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Abstract: Hybrid dynamical systems are systems which undergo both continuous and discrete transi-
tions. The Bolza problem from optimal control theory was applied to these systems and a hybrid version
of Pontryagin’s maximum principle was presented. This hybrid maximum principle was presented to
emphasize its geometric nature which made its study amenable to the tools of geometric mechanics
and symplectic geometry. One explicit benefit of this geometric approach was that the symplectic
structure (and hence the induced volume) was preserved. This allowed for a hybrid analog of caustics
and conjugate points. Additionally, an introductory analysis of singular solutions (beating and Zeno)
was discussed geometrically. This work concluded on a biological example where beating can occur.
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1. Introduction

Solving an optimal control problem amounts to finding the “best” path that connects an initial location
A to a terminal location B. Analytically this is described by finding the minimizer of a functional, J[γ],
where γ is a continuous path connecting the points A and B. An alternative approach to this problem
is to consider the optimal path geometrically; the best path can be interpreted as the “straight path”
connecting the two points. This interpretation is inspired by classical mechanics where trajectories
follow the principle of least action (i.e., best paths are minimizers of the action functional) and the
optimal path follows the equations of motion described by the famous Euler-Lagrange equations (which
are precisely geodesic equations for natural systems with no potential energy). The goal of this work is
to offer an in-depth analysis of this analogy for hybrid dynamical systems - systems whose trajectories
are subject to both continuous-time and discrete-time update laws. More particularly, we are searching
for the minimizer of J[γ] where γ is now allowed to undergo discrete transitions, and characterizing the
optimal discontinuous path as a “straight lines” in the hybrid framework. Hybrid dynamical systems
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are used to describe a wide variety of disciplines from robotics, to biological and medical systems [1].
The problem of optimal control of hybrid dynamical systems has been studied extensively in recent
years. One line of study aims to express a hybrid system in a form that allows for the application of
classical optimal control techniques such as the Pontryagin maximum principle (PMP) [2] and dynamic
programming [3] from the continuous setting. For instance, [4] smooths out the impact surface using
tools perturbation theory and analyzes the hybrid control problem as a limiting case of the obtained
continuous one. Alternatively, [5] uses measure differential inclusions to treat the hybrid dynamical
system as an ordinary differential equation with a set valued map, and [6] interprets trajectories as
measures, with impacts corresponding to Dirac deltas at the contact point. Solutions for the particular
case where the cost is simply the time to origin, and the number of impacts is fixed have been proposed
in [7]. The other line of study tackles the hybrid system directly by extending the maximum principle
and dynamic programming to account for discontinuities [3, 8–10]. Our goal is to analyze this setting
from a geometric point of view. More formally, the general problem this work considers will be to find
solutions to the following minimization problem:

u∗ = arg min
u(·)

J[x0, u(·)],

J[x0, u(·)] :=
∫ t f

0
` (x(τ), u(τ)) dτ + g

(
x(t f )

)
,

where x is subject to the controlled hybrid dynamics:

ẋ = f (x, u), x < S ,

x+ = ∆(x−), x ∈ S ,
(1.1)

where x ∈ M is the ambient space and S ⊂ M is the set where the discrete transitions occur.

The hybrid maximum principle [8] states that the usual maximum principle applies during continuous
transitions while a “Hamiltonian jump condition” will apply at the moment of a discrete transition. As
an elementary example of this procedure, suppose we wish to find the shortest path connecting two
points in R2, A = (x1, y1) and B = (x2, y2) with yi < 0. The shortest path is clearly the straight line
connecting the two points. Suppose now that the path is required to touch the line σ = {y = 0} and does
so at the undetermined point C = (z, 0) as depicted in Figure 1. This constrained shortest path will be
the concatenation of the straight line connecting points A and C with the line connecting points C and B.
Its length is (as a function of z):

D(z) =

√
(x1 − z)2 + y2

1 +

√
(x2 − z)2 + y2

2.

The value of z that minimizes this function is

z∗ =
x1y2 + x2y1

y1 + y2
.
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Figure 1. The shortest path connecting points A and B while also touching the line σ.

It is important to note that the two angles, θ1 and θ2, are equal. Indeed,

tan θ1 =
−y1

z∗ − x1
=

y1 + y2

x1 − x2
=
−y2

x2 − z∗
= tan θ2.

This means that the shortest path has its angle of incidence equal to its angle of reflection, i.e., the
shortest path obeys specular reflection.

The general hybrid maximum principle is a generalization of this example. Between points A and C
and between C and B, the optimal path is a straight line which corresponds to a Hamiltonian trajectory.
At the point C, the path undergoes specular reflection, which is the Hamiltonian jump condition.

The contribution of this work is to provide a geometric interpretation of solutions to the optimal
control problem of hybrid systems through the interpretation of the PMP [11] in a differential geomet-
ric/symplectic viewpoint [12]. First, we give a geometric proof of the Hybrid PMP (HPMP) through the
augmented differential (see Definition 5) and derive sufficient conditions for existence and uniqueness
of solutions. Second, we show that the Hamiltonian jump condition is a symplectomorphism and, as a
consequence, the hybrid evolution of the adjoint equation is symplectic (and, hence, volume-preserving).
Third, we extend the ideas of [13] to the hybrid case so as to give a global characterization of solutions
as intersections of Lagrangian submanifolds. This is particularly useful since it allows us to classify
points where the resulting boundary value problem becomes singular as points where the Lagrangian
submanifolds undergo folding.

Lastly, we examine cases in which the HPMP described in Theorem 4 does not apply. As opposed
to [8] where the cases of codimension 2 or higher impacts are considered, here we turn to the the case
in which the hybrid trajectory is not regular, i.e., the trajectory is beating (two or more impacts may
happen simultaneously) or Zeno (infinitely many impacts in a finite amount of time). For the beating
case, we extend the corner conditions to determine the co-state jumps on the beating sets. Although a
result from [14] states that Zeno trajectories almost-never occur in hybrid systems which possess an
invariant volume-form, we show that the optimal trajectory might indeed benefit from the Zeno effect.

This paper is organized as follows: the definition for both hybrid and impact systems along with their
solutions are presented in Section 2. The optimal control problem is described in Section 3, and necessary
conditions for optimality are presented in Section 4. Theorem 4 is the main theorem of this section and
it presents the HPMP for regular arcs. The definition of hybrid Lagrangian submanifolds is presented
in Section 5, and Subsections 5.1 and 5.2 analyze intersections and caustics of hybrid Lagrangian
submanifolds. Section 6 is split into two parts: Subsection 6.1 studies the beating phenomena, and
Subsection 6.2 is dedicated to Zeno executions. A biological application with numerical simulations is
presented in Section 7. This paper concludes with Section 8.
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Summation notation will be used throughout; an upper and lower index implies a sum, aibi =
∑

aibi.
Additionally, throughout this work, most of the objects considered will be smooth, which is taken to
mean C∞.

2. Hybrid and impact dynamical systems

Hybrid dynamical systems are used to study and model a wide range of phenomenon. As such, a
variety of different definitions exist in the literature. This section introduces our definition of a hybrid
system as well as the important special case of impact systems.

2.1. Hybrid systems

As there exists a plethora of definitions for a hybrid dynamical system, the specific class discussed in
this paper will follow the definition below.

Definition 1 (Hybrid Dynamical Systems). A hybrid dynamical system, abbreviated HDS, is a 4-tuple
H = (M, S , X,∆) where

1. M is a smooth (finite-dimensional, dim(M) = n) manifold,
2. S ⊂ M is a smooth embedded submanifold with co-dimension 1, called the guard,
3. X : M → T M is a smooth vector field, and
4. ∆ : S → M is a smooth map, called the reset, such that ∆(S ) is also a smooth embedded

submanifold and there exists a continuous extension to its closure, ∆ : S → M.

The manifold M will be referred to as the state-space, S as the guard, and ∆ as the reset. Moreover, a
regular HDS (rHDS) additionally satisfies:

5. S ∩ ∆(S ) = ∅ and S ∩ ∆(S ) ⊂ M have co-dimension at least 2.

The importance of ∆(S ) being a submanifold is that it allows for a more graceful study of differential
forms across resets. The guard having codimenion 1 guarantees that resets are not too rare, as shown in
Figure 2, and are needed for the quasi-smooth dependence property; see Definition 4 below. Condition
(5) is a regularity assumption and is needed to prove Theorem 6 below. The set S as defined above does
not depend on time - this can be overcome by appending time as an extra dimension.

Remark 1. A common definition of HDSs utilizes multiple state-spaces by incorporating a directed
graph structure, cf., e.g., [15]. However, this version can still be encapsulated by Definition 1 as M is
not assumed to be connected.

The dynamics ofH can be informally described asẋ = X(x), x < S ,

x+ = ∆(x−), x ∈ S ,
(2.1)

and its general solution will be described by its hybrid flow where completeness of its flow will be
implicitly assumed. Throughout, it will be understood that a superscript of “+” indicated a limit from
above and “−” as a limit from below.

Communications in Analysis and Mechanics Volume 17, Issue 4, 910–943.
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S

∆

Figure 2. When the codim(S ) ≥ 2, resets become rare. In particular, generic trajectories will
“miss” the guard. In this example, the guard is a single point in the plane and only a single arc
resets - all others miss.

Definition 2 (Hybrid Flow). Let H = (M, S , X,∆) be an HDS. Let ϕ : D → M be the flow for the
continuous dynamics ẋ = X(x) whereD ⊂ R × M is the domain. The hybrid flow for the HDS (2.1) will
be denoted by ϕH : DH ⊂ D → M and satisfies the following:

• If for all s ∈ [0, t], ϕ(s, x) < S , then ϕH (t, x) = ϕ(t, x) ( outside of the guard, the hybrid flow obeys
the continuous equations of motion).
• Suppose that there exists a time t∗ ∈ (0, t) such that ϕ(t∗, x) ∈ S . Then,

lim
s↘t∗

ϕH (s, x) = ∆

(
lim
s↗t∗

ϕH (s, x)
)
,

provided that ∆(ϕ(t∗, x)) < S (on the guard, the hybrid flow jumps according to the reset map ∆).

Alternatively, the hybrid flow may be denoted by ϕHt (x) = ϕH (t, x) to emphasise the dependence on the
initial condition.

The above notion of a hybrid flow is limited to trajectories with a finite number of separated resets;
for more on the solution concept of HDSs, see e.g. [16–18]. The flow of a hybrid system is capable
of pathological behavior which does not occur in continuous-time systems, namely, beating, blocking,
and Zeno which will be discussed in Section 6. Trajectories that are free of these behaviors are called
regular (compare to regular HDSs).

Definition 3 (Regular Hybrid Arc). A hybrid arc, γ : [t0, t f ]→ M where γ(t) = ϕH (t, x) for some x ∈ M,
is called regular if there exists a finite number of time instants where resets occur,

#
{

t ∈ [t0, t f ] : lim
s↗t

ϕH (s, x) ∈ S
}
< ∞,

and resets move the state away from the guard,

lim
s↗t

γ(s) ∈ S =⇒ ∆

(
lim
s↗t

γ(s)
)
< S .
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Figure 3. A hybrid system with the quasi-smooth dependence property. Although the flow
fails to be smooth along the guard, the restriction to the open neighborhood U is smooth when
both U and ϕH (t,U) are disjoint from S.

Even for the case of regular hybrid arcs, the trajectories will generally fail to be continuous at resets.
This makes continuous (and smooth) dependence on initial conditions impossible. Fortunately, a weaker
notion can be satisfied, the quasi-smooth dependence property depicted in Figure 3.

Definition 4 (Quasi-Smooth Dependence Property). Consider an HDS,H , with flow ϕH . Then,H has
the quasi-smooth dependence property if for every x ∈ M \ S and t ∈ R such that ϕH (t, x) < S , there
exists an open neighborhood x ∈ U such that U ∩ S = ∅ and the map ϕH (t, ·) : U → M is smooth. IfH
has the quasi-smooth dependence property, it will be referred to as smooth.

It turns out that many HDSs will have the quasi-smooth dependence property as it is related to
transversality, cf. Theorem 1 in [14]. We make the following assumption.

Assumption 1. Unless otherwise stated, all HDSs will have the quasi-smooth dependence property and
all arcs will be regular.

An analysis of the phenomena of beating and Zeno, where Assumption 1 is not satisfied, is reserved
to Section 6.

A useful feature of the quasi-smooth dependence property is that it allows for differential forms to
be preserved across resets in a meaningful way. For a continuous-time system, ẋ = X(x), a differential
form α is invariant if, and only if, its Lie derivative vanishes, LXα = 0. Likewise, for a discrete-time
dynamical system, xn+1 = f (xn), a differential form is invariant if, and only if, f ∗α = α. The conditions
for a differential form to be invariant for a hybrid system are a mixture of the above conditions and are
given below.

Theorem 1 ( [14]). A differential form α ∈ Ω∗(M) is preserved along the hybrid flow if, and only if,
LXα = 0 and

∆∗α = ι∗α, (specular condition)
∆∗iXα = ι∗iXα, (energy condition)

(2.2)

where ι : S ↪→ M is the inclusion and iXα = α(X, ·) is interior multiplication. LetAH ⊂ Ω∗(M) be the
set of all invariant differential forms. ThenAH forms a ∧-subalgebra that is closed under d and iX.
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The two conditions in (2.2) are found via the augmented differential which is the way to differentiate the
reset map that is compatible with the vector field. See also the notion of a saltation matrix, e.g., [19].

Definition 5 (Augmented Differential). For a smooth map, ∆ : S → M, and a vector field, X ∈ X(M),
the augmented differential of ∆ is the linear map ∆X

∗ : T M|S → T M, defined via∆X
∗ · u = ∆∗ · u, u ∈ TxS ⊂ TxM,

∆X
∗ · X(x) = X (∆(x)) .

The augmented differential is uniquely determined as long as X(x) < TxS for all x ∈ S . Moreover, this
map is invertible as long as ∆ is an immersion and X(y) < Ty∆(S ) for all y ∈ ∆(S ).

An important consequence of Theorem 1 is that Hamiltonian hybrid dynamical systems (those
generated by the hybrid maximum principle below) preserve the symplectic form as well as the induced
volume-form (see Section 2.2). Finding invariant volumes is important as it imposes strong restrictions
on Zeno behavior, as will be seen in Section 6.

2.2. Impact systems

A distinguished subclass of HDSs are impact systems and serve as the Hamiltonian analog which
will be central to the hybrid maximum principle. These are mechanical systems where physical impacts
occur, e.g., a billiard ball ricocheting off a cushion. Their definition is stated for mechanical Hamiltonian
systems but extends naturally to Lagrangian systems.

Definition 6. An impact system is a 3-tuple I = (Q,H,Σ) where

1. Q is a smooth manifold,
2. H : T ∗Q→ R is a smooth Hamiltonian, and
3. Σ ⊂ Q is a smooth, embedded, co-dimension 1 submanifold.

Generally speaking, the set Σ cannot be described as a regular level-set of a function h : Q→ R; Σ

need not even be orientable. However, this can always be done locally and assuming that Σ = h−1(0)
will not cause problems. As such, an impact system may be referred to by (Q,H, h), as is used in [20].

An impact system induces an HDS via the following procedure: (Q,H,Σ) becomes (M, S , X,∆)
where: M = T ∗Q, X = XH is the Hamiltonian vector field given by iXHω = dH, S is the set of “outward
pointing momenta,” and

S =
{
(x, p) ∈ T ∗Q|Σ :

(
π∗Qdh

)
(XH) > 0

}
⊂ T ∗Q|Σ, (2.3)

where πQ : T ∗Q → Q is the canonical cotangent projection. The reset ∆ will follow from variational
principles discussed below. Notice that the guard, S , depends on the Hamiltonian and may be denoted
by S H if the choice of Hamiltonian is unclear.

Remark 2. By defining the guard as outward pointing momenta in (2.3), we are implicitly choosing an
orientation for Σ. If Σ is not orientable, S can be constructed on the orientable double cover.

Example 1. Let Q = {x2 + y2 ≤ 1} ⊂ R2 be the unit disk and Σ = S1 the unit circle. Choose

H1 = pyx − pxy, H2 = p2
x + p2

y .

Communications in Analysis and Mechanics Volume 17, Issue 4, 910–943.
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The induced guards are

S H1 = ∅, S H2 =
{
(x, y; px, py) : x2 + y2 = 1, xpx + ypy > 0

}
.

See Figure 4 for an illustration for S H1 and S H2 .

Σ
Σ

(x, y)

S (x,y)

Figure 4. Induced guards from Example 1. Left: A plot of the projected vector field (πQ)∗XH1 .
As this vector field is nowhere transverse to the gaurd, the induced guard is empty, S H1 = ∅.
Right: A fiber of the induced guard, S (x,y) ⊂ T ∗(x,y)Q, corresponding to H2. The red hatched
region corresponds to all outward pointing vectors rooted at the point (x, y) ∈ Σ.

The reset map, ∆, encodes the discontinuous transition at the point of impact. This is constructed via
the following axiom; see Chapter 3 in [21].

Axiom 1. Mechanical impacts are the identity on the position variables, and the velocity/momentum
variables change according to Hamilton’s/Lagrange-d’Alembert’s principle.

Applying this axiom, we end up with the usual Weierstrass-Erdmann corner conditions [22]. In the
Lagrangian formalism, they take the form(

∂L
∂ẋ

+

−
∂L
∂ẋ

−
)
δx = 0,

−
(
E+

L − E−L
)
δt = 0,

where EL is the energy associated to the Lagrangian and the superscripts denote pre- and post-reset
states. Likewise, in the Hamiltonian formalism, the corner conditions are(

p+ − p−
)
δx = 0,

−
(
H+ − H−

)
δt = 0,

(2.4)

where p is the momentum. At the time of impact, δt is arbitrary while δx ∈ TS is constrained. Therefore,
the corner conditions specialize to

p+ = p− + ε · dh,

H+ = H−,
(2.5)

Communications in Analysis and Mechanics Volume 17, Issue 4, 910–943.
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where ε is an unknown multiplier to enforce conservation of energy. These conditions naturally explain
elastic impacts as energy is conserved and the change in momentum is proportional to the normal of the
impact surface. An intrinsic formulation is presented below.

Theorem 2. The corner conditions (2.5) are equivalent to

∆
∗

ϑH = ι∗ϑH, (2.6)

where ι : R × S ↪→ R × T ∗Q is the inclusion, ∆(t, x) = (t,∆(x)), ϑH is the action form, and

ϑH := pi · dxi − H · dt ∈ Ω1(R × T ∗Q).

Proof. Choose local coordinates such that the impact occurs when the last coordinate vanishes, Σ =

{xn = 0}. Then, (2.6) is

(pi ◦ ∆) dxi − (H ◦ ∆) dt = pidxi − Hdt, i = 1, . . . , n − 1.

Equating terms, we see that all pi must remain fixed, with the exception of pn, and H must also remain
fixed. This is precisely (2.5). �

Remark 3. The impact condition (2.6) also describes the impacts even when the surface is moving, e.g.,
a tennis racket striking the tennis ball. Let Σt ⊂ Q be the time-dependent surface and suppose that it is
described by the level-set of a function ht(x) = h(t, x) = 0. Then, (2.6) dictates that the impact equations
are given by

(
p+

i − p−i
)

= ε ·
∂h
∂xi ,

−
(
H+ − H−

)
= ε ·

∂h
∂t
.

(2.7)

Example 2 (Bouncing Ball). Consider the bouncing ball on an oscillating table, which will serve as a
running example throughout. The continuous-time dynamics are given by

ẋ =
1
m

y, ẏ = −mg, (2.8)

where m is the mass of the ball, g is the acceleration due to gravity, x is the vertical height of the ball,
and y is the ball’s momentum. In the simple case where the table is stationary and flat, the impact
occurs when x = 0 and y 7→ −y is the reset. However, in the case where the table is vertically oscillating,
the impact occurs when x = A sinωt. From (2.6), the reset equations are

x 7→ x

y 7→ −y + 2mAω cos(ωt),
(2.9)

which agrees with the usual impact relationship, cf. §2.4 in [23].

We conclude this section with the important observation that hybrid systems generated by impact
systems are symplectic; for a discussion on the symplecticity of impact systems, cf. [24].

Communications in Analysis and Mechanics Volume 17, Issue 4, 910–943.
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Theorem 3. Time-independent impact systems preserve the symplectic form as well as the volume form
ωn. Time-dependent impact systems preserve the form ωH := −dϑH as well as the volume form dt ∧ ωn

H.

Proof. We start with the time-independent case. The energy condition is satisfied via conservation of
energy:

∆∗iXHω = ∆∗dH = ι∗dH = ι∗iXHω.

The specular condition follows from

∆∗ω = −∆∗dϑ = −d∆∗ϑ = −dι∗ϑ = ι∗ω.

We next consider the time-dependent case. The energy condition is trivially satisfied as iXHωH = 0. The
specular condition follows from

∆
∗

ωH = −d∆
∗

ϑH = −dι∗ϑH = ι∗ωH.

The invariant volumes follow as the wedge product of invariant forms remains invariant. �

3. Hybrid control systems

A hybrid control system is an extension of HDSs in Definition 1. A similar object, geometric hybrid
systems, along with a study of their solutions and controllability, can be found in [16]. In our definition
of a hybrid control system, it is assumed that the controls only influence the continuous dynamics and
neither the guard nor the reset.

Definition 7. A hybrid control system is a 5-tupleHC = (M,U,Σ, f ,∆) such that

1. M is a smooth (finite-dimensional, dim(M) = n) manifold,
2. Σ ⊂ M is a smooth embedded submanifold with co-dimension 1,
3. U ⊂ Rm is a closed subset consisting of admissible controls,
4. f : M × V → T M is smooth whereU ⊂ V is an open neighborhood, and
5. ∆ : Σ → M is a smooth map such that ∆(Σ) is also a smooth embedded submanifold with a

continuous extension ∆ : Σ→ M.

Moreover, a regular hybrid control system additionally satisfies

6. Σ ∩ ∆(Σ) = ∅ and Σ ∩ ∆(Σ) ⊂ M has co-dimension at least 2.

The setU contains all admissible control values while control signals lie within the setU[t0,t f ] of
(measurable) functions [t0, t f ]→U. Using the notation of Σ rather than S will be apparent in Definition
8 below.

For a given hybrid control system, an optimal control problem can be imposed by introducing the
cost functional subject to a running and terminal cost

J : M ×U[t0,t f ] × [t0, t f ]→ R

J(x0, u(·), s) =

∫ t f

s
`(x(t), u(t)) dt + g

(
x(t f )

)
,

Communications in Analysis and Mechanics Volume 17, Issue 4, 910–943.
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subject to the controlled dynamics ẋ(t) = f (x(t), u(t)), x(t) < Σ,

x(t)+ = ∆(x(t)−), x(t) ∈ Σ,

and the initial condition x(t0) = x0. Solutions to the optimal control problem are given by

u∗x0
(·) = arg min

u∈U[t0 ,t f ]
J(x0, u(·), 0),

assuming they exist. The cost associated to the optimal control is called the value function and is

J∗ : M × [t0, t f ]→ R
J∗(x0, s) := J(x0, u∗x0

(·), s).

An alternative optimal control problem to the terminal cost above is the fixed end point problem. Both
of these problems can be addressed by the hybrid maximum principle and are explicitly stated below.

Problem 1 (Terminal cost). The cost functional to be minimized for systems subject to a terminal cost,
g : M → R, is given by,

J : M ×U[t0,t f ] × [t0, t f ]→ R,

J(x0, u(·), s) =

∫ t f

s
`(x(t), u(t)) dt + g(x(t f )),

subject to x(t0) = x0 and the dynamicsẋ(t) = f (x(t), u(t)), x(t) < Σ,

x(t)+ = ∆(x(t)−), x(t) ∈ Σ.

Problem 2 (Fixed end points). The cost functional to be minimized for systems subject to fixed end
points is given by,

J : M ×U[t0,t f ] × [t0, t f ]→ R,

J(x0, u(·), s) =

∫ t f

s
`(x(t), u(t)) dt,

subject to x(t0) = x0, x(t f ) = x f , and the dynamicsẋ(t) = f (x(t), u(t)), x(t) < Σ,

x+ = ∆(x−), x(t) ∈ Σ.

4. Necessary conditions for optimality

For continuous-time systems, the value function satisfies the Hamilton-Jacobi-Bellman (HJB) partial
differential equation (PDE). Solving this PDE via the method of characteristics results in the PMP. In
the hybrid setting, the value function will satisfy the hybrid HJP PDE which will result in the HPMP.

Communications in Analysis and Mechanics Volume 17, Issue 4, 910–943.
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Away from resets, the optimality conditions will be identical to the usual continuous ones. At a point
of reset, the value function undergoes a discontinuity and can be described by an extended reset map.
LetHC = (M,U,Σ, f ,∆) be a hybrid control system with cost functional J. Define the Hamiltonian
Ĥ : T ∗M ×U × R→ R where

Ĥ(x, p, u, p0) = p0`(x, u) + 〈p, f (x, u)〉, (4.1)

and the optimal Hamiltonian H : T ∗M × R→ R,

H(x, p, p0) = min
u

Ĥ(x, p, u, p0). (4.2)

We will turn the hybrid control system on M into a Hamiltonian hybrid system on T ∗M . In order to
do so, we need to specify the vector field, the guard and the reset map of the new system. The vector
field will be given by the Hamiltonian vector field arising from the optimal Hamiltonian (4.2). The
extended guard contains the set of “outward pointing momenta” as in Section 2.2. The “Hamiltonian
jump condition” (2.6) will produce the extended reset map.

Definition 8 (Extended Guard and Reset Map). LetHC = (M,U,Σ, f ,∆) be a hybrid control system
and H : T ∗M → R an optimal Hamiltonian. Then, the set

S =
{
(x, p) ∈ T ∗M|Σ : π∗Mdh(XH) > 0

}
⊂ T ∗M|Σ, (4.3)

is called the extended guard where Σ = h−1(0) and πM : T ∗M → M is the cotangent bundle projection.
A smooth map ∆̃ : S → T ∗M is called the extended reset if it satisfies

(
Id × ∆̃

)∗
ϑH = ι∗ϑH,

R × S R × T ∗M

R × Σ R × M

Id×∆̃

Id×πM Id×πM

Id×∆

(4.4)

such that the diagram is commutative, and ϑH is the action form

ϑH = pi · dxi − H · dt ∈ Ω1(R × T ∗M).

The extended reset (4.4) is a natural extension of the corner conditions (2.6) and can be expressed in
coordinates by

p+ ◦ ∆∗ = p− + ε · dh,

H ◦ ∆̃ = H.

Existence/uniqueness of solutions to (4.4) is not guaranteed. In particular, if ∆ fails to be immersive,
the corner conditions become over-determined. Fortunately, consistency conditions can be found to
make (4.4) neither over- nor under-determined [25]. The type of HDS described above is called a
Hamiltonian HDS. This notion is stricter than is often studied, e.g., [26].

Definition 9 (Hamiltonian HDS). An HDS,H = (N, S , X, ∆̃), is Hamiltonian if

1. N = T ∗M is a cotangent bundle,
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2. X = XH is a Hamiltonian vector field for a Hamiltonian H : T ∗M → R,
3. There exists an embedded co-dimension 1 submanifold Σ ⊂ M such that S is given by (4.3),
4. There exists a smooth map ∆ : S → M such that ∆̃ satisfies (4.4).

An impact system is a special type of Hamiltonian HDS where ∆ = Id.
The necessary conditions for optimality are summarized in the theorem below.

Theorem 4 (Hybrid Maximum Principle, [10]). LetHC = (M,U,Σ, f ,∆) be a hybrid control system
and let u∗ : [t0, t f ] → U be an optimal control minimizing either Problem 1 or Problem 2 with
corresponding state trajectory x∗ : [t0, t f ] → M. If x∗ is a regular hybrid arc, then there exists a
piecewise smooth curve p∗ : [t0, t f ]→ T ∗M and a constant p0 ≥ 0 such that (p0, p∗(t)) , (0, 0) for all
t ∈ [t0, t f ] along with

1. Continuous flow: x∗ and p∗ satisfy Hamilton’s equations when (x∗, p∗) < S :

ẋ∗ =
∂H
∂p

, ṗ∗ = −
∂H
∂x

,

where the Hamiltonian has the form

H : T ∗M ×U × R+ → R

H(x, p, u, p0) = p0`(x, u) + 〈p, f (x, u)〉.

2. Jump condition: Let τ ∈ [t0, t f ] where (x∗(τ−), p∗(τ−)) ∈ S is a reset time. Then

(x∗(τ+), p∗(τ+)) = ∆̃
(
(x∗(τ−), p∗(τ−))

)
.

3. Minimization condition: For all t ∈ [t0, t f ] and w ∈ U,

H(x∗(t), p∗(t), u∗(t), p0) ≤ H(x∗(t), p∗(t),w, p0).

4. Boundary conditions: For Problem 1, the curves satisfy the boundary conditions

x∗(t0) = x0, p∗(t f ) = dgx∗(t f ).

For Problem 2, the curves satisfy the boundary conditions

x∗(t0) = x0, x∗(t f ) = x f .

Proof. The proof for quasi-smooth regular arcs closely follow the arguments presented in the book [10]
and can also be found in the thesis [27]. The principal point of departure between the classical maximum
principle and its hybrid version is the jump map (4.4). For exposition, we will show that (4.4) follows
from the adjoint of the hybrid variational equation. Consider the augmented control system

(x0, x) ∈ R × M

ẋ0 = `(x, u), ẋ = f (x, u)
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subject to the initial conditions x0(t0) = 0 and x(t0) = x0. The augmented dynamics will be denoted by

ẏ = g(y, u) =

[
`(x, u)
f (x, u)

]
, y = (x0, x).

Variations, (δx0, δx), propagate under the hybrid variational equation [28]:δẏ =
∂g
∂y
· δy, t ∈ T ,

δy+ = ∆
g
∗ · δy−, t ∈ T ,

(4.5)

where

T :=
{

t ∈ [t0, t f ] : lim
s↗t

p∗(s) ∈ S
}

is the (finite) set of reset times. The augmented differential, ∆
g
∗, is given by∆

g
∗ · ι∗v = ι∗∆∗v, v ∈ TS,

∆
g
∗ · g (y−, u−) = g (y+, u+) ,

(4.6)

where ι : Σ ↪→ R × M is the embedding. Choosing local coordinates such that Σ = {xn = 0}, the
differential has the form

∆g
∗ =


1 0 A
0 ∆∗ B
0 0 C

 ,
where A, B, and C are found such that the second condition in (4.6) is satisfied. The co-states,
p̄ = (p0, p) ∈ T ∗ (R × M), are the dual variables to the variations and evolve according to the adjoint
equation: 

˙̄p = −p̄ ·
∂g
∂y
, t < T ,

p̄+ = p̄− ·
(
∆

g
∗

)−1
, t ∈ T .

(4.7)

The continuous component yields the usual adjoint process:

ṗ0 = 0, ṗ = −p0
∂`

∂x
− p ·

∂ f
∂x
,

while the jump map has p̄+ · ∆
g
∗ = p̄−, which yields

p+
0 = p−0 , p+ ◦ ∆∗ = p− + ε · dh.

Energy conservation comes from the second condition in (4.6) as

H− = 〈p̄−, g−〉 = 〈p̄+ · ∆g
∗, g

−〉

= 〈p̄+,∆g
∗ · g

−〉 = 〈p̄+, g+〉 = H+.

Therefore, the map p− 7→ p+ satisfies (4.4). �
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A nice corollary of the above construction of the co-state jump is its existence/uniqueness backward.
Unfortunately, the forward map may fail to be well-defined. This will be partially analyzed in Section 6.

Corollary 1. Suppose that the flow intersects the guard transversely at a point of reset, i.e., for x(t) ∈ Σ,
f (x(t), u(t)) < TΣ. Then, the map p+ 7→ p− exists and is unique.

Proof. The map p+ 7→ p− is given by p̄− = p̄+ · ∆
g
∗, where p̄ = (p0, p). The augmented differential is

well-defined as long as the flow is transverse to the guard. �

Although all of the data was assumed to be time-invariant, the above procedure remains valid for
time-dependent systems as the (time-dependent) jumps remain subject to (4.4).

For both time-independent and time-dependent problems, Theorem 3 still holds and the proof
is identical. For time-independent systems, energy conservation is guaranteed through the corner
conditions. The following theorem deals with volume conservation.

Theorem 5. Time-independent Hamiltonian HDSs preserve the symplectic form, and time-dependent
Hamiltonian HDSs preserve the form ωH. Consequently, both systems are volume-preserving.

5. Hybrid Lagrangian submanifolds

In this section, it will be assumed that the map ∆̃ : S → T ∗M is well-defined and injective (so that it
is invertible on its image). This assumption will be dropped in Section 6.

The necessary conditions in the hybrid maximum principle, Theorem 4, specify terminal conditions
on the state and co-state; for problems with free end points but with terminal cost, this manifests as
p(t f ) = dgx f , while for fixed end points, the terminal condition is x(t f ) = x f . These end conditions state
that the terminal conditions must lie within a specified submanifold of T ∗M

p(t f ) ∈ Γdg = {(x, dgx) : x ∈ M} , (Problem 1)
p(t f ) ∈ T ∗x f

M, (Problem 2)

Both of these submanifolds are examples of Lagrangian submanifolds in the symplectic manifold T ∗M.
In this study of Lagrangian submanifolds, we will always assume that the ambient symplectic manifold
is a cotangent bundle with the canonical symplectic form ω.

Definition 10 (Lagrangian Submanifolds). A submanifold L ⊂ T ∗M is a Lagrangian submanifold if
ω|L = 0 and dimL = dim M.

Both of the terminal manifolds for the optimal control are Lagrangian via the following well-known
proposition.

Proposition 1 (5.3.15 in [29]). For a cotangent bundle T ∗M with the canonical symplectic structure,
the following submanifolds are Lagrangian:

1. T ∗x M for any x ∈ M,
2. M viewed as the zero-section, and
3. Γα = {(x, αx) : x ∈ M} for a closed 1-form α.

Lagrangian submanifolds propagate well under the flow of (non-hybrid) Hamiltonian systems.
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Proposition 2 (5.3.32 in [29]). Let L ⊂ T ∗M be a Lagrangian submanifold and let H : T ∗M → R a
Hamiltonian with flow ϕt. Then,

1. ϕt(L) remains a Lagrangian submanifold for all t, and
2. if the submanifold has constant energy, i.e., H|L is constant, then it is invariant under the flow,
ϕt(L) = L.

Extending this idea to hybrid systems results in “hybrid Lagrangian submanifolds,” which was
introduced in [30] and is related to integrability of impact systems [26].

Definition 11 (Hybrid Lagrangian Submanifolds). LetH = (T ∗M, S , XH, ∆̃) be a hybrid Hamiltonian
system where ∆̃ satisfies (4.4). A submanifold (with boundary) L ⊂ T ∗M is a hybrid Lagrangian
submanifold if

1. L \ ∂L ⊂ T ∗M is a Lagrangian submanifold, and
2. ∂L ⊂ S ∪ ∆̃(S ) such that ∆̃(∂L ∩ S ) = ∂L ∩ ∆̃(S ).

M

T ∗M

Σ

S ⊂ π−1
M (Σ)

∆(Σ)

∆̃(S ) ⊂ π−1
M (∆(Σ))

L

Figure 5. An example of hybrid Lagrangian L ⊂ T ∗M [30].

Proposition 2 follows from the fact that the flow of a Hamiltonian system preserves the symplectic
form. As this remains the case for impact systems via Theorem 5, an analogous result holds for
impact systems.

Proposition 3. Let L ⊂ T ∗M be a hybrid Lagrangian submanifold and let ϕHt be the flow of the
Hamiltonian hybrid system. Then,

1. for all t, ϕHt (L) is a hybrid Lagrangian submanifold, and
2. if L has constant energy, then ϕHt (L) = L.

Proof. This follows directly from the fact that the hybrid flow preserves the symplectic form. �

5.1. Lagrangian intersections

The hybrid maximum principle states that necessary conditions for an optimal solution must satisfy
the boundary conditions

p(t0) ∈ T ∗x0
M, p(t f ) ∈ L,
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whereL = Γdg or T ∗x f
M, depending on the problem. All of these sets are hybrid Lagrangian submanifolds,

and a solution to p(t0) can be found by considering the intersection

p(t0) ∈ T ∗x0
M ∩ ϕH−t f

(L), (5.1)

which is an intersection of hybrid Lagrangian submanifolds. A reason why the hybrid maximum
principle is only necessary rather than sufficient is that this intersection may contain multiple solutions
(which correspond to critical points of the optimal control problem). A geometric study of this
intersection in the continuous-time domain is performed in [13]. An analogous study for hybrid systems
is a subject of future work.

5.2. Caustics

Given a function g : M → R, it follows that ϕHt (Γdg) is a (hybrid) Lagrangian submanifold. A natural
question to ask is whether or not this is also a graph of an exact (or closed) 1-form. This fails at caustics.

Definition 12 (Hybrid caustics). The hybrid caustic ofL ⊂ T ∗M is the critical value set of πM : L → M.
This set is denoted by C(L) ⊂ M. For a hybrid Hamiltonian flow ϕHt , the caustic trajectory is given by

CT (L) :=
{
(t, x) : x ∈ C

(
ϕHt (L)

)}
=

⋃
t

C
(
ϕHt (L)

)
.

When the original Lagrangian submanifold is a cotangent fiber, L = T ∗x M, the notion of a caustic
is closely related to conjugate points, cf. [31]. Intuitively, a caustic (at a time t) is a point where the
Lagrangian submanifold Lt := ϕHt (L) folds on itself, and, thus, the Hybrid maximum principle becomes
a necessary, but not sufficient condition for optimality. The caustic trajectory is the union of all caustic
points over all times.

Definition 13 (Hybrid conjugate point). The point (t1, x1) ∈ R × M is hybrid conjugate to (t0, x0) if x1 is
a critical value of πM : ϕHt1−t0

(
T ∗x0

M
)
→ M.

Hybrid conjugate points (and more generally, hybrid caustics) can be found via the variational
equation. Consider the family of Lagrangian manifolds,

L0 = T ∗x0
M, Lt = ϕHt (L0) ,

where ϕHt is the flow of the hybrid Hamiltonian system. If (x(t), p(t)) ∈ Lt such that πM : Lt → M
fails to have full rank, x(t) ∈ C(Lt), and it can be found in the following way: Consider the variational
equation 

d
dt

Φ(t, t0) = A(t) · Φ(t, t0), (x(t), p(t)) < S ,

Φ(t+, t0) = ∆̃
XH
∗ · Φ(t−, t0), (x(t), p(t)) ∈ S ,

(5.2)

where

A(t) =


∂2H
∂x2

∂2H
∂p∂x

−
∂2H
∂x∂p

−
∂2H
∂p2

 ,
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∆̃
XH
∗ : TT ∗M|S → TT ∗M is the augmented differential, and Φ(t, t0) : T(x0,p0)T ∗M → T(xt ,pt)T

∗M is the
state transition matrix. Then, the point x(t) ∈ C(Lt) (equivalently, (x(t), t) is conjugate to (x0, 0)) when

det Φ12(t, t0) = 0, where Φ(t, t0) =

[
Φ11(t, t0) Φ12(t, t0)
Φ21(t, t0) Φ22(t, t0)

]
.

Example 3 (Bouncing Ball cont.). Recall the bouncing ball from Example 2 with dynamics governed by
(2.8) and (2.9), and suppose that the table is not oscillating so the guard is time-invariant. The phase-
space, T ∗R+ ⊂ R2, consists of the first and fourth quadrants in the plane. Let the initial Lagrangian
submanifold be L0 = T ∗x0

R+ corresponding to the initial position of the ball x(0) = x0. Conjugate
points never occur in the purely continuous dynamics - if ϕc

t is the flow of the continuous dynamics, then
ϕc

t (T
∗
x0
R) ⊂ R2 is a line. Moreover, the state-transition matrix is

Φ(t, t0) =

1 1
m

(t − t0)

0 1

 , Φ12(t, t0) =
1
m

(t − t0).

As Φ12(t, t0) , 0 when t > t0, conjugates do not occur.
When the state undergoes a reset, the state-transition jumps according to Φ+ = JΦ, where J is the

hybrid Jacobian of (2.9) and is given by

J =

 −1 0

−
2m2g

y
−1

 .
The resulting values of Φ12(t) are no longer monotone and a caustic may appear. A qualitative picture
of the propagated manifold Lt = ϕHt (T ∗x0

R+) is shown in Figure 6. A numerical demonstration of the
caustic trajectory is shown in Figure 7 with the values x0 = 1, m = 1, and g = 2. One can view Figure 6
as a time slice of Figure 7.

6. Irregular executions

The maximum principle above is only valid for regular hybrid arcs. Three phenomena that a
non-regular hybrid arc can posses are beating, blocking, and Zeno.

Definition 14. Let γ : [t0, t f ) → M be a trajectory to the hybrid system (M, S , X,∆) with T = {tk} ⊂

[t0, t f ) being the set of reset times. A reset point, x = γ(tk), is n-beating if

x, ∆(x), ∆2(x), . . . , ∆n(x) ∈ S , ∆n+1(x) < S ,

and blocking if ∆n(x) ∈ S for all n ≥ 0. Finally, γ is Zeno if the number of impacts #T is∞ and t f < ∞.

Intuitively, a reset point is beating if there are a finite number of instantaneous impacts happening
at the same time, and blocking if the trajectory never leaves the impact surface. In nonlinear systems
(especially inelastic impact ones) Zeno can easily happen. While Zeno trajectories can have meaningful
extensions past their breaking point [20], the same cannot be said for blocking states. As such, this
section will deal only with the cases of beating and Zeno hybrid arcs.
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x

p

L0 := T ∗x0
R+

Lt = ϕHt (L0)

One bounce

Zero bounces

C(Lt)

Figure 6. A plot of the initial and propagated hybrid Lagrangian manifolds for the bouncing
ball. The propagated manifold is disconnected where the components depend on the number
of resets. Conjugate points occur where Lt “folds” and are indicated by the red points while
the caustic is their projection onto the black points.

Figure 7. A graph of the caustic trajectory for the bouncing ball. The black curve shows the
caustic trajectory from the bouncing ball against time. Conjugate points appear in pairs via
the folding shown in Figure 6. The blue dashed curves are distinct trajectories that accumulate
on the caustic at t = 2.5 (to first-order).
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6.1. Beating executions

LetHC = (M,U,Σ, f ,∆) be a hybrid control system and let ∆ : Σ→ M be its continuous extension.
Consider the nested sequence of sets:

Σ0 := Σ,

Σ1 := Σ ∩ ∆(Σ0),

Σk := Σ ∩ ∆(Σk−1),

Σ∞ :=
⋂

k

Σk,

i.e., x ∈ Σk means that (up to closure)
{
x,∆(x), . . . ,∆k(x)

}
⊂ S . The sets Σk are called the kth-beating

sets while Σ∞ is the blocking set. Let us impose the following regularity assumption:

Assumption 2. The sets Σk are all embedded submanifolds (possibly with boundary) and Σ∞ = ∅.

Suppose that an optimal trajectory has a 1-beating point at time t1 ∈ [t0, t f ), x(t1) ∈ Σ1 \ Σ2. The
co-state jump equation becomes

p+ ◦ ∆2
∗ − p− ∈ Ann(TΣ1),

H+ − H− = 0,

which is under-determined when

dim Ann(TΣ1) = co dim Σ1 ≥ 2.

For concreteness, we will assume that co dim Σ1 = 2. This may be understood as an optimal control
problem where the guard is a lower dimensional manifold as is the subject of [8] and can be handled
with similar analysis as in [25].

Assuming sufficient regularity, denote the 1-dimensional manifold

Π1 :=
{
η ∈ Ann(TΣ1) : H

(
x, p ◦ ∆2

∗ + η
)

= H
(
∆2(x), p

)}
,

i.e., all possible values for p−. Assuming that this occurs at the first reset, the arc must satisfy the
following boundary conditions:

x(t0) = x0, x(t1)− ∈ Σ1,

p(t0) ∈ T ∗x0
M, p(t1)− ∈ Π1.

(6.1)

These conditions are no longer under-determined and can be solved backward to obtain a unique solution.
A similar procedure can be extended to the kth-beating set via

Πk :=
{
η ∈ Ann(TΣk) : H

(
x, p ◦ ∆k+1

∗ + η
)

= H
(
∆k+1(x), p

)}
.
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6.2. Zeno executions

There exist two fundamentally different classes of Zeno; one is essentially a disguised version of
“blow up to infinity” while the other encapsulates “true Zeno.”

Definition 15 (Zeno types). Let x ∈ M have a Zeno trajectory with resets occurring at {xk}
∞
k=1. The

trajectory is spasmodic if the sequence {xk}
∞
k=1 escapes every compact set as k → ∞. The trajectory is

called steady if it is not spasmodic.

If the state-space for a hybrid system is compact (or admits compact invariant sets), then the only
Zeno trajectories that may occur are of steady type. To assist with steady Zeno, an additional regularity
assumption is utilized for the reset map (which is satisfied for mechanical resets).

Definition 16 (Boundary Identity Property). A regular HDS,H , satisfies the boundary identity property
if ∆ continuously extends to the identity on the boundary of S in ∆(S ), i.e., if {sk} is a sequence in S and
sk → s ∈ S ∩ ∆(S ), then ∆(sk)→ s.

The boundary identity property is key to extending solutions past the Zeno point in [20]. Although it
is important for ∆ to have the boundary identity property, the actual map that requires this is the extended
reset, ∆̃. Additionally, when the boundary identity property holds, the first beating sets coincides with
the blocking set, S 1 = S∞.

Proposition 4. Suppose that the reset map in the regular hybrid control system possesses the boundary
identity property. If (4.4) has a unique solution that extends continuously to S ∩ ∆̃(S ), then it also
possesses the boundary identity property.

For a hybrid system whose reset obeys the boundary identity property, (steady) Zeno requires
dissipation/contraction. Volume-preservation becomes a convenient obstruction.

Theorem 6 ( [14]). Suppose thatH is a smooth compact regular hybrid dynamical system whose reset
obeys the boundary identity property. Let N ⊂ M be the set of all points that have a (steady) Zeno
trajectory. IfH preserves a smooth measure, µ, then µ(N) = 0, i.e., Zeno almost never occurs.

A key reason why the hybrid maximum principle breaks down in the presence of Zeno is due to
the degeneracy of the resulting variational/adjoint equations, recall (4.5) and (4.7). This calculation is
demonstrated explicitly for the bouncing ball below.

Example 4 (Bouncing ball cont.). By introducing damping to the reset map (2.9), it is well-known
that the trajectories are Zeno. The hybrid maximum principle, Theorem 4, fails in this setting as
state-transition matrix becomes singular which invalidates the hybrid maximum principle [32]. This is
explicitly computable in this example; see Proposition 5 below.

Let 0 < c < 1 and consider the dynamics on (x, y) ∈ T ∗R+ẋ =
1
m

y, ẏ = −mg, x > 0,

x 7→ x, y 7→ −c2y, x = 0, y < 0.
(6.2)

A hybrid arc with the initial conditions x(0) = 0 and y(0) = y0 > 0 is Zeno with limiting time

tZ =
2y0

mg

[
1 + c2 + c4 + . . .

]
=

2y0

mg
1

1 − c2 . (6.3)
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Let z = (x, y) ∈ T ∗R+, then the hybrid variational equation (5.2) takes the formδż = Aδz, t < T ,

δz+ = J(y(t))δz−, t ∈ T ,
(6.4)

where

A =

0 1
m

0 0

 , J(y) =

 −c2 0

−
m2g

y

(
1 + c2

)
−c2

 ,
and the event times are the partial sums of the Zeno time,

T =

{
2y0

mg

(
1 − c2k

1 − c2

)
: k ≥ 0

}
.

If Φ(t) denotes the state-transition matrix of (6.4), we have

ΦZ := lim
t↗tZ

, Φ(t) =

←
∞∏

k=1

J(−c2ky0) exp
(
A ·

(
2y0c2k

mg

))
=

 0 0
m2g
y0

(
1 + c2

1 − c2

)
2

1 − c2

 ,
where the product multiplies successive terms on the left. It is clear to see that det ΦZ = 0, which
invalidates the co-state equations required for Theorem 4.

Proposition 5. Let ζ : (x0, y0) 7→ tZ be the map that assigns the Zeno time to the initial conditions for
the hybrid system (6.2). Then, ker dζ = ker ΦZ.

Proof. A vector that spans ker ΦZ is

v =
[
−2y0, m2g(1 + c2)

]>
.

The Zeno time is

ζ(x0, y0) =
1

mg

(
y0 +

√
y2

0 + 2m2gx0

)
︸                           ︷︷                           ︸

time to first impact

+
2c2

mg
1

1 − c2

√
y2

0 + 2m2gx0︸                          ︷︷                          ︸
geometric series from (6.3)

.

Its differential evaluated at x0 = 0 and y0 > 0 is

dζ(0,y0) =
m(1 + c2)
y0(1 − c2)

dx0 +
2

mg(1 − c2)
dy0.

It follows that dζ(0,y0) · v = 0. �

7. Application: synchronization for spiking neurons

A system of n neurons can be described using the leaky integrate and fire model [33], [34]:v̇i = −vi + RIi(t), vi < η

v+
i = vr, vi = η

(7.1)

where
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• vi describes the membrane potential of each neuron, i = 1, . . . , n,
• vr is the resting potential of the neuron, which is the charge the neuron would have if it were

isolated,
• Ii =

∑n
j=1 wi jα j(t − t f ) + Iext(t) + I0 is the current entering each neuron with Iext being the external

input current, wi j < 1,
• R is the membrane conductivity,
• RI0 is the natural accumulation of charge inherent to each neuron as a consequence of membrane

polarization,
• wi j is the strength of the neuron i to neuron j synapse, and
• α j(t − t f ) is a function providing the remaining current from neuron j flowing into neuron i after

time t, with α j(t) = 0 when t > 0.

For the sake of simplicity, we will assume that α ≡ 0, i.e., there is no lag in the synaptic connection and
all the current is transmitted during the synapse. Assume, moreover, that the resting potential of each
neuron is vr = 0 and that the membrane conductivity is R = 1.

Suppose there are n = 2 neurons with potentials v1 and v2, and decompose the guard via

Σ = Σ1 ∪ Σ2 = {(η, v2) : 0 ≤ v2 ≤ η} ∪ {(v1, η) : 0 ≤ v1 ≤ η} . (7.2)

As a discharge is triggered when either neuron reaches its threshold potential, the above decomposition
reflects which neuron was fired. When this happens, the triggering neuron resets its potential to vr = 0
and the other receives a sudden increase in its potential proportional to the coupling strength.

Suppose that the control is u = Iext, which is only applied to the first neuron. The hybrid control
system has the data

1. M = [0, η] × [0, η],
2. Σ = Σ1 ∪ Σ2 as in (7.2),
3. U = R as admissible inputs are unbounded,
4. f : M ×U → T M is given by

v̇1 = −v1 + I0 + u,

v̇2 = −v2 + I0,
(7.3)

5. ∆ : Σ→ M is given by

∆(v1, v2) =

(0,w12v1 + v2), (v1, v2) ∈ Σ1,

(v1 + w12v2, 0), (v1, v2) ∈ Σ2.
(7.4)

Remark 4. The system has qualitatively different behaviors depending on whether or not I0 is greater
or less than η, as demonstrated in Figure 8. It will be assumed that I0 > η.

Remark 5. There are two issues with the reset map as given by (7.4). (a) The first is that Σ1 ∩ Σ2 =

{(η, η)} , ∅ and it does not get mapped to a consistent point under ∆. To resolve this, the point (η, η)
will be taken to be in Σ1 and not Σ2. This will result in the reset being discontinuous. (b) The second
issue is when a reset occurs in the sets

Σ1
1 := {(η, v2) : η − w12η ≤ v2 ≤ η}, Σ2

1 := {(v1, η) : η − w12η ≤ v1 ≤ η},
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as a reset would result in the other neuron having potential greater than η. As such, a second reset
could immediately occur (beating). Addressing both of these issues results in the correct reset map

∆(v1, v2) =


(0,w12η + v2), v1 = η, 0 ≤ v2 < η − w12η,

(w12η, 0), v1 = η, η − w12η < v2 ≤ η,

(v1 + w12η, 0), 0 ≤ v1 < η − w12η, v2 = η,

(0,w12η), η − w12η ≤ v1 < η, v2 = η.

(7.5)

Hence, there are 4 different types of impacts (see Figure 8 for a schematic drawing):

1. No beating, first neuron is fired: v1 = η and v2 < η − ηw12, i.e., when (v1, v2) ∈ Σ1
0 := Σ1 − Σ1

1 =

{η} × [0, η(1 − w12)]. The image under the reset map is: ∆(Σ1
0) = {0} × [w12η, η].

2. No beating, second neuron is fired: v2 = η, v1 < η − ηw12, i.e., when (v1, v2) ∈ Σ2
0 := Σ2 − Σ2

1 =

[0, η(1 − w12)] × {η}. The image under the reset map is : ∆(Σ1
0) = [w12η, η] × {0}.

3. Beating, first neuron is fired, and an instantaneous spike is induced in the second neuron, i.e.,
(v1, v2) ∈ Σ1

1. Then, image under the reset map is a single point {(w12η, 0)}.
4. Beating, the second neuron is fired, and an instantaneous spike is induced in the first neuron, i.e.,

(v1, v2) ∈ Σ2
1. Then, image under the reset map is a single point {(0,w12η)}.

v1

v2

(a) I0 < η.

v1

v2

(b) I0 > η.

Figure 8. Qualitatively distinct cases for the system of two spiking neurons depending on
whether I0 > η or I0 < η.
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v1

v2

(η(1 − w12), η)

Σ1
0

Σ2
0

Σ1 ∩ Σ2

(η(1 − w12), η)

Σ1
1

Σ2
1

(0, ηw12) = ∆(Σ2
1)

(ηw12, 0) = ∆(Σ1
1)

∆(Σ1
0)

∆(Σ2
0)

Figure 9. Schematic drawing of the different types of resets for the spiking neuron model. Red
and blue denote the domain and codomain for no beating resets in neurons 1 and 2, whereas
orange and cyan denote the domain and codomain of beating resets in neurons 1 and 2,
respectively. Note that both beating sets Σ2

1 = [η(1−w12), η]×{η} and Σ2
1 = {η}× [η(1−w12), η]

get mapped to a single point {(0, ηw12)} = ∆(Σ2
1) and {(ηw12, 0)} = ∆(Σ2

1), respectively.

There is extensive evidence in the medical literature [35–37] that correlates pathological tremor for
patients with neurological disorders such as Parkinson and epilepsy with abnormal synchronization of
neuron spiking. This motivates our cost function to be:

J =

∫ t1

t0

1
2

u(t)2 − 2(v1(t) − v2(t))2dt

where the goal is to prevent synchronization between the two neurons, at the minimal possible external
input. For the sake of simplicity, we measure synchronization by the difference between the potentials
of each neuron. Other methods using mutual information, cross correlation and phase relationships [38]
have been proposed in literature, and an in-depth analysis of these methods in the context of control is
reserved to future work.

Hence, the optimal control problem we would like to solve is:

J∗(v0) := min
u(·)

J(u(·), v(t)) subject to

(7.3), (7.5),
(v1(0), v2(0)) = v0.

(7.6)

There are two ways of numerically solving this problem. The first one is using dynamic program-
ming [39]. A numerical implementation of dynamic programming with discretization details given in
Table 1 produces the results shown in Figure 10.
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Variable Range
v1 linspace(0,1,150)
v2 linspace(0,1,150)
u linspace(-2,2,150)
t linspace(0,1,250)

Table 1. Discretizations for dynamic programming of the 2 neuron model.

(a) Computed value function à la DP
.

(b) The value of the optimal control, u∗(t = 0; v1, v2).

(c) The vector-field with the optimal control at the initial
time, f (v1, v2; u∗(t = 0, v1, v2).

(d) A plot of the trajectories starting at . The two impacts
correspond to a beating one and a simple one.

Figure 10. A summary of the results of dynamic programming applied to the control problem.
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The second method uses the HPMP (Theorem 4). Let T be the fixed time horizon. Given the
optimal Hamiltonian H : T ∗M × R → R and assuming the corner conditions (2.5) have a unique
solution, with the reset ∆ being invertible, we aim to solve the optimal control problem with fixed initial
condition v0 = (v1, v2)0. Since there is no terminal cost, the terminal conditions for the momenta are
pv = (p1

v , p2
v) = (0, 0). Assume that the optimality conditions (4.2) allow us to write optimal control

strategy u as a function of v and pv, i.e., u = f (v, pv) for some f : T ∗M →U. Then the optimal solution
v∗, p∗v solves the two point boundary value problem:

(v̇∗, ṗ∗v) =

(
∂H
∂pv

∣∣∣∣
v∗,p∗v

,−
∂H
∂v

∣∣∣∣
v∗,p∗v

)
, (v∗, p∗v) < S (7.7)

(v∗, p∗v)+ = ∆̃
(
(v∗, p∗v)−

)
, (v∗, p∗v) ∈ S (7.8)

v∗(0) = v0

p∗v(T ) = 0

with the optimal control being f (v∗, p∗v). We will be looking for solutions that stay within a bounded
set vi

min ≤ vi ≤ vi
max and pi

min ≤ pi
v ≤ pi

max for i ∈ {1, 2}. A numerical algorithm for solving this
problem is given in Algorithm 1. The strategy is to create a numerical representation of the surface
L1 = {v0} × [p1

min, p1
min] × [p2

min, p2
max] and propagate it forward in time using the dynamics (7.7),(7.8) to

obtain ϕHT (L1) and the associated costs at terminal time T , JT (p1, p2) for every point in (p1, p2) ∈ L1. At
the terminal time, we compare the cost of the points of ϕHT (L1) that have momenta within an ε precision
of 0, and select the ones that have the lowest cost. In the numerical implementation, matlab’s ode45
function with event detection was used to solve for the dynamics. The code for the numerical experiments
can be found at git@github.com:Maria-A-Oprea/Geometric_hybrid_optimal_control.git.

Algorithm 1 Algorithm for solving the hybrid optimal control problem in the case of invertible extended
resets.

Given ε and number of grid points N
Create equidistant Mesh of N × N points in the rectangle [p1

min, p1
max] × [p2

min, p2
max]

for (p1, p2) ∈Mesh do
Compute p1

T , p2
T , JT (p1, p2)

if (p1
T )2 + (p2

T )2 < ε then
Save (p1, p2, JT (p1, p2)) in possible solutions

end if
end for
p∗v(0) =argminp1,p2∈possible solutions JT (p1, p2)
Compute v∗(t), p∗v(t) and optimal strategy u(t) = f (v∗(t), p∗v(t)) with initial conditions v0, p∗v(0)
return v∗(t), p∗v(t), u(t), JT (p∗v(0))

For our specific case, the extended Hamiltonian with p0 = 1 is

Ĥ(v1, v2, u; p1, p2) =
1
2

u2 − 2 (v1 − v2)2 + p1 (−v1 + I0 + u) + p2 (−v2 + I0) ,
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and the optimality conditions become:

∂Ĥ
∂u

= 0 =⇒ u∗ = −p1

Plugging this back into the extended Hamiltonian, we obtain the optimal Hamiltonian:

H∗(v1, v2, p1, p2) = −
1
2

p2
1 − 2(v1 − v2)2 + p2(−v2 + I0) + p1(−v1 + I0)

Hence, the equations of motion for the continuous part of the extended system are:
v̇1 = −p1 − v1 + I0

v̇2 = −v2 + I0

ṗ1 = p1 + 4(v1 − v2)
ṗ2 = p2 + 4(v2 − v1)

(7.9)

There are four distinct corner conditions, determined by which of the four regions—Σ1
0, Σ1

1, Σ2
0, or

Σ2
1—the trajectory intersects.

Σ1
0 :

p−1 = p+
1 − ε,

p−2 = p+
2 ,

Σ2
0 :

p−1 = p+
1 ,

p−2 = p+
2 − ε,

Σ1
1 :

p−1 = ε

p−2 = 0,
Σ2

1 :

p−1 = 0
p−2 = ε,

where ε is chosen for each case such that the Hamiltonian is conserved, i.e., H∗(v−1 , v
−
2 , p−1 , p−2 ) =

H∗(v+
1 , v

+
2 , p+

1 , p+
2 ). Solving for ε results in a linear equation for Σ0

2, Σ1
2 and a quadratic equation for Σ1

0
and Σ1

1.
Note that on the beating sets, the corner conditions are derived using Equation (6.1). Since ∆|Σ1

1
is

a constant, ∆∗|Σ1
1

= 0, and the corner conditions become [p+
1 p+

2 ]
[
0 0
0 0

]
= [p−1 p−2 ] + [ε 0] such that

H(ηw12, η, p+
1 , p+

2 ) = H(η, v−2 , ε, 0). An analogous argument is used to derive the corner conditions on
Σ2

1. The condition that p1 = 0 on Σ2
1 = [0.5, 1] × {1} is also verified by the numerical computation of the

optimal control u∗ = −p1 using dynamic programming (see Figure 10b)
The costate equations can be solved backward. Since there is no terminal cost g = 0, the terminal

conditions for the costate are p1(T ) = p2(T ) = 0. Thus, finding the optimal trajectory from initial
condition v0 amounts to solving the two point boundary value problem given by (7.9) with impact
surface S = {(v1, v2, p1, p2)|(v1, v2) ∈ Σ1 ∪ Σ2}, reset conditions given by (7.5) and the corner conditions
above, and boundary conditions (v1(0), v2(0)) = v0, p1(T ) = p2(T ) = 0. Figure 12 shows a comparison
of the optimal trajectory coming from dynamic programming, and the solution to the hybrid PMP
obtained with a shooting method.

Figure 11 depicts the terminal manifold L̃ = {(v1, v2, 0, 0)|v1, v2 ∈ [0, 1]} propagated backward
until the first impact happens, denoted by ϕH−t(L̃) := L̃−t, and the initial manifold T ∗(0,0)[0, 1]2 propa-
gated forward until the first impact happens, denoted by ϕHt T ∗(0,0)[0, 1]2 := Lt. The impact region is
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divided into three subregions: I = πv1,p1(π
∗)−1(Σ1

1), II = πv1,p1π
−1(Σ0

2), and III = πv1,p1π
−1(Σ1

2), where
πv1,p1(v1, v2, p1, p2) = (v1, p1) and π : T ∗[0, η]2 → [0, η]2 is the cotangent bundle projection. In other
words, we are showing the corresponding p1 fibers, at locations where an impact happens either in v1 or
v2. Figure 11 shows the image of each region I, II, and III under the reset map. The corner conditions
give us the value of the jump in p1 between the intersection of the regions I, II, II with Lt (blue) and
the intersection of the corresponding points in regions ∆(I),∆(II),∆(III) with L̃−t (green).

(a) The impact surface is depicted in blue. (b) The image of the impact surface is depicted in brown.

Figure 11. A figure of the Lagrangian submanifolds ϕHt (T ∗(0,0)M) and ϕH
−t′(ΛT ) for times t

smaller than the first forward impact time and t′ larger than the first backward impact time.
The solution to the corner condition at p+

1 represented by the yellow point in (b) is the red
point p−1 in (a).

Figure 12. Comparison of the trajectories obtained with dynamic programming (black) and
the hybrid maximum principle (blue).
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8. Conclusions

This work studied the geometric interpretation of optimal control problems in the context of de-
terministic hybrid dynamical systems. For regular optimal arcs, the co-states jump according to the
“Hamiltonian jump condition” (4.4), which preserves the canonical symplectic structure. As the sym-
plectic structure is preserved, the notion of Lagrangian submanifolds, caustics, and conjugate points
can be interpreted in the hybrid setting. For irregular optimal arcs, the maximum principle remains
applicable to beating arcs but fails for Zeno. Although Zeno can be ruled out almost everywhere for
“reasonable” systems (compact, smooth, regular, and boundary identity property), optimal trajectories
may still be Zeno which is outside the scope of this current work. We point out two areas of future work.

8.1. Hybrid conjugate points

The maximum principle only presents necessary conditions for a local extremum. Sufficient condi-
tions can be achieved by the exclusion of conjugate points along the arc, cf. Theorem 21.3 in [31]. This
observation has less utility in the hybrid domain as shown in Figure 6; the Lagrangian manifold can
be in multiple pieces as a result of resets, which can result in multiple points lying in T ∗x0

M ∩ ϕH−t f
(L),

even when the caustic trajectory is empty. A potential plan to study these solutions is by examining the
geometry of the intersection (5.1).

Another question is to see how the notion of caustics in Section 5.2 matches with caustics in the
billiard community, [40].

8.2. Numerical techniques for irregular arcs

Numerically implementing the boundary value problem in Theorem 4 for regular arcs is difficult as,
e.g., the shooting map is highly discontinuous [32]. This difficulty is compounded for irregular arcs,
either beating or Zeno. At the onset of the problem, neither the number of resets nor their location
is known. If beating may occur, it is additionally unknown in which beating set the resets happens.
This adds difficulty as each case is a separate boundary value problem (6.1). Moreover, (especially
for beating) the state trajectory is only well-defined going forward while the co-state trajectory is
only well-defined going backward. It would be desirable to be able to construct an algorithm that can
determine whether or not beating transpires apriori and be able to decouple the forward and backward
dynamics. Another approach could be to adapt pseudo spectral methods [41] to these problems.

Zeno arcs are difficult due to their singular nature, e.g., Example 4. A contributing factor to their
difficulty is that extension of solutions presented in [20] are, in a sense, “weak” solutions to the HDS. A
possible approach is to find a suitable notion of a hybrid viscosity solution to the resulting HJP problem
where the singularity is blurred away.
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