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Abstract: Motivated by the study of the possible breakdown of regularity for solutions of the incompress-
ible Navier-Stokes system in the whole three-dimensional space R?, we prove that the norm |ju|| 1
L

w(p2
T (Baeo)

1
and the quantity sup ﬁ f ||Vu(t)||i2 dt are non linearly equivalent. The proofs rely on the Duhamel
1c[0,TT 1

formula, dyadic localization in the Fourier space, and for one of them, on the energy inequality.
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1. Introduction

In this paper, we consider the three-dimensional incompressible Navier-Stokes system in R?

Oou+u-Vu—Au=-Vp
divu=0 and wup—=1up.

(NS) {

This system has two main properties:

1. The energy estimate: for any smooth enough solution on the interval [#y, #;], we have

1 i 1
(E) E”L‘(tl)”iz"'f IIVu(t)IIizdtSEllu(to)lliz;
to

2. The scaling invariance: if u is a solution on an interval [0, T'), then for any positive A, the vector
field u, defined by

u,(t, x) def Au(%t, Ax)

is a solution of (NS) on the interval [0, A727).
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A basic and seminal result about Navier-Stokes equations is the following one, due to J. Leray

(see [1)]).

Theorem 1.1. Let u be a divergence-free vector field, the components of which belong to the Sobolev
space H'(R?). Then there exists a unique maximal solution u on [0, T*[ continuous with value in H'(R?)
that satisfies the energy inequalities (E). Moreover, a constant ¢ exists such that

T* > cl[Vuoll; (1.1)

And we have
lltoll 2l Vutgll e < ¢ = T = +00.

Let us point out that scaling invariant quantities play a key role in the study of non linear partial
differential equations in general and in particular for (NS). Let us exhibit some scaling invariant
quantities:

1. sup VT* — t|[Vu(®)|2,

t<T*

2 3
2. the norm L”([0, T1; H**#) and LP([0, T]; LY) with = + = = 1.
P q

In [1], J. Leray conjectured that in some case, 7 is finite because of the existence of a solution of the
form

u(t,x) =

X
VT*—IU(VT*—t) (1.2)

called a backward self-similar solution. In 1996, in [2], J. Necas, M. Ruzicka and V. Sverdk proved that
such a solution must be identically 0. In 2003, L. Eskauriaza, G. Seregin and V. Sverdk proved in [3]
the following very important generalization:

T* < oo = limsup ||u(?)||;3 = . (1.3)
t—T*

In 2020, T. Tao proved in [4] an effective blow-up rate, namely

t
T* < co = limsup el 5=
t-T* (log log log (1 - %))

for some positive constant 6. Then, in [5], T. Barker and C. Prange used this result in order to improve
the assertion (1.3) by

Z,
T* < 0o — limsupf jutt, 0l 5~ @ (149
T+ JR3 (log logloglog (eehe + Ju(t, x)|))

for some positive constant 6.

Inequality (1.1) translated in time implies in particular that

Vu@|, > ———— - 15
IVu@Il; N (1.5)
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One natural question we can address is the following: do we have

T* < 00 = limsup VT* — t||Vu(t)|}, = 00 ? (1.6)
t—T*
The purpose of this work is to realize that this question is strongly related to the following one: do we
have

T* < co = lim supllu(t)IIB = 00 (1.7)

1
2
t—>T*

1 .

where B? denotes the homogeneous Besov space B; _? For the reader’s convenience, let us recall the
definition of homogeneous Besov spaces and define the norm we are going to use (see for instance, [6]
for more details about these spaces).

Definition 1.2. For a real number, let us define the norm B; , as the space of distributions such that

def

i . def __
lully = (|27 Aju) jez with Au S F'(Lyggeri).

()
It is obvious that, in the case when r equals to 2, the norm || - || By, is equivalent to the homogeneous

Sobolev norm f |& Izsm(f)lzdf. Let us also notice that the function
Rd
r = Il

is a non increasing function. Because of the Sobolev embedding of H 2 into L3, Assertion (1.3) implies
in particular that
* M —
T" < 00 = llfl_l)illp”M(I)HH% =00.
For s between 0 and 1, the norm || - || By can be expressed in terms of physical space. A constant C
exists such that

O llu(- = y) — ull;2
C llullg; < sup < Cllullg; -

yeri\(0) [l*

Let us notice that the two questions (1.6) and (1.7) are quite different in the following sense: the
space B? contains homogeneous functions of degree —1, which is not the case neither for L? involded
in (1.3) nor for the space used in (1.4). Let us notice that the space B? is continuously included in
the weak L* space we denote by Lfv. In [7], T. Barker, G. Seregin, and V. Sverak prove some weak
stability results for bounded in-time solutions with value in L} and also uniqueness for solutions which
are continuous in time with value in L.

Now let us first define

1
()  Nr(u) = sup ﬁflqu(t)llizdtS C.
1

IC[0,T]

Let us make some comments about this quantity. First of all, for any interval I = [f,t] included
in [0, T,

5l 3l 1
\Vu(@)|?,dt < (sup VT* — t||Vu()|? f —dr
j:o L2 (tsT Lz) tw NT*—t
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1
< E(sup VT* = 1 |Vu)|L)(NT* =t — NT* = 17)
t<T
1
< 5(sup VT~ IVuIif) Vi =70
ti<T
Thus we have
Nr(u) < sup VT* — ¢ [Vu(®)|[%,. (1.8)

t<T*
Moreover, thanks to the Sobolev embeddings, we have

1 3
sup —f(f |u(t, x)lédx) dt < CN7(u).
rero.r1 VT J1\J B Vil

The quantity on the left is a particular case of a family of quantities that ensures local regularity when
they are small enough (see Theorem 6 of [8]).

The purpose of this article is to prove that the two quantities ||u|| 1 and N7(u) are equivalent but

LY(B2)
non linearly, in the sense of the following theorem.

Theorem 1.3. Let us consider a regular solution of (NS) on a time interval [0, T[. Then a constant C
exists such that

ul < Qllwoll,y + CNr(@) \Jlog(luoll + CTN; ) + ) (19

L(0.T1:B2)

Conversely, a constant C exists such that

2 3
Ne@ < C(lull? o+l flogCTul (1.10)

Lw(l;B%)))'
The proof of this theorem will be the purpose of the second section. Before doing it, let us make
some remarks and state some corollaries.
First of all, let us notice that Inequalities (1.8) and (1.9) imply that

sup VT* — 1 [Vu()|%, < o = u € L([0, T*[; B?).

1<T*
Let us notice that E. Poulon proved in [9] an analog of this result using profile theory. Let us also mention
that G. Seregin and D. Zhou proved in [10] an analog of inequality (1.10) where the norm || - ||Lm(I.B%) is
replaced by the || - [|;~(;p,) norm (which is smaller) but with term on the left-handside being local in
space norms instead of global in space here.

Corollary 1.4. Let us consider a semi-regular solution of (NS) on the maximal time interval [0, T*[
which in addition belongs to the space L ([0, T*[; B%). If T* is finite, a constant C exists such that

. . * _ 2 < 2
timinf VT =1 IVl < Cl o (14l ot Alo2@CNL )

Proof. Let A be a positive real number such that

A2
g/ V> 1y, IIVu(t)IIi2 > \/T?t (1.11)
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Then, we have

Nr«(u) > IVu()l;.dt

1 "
VIT* —t, L

1 A2
L[,
T —ty Jiy T — ¢
AZ
> .
2

As the inequality is true for any real number A satisfying (1.11), this implies that
1
Nr«(u) > = liminf |Vu(@)|l7, .
2 =T+

This proves the corollary. O
1
Let us notice that, if the solution u remains bounded in B? _, and if VT* — ZIIVu(t)II%2 does not

2,00°

remain bounded; this implies that this quantity must oscillate between a finite quantity and larger and
larger values.

Corollary 1.5. Let us consider a semi-regular solution of (NS') on the maximal time interval [0, T*[
which in addition belongs to the space L= ([0, T*[; B%). Then for any subinterval I = [t, t] of [0, T*[,

1 2 3
N <
\/WI,”u(t)HBidt < C(”””LNU;B%) + ”””LMU;B%) Jlog(ZCIIMIILm(I;B%)))-

We shall prove this corollary at the beginning of the next section as a warm-up. Let us simply remark
that, thanks to Fourier inversion theorem, we have the L™ norm is less than or equal to a constant times

3
the B, | norm. Thus, the Corollary implies in particular that

1
— | lu@lledt < Ml A+l \/10 2CIull ).
7 f;” Ol [ ng;g%) I IILM(I;B%) g2Cl| ||L°°(I;BZ))

2. Proof of Theorem 1.3

The proofs presented here have in common:

e the use of frequency localization operator introduced in Definition 1.2 applied to the Duhamel
formula,
e the use of a cutoff in the non linear term.

More precisely the non linear term writes after a use of the Duhamel formula and in terms of Fourier
transform )
1
f TR FEP div(u(r') ® u(?)))(E)dr’ 2.1)
fo
In terms of frequency localization, it can be translated as

1A U@l < e A uo)llz + 1) with

Vi€ [to,11], co
0541 Ij(t) déff e—(ll—l )22 2]||A](u(t/) ® u(t/))”det/

To

(2.2)
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The idea is to consider a part of the integral where the quantity (¢ — #')2%/ is large and another one where
the quantity (¢ — #')2% is bounded.

Proof of Corollary 1.5. 1t is close to the proof of Lemma 3.2 of [11]. We use the product law as stated,
for instance, in Theorem 2.52 on page 92 of [6]):

llabl| 1 < ClIVallp2[IVDl|2.

1
B2
2

Plugging this into (2.2) and multiplying by 2%, we infer that, for any 7 in the interval [y, #,],

A

!
3j 2i _3j Nn2j S
A u@ll: < e 28 A u)l: + f e,

fo

IA

. Jj ! / i j
e At + [ O IO

fo

where, for all time ¢, (d(?)) jez is a function of time with value in the sphere of ¢ !(Z). Then, by integration

. . def .
on the time interval [ = [0, 11], we infer that

3 2j 3
f 27 A D)l zdr < ( f )2 A u(ty) e
1 1
b [T RO OO .
RZ

Integrating first with respect to the variable ¢ in the non linear term gives

f 27 ||Aju(t)llpdt < ( f e d1)27 1A u(to) 2 + f D dONVu)IR.dr .
I I 17
J

Taking the sum over j, we infer, thanks to permutation of sum and integral and by definition of the [| - || ;
B

fllu(t)ll 3 dt

and || - IIB%, that

IA

f > e 2023 |1A u(to)l2 + f IVu()|2dr’
1 J 1

—12% INTP
loll 5 f[ §j e 2dr + f[ IVu(®)I.dr'

- 1
Using that Z e < 7, we infer that

IA

t

1 3 \/_ Vio f
— | 272||Aiu(®)||2dt Vu(t dr
\/mfl 1A ju()l,2 N~ ———lluoll IVu()II7,

Vu(@)||;,dr .
T IH ( )||Lz

The corollary is proved using inequality (1.10). O

IA

IA

Cluoll ; +

a\~
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Proof of inequality (1.9). We decompose [ ; of inequality (2.2) as 7; = (1) + K;(¢) with

def N2 N2j 30
T = fo e 23 || A (@) @ u(t))|| ,dr and

(2.3)

! j ~ 3
(SO f e EE A () ® u)|]
t

_2A22-2j

where A is a positive real number that will be chosen later on. Product law in Besov spaces (see for
instance Theorem 2.52, page 92 of [6]) implies that, for any " in [0, T'[,

27 ||A /() ® w(t'))

2j 2
> < C2¥ )P, -
B2

We infer that
t N
I < CeNuP 2% f e
L([0,1]:B2) 0
< Ce™™|ulP L. (2.4)
L>([0,1];B2)
Using again product law in Besov spaces, we can write
t i .
Kty <C f e P2\t dr . (2.5)
1—2A2272)
As the B'-norm is less than the homogeneous H' norm, we infer that
Ki(t) < CAN(u).
Then, thanks to (2.2)—(2.4), we get, by definition of the || - ||B% norm,
A% 2
Mol 51, S M1+ CoANG) + ™l (2.6)
Let us define et
M(1) = 2luoll y + CoNy(w) log? (lluoll y + CoNi(u) + €) and
A E Jlog2M()).
Now let us introduce the time T such that
=~ def
T = sup{t€[0,T[, ”””Lmqo,ﬂ;g%) < M(1)}.
By definition of A(¢) and M(¥), we get from (2.6), that, for any ¢ less than T,
1 1
il s, < Mitoll + CoNiGu) log* (M) + 5 M (1)
1 1
< Nuolly + 5 M) + CoNu)(log* (ol + 2CoNi(w) +e)
1 1
+ log? (log? (lluoll s + CoNi(w) +¢)).
O
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Proof of inequality (1.10). This proof, in contrast with the two previous ones used the energy estimate

in a crucial way to go from a purely supremum in time norm (the norm || - ”Lw(B%)) into a norm which
T

includes local in-time energy. More precisely, the energy inequality between ¢, and 7, (for #; > t;) gives

11
f IVu()i7.dr
fo

IA

1 1
Ellu(to)lliz - Ellu(tl)lliz

1
< S - u(t)|ulto) + u(t)) .

_1 1
Now let us use the duality between the two spaces B, | and B; _; this consists simply in writing that

IA

1 1 j i
E(Lt(fo) — l/t(ll)|l/t(l0) + u(t ))LZ 5 2(2_7 Aj(u(to) - u(tl))|2§(Aju(t1) + Aju(to)))Lz
J

< lulto) - M(tl)”Bj ”””LD;(B%)' 2.7

Now let us estimate A(7y, 1) def [lu(ty) — u(t)|| 1 In order to do it, let us write that
BZ,I
11 ,
u(ty) — u(ty) = ("% —Id)u(ty) + f AP div(u(r) ® u(t))dr . (2.8)
Ty
Let us first estimate the quantity ||(e“ ™ — Id)u(t)|| _ .-
B2,I

Lemma 2.1. We have the following estimate:

TA

ey — V”Bj <2Vl -
Proof. Using Fourier-Plancherel formula, let us write that
_d A 3 i _22
Sty v, = en 320 e
J J
Splitting the sum into a “low frequency” part and a “high frequency” part, we can write
, _ S & ,
DA™ =), < @m Y 27 Rllen + @0 Y 2 e
J Vr2i<1 Vr2i>1
< Y 22+ D] 2720 AM
Vr2i<1 Vr2/>1
< (X 2 Y 2y
Vr2i<1 Vr2ix1

The lemma is proved. O
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Continuation of the proof of inequality (1.10) Plugging the result of the above lemma in Equality (2.8)
gives,
Alto, 1) < 2Vt = tollu(to)ll 3 + Ani(to, 1) with

]
f DN P div(u(t) ® u(t'))dt’

fo

def (2.9)

Anp(t0, 1) =

Again, the estimate of Ayy (%o, ;) relies on the splitting into a “low frequency” part and a “high frequency”
part. Let A be a positive real parameter that will be chosen later on. Let us write that, by definition of

the || - || _ norm,
BZA,I

7] ) P
Axi(to, 1) < f e @I A () ® ()| pdt
1o j

= A?\IL(IO’ n)+ A?\IL(tO’ t;) with

3l

def i 2.10
Ay (10, 11) & S 24|A ) ® u()||.dr - and .10
0 2j yi=i<A
g :
def —(t1-1)22% A4
A (t0,11) F f DT e A () @ u(e))| .t
0 20Vt

Product law in Besov spaces as stated for instance in Theorem 2.52 page 92 of [6] implies that
Ay @ u@plle < C24ulP_ with 1 (10,11,
L=(I;B7)

By definition of A?\IL(IO, 1), we infer that

Alb\m(lo, tr)

IA

1]
clul? | f ( 2f)dz
L¥(I;B2) Jy, 2}.\/;&\

1

Clll® A
L=(:B2) J,y At — ¢

Cllll? + AL 2.11)

dt

IA

IA

By definition of A%, (to, 7) we have
11 .
Al (to. 1) < e f D23 ||A(u(t) © u)ll2dr.
tO J

< C||Val|2||Vb||;2 (see for instance, Theorem 2.52 page 92 of [6]), we

1

Using the product law ||abl| 1
Bz’
infer that

7]
A (o, 11) < Ce™ f IVu@)|7,dt.
fo

Plugging this inequality and inequality (2.11) into inequality (2.10), we get that, for any positive real
number A,

11
An(to, 1) < Clul? | A |I|+Ce‘A2f IVu(t)|[;.dt’.
L>(I1;B2) o
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Plugging this inequality in inequality (2.9) gives, for any positive real number A,

1]
Atto, 1) < C VI = to(lu)ll g + 1l o A)+ Ce™ f V(IR dt.
B to

Then, using inequality (2.7), we infer that, for any positive real number A,

5l 11
2 2 3 -A? 2
f IVuIl}dt < C Vi =t + 1l A)+Cllll 1 e f IVu(o)Il .
o L>(I;B?) L>(I;B2) (1;82) f

Then, choosing A = \/IOg(2C||M||Lm(,.B y )) ensures the result. m|
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