 f b(x, wu.
B /lp’cﬁrl_ﬁ B\Br pcﬁrl_ﬁ B, \B

2

~|—

pKA

<=
crrtTr

Using the Young inequality

we get

I~
NI~

Thus, for some constant C > 0,

f AVul? + b(x,u)u < ]C[ f AVul? + b(x, u)u.
. L

5 r » JB

Iterating this formula, one derives

C
f AVul? + b(x, u)u < ———— f AVul? + b(x, u)u
B_r (}"/2]{)1_; Bsz

2k+1

C 215
= —f AVul? + b(x, u)u
B

1-L

ror A
2k
Ck o FH=5)
< —[pf AVul? + b(x, u)u
A= s,
2
and so,
C(k, ¢,
f AVl + b, w < LD f AVul? + b(x, uyu
B_r_ =) By

2k+T

for some constant C(k, ¢, p) > 0 depending on C, k, €, and p. Going back to (3.7), we have

1
KA '
f AVulPp? + b(x, wup? < P22 f Vul”o? f luf?”
B, r BA\B BBy

r
2

7

(3.6)

3.7

(3.8)
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1
f |ul”
B,\B%
pKA 1 |

< - f AVulPp? + b(x, u)up”
| JB\B;

1
4

KA 1 |
<22 f AVulPp?
Ay |JBAB;

~|—

r A7

1
V4
f Jul?
B,\B%

and thus, for some constant C > 0,

r C
S_
r

[f AVulPp? + b(x, u)up”

f |uel?
B, Br\B%
C P
f AVul? + b(x, 1w s(—) f .
By r BA\By

If u is uniformly bounded by assumption, then one gets

which leads to

f AVul? + b(x,u)u < Cr'"". (3.9)
Br

2
for some other constant C. From (3.8), we derive then
Ck, ¢, p)

—Cr'?" -0 asr — oo
-5

f AVul? + b(x, u)u <
B_r

2k+T

when k(1 — ﬁ) > n — p. This completes the proof of Theorem 2. O

Remark 2. From (3.9) one can get the result for p > n. Note also that (3.4) holds with £ = 0 when one
has
b(x, wu > clul’ for a.e. x € RY and every u € R. (3.10)

4. Existence of a nontrivial solution for “N = 1” and “p < n”

In this section, we would like to construct a nontrivial bounded solution to the equation
“Apju+buu=0  in DR, (4.1)

when b = b(x) is nonnegative. Here, a function u is called a solution to (4.1) if u € W;o”c’ (R™) and for
every open bounded subset QQ C R”,

— — 1,
fg IVulP Vi - Vv + b()ul”*uv = 0 Yv € W,"(Q). (4.2)

Recall that B, denotes the ball of center 0 and radius k. Then, for every k € N, there exists a unique
solution u; to the variational inequality

u, € K={ve W(By) :v=10n0dB,

4.3)

Vi |P2Vuy - Vv — ) + b’ ue(v — u) >0 Vv € K.
By
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We refer, for instance, to [23,24], or the Remark 3 below.
1. Claim: O < u; < 1 on By

Recall that w*(x) := max{0, w(x)} denotes the positive part of a function w and w™ := (—w)* the
negative part. Then, taking v = u; as a test function in (4.3) and by using that u;| — u; = u; , it comes

0< f Vi[>V, - Vu, +b Iuklp_zuku,:

By

= —f \Vu; [PV, - Vg + blug [P 2u;u;, <0,
By

from which we can conclude that

f Vur | + blug|” = 0.
By

Thus, u, = 0 on By, which implies that u; > 0 on B;.

It should be noted that u; + (1, — 1)* € K. Thus, taking v = u; + (u; — 1)* in (4.3), one gets

f |Vuk|p_2Vuk . V(I/tk - 1)+ + blukl”_zuk(uk - 1)+ =0

By

and hence,

f IVl V(g — 1) - V(g — 1) = —f blul’up(u — 1)* < 0.
Bx By
Thus, (uy — 1) =0, i.e., u; < 1.

2. Claim: u,; < u; on By

Clearly (ugy1 — up)* € Wé’p (Bi). We now suppose that this function is extended by 0 on By, ;. Taking
V =y = (e — Ug)™ in (4.3), we get that

f VP>V - Vg — up)* + blugl” ur(ugr — w)* = 0.
By
Similarly, taking v = w41 + (ug1 — uy)* in (4.3) gives
L Vit t I Vitgsr - Vet — )" + bl [P g (e — ug)™ = 0.
k
By subtraction, we obtain that

f UV P2 Vit =V 2V} - Vg — wg)*

By
) )
+ D{|utgest [Pt — el g (s — )™ = 0.
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Thus, for some constant ¢, > 0, we get that (see, for example, [23, Proposition 17.3])

cp | (Vi | + Vi)’ 1V sy — we)*? < 0,
By

implying that (u;4; — u)™ = 0 on By, which is u,; < uy on By.
From Claim 1 and Claim 2, we derive that
u(x) = u(x) pointwise for a.e. x € R",
where u : R" — R is a function satisfying

0<uc<l on R".

3. Claim: If b is radially symmetric, so are u; and u.

If R = (R;) is an orthogonal transformation, then one has with the summation convention

Viv(Rx)} = (0,,v(Rx)0, R xx)
= (R;0y,v(Rx)) = R"{VV}(Rx).

Thus, a change of variable yields that

fB IV (RON 2V {1 (Rx)} - V{((Rx) — tx(Rx))}
k + Blug (RO up (Rx)(W(Rx) — ux(Rx)) > 0
for any v € Wé’p (By), v = 1 on dB;. Choosing v(R x), we see, by uniqueness of u; that
ur(Rx) = uy(x)

for any orthogonal transformation R.

Remark 3. Taking v = u, + ¢ for ¢ € Wé’p (By) in (4.3), one sees that uy, satisfies
wueK and f Vi P>V - Vo + blugP i = 0 Voo € WP (By),
By

that is, uy is a weak solution of the nonlinear Dirichlet problem

—Ayuy + b lu’*u, =0 in By,

Uy = 1 on 8Bk.

Note that uy is also the unique minimiser on K to

J(v) = V[P + blv|P.

By

(4.4)

4.5)

Communications in Analysis and Mechanics Volume 17, Issue 4, 955-970.



965

From now on, we suppose that

b e L'(R") and b is radially symmetric with compact support, i.e.,

(4.6)
b(x)=b(x)) =0 for all |x| = r > ry.
Since the function 1 € K, one has then
f |\Vur|? + blug|P = J(u) < J(1) = f b < +co.
By R?
Thus, up to a subsequence,
Vu, — Vuin L (Q) 4.7

for every bounded subdomain Q of R”".
4. Differential equation satisfied by u; and u.
If u; = ui(r), then
Vu, = w (r)Vr = u,’c(r)E and Vil = [u ()]
r
From this, it follows that

V- (V"2 Vig) = 05, (%)

|uk|p zukaxz{ rr
= Iu,'clp_zuk( ) + P - ,lz)% + (2w
= [P 2u (=L + <|u,;|"‘2u; ’
- r,,l_l(lukl" = 2+ )

-2 /rn 1)

; -2
S+ (g ™"

Thus from (4.5), one derives that i satisfies
— (" Pur"™"Y = blud”we for 0 < r <k,
which is equivalent to

PUblugP 2wy, for0 < r <k,

(|uk|p 2 /rn 1)

and again, equivalent to

g (P22 (r)

f S UBlugP 2 ud s for0 < r < k.
0

rn—l

Setting W(x) = |x["~2x for x € R, then y is bijective on R and its inverse is ¥~!(x) = |x|7 sign x, where
sign x denotes the sign of x. One gets

— f s" bl uds)  for 0 <r < k. (4.8)
0
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From (4.7), one has up to a subsequence still labelled by k
Vig = u,> — ' in L"(Q) (4.9)
r r
for every open and bounded subset Q2 C R". Thus, by using (4.4), multiplying (4.8) with x/r for r > 0
and subsequently passing to the limit, we arrive at
X

;X 1
(== ¥ (—
ror r

f s" U blulP~%uds) forr > 0,
0

which is equivalent to
1 r
W'(r) =¥ (— f s 'blul’*uds)  forr >0,
= Jo

and

1 T
Yu') = [u'|u = f s" U blulP~%uds for r > 0.
0

rn—l
Multiplying the last equation by #*~! and subsequently differentiating it; shows that u satisfies
1 np=2..r. n—1ys p-2 .
—— (V') + Dlulf " u =0 in (0, 00),
,
that is, u satisfies the same equation as u; in all R”.

We would like to show now that u is nontrivial.
5. The limit of u; cannot be identically 0, that is, « is nontrivial.

Due to the definition of b, one has that
(Iu,’cl”_zu,’cr”_l)’ =0 forr > ry.
Thus,
|u,’<|"’_2u,’<r”_1 = Cy forr > ry.

where C; is some constant. Thus, for » > ry, one has

, 4. C . 1
w, =P (=) = |Cyl7 sign Co—.
T yrl
Integrating between ry and r, we get
I "1
ur(r) — ug(ry) = |Cl7T sign Cy f - (4.10)
ro rrl

Now, if u;(r) — 0 pointwise, (4.10) implies that C; — 0. On the other hand, choosing r = k in (4.10)
gives that
. 1
1 — u(ro) = |Ci|PT sign Cy, f — (4.11)
ro rrl
for every k > ry. If n > p, then the integral above converges, and so, we arrive at a contradiction when
we send k — oo in (4.11). Thus, we have proved

Theorem 3. In the case p < n (n > 2 in the case of the Laplacian), one can find functions b satisfying
(4.6) such that equation (4.1) admits a nontrivial bounded solution.

Communications in Analysis and Mechanics Volume 17, Issue 4, 955-970.



967

5. Concluding remarks

We would like to show briefly here how Theorem 2 can be extended in the case of several p-Laplacian
type operators. Suppose that u is a solution to (2.2). Arguing as in (3.5) and (3.6), one gets that

N L p-p;
f AZIVMI”’ P+ b wup’() < 28 f > Va7 o' 5.1)
r % i=1

Using the Holder inequality, we derive

N
[ mur o + ey

B i=1
PKA < f : I;f "
- d ;( BB vt ) ( BV\BEPPPWW)I-

Assuming then for |x| large enough and for all i

b(x,wu > —lul”, ¢ >0,6< p < p,
r

we get

N
f A VUl pP(2) + b(x, wup’ (%)
B =

KA N L, 1 1
< pl_i Z(f\B IVulPip ) ,(fBr\BE o p,zb(x’ u)u)"’.

Pr =1

DI~

Then, applying the Young inequality

1, 1
ab < —a’ + —=b", a,b >0
p,’ Pi

to the latter estimate, one easily sees that for some constant C > 0,

N
X
A D) |Vul” pP () + b(x, w)up? (=) < f AVulPp? + pP Pib(x, u)u.
f Z r ro T e Js By Z

B, i=1 —

Thus, if p > p;, for some constant C > 0, we get

f /IZ [Vul’" + b(x, u)u <

Br
2

f /IZ |Vul?" + b(x, u)u.

rp B,

Iterating this formula, one gets

S Ck, L, p)
f AVl + b < — 22 g E IVul? + b(x, upu. (5.2)
L e By

k(=C/p1)

2k+1
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Going back to (5.1) and using (2.8) (taking & = %), we obtain that

N N N )

. , |

) [VulPo? + b(x, wup” < & f ) [VulPio? + C, f =
L, ; B ; B rPi

r ri=1

and

|M|P:
/IE Vul” +b <2C, § .
f' 11|u| + b(x, u)u f -

’11

If u 1s bounded, this leads to

N N
f /IZ [Vul’ + b(x,u)u < C Z FPi
s i=1 i=1

r
2

By (5.2), it follows that

N
f /lZ [Vul’" + b(x, u)u < C & p1)

N

l'
B_r — k(l_ﬁ)
2k+1 i=1

as r — oo, provided k(1 — p%) > n — p;. This completes the proof in this case.
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