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1. Introduction

Genetic drift is a fundamental process in molecular evolution [1]. It refers to the random fluctuations
in allele frequencies within a population over time. Typical mathematical models for genetic drift
include the Wright–Fisher model [2, 3] and its diffusion limit, known as the Kimura equation [4, 5].

Without mutation, migration, and selection processes, the Kimura equation is a Fokker–Planck type
equation, given by [1]

∂tρ = ∂xx(x(1 − x)ρ) , x ∈ (0, 1) , t > 0 . (1)

Here, the variable x is the fraction of the focal allele A1 in the population, and (1 − x) is that of A2,
the function ρ(x, t) is the probability of finding a relative composition x ∈ (0, 1) of gene A1 at time t.
Although (1) is a linear PDE of ρ(x, t), due to the degeneracy of x(1 − x) at the boundary x = 0 and
x = 1 [6, 7], even the appropriate boundary conditions and solution space of the Kimura equation are
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unclear [8]. In the 1950s, Kolmogorov suggested that equation (1) is only reasonable for x not too
close to 0 and 1 [9].

To maintain the biological significance, ρ(x, t) should satisfy the mass conservation∫ 1

0
ρ(x, t)dx = 1 , (2)

which suggests a no-flux boundary to (1), given by

∂x(x(1 − x)ρ) = 0 , x = 0 or 1 , ∀t . (3)

Moreover, the biologically relevant solution of the Kimura equation (1) needs to satisfy an additional
conservation law:

d
dt

∫ 1

0
xρ(x, t)dx = 0 , (4)

known as the conservation of fixation probability in biology. Here, ψ(x) = x is the fixation probability
function, which describes the probability of allele A1 fixing in a population while allele A2 goes extinct,
under the condition of starting from an initial composition of x. It can be noticed that in the pure drift
case, (4) is the conservation of the first moment of ρ(x, t). Formally, the conservation of the fixation
probability can be obtained through integration by parts with the no-flux condition (3)

d
dt

∫ 1

0
xρ(x, t)dx =

∫ 1

0
x∂xx(x(1 − x)ρ)dx =

∫ 1

0
−∂x(x(1 − x)ρ)dx + x∂x(x(1 − x)ρ)

∣∣∣∣1
0
= 0 (5)

However, the no-flux boundary condition (3) leads to a finite-time blow-up of the solution of (1)
on the boundary [10]. In [10, 11], the authors show that for a given ρ0 ∈ BM

+([0, 1]), there exists a
unique measure-valued weak solution to (1) with ρ(x, t) ∈ L∞([0,∞),BM+([0, 1])) that satisfies two
conservation laws (2) and (4), and the solution ρ(x, t) can be written as

ρ(x, t) = q(x, t) + a(t)δ0 + b(t)δ1 . (6)

Here, BM+([0, 1]) is the space of all (positive) Radon measures on [0, 1], δ0 and δ1 are Dirac delta
functions at 0 and 1 respectively, and q(x, t) ∈ C∞(R+; C∞([0, 1])) is a classical solution to (1) without
boundary conditions. Moreover, it is proved that [10], as t → ∞, q(x, t) → 0 uniformly, and a(t) and
b(t) are monotonically increasing functions such that

a∞ = lim
t→∞

a(t) =
∫ 1

0
(1 − x)ρ0(x)dx , b∞ = lim

t→∞
b(t) =

∫ 1

0
xρ0(x)dx . (7)

The measure-valued solution (6) imposes difficulties to study the Kimura equation both numerically
[12] and theoretically [13]. For instance, although a lot of numerical methods for the Kimura equation
have been developed, including finite volume method [14, 15], Lagrangian methods [12], an optimal
mass transportation method [16], and SDE-based simulation methods [17, 18], it is difficult to get a
good numerical approximation to (6), which includes the Dirac delta function, and accurately capture
the dynamics of a(t) and b(t).

The purpose of this paper is to propose a new continuum model for random genetic drift by
incorporating a dynamic boundary approach. The key idea is to only consider the Kimura equation on
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(δ, 1 − δ) for a given small δ > 0, and use a dynamic boundary condition to describe the jump process
between bulk and surface, i.e., the flux between ρ(x, t) and the the boundary states a(t) and b(t). The
new model is given by

ρt = ∂xx(x(1 − x)ρ), x ∈ (δ, 1 − δ),

∂x(x(1 − x)ρ)
∣∣∣∣
x=δ
= a′(t), ∂x(x(1 − x)ρ)

∣∣∣∣
x=1−δ

= −b′(t)

a′(t) = −((ϵa) − ρ(δ, t))
b′(t) = −((ϵb) − ρ(1 − δ, t)).

(8)

Here, a(t) and b(t) are probabilities at x = 0 and x = 1,respectively, ϵ > 0 is an additional small
parameter that is introduced such that the overall system has a variational structure. Such a regularized
Kimura equation admits a strong global solution for fixed ϵ and δ. Although it is difficult to prove
theoretically, numerical tests show that the qualitative behaviors of the original Kimura equation can
be well captured with small ϵ and δ. Specifically, numerical results show that ρ(x, t) serves as an
approximation to q(x, t) in (6), while a(t) and b(t) capture the singular behavior of the Dirac-delta
function at the boundary in (6).

The rest of this paper is organized as follows. In Section 2, we introduce some background,
including the Wright–Fisher model, the formal variational structure of the Kimura equation, and the
dynamic boundary approach for generalized diffusions. The new continuum model is presented in
Section 3. The existence and uniqueness of the strong solution of the regularized system are shown in
Section 4. Finally, we perform a numerical study on the regularized system, and demonstrate the
effects of δ and ϵ, as well as the capability of capturing the key features of the original Kimura
equation.

2. Background

2.1. From a Wright–Fisher model to the Kimura equation

We first briefly review the formal derivation of the Kimura equation from the Wright–Fisher model.
Consider two competing alleles, denoted by A1 and A2, in a diploid population of N individuals, which
corresponds to a total of 2N alleles. Assume u and v are the probabilities of mutations A1 → A2 and
A2 → A1 respectively. Let Xk be the portion of individuals of type A1 in generation k. The Wright–
Fisher model describes random fluctuations in the genetic expression by a discrete-time, discrete-state
Markov chain. The discrete state space is defined as S = {0, 1

2N , . . . , 1}, and the transition probability
between two states is given by [8, 19]

P
(
Xk+1 =

j
2N

∣∣∣∣Xk =
i

2N

)
=

(
2N

j

)
p j

i (1 − pi)2N− j , (9)

where
pi = (1 − u)

i
2N
+ v

(
1 −

i
2N

)
. (10)

In the case that u = v = 0 (without mutations), we have

P
(
Xk+1 =

j
M

∣∣∣∣Xk =
i

2N

)
=

(
2N

j

) ( i
2N

) j (
1 −

i
2N

)2N− j

, (11)
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which is known as the pure drift case. Notice that in the pure drift case, the jump rate becomes 0 if
Xk = 0 or Xk = 1, which are two absorbing states in the system. These states represent allele fixation,
where one allele becomes fixed (frequency 1) and the other lost (frequency 0). The system does not
permit fixation if u > 0 and v > 0.

When the population size N is large, the Wright–Fisher model can be approximated by a continuous-
state, continuous-time process Xt, which represents the proportion of alleles of type A1. The dynamics
of Xt can be described by an SDE [17]

dXt = (u − (u + v)Xt)dt +
√

Xt(1 − Xt)dWt , (12)

where dWt is the standard Brownian motion. The corresponding Fokker–Planck equation is given
by [19, 20]

ρt + ∂x((u(1 − x) − vx)ρ) =
1
2
∂xx(x(1 − x)ρ) , x ∈ (0, 1), t > 0, (13)

where ρ(x, t) is the probability density of Xt. For the pure drift case, we obtain a Kimura equation

∂tρ =
1
2
∂xx(x(1 − x)ρ), x ∈ (0, 1), t > 0, (14)

It is convenient to re-scale the time by letting t′ = 2t, and the Kimura equation (14) becomes (1).

2.2. Formal Variational Structure

Formally, the Kimura equation (1) can be viewed as a generalized diffusion equation, derived from
the energy-dissipation law [12]

d
dt

∫ 1

0
ρ ln (x(1 − x)ρ) dx = −

∫ 1

0

ρ

x(1 − x)
|u|2dx , (15)

where the distribution ρ satisfies the kinematics

∂tρ + ∂x(ρu) = 0 , x ∈ (0, 1)
ρu = 0, x = 0 or 1 .

(16)

and u is the macroscopic deterministic velocity for the diffusion. The no-flux boundary condition
ρu = 0 at x = 0 and 1 guarantees the mass conservation.

To obtain the Kimura equation from the energy-dissipation law (15), one needs to introduce a flow
map denoted as x(X, t) : [0, 1] → [0, 1] associated with the velocity field u(x, t). For a given X, the
flow map satisfies the following ordinary differential equation:

d
dt

x(X, t) = u(x(X, t), t), x(X, 0) = X, (17)

where X represents the Lagrangian coordinate, and x represents the Eulerian coordinate. By mass
conservation, ρ(x(X, t), t) is determined by the flow map x(X, t) through

ρ(x(X, t), t) = ρ0(X)/ det F(X, t) , det F(X, t) = ∂X x(X, t) , X ∈ (0, 1) , (18)
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where ρ0(X) is the initial density. Recall u(x(X, t), t) = xt(X, t). The energy-dissipation law can be
written as

d
dt

∫
ρ0 ln(x(1 − x)) + ρ0 ln(ρ0/∂X x)dX = −

∫ 1

0

ρ0

x(1 − x)
|xt|

2dx (19)

in Lagrangian coordinates, which can be interpreted as an L2-gradient flow in terms of x(X, t). By a
standard energetic variation procedure (see [12]), we can derive the force balance equation

ρ

x(1 − x)
u = −ρ∂x(ln(ρx(1 − x))) , (20)

which can be simplified as
ρu = −∂x(x(1 − x)p) . (21)

Combining the velocity equation with the kinematics (16), we can recover the original Kimura
equation. The variational structure (19) naturally leads to Lagrangian algorithms for the Kimura
equation developed in [12, 16].

Alternatively, the energy-dissipation law (15) can be interpreted as a Wasserstein-type of gradient
flow, with the transport distance defined by

d2(ρ1, ρ2) = min
(ρ,u)

∫ 1

0

∫ 1

0

ρ

x(1 − x)
|u|2dxdt ,

subject to ρt + ∂x(ρu) = 0 , ρ(x, 0) = ρ1 , ρ(x, 1) = ρ2.

(22)

The distance (22) is known as the Wasserstein-Shahshahani distance [13, 16, 21].
As pointed out in [13], the variational structure presented in this subsection is rather formal.

Although we can define U(x) = ln(x(1 − x)) [13, 22], which plays the role of internal energy as in the
standard Fokker–Planck equation, the system doesn’t admit a unique equilibrium distribution
ρeq ∝ exp(−U), as

∫ 1

0
1

x(1−x)dx is unbounded.

2.3. Dynamic boundary condition

As suggested in [13], a natural attempt at compensating for singularities is to relax the boundary
condition by taking into account the bulk-surface interaction. This leads to the use of dynamic
boundary conditions [23, 24], in which the boundary values evolve according to their own differential
equations, often coupled with the interior dynamics.

Before we present the application of the dynamic boundary condition approach to the Kimura
model, we first briefly review the dynamic boundary approach for generalized diffusions in this
subsection. Consider a bounded domain Ω, and let ∂Ω be the boundary of Ω. Classical PDE models
on Ω often impose Dirichlet, Neumann, and Robin boundary conditions for the physical variable ρ.
The basic fundamental assumption behind this is that ρ is regular enough (e.g. ρ ∈ Cm(Ω̄) for some
m), allowing ρ|∂Ω to be defined as the trace of ρ, and the boundary condition to be specified in terms of
ρ|Γ. However, as in the classical Kimura equation, it may not always be possible to take the trace.

The idea of dynamic boundary condition is to introduce another function σ ∈ C(∂Ω) to describe
the surface densities on the boundary, and view the exchange between bulk and surface density as a
chemical reaction ρ −−−⇀↽−−− σ [23, 25]. Due to the mass conservation, ρ and σ satisfy

d
dt

(∫
Ω

ρdx +
∫
∂Ω

σdS
)
= 0, (23)
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which leads to the kinematics in Eulerian coordinates

ρt + ∇ · (ρu) = 0, x ∈ Ω,
ρu · ν = Ṙ, σt + ∇∂Ω · (σv) = Ṙ, x ∈ ∂Ω

(24)

where ν is the outer normal ofΩ and R is the reaction trajectory for the chemical reaction ρ −−−⇀↽−−− σ. The
reaction trajectory R, representing the number of reactions in the forward direction that have occurred
by time t, is analogous to the flow map in mechanical systems [26, 27]. The quantity Ṙ corresponds to
the reaction velocity or reaction rate [27].

In general, systems with dynamic boundary conditions can be modeled through an
energy-dissipation law

d
dt

(Fb(ρ) + Fs(σ)) = −
(∫
Ω

ηb(ρ)|u|2dx +
∫
∂Ω

ηs(σ)|v|2 + ṘΓ(R, Ṙ)dS
)
. (25)

Here, Fb(ρ) and Fs(σ) are free energies in the bulk and surface, respectively; ηb(ρ) > 0 and ηs(σ) > 0
are friction coefficients for bulk and surface diffusions; ṘΓ(R, Ṙ) ≥ 0 is the dissipation due to the
bulk/surface interaction, which in general is non-quadratic in terms of Ṙ [27]. The variational
procedures lead to the force balance equations for the mechanical and chemical parts (see [27] for
details) 

ηb(ρ)u = −ρ∇µb(ρ), µb =
δFb
δρ

x ∈ Ω
ηs(σ)v = −σ∇Γµs(σ), µs =

δFs
δσ
, x ∈ Γ

Γ(R, Ṙ) = −(µs(σ) − µb(ρ)), x ∈ Γ
(26)

where µs(σ) − µb(ρ) is the affinity of the bulk-surface reaction. Different choices of free energy and
dissipation lead to different systems [25].

3. A regularized Kimura equation

In this section, we propose a regularized Kimura equation by applying a dynamic boundary
condition approach in this specific one-dimensional setting.

3.1. Model derivation

The key idea is to only consider the Kimura equation on (δ, 1 − δ) for a given small δ > 0, and use
a dynamic boundary condition to describe the fixation on the boundary. Specifically, for a given δ > 0,
let ρ(x, t) represent the probability that the gene frequency is equal to x ∈ (δ, 1 − δ). We denote the
probabilities of the gene frequency being x = 0 and x = 1 as a(t) and b(t), respectively. Due to the
conservation of mass, we have

d
dt

(∫ 1−δ

δ

ρ(x, t)dx + a(t) + b(t)
)
= 0 (27)

which leads to the following kinematics

∂tρ + ∂x(ρu) = 0, x ∈ (δ, 1 − δ)
ρu(δ, t) = −Ṙ0(t), ρu(1 − δ, t) = Ṙ1(t)
a′(t) = Ṙ0(t), b′(t) = Ṙ1(t)

(28)
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Here, R0(t) and R1(t) denote the reaction trajectories for the bulk-boundary interactions x = δ with
x = 0 and x = 1 − δ with x = 1, i.e., ρ(δ) −−−⇀↽−−− a(t) and ρ(1 − δ) −−−⇀↽−−− b(t).

The overall system can be modeled through the energy-dissipation law

d
dt

∫ 1−δ

δ

ρ ln (x(1 − x)ρ) dx +G0(a) +G1(b) = −
∫ 1−δ

δ

ρ

x(1 − x)
|u|2dx − Γ0(R0, Ṙ0) − Γ1(R1, Ṙ1) ,

(29)
where G0(a) and G1(b) are free energies on the boundary, and Γ0(R0, Ṙ0) and Γ1(R1, Ṙ1) are dissipations
due to the jump between bulk and surface. The energy-dissipation law in the bulk region (x ∈ (δ, 1−δ))
is exactly the same as that in the original Kimura equation (15).

The remaining question is how to choose Gi (i = 0, 1) and Γi (i = 0, 1) in order to capture the
qualitative behavior of the original Kimura equation. In the current work, we take

G0(q) = G1(q) = G(q) = q ln(η(ϵ)δ(1 − δ)q) , (30)

and

Γ0(R, Ṙ) = Ṙ ln
(

Ṙt

κ(ϵ)a
+ 1

)
, Γ1(R, Ṙ) = Ṙ ln

(
Ṙ

κ(ϵ)b
+ 1

)
. (31)

Here, η(ϵ) > 0 determines the boundary-surface equilibrium , κ(ϵ) is the reaction rate from surface
to bulk. Moreover, we take κ(ϵ) = ϵ and η(ϵ) = ϵ

γ
with γ > 0 being a constant. We’ll explore other

choices in future work.
By an energetic variational procedure [25], we can obtain the velocity equation

ρu = −∂x(x(1 − x)ρ), x ∈ (δ, 1 − δ), (32)

and the equations for reaction rates

ln
(
Ṙ0

ϵa
+ 1

)
= −(ln( ϵ

γ
a) − ln ρ(δ, t))

ln
(
Ṙ1

ϵb
+ 1

)
= −(ln( ϵ

γ
b) − ln ρ(1 − δ, t)) .

(33)

One can rewrite (33) as
Ṙ0 = γρ(δ, t) − ϵa, Ṙ1 = γρ(1 − δ, t) − ϵb . (34)

Combining (32) and (34) with the kinematics (28), one arrives the final equation

∂tρ = −∂x(ρu), x ∈ [δ, 1 − δ]
ρu = −∂x(x(1 − x)ρ), x ∈ (δ, 1 − δ),
ρu(δ, t) = −a′(t), ρu(1 − δ, t) = b′(t)
a′(t) = γρ(δ, t) − ϵa
b′(t) = γρ(1 − δ, t) − ϵb

(35)

For the regularized system (35), since

a′(t) + ϵa = γρ(δ, t) (36)
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we have

a(t) = e−ϵt
∫ t

0
γeϵsρ(δ, s)ds (37)

if the initial condition a(0) = 0. As a consequence,

a′(t) = −ϵe−ϵt
∫ t

0
γeϵsρ(δ, s)ds + γρ(δ, t) . (38)

Hence, the boundary condition at x = δ can be interpreted as a Robin-type boundary condition with a
memory term or a delayed boundary condition

∂x(x(1 − x)ρ)(δ, t) = −ϵe−ϵt
∫ t

0
γeϵsρ(δ, s)ds + γρ(δ, t) (39)

A similar calculation can be done for x = 1 − δ.

Remark 3.1. If ϵ = 0, the equation becomes ∂tρ = ∂xx(x(1 − x)ρ), x ∈ (δ, 1 − δ)
∂x(x(1 − x)ρ)|x=δ = γρ(δ, t), ∂x(x(1 − x)ρ)|x=1−δ = −γρ(1 − δ, t)

(40)

which can be viewed as a closed equation on (δ, 1 − δ) with a Robin boundary condition. Although
the energy-dissipation law (29) with (30) is no longer valid, the system can be interpreted as weighted
L2-type gradient flow

d
dt

(∫ 1−δ

δ

|∂x(x(1 − x)ρ)|2dx + γδ(1 − δ)(|ρ(δ, t)|2 + |ρ(1 − δ, t)|2)
)
= −

∫ 1−δ

δ

x(1 − x)|ρt|
2dx (41)

One can further define
a′(t) = γρ(δ, t), b′(t) = γρ(1 − δ, t) (42)

as the fixation dynamics on the boundary.

Remark 3.2. An important feature of the original Kimura equation is the conservation of the first
moment, or fixation probability, that is, d

dt

∫
xρdx = 0. For the regularized system (35), a direct

calculation shows that

d
dt

∫ 1−δ

δ

xρ(x, t)dx + aψ(0) + bψ(1)

=

∫ 1−δ

δ

−∂x(x)∂x(x(1 − x)ρ)dx − x(ρu)
∣∣∣∣1−δ
δ
+ a′(t)ψ(0) + b′(t)ψ(1)

=

∫ 1−δ

δ

∂xx(x)(x(1 − x)ρ)dx − ∂x(x)(x(1 − x)ρ)
∣∣∣∣1−δ
δ
+ δ(b′(t) − a′(t))

= −δ(1 − δ)(ρ(1 − δ) − ρ(δ)) + δ(b′(t) − a′(t))
= −δ(1 − δ − γ)(ρ(1 − δ) − ρ(δ)) + ϵδ(a(t) − b(t)),

(43)

where ψ(x) = x. Hence, the regularized system (35) may not satisfy the conservation of the first moment
for given δ > 0 and ϵ > 0. However, the variation will be very small, smaller than the order of δ. In
the case with ϵ = 0, the conservation of the first moment requires γ = 1 − δ, which is consistent with
the analysis in [21] for δ = 0.
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Remark 3.3. In the current study, we view a(t) and b(t) as the probability at x = 0 and x = 1.
Alternatively, one can define the probability density ρ̃(x, t) at [0, 1] from the solution of (35) by

ρ̃(x, t) =


a(t)/δ, x ∈ [0, δ)
ρ(x.t), x ∈ [δ, 1 − δ]
b(t)/δ, x ∈ (1 − δ, 1]

(44)

Then the conservation of mass is the same as in (27). The time evolution of the first moment can be
computed as follows:

d
dt

∫ 1−δ

δ

xρ(x, t)dx +
∫ δ

0

a
δ

xdx +
∫ 1

1−δ

b
δ

xdx

=

∫ 1−δ

δ

−x∂x(x(1 − x)ρ)dx − x(ρu)
∣∣∣∣1−δ
δ
+ a′(t)

δ

2
+ b′(t)(1 −

δ

2
)

= −(x(1 − x)ρ)
∣∣∣∣1−δ
δ
+
δ

2
(b′(t) − a′(t)) = −δ(1 − δ − γ

2 )(ρ(1 − δ) − ρ(δ)) +
ϵδ

2
(a(t) − b(t)) .

(45)

Again, the regularized system (35) may not satisfy the conservation of the first moment for given δ > 0
and ϵ > 0, but the variation in the first moment will be very small. From this point of view, we need to
take γ = 2 − 2δ and ϵ = 0 to guarantee the conservation of the fixation probability.

Since the goal is to study the regularized model with small ϵ and δ, in the remainder of this paper,
we take γ = 1 without loss of generality.

3.2. Equilibrium of the regularized model

Next, we perform some formal analysis of the regularized model. At the equilibrium, we have

ρ∞(δ) = ϵa∞, ρ∞(1 − δ) = ϵb∞, (46)

and ρ∞ satisfies
∂xx(x(1 − x)ρ∞) = 0, x ∈ (δ, 1 − δ) . (47)

Also, due to mass conservation, we have∫ 1−δ

δ

ρ∞dx + a∞ + b∞ = 1 (48)

It is straightforward to show that for δ > 0, the classical solution to (47) is given by

ρ∞(x) =
Ax + B
x(1 − x)

, x ∈ (δ, 1 − δ) (49)

Then according to (46), A and B satisfy

Aδ + B = δ(1 − δ)ϵa∞, A(1 − δ) + B = δ(1 − δ)ϵb∞ . (50)

One can solve A and B in terms of a∞ and b∞, that is,

A = ϵ
δ(1 − δ)
1 − 2δ

(b∞ − a∞) , B = ϵ
δ(1 − δ)
1 − 2δ

((1 − δ)a∞ − δb∞) . (51)
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Hence, for fixed δ, by letting ϵ → 0, the equilibrium solution ρ∞ goes to 0.
By a direct calculation, we have∫ 1−δ

δ

ρ∞dx =
∫ 1−δ

δ

B
x
+

A + B
1 − x

dx = B ln x
∣∣∣∣1−δ
δ
− (A + B) ln(1 − x)|1−δδ

= (2B + A)(ln(1 − δ) − ln δ) = ϵδ(1 − δ)(a∞ + b∞)(ln(1 − δ) − ln δ) .
(52)

Using (48), we have

a∞ + b∞ =
1

1 + ϵδ(1 − δ)(ln(1 − δ) − ln δ)
. (53)

Therefore, for a fixed δ, by taking ϵ → 0, we also have a∞ + b∞ → 1. Moreover, for a fixed ϵ, since
δ(1− δ)(ln(1− δ)− ln δ)→ 0 as δ→ 0, we also have a∞ + b∞ → 1. By the mass conservation, we then
obtain ρ∞ → 0.

4. Existence of Solutions: Operator Approach

In this section, we prove the existence of global solutions to the regularized Kimura equation (8)
for ϵ > 0 and δ > 0. The method we present here is an operator approach introduced by Friedman [28]
and has been used for memory-dependent boundary conditions in [29–31]. Other methods, such as
Galerkin methods [23], can also be used to prove the existence of strong solutions.

The starting point is the regularized Kimura equation, now rewritten into the form

∂tρ = ∂x
(
x(1 − x)∂xρ

)
+ (1 − 2x)∂xρ − 2ρ, in (δ, 1 − δ) × (0,T ), (54)

ρ(x, 0) = ρ0(x), on (δ, 1 − δ), (55)

subject to the Robin-type boundary conditions with a memory term

δ(1 − δ)∂nρ + 2δρ = ϵe−ϵta0 +

∫ t

0
e−ϵ(t−s)ρ(δ, s) ds, on δ × (0,T ),

δ(1 − δ)∂nρ + 2δρ = ϵe−ϵtb0 +

∫ t

0
e−ϵ(t−s)ρ(1 − δ, s) ds, on 1 − δ × (0,T ),

(56)

where n denotes the outer unit normal, a0 and b0 are initial conditions of a(t) and b(t).

Theorem 4.1. Assume that the parameters δ, ϵ > 0 and let the initial data satisfy ρ0 ∈ C(δ, 1 − δ) and
let |a0|, |b0| < ∞ be bounded. Then, for all times T > 0, there exists a unique classical solution ρ to
equations (54)-(56) such that

ρ ∈ C2,1((δ, 1 − δ) × (0,T )) ∩C([δ, 1 − δ] × [0,T ]).

Proof. The goal of the first step is to show the local existence of classical solutions. We use a standard
approach based on the Green’s function formulation. For such purposes, we begin by defining
GR(x, y, t, τ) as the Green’s function for the above equation with the homogeneous Robin boundary
condition. The existence of the Green’s function for Robin boundary conditions was shown, e.g.,
in [32, 33]. We prove the local existence of solutions for the regularized Kimura equation (54)-(56)
via a fixed point argument. Despite the presence of a memory term, the steps are nearly identical to
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well-known results for corresponding localized problems [28], due to the ”good” coercive sign of the
boundary condition. Thus, we do not repeat all the details here.

Let ρ ∈ C([δ, 1 − δ] × [0,T ]) and define the operator T via

T [ρ](x, t) :=
∫ 1−δ

δ

GR(x, y, t, 0)ρ0(y) dy

+

∫ t

0
GR(x, 1 − δ, t, τ)

(
ϵ

δ(1 − δ)

∫ τ

0
e−ϵ(τ−r)ρ(1 − δ, r)dr +

ϵ

δ(1 − δ)
e−ϵτb0

)
dτ

−

∫ t

0
GR(x, δ, t, τ)

(
ϵ

δ(1 − δ)

∫ τ

0
e−ϵ(τ−r)ρ(δ, r)dr +

ϵ

δ(1 − δ)
e−ϵτa0

)
dτ.

(57)

Moreover, we define

M0 := sup
x∈[δ,1−δ]

|ρ0|,

ν(t) := sup
(x,τ)∈[δ,1−δ]×[0,t]

∫ t

0

∫ 1−δ

δ

|GR(x, y, τ, s)|dyds,

κ(t) := sup
x∈[δ,1−δ]×[0,t]

∫ t

0
|GR(x, y, τ, s)|ds, y ∈ {δ, 1 − δ},

where the quantities are well-defined by [29, 34] and there exists a constant C0 > 0 such that κ(t) ≤
C0
√

t. The idea is now to show that the mapping T is a compact and continuous self-mapping, which
then allows for the application of a standard fixed-point argument. Thus, we estimate

sup
(x,t)∈[δ,1−δ]×[0,T ]

|T [ρ]| ≤ sup
(x,t)∈[δ,1−δ]×[0,T ]

∣∣∣∣∣ ∫ 1−δ

δ

GR(x, y, t, 0)ρ0(y) dy
∣∣∣∣∣

+ sup
(x,t)∈[δ,1−δ]×[0,T ]

∣∣∣∣∣ ∫ t

0
GR(x, 1 − δ, t, τ)

(
ϵ

δ(1 − δ)

∫ τ

0
e−ϵ(τ−r)ρ(1 − δ, r)dr +

ϵ

δ(1 − δ)
e−ϵτb0

)
dτ

∣∣∣∣∣
+ sup

(x,t)∈[δ,1−δ]×[0,T ]

∣∣∣∣∣ ∫ t

0
GR(x, δ, t, τ)

(
ϵ

δ(1 − δ)

∫ τ

0
e−ϵ(τ−r)ρ(δ, r)dr +

ϵ

δ(1 − δ)
e−ϵτa0

)
dτ

∣∣∣∣∣
Denoting f0 = max{a0, b0}, we can further estimate that

sup
(x,t)∈[δ,1−δ]×[0,T ]

|T [ρ]| ≤ M0ν(T ) +C0
2ϵ

δ(1 − δ)
f0

√
T + M0C0

ϵ

δ(1 − δ)

√
T 3.

Now, choosing the time T ∗ such that ν(T ∗) + C0
2ϵ

δ(1−δ)
f0

M0

√
T ∗ + C0

ϵ
δ(1−δ)

√
T ∗3 < 1 we have shown that

T : K → K compactly, where

K = {ρ ∈ C([δ, 1 − δ] × [0,T ]) : ∥ρ∥∞ ≤ M0}.

To show the continuity of T we consider two functions ρ1, ρ2 ∈ K with initial data ρ0,1, ρ0,2 and
boundary data a0,1, a0,2, b0,1, b0,2. Then, it follows from the linearity of (57) that ∥T [ρ1 − ρ2]∥∞ → 0
when ∥ρ0,1 − ρ0,2∥∞ → 0 and |a0,1 − a0,2|, |b0,1 − b0,2| → 0. Therefore, the operator T has a fixed point,
and this guarantees the existence of local-in-time classical solutions.
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Next, to show the positivity of solutions we apply a comparison principle. Consider w(x, t) ∈
C2,1((δ, 1 − δ) × (0,T )) ∩C([δ, 1 − δ] × [0,T ]) such that

∂tw ≥ ∂x,x(x(1 − x)w), in (δ, 1 − δ) × (0,T ),

∂nw ≥ −2δw + ϵe−ϵta0 +

∫ t

0
e−ϵ(t−s)w(δ, s)ds, on {δ} × (0,T ),

∂nw ≥ −2δw + ϵe−ϵtb0 +

∫ t

0
e−ϵ(t−s)w(1 − δ, s)ds, on {1 − δ} × (0,T ),

w(0) = w0 ≥ 0, on [δ, 1 − δ].

For a positive smooth function ξ, satisfying δ(1 − δ)∂nξ ≥ αξ for x = δ, 1 − δ we define a new function
W by

w(x, t) = eλtξ(x)W(x, t),

where the constants α, λ are chosen such that

α > −2 + ϵT, λ >
|∆ξ|

ξ
+ 2
|∂xξ|

ξ
− 2.

Then, we obtain

∂tW ≥ x(1 − x)∆W +
(
x(1 − x)

2∂xξ

ξ
+ 2(1 − 2x)

)
∂xW

+
(
x(1 − x)

∆ξ

ξ
+ 2(1 − 2x)

∂xξ

ξ
− λ − 2

)
W,

which implies, using the classical maximum principle, that there is no negative minimum of W in
(δ, 1−δ)×[0,T ]. Now, we assume that there exists a W(x0, t0) = min W < 0 for some x0 ∈ {δ, 1−δ}, t0 ∈

[0,T ]. It follows that

δ(1 − δ)∂nW ≥ −W(x0, t0)
[
δ(1 − δ)∂nξ + 2ξ − ϵξe−λt

∫ t

0
e−ϵ(t−s)+λsds

]
+ ϵe−ϵt f0 > 0

which is a contradiction. Hence, W ≥ 0 in [δ, 1 − δ] × [0,T ], which implies that w ≥ 0.
By the same reasoning we obtain a comparison principle for the equation. Let ρ ≥ c > 0 be a

supersolution and ρ ≥ 0 be a subsolution of the regularized Kimura equation. Then setting w = ρ − ρ
we can apply the above result and obtain that ρ ≥ ρ provided ρ0 ≥ ρ0

.
For the existence of global solutions, we have to show that we can extend the local solution for all

times T > 0, i.e., we have to show that ρ(x, t) ≤ C(T ) < ∞ for (x, t) ∈ [δ, 1 − δ] × [0,T ]. To do this
we seek a global supersolution of the regularized Kimura equation. First, we know that there exists a
function ϕ(x) ∈ C2(δ, 1 − δ) such that 0 < ϕ(x) ≤ 1 in (δ, 1 − δ), ∂nϕ ≥ 1 for x ∈ {δ, 1 − δ} [35]. Then,
we define ρ as

ρ = Meλt+ϕ,
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where M = max
{ ϵ f0

2δ−ϵ , ∥ρ0∥∞
}
, λ = max{m2

1 + 2m1 + m2 − 2, 1}, m1 = sup |∂xϕ|, and m2 = sup |∆ϕ|. It
follows that ρ satisfies

∂tρ ≥ ∂x,x
(
x(1 − x)ρ

)
, in (δ, 1 − δ) × (0,T ),

∂nρ ≥ −2δρ + ϵe−ϵt f0 +

∫ t

0
e−ϵ(t−s)ρds, on {δ, 1 − δ} × (0,T ),

ρ(x, 0) ≥ ρ0, on [δ, 1 − δ] × {0}.

Hence, ρ is the desired bounded supersolution, which implies the existence of a global solution. □

5. Numerics

In this section, we perform a numerical study of the regularized Kimura equation, considering
various initial conditions as well as different values of δ and ϵ. These numerical results demonstrate
that the regularized equation can capture the key properties of the original Kimura equation.

5.1. Numerical schemes

We first propose a numerical scheme for the regularized Kimura equation (35) based on a finite
volume approach. For a given δ, we can divide (δ, 1 − δ) into N subintervals of size h = (1 − 2δ)/N.
Let xi = δ + ih (i = 0, 1, 2 . . . ,N), and define

ρ0 =
2
h

∫ x1+h/2

δ

ρdx, ρi =
1
h

∫ xi+h/2

xi−h/2
ρdx, i = 1, . . .N − 1, ρN =

2
h

∫ xN

xN−h/2
ρdx. (58)

Due to the mass conservation d
dt

(∫ 1−δ

δ
ρdx + a(t) + b(t)

)
= 0, we have

a(t) + b(t) + h

1
2
ρ0(t) +

N−1∑
i=1

ρi(t) +
1
2
ρN(t)

 = 1, ∀t (59)

in the semi-discrete sense. Let p(t) = (a, ρ0, . . . , ρN , b)T, and w = (1, h/2, h, . . . , h, h/2, 1) ∈ RN+3. It is
convenient to define the inner product in the discrete space

⟨ f , g⟩w =
N+3∑
i=1

wi figi. (60)

Then the mass conservation (59) can be written as ⟨p, 1⟩ = 1. We also define the discrete free energy
as

Fh(p) = h

1
2
ρ0 ln(δ(1 − δ)ρ0) +

N+1∑
i=1

ρi ln(xi(1 − xi)ρi) +
1
2
ρN ln(δ(1 − δ)ρN)


+ a ln(ϵδ(1 − δ)a) + b ln(ϵδ(1 − δ)b) = ⟨µ, p⟩w,

(61)

where µ = (ln(ϵδ(1−δ)a), ln(x0(1−x0)ρ)0), . . . ln(xN(1−xN)ρ)N), ln(ϵδ(1−δ)b))T is the discrete chemical
potential.
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The semi-discrete system associated with (35) can be written as

da
dt = (ρ0 − ϵa)
dρ0
dt =

2
h (−(ρu)1/2 + (ϵa − ρ0)

dρi
dt =

1
h (−(ρu)i+1/2 + (ρu)i−1/2), i = 1, . . .N − 1

dρN
dt =

2
h ((ϵb − ρN) + (ρu)N−1/2)

db
dt = (ρN − ϵb) ,

(62)

where
(ρu)i+1/2 = −

1
h

(xi+1(1 − xi+1)ρi+1 − xi(1 − xi)ρi) . (63)

It is clear that (62) is a linear system of p, which can be denoted by

dp
dt
= Lh p, Lh ∈ R

(N+3)×(N+3). (64)

Moreover, since ⟨dp
dt , 1⟩w = ⟨Lh p, 1⟩w, the semi-discrete equation (62) preserves the discrete mass

conservation (59).
Next, we introduce a temporal discretization to (62). Since we are interested in investigating the

behavior of small ϵ and δ, a high-order temporal discretization is required. In the current study, we
adopt a second-order Crank–Nicolson scheme, given by

pn+1 − pn

τ
=

1
2

(Lh pn + Lh pn+1), (65)

for the temporal discretization. Since the scheme is linear, we can solve pn+1 directly, given by

pn+1 =

(
1
τ

I −
1
2

Lh

)−1 (
1
τ
+

1
2

Lh

)
pn , (66)

provided the matrix 1
τ
I − 1

2 Lh is invertible. Although it is not straightforward to prove, numerical
simulations show that the numerical scheme (65) is positive-preserving and energy stable. We’ll
address this theoretically in future work.

5.2. Numerical results

In this subsection, we present some numerical results for the regularized Kimura equation with
different initial conditions and various values of ϵ and δ.
Uniform boundary condition: We first consider a uniform initial condition, given by

ρ(x, 0) = 1/(1 − 2δ), x ∈ (δ, 1 − δ), a(0) = b(0) = 0. (67)

Figure 1(a) shows the numerical solution ρ(x, t) for δ = 10−3 and ϵ = 10−3 at t = 10, with h = 10−4

and τ = 10−4. The time evolution of a(t) and b(t) is shown in Figure 1 (b). Due to the symmetry of
the initial condition, the dynamics of a(t) and b(t) are exactly the same. It is clear that nearly all of
the mass is moving to the boundary. Figures 1(c) and 1(d) show the evolution of the discrete energy
and the absolute difference of the first moment M(t) from its initial value M0, respectively. It can
be noticed that the discrete energy decreases with respect to time, while the first moment is conserved
numerically. We need to mention that, due to the symmetry of the initial condition, we have a′(t) = b′(t)
and ρ(1 − δ, t) = ρ(δ, t) for all t, so the first moment is also conserved in theory.
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Figure 1. (a) Numerical solutions at t = 10 for δ = 0.001 with ϵ = 0.001 with the uniform
initial condition (67). (b) Numerical solution for a(t) and b(t). (c) Evolution of the discrete
energy. (d) Time evolution of the absolute difference between the first moment M(t) and its
initial value M0.

Next, we conduct numerical experiments to investigate the influence of ϵ and δ on the numerical
solution. We take h = 10−4 and τ = 10−4. Figure 2(a) shows the numerical solutions ρ(x, t) at t = 10 for
various values of δ, while keeping ϵ fixed at 10−3. Figure 2(b) shows the numerical solutions at t = 10
for different values of ϵ with δ fixed at 10−3. Since the scheme is second-order accurate in both time
and space, the numerical error is expected to be smaller than O(10−8), which has a negligible effect on
the plots of ρ(x, t) in Figure 2. The obtained results clearly demonstrate that the values at x = δ and at
x = 1 − δ are determined by ϵ. As ϵ approaches zero, the bulk solution ρ(x, t) at t = 10 tends to zero.
The simulation results suggest that if ϵ → 0, ρ(x, t)→ 0 when t → ∞ for x ∈ (δ, 1 − δ).
Non-uniform initial condition: Next, we consider a non-uniform initial condition, given by

ρ(x) =

 0.5/(1 − 2δ), δ < x < 0.5
1.5/(1 − 2δ), 0.5 <= x < 1 − δ ,

a(0) = b(0) = 0. (68)

Figure 3(a) shows the numerical solution ρ(x, t) for δ = 0.001 and ϵ = 0.001 at t = 10, with h = 10−4

and τ = 10−4. The time evolution of a(t) and b(t) is shown in Figure 3 (b). The evolution of discrete
energy and the first moment are shown in Figure 3 (c) and (d). In this case, we can also observe the
energy stability, and the first moment is almost a constant.
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Figure 2. (a) Numerical solution in the bulk (ρ(x, t)) at t = 10 for fixed ϵ = 10−3 and varying
δ. (b) Numerical solution in the bulk (ρ(x, t)) at t = 10 for fixed δ = 10−3 and different ϵ.
∆t = 10−4 and h = (1 − 2δ)/104.
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Figure 3. (a) Numerical solution ρ(x, t) at t = 10 for δ = 10−3 and ϵ = 10−3, using the initial
condition (68). (b) Numerical solution for a(t) and b(t). (c) Evolution of the discrete energy.
(d) Time evolution of the absolute difference between the first moment M(t) and its initial
value M0.
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Gaussian initial distribution: Last, we take the initial condition as a Gaussian distribution

ρ0(x) =
1
√

2πσ
exp(−

(x − x0)2

2σ2 ), a(0) = b(0) = 0, (69)

with σ = 0.1 and x0 = 0.4. Figure 4 shows the numerical results for δ = 10−3 and ϵ = 10−3. Figure 4(a)
shows ρ(x, t) for t = 0, 0.1, 0.5 and 2, respectively, while Figure 4(b) shows the evolution of a(t) and
b(t) with respect to t. The evolution of the discrete energy and the first moment are shown in Figure 3
(c) and (d). Again, the numerical scheme is energy stable, and the first moment is almost conserved.
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Figure 4. (a) Numerical solution ρ(x, t) at different t for ϵ = 10−3 and δ = 10−3, using a
Gaussian distribution (69) as the initial condition.(b) Numerical solution for a(t) and b(t). (c)
Evolution of the discrete energy. (d) Time evolution of the absolute difference between the
first moment M(t) and its initial value M0.

6. Concluding remarks

We propose a new continuum model for a random genetic drift problem by incorporating a
dynamic boundary condition approach. The dynamic boundary condition compensates for
singularities on the boundary in the original Kimura equation. We have demonstrated the existence
and uniqueness of a strong solution for the regularized system. Finally, we present some numerical
results for the regularized model, which indicate that the model can capture the main features of the
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original model. As future work, we will further study the long-term behavior of the new model.
Additionally, we plan to extend the current approach to the multi-alleles genetic drift problem.
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