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Abstract: We consider the initial boundary value problem for the compressible Navier-Stokes equations
of barotropic type. It is well-known that the equations maintain its structure nearly invariant under the
scaling invariance and by the Fujita—Kato principle, the problem can be solved in the scaling invariant
homogeneous Besov space locally in time for the Cauchy problem. We show the initial boundary value
problem of the system with 0-Dirichlet boundary condition has a unique local solution in the nearly
half Euclidean space. We employ the Lagrangian transform to transfer the equation in the Lagrangian
coordinate, and flattening the boundary function to the half space and show the local well-posedness
of the system. The key for the proof is employing end-point L' maximal regularity for the parabolic
equations in half space shown in [1].

Keywords: the compressible Navier—Stokes equations; initial-boundary value problem; 0-Dirichlet
boundary condition; maximal L'-regularity; end-point estimate; scaling critical; the Besov space; the
Lagrange transform; local well-posedness

Mathematics Subject Classification: primary 35K20, 35Q30,76N06, secondary 35K05, 35K61, 42B25

1. Introduction

We consider the initial and initial boundary value problem for the compressible Navier-Stokes
equations in the perturbed half space:

Let n > 2, and let the velocity vector fluid (¢, y) and the density p(z,y) for y € Q(r) satisfy the
compressible Navier—Stokes equations:
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8,0 + div (pir) = 0, >0, yeQ,

p(0;it + - Vi) = Lit — VP(p), t>0,y€eQ, (LD)
u(t,y’,0) =0, t>0, yedQ,
p(0,y) =1+ po(y), @(0,y) = iio(y), yEQ,

where Q is either the half space R” = {y € R";y = (/,y,), ¥ € R™, y, > 0} or a perturbed half space,
namely, for some boundary function 79 = 179(y’) : R*™! — R, o(y’) — 0 as [y’| — 0 and

Q=1{y=0"y):>n0"), Yy eR"}.
The Lamé operator £ is given by
Lin = uAu + (u + )Vdiv i,

where V. = V, = (9,,,0,,,- - ,8},H)T. The constants A and u denote the first and the second Lamé
constants, respectively, and we assume that

u>0, 2u+nia>0.

Without losing generality, we consider the solutions around the constant state (o, ) = (1, 0), so that the
fluid density p can be written as

p=1+p.

We assume that the pressure satisfies
P(@) = P(1+p) = P(1) + P()p + O@*), P'()>0, PQ)=p,,

where p, = p.(t,y) is the external pressure function. There are many literature on the existence and
well-posedness theory for the initial and initial boundary value problem (1.1). The earlier result were
mainly devoted to the classical solution or the solution in the Sobolev spaces. For instance, Nash [2],
Itaya [3] considered a classical solution, Matsumura-Nishida [4, 5] provided a solution in the Sobolev
spaces (see related results in [6-8]). *

It is well-known that the incompressible Navier—Stokes equations are invariant under some scaling
transform for the velocity #(z, y) and the pressure p(z,y). Owing to this property, the Cauchy problem
of the Navier—Stokes equations can be solved globally in time due to the method by Fujita—Kato [9].
In particular the well-posedness in the scaling critical spaces were developed by Kato [10] and Koch—
Tataru [11], while the ill-posedness for the end-point Besov spaces were shown by Bourgain—Pavlovi¢ [12]
and Wang [13]. See also for relevant regularity criteria by Serrin [14], Oyama [15] and Prodi [16].
Meanwhile the compressible Navier—Stokes equations are invariant under the following scaling transform,
except for the pressure term P(p) = P(1 + p): For a > 0,

p(t,y) = pult,y) = pla’t, ay),
u(t,y) — iy (t,y) = aﬁ(azt, ay).

*Readers can find comprehensive overview in related monographs by Feileisl [17] and Lions [18].
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The scaling invariant spaces in the Bochner class L(R,; H SR RM) s

2 2

—+E:s for p, _+ﬁ:1+s for u.

6 p 6 p

Danchin [19-22] have proved the global existence and uniqueness of the compressible Navier—Stokes
equations in such scale critical space. More specifically, they have used a subspace of the following
solution space: for 1 < p < 2n,

. —1+2 L1421
p(ty) € LRy B (RY),  @ty) € LR, B, T @) N LR B RY).

See also Charve—Danchin [23] and Haspot [24,25]. Recently, Guo—Yan—Zhang [26] have considered the
well-posedness of (1.1) in the sense of Hadamard, and successfully show that the continuous dependence
of the initial datain 1 < p < 2n (see for the compressible Navier-Stokes full system [27]). Note that
for p > 2n, ill-posedness holds by the results [28—30]. On the other hand, the continuous dependence
of the initial data is not well understood in a domain other than the whole space and the half space.
In the whole space, when we employ the change of coordinates from the Eulerian coordinate to the
Lagranglan coordmate the transformed problem is shown to be well-posed in the homogeneous Besov

space B” 1(R”) X B b (R") forall 1 < p < 2n, which is established by Danchin [22] and such a result
was extended into the initial boundary value problem in the half-space by Danchin-Mucha [31] (see
also [32]) and in a bounded domain by Danchin-Tolksdorff [33] (cf. for the incompressible case of a free
boundary problem, Danchin-Hieber-Mucha-Talksdorff [34], Ogawa-Shimizu [35, 36], and compressible
case by Denisova-Solonnikov [37]).

In this paper, we consider the initial boundary value problem (1.1) and show the problem is local-in-
time well-posed in the above scaling critical spaces for all n — 1 < p < 2n under the Lagrange coordinate
in nearly half space Q. Given the Eulerian coordinates y € Q, we introduce the Lagrangian coordinates
X € Q given by the system of the ordinary differential equations:

% =u(t,y@), t>0,  y0)=* (1.2)

If @(z, y) is Lipschitz continuous with respect to y, then (1.2) can be uniquely solved by

y(t) =X+ f u(s, y(s, x))ds.
0

Setting

Y = (1.3)
u(t, X) = u(t, y(1)),

and applying the Lagrangian coordinate to the problem (1.1), we may transform the system into a purely

parabolic system, and the boundary condition remains as the 0-Dirichlet condition. Let the Jacobi matrix

of the Lagrangian transform be denoted by J(Du). Since i(t, X) = u(t,y(¢)) in (1.3), we see that for

1<i,j<n,

{ﬁ(t, %) = p(t, (1)),

i

6~ [J(Du) f —(s X)ds.
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Hence, denoting the cofactor of J(Dii) by A = A;; = [cof (J(Du))] the Jacobian by |J(Du)(t)| =

det J(Du(t, x)), and the transposed matrix of J(Du) by J(Du)", respecuvely, we find that
dx _
— = (J(Di) )T = [J(D)(®)| "' A,
= (J(D) )Vt = [J(Di)(D)| ™' AVsil.

By the cofactor expansion for the Jacobian,

d - auz aul
—DH(0)| = —A,1 + Z‘ P
au, ou; 0%;
= =y — D
”Zl 5%, | (Dit)(1)|

= |J(Du)(®)| le i = |J(Di)(?)| tr (J(DiR) ™) Vi
Observing |J(Dii)(0)| = detI = 1, we note that the Jacobian satisfies

{@ = (D) ®)| u (J(Di) ™)'V,

|7(Di)(0)] = 1

and hence

[J(Dii)(0)] = exp ( fo tr (J(Dii(s))™")Vii(s) ds).

Note that we also have
|J(Dir)(2)| = [J(Dir)(0)] + fo |J(Dii)(s)ltr (J(Dii)(s))™) Vii(s) ds
=1 +f tr (cof J(Dit))Virds = 1 + f AV -iids.
0 0

Meanwhile the transformed density p has to solve
9p + (1 +p)r(J(Di(s)) ' Vii=0, >0, ¥e€Q,
P(0, X) = po(%), FeQ,
and p can be given by
t
pt. %) = (1 + po(x)) exp - f tr (J(Dia(s)) ™)' Via(s) ds) -
0
Hence, by (1.4) and (1.6), we find that p is given by the velocity i as

p(t, %) = (1 + po(NI (DB -

For the Lagrangian framework, we refer to Denisova—Solonnikov [37].

(1.4)

(1.5)

(1.6)

1.7)
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According to the above observation, the original system (1.1) can be reduced to the following
problem under the boundary condition on :

8t — pAit — (u + DVdivii = F(p, i),  t>0, FeQ,

p=+p)lJD)™" -1, >0, PeQ, s
it %) =0, t>0, ¥eoQ, ’
p(0,%) = po(X), (0, X) = iip(X), TeQ,

where
F(p.it) = — (I - J(Di) ™)V - (u((JDwy™)" Vi + (V)" (J(Di)™))
+ (Atr(J(D)™)'Vii - P(1 + p)I ) (1.9)
=V (u((I = (D)™ Vi + (Vi) (I - J(Diny ™))
+ (A (D)™ = 1)'Vii = P(1 + p))I) - poji.

Before stating our results, we define the Besov space in the half-space (see for details, Bergh—
Lofstrom [38], Peetre [16], Triebel [39,40]).

Definition (The Besov spaces). Let s € R, 1 < p,0 < o0. Let {¢}} ez be the Littlewood—Paley dyadic
decomposition of unity for x € R”, i.e., ¢ is the Fourier transform of a smooth radial function ¢ satisfying
¢(&) > 0, suppg C (£ € R" [ 27! < |¢] < 2}, and ¢,(6) = $(276). 3 ez 6;(€) = 1 for any & € R\ {0}
and j € Z, and ¢5(&) + X 51 ¢;(€) = 1 for any & € R”, where ¢5(£) = {(|€]) with a low frequency cut-off
Z(r)=1for0<r<1land(r)=0for2 <r(see[38]). Fors€R,and 1 < p < o0, and 1 < o < o0, let
B, ,(R") be the homogeneous Besov space given by the completion of smooth rapidly decreasing class
SoR") = {f € S®™; |f(&)| - 0, |l > 0} by the norm

(> 27« 11) . 1< 0 <,

Ifllgy, =4 =
sup 2%/1¢; = fll, o=
JEZ
and Bj, ;(R") be the inhomogeneous Besov space with the norm

N soj o\
g 1l + (D27l £15) . 1< 0 <o,
s, = =
g5 * fllp + sup 2%lig; * £l o = o0,
j=1

We make an obvious modification when p = co.
Concerning the Cauchy problem (1.1) in Q = R" without boundary, the local-in-time well-posedness
is obtained by Danchin [22] (cf. Haspot [24]).

Proposition 1.1 (Local well-posedness of the Cauchy problem [22]). Letn > 2, 1 < p < 2n, u > 0,
2u + nA > 0. Suppose that the initial domain is the whole Euclean space R" without boundary and the
initial data satisfy

, 2 . —]+2
)50 € B;,l(Rn)a up € Bp’] p(Rn)
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with inf, po(x) > —c for some 0 < ¢ < 1.
Then there exists T > 0 and a unique solution (p, it) to (1.8) for I = (0, T) such that

p € C([0,T); B |(R") N WHI(I; BY (R)),
B .—1+1"—) n C 11 .—1+% n 1 .1+§ n
ieCy([0,T)B,, "®RY)NWI B, " (R),NLY(I; B, " (R")

with the estimates:
inf p(t, x) > -1

tel ,xeR"

and

19/l +[IVoll

1
1

+1D%a|

BT ) P &)

+ 110,

LB,

<C

— ’

-1+
LB, |7 @)

L) @)
where C = C(n, p, T) > 0. Besides the system (1.8) is well-posed in the above shown class.

Our main result here is to extend Danchin’s result (Proposition 1.1) to the initial boundary problem
(1.8)—(1.9) in the perturbed half space Q and establish the local well-posedness in the critical Besov
space. To state our result, we reformulate the problem in the half space by the following procedure.

We first introduce an extension function of the boundary function 7y(%") into the whole domain Q.
n—1

Definition. Let 1 < g < co. For n € Bq;T(Rn‘l), set
E(X', x,) = (sech (x,[V'Dro(x"),  (*',x,) € R
so that
(VE(X, x),0,E(X', x,)) = (sech (x,[V')V'0(x"), sech (x,[V' DIV no(x)),  x, > O, (1.10)
where the operator sech (x,|V’|) is given by the Fourier multiplier
sech (x,|V'D f = F5 ' [sech (5 J& DFE),

V' = (84,0, 0, ), and 7-;7‘ denotes the Fourier inverse transform from & € R"! — x’ € R"!.
We introduce the domain deformation (flattening) transform:

E:¥€eQ xeR ={x=(x,x,) eR, X eR", x, >0} (1.11)
given by
X =x,
(1.12)
X, =x, + E(X, x,).
The Jacobi matrix J(DE) = 0%/0x of (1.12) with its determinant 1 + 0, E. Since 0, E(X',x,) =

sech (x,|V'])[V’|no(x’), under the smallness condition on |V’|59, d,, E > —1 everywhere and the deforma-
tion & is bijective. If we set ¢(x,,) = x,, + E(-, x,), then d,, ¢ = 1 + 0, E and is strictly positive under the
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smallness condition for |V’|ny, it means that ¢(x,) is invertible and monotone increasing with respect to
x,. Noting that ¢(0) = E(x’,0) = no(x"), we find that & maps the domain {(¥', X,); X, > 170(X’)} into

(0, %5 30+ Ea(¥, ) > mo(x)} = (¥, 5,5 %, > O},

and the boundary 0Q2 = {(¥',%,) € R"; X, = no(%')} is transformed into the new boundary oR’} =
{(x', x,) € R"; x,, = 0}. The component of the transposed inverse of the Jacobi matrix is given by

1 T 140,E
O hE

0 --- 0 E
1 .-
GOEyH = T (1.13)

00 - 1--2E

1+0,E

where we have denoted d; = 9, (j = 1,2,--- ,n). The covariant derivatives for a function K(x) = K(%)
(1< jk<n),ie., VK = (0,K,0,K,---0,K)" and a vector field F(x', x,) = F(¥,%,) : R* — R", are
expressed from (1.13) by

0.E
— -1 T _ J
(VeK); = (VK); + (J(DE)™" = 1)'VK), = 9,K - 795 0k (1.14)
divg F =div F + t((J(DE)™" = 1)'VF) = div F - Z _OE (1.15)
ES = j:11+6nE" I '

We also denote by (0gK); and DgK the corresponding covariant derivatives and the Jacobi matrix form
for any function K, respectively. If E is sufficiently smooth, then it follows from (1.15) that

(1+9,E)divg F = (1 + 0,E)divF — VE - (0,F)
and

divF =VE - (0,F) — (0,E)divF + (1 + 0,E)divg F
=0,(VE - F) — div ((0,E)F) + (1 + 0,E)divg F, (1.16)

where the first and the second terms of the right hand side of (1.16) maintain their divergence form.
We introduce the redefined unknown functions:

u(t, x) = u(t, %),
p(t,x) = pt, %),
the Jacobi matrix is denoted by

agE (X)

!
D <t.m<n = m mies 119 FE(x)
J(Dgu)1<em< [5& +‘f0 (65u (s, %) 1+ 0,E(x)

O, u(s, x))ds] . (1.17)

1<t,m<n

We also notice that the relation corresponding to (1.5) appears:
t
[J(Dgu)(0)| = |J(Dpu)(O)] + f [ (Deu)(s)ltr (J(Dgu(s))™) Vu(s)ds
0
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=1 +f tr (cof J(Dgu))Vuds. (1.18)
0

Applying the boundary flattening operation & given by (1.11)—(1.12) to the problem (1.8), the system
1s transformed into the following problem on the flat boundary domain R’ :

Ot — pAu — (u+ A)Vdivu = f(u, E) + F(p,u, E), t>0, xeR],

p =1+ p)lJ(Dpu)®)™" - 1, t>0, xeRl, (1.19)
u(t,x) =0, t>0, xedR], )
u(0,x', x,) = io(x’, x, — E(X', x,,)) = uo(x), x € RY,

where the linear variable coefficient terms are expressed by f(u, E) (cf. (1.16)), and it is given by
fu, E) =u(divg —div)(Veu) + udiv(Vg — Viu
+ (u+ A)(Vg = V)divgu + (u+ )V(divg u — div u)
= div ((J(DE)™ = I)Vyu) + pdiv ((J(DE)™ = 1)'Vu)
+ (u+ D)((J(DE)™ = 1)'Vdivg u)) + (u + HVdiv (J(DE)™ - 1)"u))

, VE VE
=-uldiv (13 O,E )+ 13 9.E VO T o a,,Ea"”))
Ouu-VE\  VE , VE _ ,8u-VE
S T a0

The nonlinear terms (1.9) are transformed into the following form:
Flp,u,E) = = (I = J(Dpu) )V - (u((J(Dgw)™) Vu + (V)" (J(Dgu)™))
+ (Atr(J(Dgu) ™) Vu - P(1 + p))]) (1.21)
=V (u(( = HDe)™)" Y+ (V) (I = J(Dpu)™))
+ (Ae(J(Dgu)™ = D'Vu = P(1 + p))I) = pdyu.

The notations divg and Vg are defined by (1.14), (1.15) respectively and J(Dzu)~! denotes the inverse
of the Jacobi matrix shown in (1.17), and J(DE)~! is given by (1.13).

We introduce the homogeneous Besov space on the half-Euclidean space B;,(,(R’i) as the set of all
measurable functions f in R’} satisfying

. {f(x’, x) (%0 > 0)}
1y ey = inf YUl oy < 05 \RPrOPErextension =) oo 12
f=cu) % finS®"

JEZ

where ¢, = (2m)™"2. The inhomogeneous version B, ,(R}) is analogously defined. Let 9’(Q) denote
the distributions over Q and let C,(/; X) be a set of all bounded continuous functions from an interval /
to a Banach space X. We also use C,(R") (or C,(R"1)) as a set of all continuous functions vanishing at
x| — oo.
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Theorem 1.2 (Local well-posedness of the half space problem). Letn > 2, u > 0, 2u + nd > 0,
n—-1<p<2nl1<g<pmn-1)/n-p)(n-1<p<n)andl <qg<pn-1)/(p—n)(n<p<2n).

L1+l
Suppose that the boundary function satisfies ny € Bq: “ (R™Y), and for some small &, > 0,
IV'ioll w1 < &o. (1.23)
By (R
The initial data satisfy
1 . —]+2
Po € B;’I(R’fr), up € B, "(RY)
and for some 0 < ¢ < 1, inf g po(x) > —c.

Then there exists T > 0 and a unique solution (p, u) to (1.19)—(1.21) for I = (0, T) such that

_142
P

p € Cy([0,T); By (RD) N WML B) |(RY)),  Vp e L™(I;B,, " (RY)),
we G0, T; B\ T®RD) AWML B) T (RY),  DAue L' B, (RL)
with the estimates inf ¢ yerr p(t, X) > =1 and

(7l +[[Voll

0 .'_H—% n
LB, T @D)

+ [1D?ul|

n
Y
L\I3B (R1))

+ 10l <C

1 = s

1

1

B e g P e
LIWB, " (RY) LY(B,, " (RY)

where C = C(n, p, T) > 0. Besides the system (1.19)—(1.21) is well-posed in the above shown class.

We notice that the range of p is limited in p < 2n since even the Cauchy problem of the compressible
Navier-Stokes equations is ill-posed in the homogenenous Besov spaces for p > 2n (see Chen-Miao-
Zhang [28] and Iwabuchi-Ogawa [30]).

The problem (1.1) is now solvable in the corresponding critical space if we introduce the space
of pull backs of functions, owing to the fact that the ordinary differential equation (1.2) is uniquely
solvable as well as the boundary flattening operation (1.11) is bijective under the smallness condition
on the boundary function 7 in (1.23). Let & be the map defined by (1.11)—(1.12) from Q — R.

Corollary 1.3 (Local well-posedness of the original problem). Under the same assumptiion on the

data and no in Theorem 1.2, let py = 1 + py and ity be such that py = pyo &' € B;l(Rﬁ) and

up =itgo &' e B;’IIW(RD. If (o, u) is the local solution of (1.8) obtained in Theorem 1.2, then (p, it)
solves (1.1) uniquely, where p = 1 + p and (p, it) is the pull-back of (p, u) by the flattening operation &
and the Lagrange transform.

In what follows, we use the following notation. For f € Sy(R"), let the Fourier and the inverse
Fourier transform be defined by

& =FIf1® = c, f e fdx,  f(x) = F 1) = ¢, f e f(§)dE,
R

n

respectively, where ¢, = (27)™/2. For f and g on R”, let the convolution of f * g defined by
frg=1 flx=y)gOdy,
Rn

Communications in Analysis and Mechanics Volume 17, Issue 3, 749-778.
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where f and g are O-extention of f and g, respectively. For Q c R”, C; (L) denotes a set of infinity
diffrentiable compactly supported functions on Q. For a Banach space X and I = (0, T) for some T > 0,
Cy(I; X) denotes a set of all continuously bounded X-valuded function of 7 € I. {¢;} ez and { }xez are
the Littlewood-Palay dyadic decomposition of unity in space and time variables, respectively. Let Ag
denote the cofactor of Jacobi matrix J(Dgu) and AgV - u stands for the trace of the product of matricies
Ag and Du, i.e., tr(AgDu).

2. Preliminary

2.1. The homogeneous Besov spaces on the half-space

We recall the summary for the Besov spaces over a domain € near the half-Euclidean space R}. Let
fo = {{ak}k; k €N, a; € R, limk_,oo |ak| =0, ”{ak}kllt’o = maxy |ak|} C {o. It is well known that ([0)* ~ {.

Definition. Let o = 0 with s € R. Let

55 iy e Bl o ®D lensi
B R = Co®RY) ™, wherellfllg = [[(2Yli; * fllo)],,-

Definition. Let 1 < p <ooand 1 < 0 < oo with s € R.

B ®Y)

B, (R =Co®D ",

n

where XB; () stands for the closure of X by the Besov norm B;’G(R’j) (see Bahouri—-Chemin-Danchin

[41] and Bergh—Lofstrom [38]). It is shown that the above defined space coincides the space B;,U(Rﬁ)

defined by the restriction in (1.22). Namely, the following proposition is shown by Triebel [39] and
Danchin—Mucha [31] (see also [1]).

Proposition 2.1 ( [31], [39]). Let 1 < p<oo. (1) For0<s, 1 <0 < oo,
B;’S,O"(R:l-) = (B;J,(T(RZ))*’
BI(RY) = (B5,,(R))".
(2) For —o < s < 1/pandfor1 < o < oo,
B (%) ~ B) (RL).

B)For—o <s<1/pando =1,
B (RY) = BS (RL).

We consider the restriction operator Ry by multiplying a cut-off function yg:(x) = 1 over R} and
otherwise 0, i.e., for f € B;,(,(R"), we set Ry f = yr: (x)f(x) in B;(,(R”) if s > 0 and it is understood in a

distribution sense. Let E be the zero extension operator from B;,(,(R’j) to B;,U(R”). Using Proposition
2.1, the following statement is a variant introduced by Triebel [39, p. 228].
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Proposition 2.2 ([39]). Let 1 < p<oo, 1 <o <oo,and -1+ 1/p < s < 1/p. It holds that
Ro: B, ,(R") = B, ,(R]),
Ey: B} (R") — B} (R")
and they are linear bounded operators. Besides, it holds that
RoEo = 1d : B) ,(R}) = B ,(RY),
where 1d denotes the identity operator. Namely Ey and Ry are a retraction and a co-retraction, respectively.

The proof of Proposition 2.2 is along the same line of the proof in [39] (cf. [1]). Furthermore,
Triebel [39, Theorem 2.9.1] states that

Proposition 2.3 (cf. [39,40]). Let1 < p < oo, s € R, and f € B;fll(R’i). Then Vf € B;,l(R'l) and
Vfe B;’](Rﬁ) if s < 1/p. Conversely if Vf € B;yl(RZ), then f € B;Tll(Rﬁ) if-1+1/p<s<-1+n/p.

In what follows, we restrict ourselves to the regularity range of the Besov spaces B;’C,(R’}r) in
-1+1/p < s < 1/pforl < p < oo unless otherwise stated. According to Proposition 2.2, we
may regard that any distribution in B;,U(Rﬁ) under such restriction on s and p can be extended into a
distribution by the 0-extention over whole space R" and conversely.

2.2. The Littlewood-Paley decomposition with separation of variables

In order to split the variables x’ € R"! and x, € R,, we introduce an x’-parallel decomposition and
an x,-parallel decomposition of the Littlewood—Paley type. In what follows, &, € R, denotes the Fourier
parameter corresponding to x, € R” and & € R"! for x' € R"!, respectively. We introduce [, }mez a8
a Littlewood—Paley dyadic frequency decomposition of unity in separated variables (£, &,).

Definition (The Littlewood—Paley decomposition of separated variables). Let {¢,,}.cz be the Littlewood-
Paley dyadic decomposition of unity in R""!. For m € Z, let

L, 0 <lg,] <27,
Zn(&) = { smooth, 2" g, | < 2
0 , 2m+l S|§:n|a (22)
L&) = Lnni(€2) = (&)
and set — . N
D,,(&) = Pu(I€]) ® Ln—1(En) + Ln(I€]) ® Pru(En)- (2.3)

Then it is obvious from Figure 1 (restricted on the upper half region in R") that

N T =1 £=(E.E) R\ (O]

mez

Definition (Varieties of the Littlewood—Paley dyadic decompositions). Let (7, &, &,) € R x R"! x R be
Fourier adjoint variables corresponding to (¢, x',n) € R x R*! x R,
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® {},(x)}nez: the standard (annulus type) Littlewood—Paley dyadic decomposition by

x=(x",n) € R

(@, (X)} ez the Littlewood—Paley dyadic decomposition over x = (x’,n7) € R" given by (2.3).

{Y(D}rez: the Littlewood—Paley dyadic decompositions in ¢ € R.

{¢;(x')} jez and {¢j(17)} jez: the standard (annulus type) Littlewood—Paley dyadic decompositions in

x' € R"! and 57 € R, respectively.

o {((X)}mez and {£,,(7)} ez the lower frequency smooth cut-off given by (2.2), respectively.

o Let &JZ =¢j-1 +¢; + ¢j.1 be the Littlewood—Paley dyadic decompositions with its j-neighborhood
to ¢@;.

o All the above defined decompositions are even functions.

We see that the norm of the Besov spaces on R” defined by {¢,,},.cz 1S equivalent to the one from
the Littlewood—Paley decomposition of direct sum type (cf. [1]), {()Tm}mEZ over R”, and hence one can
identify those norms as it appears the homogeneous Besov space over R} as follows. In what follows,
we freely use the retraction and coretraction operators as observed above, and for simplicity, we avoid

reprised usage of them.

€71

Figure 1. The support of Littlewood—Paley decomposition {®,,},ncz.

2.3. Bilinear estimates

We then give the useful bi-linear estimate which is used below. The following bilinear estimate
is essentially obtained by Abidi-Paicu [42] in R" and it can be extended into the half space R’ by
Ogawa—Shimizu [35,36].

Lemma 2.4 ([42], [36]). Let 1 < p, p1, p2, 0, A1, A <00, 1/p < 1/p1+ 1/pa, p1 < Ay, p2 < Ay, and

1 1 1 1 1 1
- <—+ =<1, —<—+—<1,

p n A p P A
and sy + s + ninf(0,1 — 1/p; — 1/py) > 0 with s, + n/A, < n/py, s + n/d; < n/p, (and hence
r=s1+s;—n(l/p1+1/py—1/p) > —n+n/p).
(1) There exists C > 0 such that for any f € B;ll’l and g € B;zzﬁl the following estimate holds

fglls < Clifllg ligllg> -
pl P11 P21
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(2)If1<p<ool<q<pn/(n p)(1<p<n)andl <q< pn/(p—n)(n < p < ), then for any
fEB"l(R")andgEB ”(R”)

ILf gll < CIIAl 2 (2.4)

||g|| .

P (Rn B q (Rn ) p (Rn)

(3) In particular, for any f € B;’I(R’j) and g € B;’I;E(R’l) with 1 < p < 2n, the following estimate
holds

I &ll. 5 < CIIfl

ooy < CWlp o gl

I’ (Rn)

See the possible range of exponents (p, g) to the estimate (2.4) in Figure 2 below. Hence regarding
the region of possible choice of 1/¢g, we see that

==
+

Q =
[~z 1—3|—

S
By

0

Figure 2. The possible range of exponents (p, ¢) in the bilinear estimate (2.4) (the red line for p = g).
3. Maximal L' regularity for the heat equation

We first recall endpoint maximal regularity for the initial boundary value problems to the heat
equation. Let / = (0,7) with O < T < co. Let u = (uy, up, - - - , u,) be a solution of the initial-boundary
value problem of the heat equation with coeflicients {a; ;},<; j<, and the inhomogeneous Dirichlet
boundary condition in the half-space R} = {x = (", x,); X’ € R x, > 0}:

ou — Z aija,ﬁju:f, tel, XER’}F,
1<i,j<n
u(t, X', x,)|, o = 8(t, x), tel, X eR", G-
u(t, x)| _, = uo(x), xeR:,

where 0; = 0,, denotes the partial derivatives with respect to x; (1 < i < n), up = up(x), f = f(t, x), and
g = g(t,x’) are given initial, external force, and boundary data, respectively. The coefficient matrix
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{a;j(t, X)}1<i j<n satisfies uniformly elliptic condition. Namely {a;;} is a real valued symmetric matrix
such that for some constant ¢ > 0,
D aigk; = ot (3.2)
1<ij<n
for all £ € R" with sufficient regularity in both ¢ and x.

Maximal regularity for the initial boundary value problem of the parabolic type equation are well-
estabilished in the results by Da Prato-Grisverd [43], Denk-Heiber-Priiss [44,45], Dore [46], Dore-
Venni [47], and Kunstmann-Weis [48]. Among others, Weis [49] obtained the necessary and sufficient
condition for maximal regularity to the Cauchy problem of the abstruct Cauchy problem in the framework
of UMD (unconditional martingale differences). Even non-UMD setting, Ogawa-Shimizu [50] showed
maximal regulaity for the parabolic equation in non-reflexive Besov spaces. For 0-Dirichlet boundary
data, Danchin-Mucha [31] obtained maximal L!-regularity for the initial-boundary value problem (3.1)
in the half-space with a;;(¢, x) = 6;; and g(¢, x") = 0. Since the global estimate requires the base space
for spatial variable x in the homogeneous Besov space, we introduce the homogeneous Lizorkin-Triebel-
Bochner space over R, X R’} (see for details Lizorkin [51], Peetre [52], Triebel [53], [39]).

Definition (The Lizorkin-Triebel-Bochner spaces). Let s € R, 1 < p,o < o0, and X(R’}) be a Banach
space on R’ with the norm || - [|x. Let {4 }xez be the Littlewood-Paley dyadic decomposition of unity for
teR.ForseRand1<p<oo, F 5o (R; X) be the Lizorkin-Triebel-Bochner space with norm

I3 2t Feeg) ™, 1< o0,

kezZ

Analogously above, we define the Lizorkin-Triebel-Bochner spaces F 5o (I3 X) as the set of all measurable
functions f on X satisfying

] r ’ 1
1Al x) = inf {|| Pl ox) < 003 f = {f(t x) (tel) }}

any extension (r€ R\ )

Ilf “F-;,’(T(R;X) =

O = 0.

sup 2l * £(t, )l ,
keg lﬁ f LP(Ry)

We note that all the spaces of homogeneous type are understood as the Banach spaces by introducing
the quotient spaces identifying all polynomial differences.

It is known that for 1 < ¢ < oo, B;’l(R") satisfies Sp(R") — B;l(R”) — C,(R"), where S, denotes
the rapidly decreasing smooth functions with vanishing at the origin of its Fourier transform and C,
denotes all continuous functions with vanishing at infinity, respectively (cf. [1, Proposition 2.3]).

Then end-point maximal regularity to the problem (3.1) is obtained by Danchin-Mucha [31] for
g = 0 case and Ogawa-Shimizu [1] for inhomogeneous boundary data.

Theorem 3.1 ( [31], [1]). Let 1 < p < oo, =1 + 1/p < s < 1/p, and assume that the coefficients
{aij}h1<i j<n satisfy (3.2). Then the problem (3.1) admits a unique solution

u € Cy([0, 0); By (RD) N W (Ry: BY (RY),  Aue L'(Res B, (R)),
if and only if the external, initial, and boundary data in (3.1) satisfy

feL'(R:B, (RD). uo€ B, RY),
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ge PR B (R N L (R, B P@RY),

respectively. Besides, the solution u satisfies the following estimate for some constant C,; > 0 depending
only on p, s, and n:
2
||8tu”L'(R+;B;’1(Rﬁ)) +|IV u”Ll(RJ,;B;J(Rﬁ))

SCM(””O”B;J(RK) + ”f”Ll(RJ,;B;J(Rﬁ)) + ||g||F}‘11/21’(R+;B;I(Rn—l)) + ”g”Ll(R+;B;+12_1/P(Rn—l)))‘

Remark. If p = oo, the corresponding result holds for the homogeneous Besov space B;;J(R”) =
C(‘;‘(’)(R”)B“"l(R ), where C()(R") denotes all compactly supported C*-functions with zero at the origin of

its Fourier transform and

J, xa) (x, > 0) }

any extension (x, < 0)

f:Z(/)j*finS'},

JEZ

||f||3gol(R¢) = inf {”f”g;l(Rn) < oo f= {

instead of the Besov space B;’I(Rﬁ) with imposing the compatibility condition if (s, p) = (0, o). Note
that BSO |(RY) € C,(R}) for the endpoint case (s, p) = (0, 00).

We (;nly show the estimate for R, in time but a similar estimate for the finite time interval / = (0, T)
with T < oo is also available. In such a case, the restriction on the initial data 1 can be relaxed into the
class of inhomogeneous Besov spaces B, (R}) D B;,I(Rﬁ) and the constant appeared in the estimate
can be estimated as Cy; ~ O(log T) (T — o) (see [50]).

4. Estimates for the boundary function

4.1. Estimate for the extension function of initial surface

First, we give an auxiliary estimate for the extension function given by the initial surface 7.
First we show the estimate for the extension function E defined in (1.10).

Lemmad.l. Let1 < g < ooandng € B;(”_l)/ UR""). Then there exists a constant C > 0 such that

VE|| = < ||V’ n=1 R
VN5 oy < OV Ml

4.1)

where V' denotes the gradient in R~ variables.

The above estimate is one of maximal regularity estimates for the half Laplacian heat semi-group in
view of (1.10).
Proof of Lemma 4.1. Let us extend ny(x’) into the whole space R" by regarding x, < 0 as

VEW, x,) = (sech (x| VDV 170(x"), sech (x| VDIV [0 (x")). (4.2)

Then the above estimate can be proven by the restriction of the estimate for £. To see the estimate

n-1
(4.1), we employ maximal trace regularity. Since V'n, € qu’l R, V1o = ez dm * V' holds in
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§', where ¢,, denotes the Littlewood—Paley dyadic decomposition in R and it follows by the relation
between the supports of the Fourier images of ®; and ¢,, that

IVEI, qu - (sech (5,IV) Z b (VD)

Sy

(i 2 sech IV D@ = 6 % (V¥ Do) (4.3)
JEZ |j—m|<1

-3 3 2

JeZ |j-ml<1
=]+ 11.

o (sech (ol VD@ * & = (7,19 Do)
(%n) (CORRMNCY) q

Then for the ¢£-th component of the first term (written by ;) of the right hand side of (4.3) can be seen
forall{=1,2...,n—1 that

1/q
Ir <2 ) 2001l e f Isech CalV'D@; % Femo)l}, e, d)

JEZ
1/q
<C22‘1 f”seCh(XVllV |)¢j||L1 R” 1)||¢[ agn()lqu(Rn |)an)
JEZ
/ l/q
=C 2q _2‘/q|xn|dxn Cx 0 e
]EZZ f ) ”¢J ) ﬂ]O”Lq(R n

J J
<C ) 2027405 5 dmolluseony = Clldenl, iy

JEZ

where we set 51 =¢;_1 +¢;+ ¢j.1. The estimate for the second term /7 is along the similar way. Finally,

we confirm that
VE(X,x,) =c, Z¢J o VE(x',xn) in S,
JEZ

which is justified by [50, Proposition 2.1]. d

To show the estimates for the linear variable coefficient terms, we prepare the following basic lemma.

Lemma 4.2. For 1 < g < oo, let E(x, x,,) is given by (1.10) and assume that for some small gy > 0:
V'no € B (R" h. (4.4)

Then there exists a constant C > 0 such that

Hl + 6 EllB! ®2)

” V1 +|V’E|2 shan < ClIVll, B
H V1 +|VEP -1

VI+ [ VER Bl

where V' = (81,03, ,0n-1)".
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Proof of Lemma 4.2. We employ the extension function E of E defined by (4.2). Each of the left hand
side is expressed by a composite function of VE or V'E with some function F(:): R" — R™, where
m = 1,n—1, or n, where F € W*»*(R") with F(0) = 0, then the estimate for the composite function
over R” can be estimated by the extended function F(VE) over R”, and it can be estimated by the
homogeneous Besov spaces in whole space (see, e.g., [41]). For instance, the first case can be treated by
setting

F(x) =
) 1+ x,

for x = (x1,X2,-++ ,x,) € R". Then F® € L* forall 0 < k < n+ 1 and F(0) = 0. Hence we see by the
definition of the Besov space on R} that for k = [n/q] + 1,

H < H VE
1+0E B"(Rn 1+6E Bg(Rn
CZ IFOIIVE; ) < IVl s
k=0 B, ®R™H
(cf. the proof of Lemma 4.1). The second and third estimates follow in a similar way. d

5. The estimates for the density

In this section, we show regularities of the density p by using the maximal regularity result for the
velocity u.

n L 1en=l
Proposition 5.1. Let I = (0,T) for T > 0 and let p, € BI’;J(Rﬁ), no € 3:1 “ (R™Y). Assume that 1
satisfies (4.4) and

we CI0,T); B, (R N W B\ 7 (R) 0 LI B, (R1L)

and || = T be small so that ”Dzu”Ll(IB 5 @) < & < 1 for some € > 0. Then the density p = p(t, x)
.1

given by (1.7), i.e.,
o(t,x) = (1 + po(x)) [J(Deu(t, )" =1, tel,xeR",
satisfies
p e C0.T): B (R) 0 W' (1: B) (L)),

Besides, the following estimates hold:

n V’ n— Dzu —1+2 ’ 5.1
1ol 15 s < ool o+ 1 Wl I8 ey (5.1)
0 n < )V, Dzu ~1+% ’ 5.2
1002158 gy = 1+ W00l M0l Nl (5.2)

where C > 0 is depending only on € and n.
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To prove Proposition 5.1, we prepare the following lemma.

Lemma 5.2. Let 1y satisfies (4.4), and u € L'(I; B ”(R" ), o € B g(R” Y, and T > 0 be small

enought such that
f IIDzu(S)II 1, S <€

for small € < 1. Let cof J(Dgu) denote the cofactor matrix of J(Dgu), and (cof J(Dgu)V) - u stands for
Z’}’k: i cof J(Dgu) jxOkuj. Then there exists constants C = C(g, n) such that the following estimates hold:

fo (Gof J(Dp)Y) - uls) ds sty = O V0l o NP )
fo (Gof DY) - u(s) ds et gy = S Il e D%y g s 5
(I = Iy sy = S 190l P 8 (5.5)
V(D)™ i U 9000 D8

L1
where J(Dgu)~" denotes the inverse of Jacobi matrix defined in (1.17).
Proof of Lemma 5.2. We only prove the case (5.3) and (5.5) since the other cases are proven by a similar
way. We set the cofactor of the Jacobi matrix Ag = cof J(Dgu), i.e.,

k

= L Oty E>x) 0
Ap = cof J(Dgu) = I + ; Ce fﬂ ( j; (aixg(s) - e a,,(lifzx) aZj(s)) ds). (5.6)

Since BE’I(R;’) and 33,1(RD for 1 < p, g < oo are the Banach algebra and (1.17), we have from (5.6)
that

HbﬂkAEV)wm@ds

Lo@:B!, @)

L ' Ou; OE(x)
< H Z Ce rl (f (8—2(5) — _1 +k8nEx(—x)anMj(S, X)) dS)V . u“Ll(l;Bil(R”))

" H O E(x) )
1+9,E(x) B"

X Hf Duds
0

<C O UVl et ) sup
k B R 0<t<T

¢
" ou,,
n —(s)ds H n
qu;glfl(Rg»‘ 1—[ ( a)Cg( ) ) LYI:BY (RY))
p. m<n p,

f Duds
0

<C(1+ IVl - g .
(Il )Zn e

VP @y

—_

5 |Dull

B (1) L\(I;B] (R)

Il
[«
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. T 2 .
. <
By the assumption fo [|1D M(S)HB;lﬁ(Rn) ds < g < 1, it holds that

H f:(AEV) -u(s)ds

LB (R™)

<C(1+ ||V e Zak_] D*u Clan
<C(1+] no”Bﬁ(Rwl)) 3 I ||L1(I‘Bl .

1

- D’u -1+
’70”3%(]&,,71))“ “Ll(I;B Py
g.1 b,

which shows (5.3). The estiamte (5.4) can be shown in a similar way. By using the expression (1.18)
and (5.6), it holds that

(U =IDew)™) = (VD] = Ar)
:m(( f ttrAEVu(s)ds)I (5.7)
£ (9um 0cE(x)
B Z C {,l;[n (f ax, ) T Tra.Em) s ) ds))‘

The first term in the numerator of the right hand side of (5.7) can be estiamted by

” ftAEV ~u(s)ds

n

L°°<1-B"1<R">>

6um 0cE(x) )
s) — Ote(s, x))ds i
m<n( ax[( Ty 0. E(x) . )) LeB) (R
OrE(x) '
H1 + 8, E(o s, ) 'f vuls)ds Lm(l;gjl(m)

<C(8 n)(l + IIV'noll w1)ID?ull

LI BPI(R’))
ql

The seconter term of the numerator in (5.7) is also estimated by a very similar way, while by using
(1.18), the denominator can be seen as

Hi(—l)"‘l( f t trAEVuds)k
k=0 0

H |J(Dgu)l

Lo(1; B” [’ L=a ;BEI(R"))
<C(e,n)(1 + llv%llgﬁ(w-l))(l + ”DZMHLI(I;BEI(R'?)))' (5.8)
Combining (5.7)-(5.8), we obtain (5.5). O
Proof of Proposition 5.1.
1+ po 20 J; (cof J(Dgw)V) - u(s) ds
PN = Do) | U] W Dpute )
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Combining

Lo@:B?, @) = H’OO i(_l)k_l(ft(AEV) : MdS)k
||po||Bpl(Rn»Z|1 f (AsY)- uds

<Ce, n)”pO”BP%l(R"))(l + IIV'nollB%(RH))(l +1D%ul
’ 9,

H |J (DEu)l Lw(I;BZ]<R"))

L1 B" ((R™)

)

L)) @)
with (5.8), where we use the notation (5.6), we obtain (5.1). Since

(AV) - u
(1 + [(AeV) - u(s)ds)”

0p(t, x) = —(1 + po)

we have
H (AgV) - u
(1 + [(AV) - u(s) ds)* leras] @)
00 ! !
k
((AEV)-M)Z(—l)k{Z f (ApV) - uds + ( f (AcV) - uds)?}
5=0 0 0 LI(I-B%I(R"»
<AL -ull, (R,l)) f (AEV) - uds + ( f (AeY) - uds)) seiish oy
<C(g,n) (1 +||[V'1o|l 2= D? :
<C(e,n)(1 +|| 770”3%‘{ (RH))II ”llL'(l;BIQ,(Rn))
and hence
(ApV) - u
[02l,159 e =1+ 00— A
(LB, ®™) (1+ [[(AEY) - u(s)ds) Netas], @)
(ApV) - u
<(1+ ool ,,)‘ .
B GO + f (AeV) - u(s) ds)* L ass? @)

<C(g,n)(1+ n 1+||V s D*u n ,
(@ loallyg o )+ Il et Dl

which shows (5.2). Since

Vpo(x) o) fo’((VAE)V) -u(s)ds + fot(AEV)-Vu(s) ds

Voo = TP
PO = [T D putr, ) Deutr, DF |

by using (5.3), we have

Voo
H =%l Z | [ -wa_ s .
|J(DI/[)| L°°([B " p(R”)) (R ) L (IB (R )
< C(g,n D*u 1 .
( )llpollB,,](Rn))( +I ||L,(I;B:](Rn)))
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Combining the estimate

f(f((VAE)V) uds
| J(Du(t, x))|?

o5 P (g
LB, P ®)

f f n—-2 f
SHC(n)fO‘(LVDEuds;(LDuds)k)Vuds
X ;(—1)k(1 +2 fot(AEV) cuds + (j:(AEV) - uds)z)k

f n-1 f
<C(g,n)(1+ ||V el Hf D*uds e Hf Duds
(&) I 770||Bq§, (R"-l)) 0 LN(I;Bp.l P@®my) 0

1 k=1

n
LS(1BY | (R)

k
L=(I:B) | (R™)

X (14 [|[V'10l| Vu n 1 + ||D*u un
(L +1l UollBj(Rn_l))ll IILI(I;B;I(W»( I IILI(];BP,II,,(R}?»

’ 2
<Cem( eIVl D%l 1o g,
and
,(A£Y) - Vu(s) ds
|J(Du(t, x))? Lw(l;B:f% ®")
!
< Hf trApD*u(s) ds
0
© ‘ t t 5 k
X -1)%2 ApV)-uds + ApV)-uds n
;( M f()( £V) (f()( £V udsP Y
n—1 !
2 2
<C(e, n)”([ + l_[ (I} Du ds))D u”Ll(I;B:f’n’(Rn)) (1 + ||D uIIL](I;B::,,(Rn»)
n—1 t
< n 2 4R
<C(e, n)(l + ” n(fo Du ds) LM(I;B;I(R")))IID u”Ll(I;prll )
X (1 +|D%ul| . ien )
LB, " ®m)
’ 2
<Cm(U+ IVl Dl 1 g,
we have
” [ (VAR)Y) - u(s)ds + [(AgV) - Vu(s) ds
4 -1+4
0 |J(Du(t, X))|2 L""(I;Bpjl P (rny)
’ 2
<C(e,n)(1 +|V ﬂollB%(Rn_l))llpollBﬁl(Rn)llD ”“Ll([;B’ll*F(Rn»’
q,1 b, ps
which completes the proof of Proposition 5.1. a
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6. Estimates for perturbation terms

6.1. Estimate for the linear terms

We now consider the estimates for the linear variable coefficient terms defined in (1.20). All the
estimate is based on the bilinear estimate in the homogeneous Besov space Lemma 2.4.

Proposition 6.1 (Estimates for linear variable coefficient terms). Letn > 2 and 1 < p < 2n. For
uecaB“W%RwéwzﬁuVpeLuzﬂ””@@)mMEdmmﬂmquJaﬂngﬂwme
terms deﬁned in (1. 20) Under the assumption ||V ol| BO-Dlagn-1) is small enough, the following estimates
hold: For1 < g < ’

Ip nl’

I1fGo, u, E)||

< ClIIV'noll o= D’u %
<C| 770||B‘L(1,1(Rn_1)(|| L P L P

L'(R+;B % ®1)

6.1)

Proof of Proposition 6.1. Recalling the definition of f(p, u, E) and the covariant derivative (1.14), and
applying Lemma 4.2, we find the estimate (6.1) follows by

1f (o u, E

L1 (R+;B " ®1)

) E

SHdIV 1+3,,Eanu)HL'(R+ Py H1+6E (Ve )'|L'(R+ Py

VE P

* 1+0,E Pl "(R"))

VE
SC| 1+8,,E‘B§]<Rﬁ>(| o |L1<R+;B,§”’,1<Ri»+HVEMHLI(K;BE](Ri))+|8"p |L1(R+ ”(R"»)
<zt o (195
=+ 9,E 87, @) L®eB)\ @)

H1+c9E B &) D ”Ll(R+ e |8"p|L1(R+;B:f%(Ri>>)

<l 19y 1P

where we apply Lemma 4.1 and notice that B"/ P(R") is the Banach algebra and no restriction on the
exponents p nor q. (|

6.2. Estimates for the nonlinear terms

In this section, we treat the nonlinear terms defined in (1.8). To estimate the nonlinear term F(p, u),
we divide it into three parts:

F(pa u, E) = Fu(u’ E) + Fp(p’ u, E) _patua (62)

where

Fu(u. E) = = (I = JDpu)™)'V - (u((J(De)™) Vue+ (V)T J(Du)™)
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+ Ate(J(Dpuy™) Vul)
+ V- (T = J(Dpwy™)" Y+ (V)" (I = J(Dgu)™))
+ At(J(Dpuy™ = D'Vul),
Fy(p.u,E) = — tr (J(Dgu)™") VP(1 + p).

Proposition 6.2 (Nonlinear estimate for F,(u, E) and F,(p,u, E)). Letn >2,1 < p <2n, I =(0,T) for
T > 0. Letu e C([0,7): B, (®) n WH(I; B, |7 (R), D2u € L\I; B, (RY)) p be defined by (1.7)

1
with pg € B;I(R’i). We choose T > 0 such that ||D*ul| vz < & < 1. Then the following estimates

Ll(I;B;Yll (R))
hold:
F u, E 1+
I By 8
<C(1+ ||V n= Dzu -1+% ’
- ( || UOHBTI(Rnfl))” ||L1(I,B 11 p(Rﬁ))
g.1 b,
F , U, E —1+2
WEo:t B 3

<C(1+ ||V n— n +C(1+ n Dzu ) s
<CU+ IVl et Wil o+ OO+l D%l s

where C > 0 is depending only on € and n.

Proof of Proposition 6.2. By Lemma 5.2, we have

_ Ny . —1N\T n
=T Dpu)™) V- (J(Dgu) ™) VullL‘(l;B,:,lrﬁ(Rﬁ))

<II(7 - J(DE”)_I)T”LM(I-B% ®1)
9 pyl -+
_I\T -\T
X (”(V(J(DEM) 1) ) VullLl(I;B_ll+%(R’l)) + ||(J(DEM) 1) D2u||L1(1~B_ll+%(R”)))
A n B, +
<II(T = J(Dewy™)T|

L=(I:B), (R})
[V

HIIDe)™N _ w D%l i

o(1-BP ‘B
L=(1:B] | (R2) LB,

-1
LB,

x (VD) )N

ey aE? @)

(R’i)))

<C( + ||Vl D?u en
- ( ” nOllBﬁ(an))” ”LI(I;B]:1 P(®RmY)

where C > 0 is depending only on € and n. Other terms of F,(u, E) are estimated in a similar way.
For some 6 € (0, 1),
P(1+p)=P(1)+ P'(1+6p)p,

we have VP(1 + p) = P'(1 + 6p)Vp + P"(1 + 6p)8pVp.

J(Dgu) ) VP + .
IUDe0™ Y VPA+ P,
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n—1 /
n n \Y 14
LM(I.BPI(W))(1+“]—[( f DEuds)HLm(I_Bpl(RD))H Py
£ O+ il o S+ I Bl Il

-1+ .
B 1) B (R Ro-l) LB, 7 @)

o
< Cllooll

|

Proposition 6.3 (Nonhnear estimate for pou). Letn > 2, 1 < p <2n, I =(0,T) forT > 0. Let
u € C([O T); B "(R”)) N Whi(r; B ”(R ), D*u € L'(I; B ”(R”)) p be defined by (1.7) with

Po € B;}’l(R’i), We choose T > 0 such that ||D?ul| I(IB I,(Rn» < &< 1. WechooseT > 0 such that
L1
|1D?u| < & < 1. Then the following estimate holds:
LB P )
0,u 140
||p t ||L|(1,B ]] P(Rﬂ.))
< C Dzu 14l 6 u _1+n , 65
(il gy, + 1D ey O (6.5)
where C > 0 is depending only on & and n.
Proof of Proposition 6.3. Substituting (5.1) to
(9 n (9 u 14+ .
llod: ”L‘(& PRy = <llo llL”(I;B,f,(R’i))” ' ”Ll(Rpof. 7 ®L)
we obtain (6.5). m|

7. Proof of the local well-posedness

Proof of Theorem 1.2. For the given initial data p, € B” 1(R )and ug € B ”(R ), we choose

0= O(HPOH P|(R ” 0” ”(R”))
We define the Complete metric space

Xr = {p e Cy([0,T); B"I(R YN whi; B"I(R ), Vp e L\(I; B "(R ))
u € Cy([0, T);B "(R”))n whl, B "(R ), D*uce Ll(I;B ’”(R ),
(o, Wllx, = llGo, wlle, + 11Go, Wz, ||(p, Wlle, < Mo, (o, Wllr < M},

where

I, wllc, = sup lip®Il N SUPIIM(I)IIB«"

P
tel p l tel (R” )

, U = a V —1+2
ool =100l 8 o+ Il
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2
T T [ [

L) @) LB, @)
Given (p, it) € X7, we consider the linear inhomogeneous initial-boundary value problem

O — uAu — (u + )Vdivu = (i, E) + F(il, E) + F (0, i, E) + #d,p,  t>0, xeR,

u(t, x',0) =0, >0, x eR", a5
p =+ p)J(Dei)| ™" -1, t>0, xeRj, '
p0,x) = po(x), u(0,x) = uy(x), x eRY,

where the nonlinear terms are defined by (6.2). We then define the map
(O XT g XT

by
(ij’ I:i) = (pa I/t) = ((Dp(ﬁ7 Ijt), (Du(ij’ Ijt))

and prove that @ is contraction on X7.

First we show that @ is a self-map in X7. Let (o, u) solve (7.1). Applying Theorem 1.2 to the equations
(7.1), and using Proposition 6.1 to the purterbed term and Propositions 6.2, 6.3 to the nonlinear terms,
we have

(I + 1ol 5 )

P
prl (RY)

1945, D, < (ol -1

p.l

k
2
x O (10l v+ ID% ))
LB, " (RY) LB, 7 (RL)

+
®)

(o)
k=1 !

Therefore, if we choose T so small such that

k

2
i+ D e )
B, T ®L) L\EB, 7 (RY)

1+ looll g o, YA+ 190l ) D (10l

Bﬁl(m) el k=1
YA+ IV70ll wa) Y M < M,
Bq,(l] k=1

<C(L +lpoll 2

BpA,I R})

then we obtain
D@, W)llx, < My+ M,

which shows that @ is a self-map on X7. Next we consider the difference of two solutions (o1, u;),
(02, u2) € X whose initial data are the same (py, 1) and set

g(1) = p1(0) = pa(1),  W(t) = i1 (1) — iix(1).
We first proceed the estimate for the dencity. Since

p1 =+ p)lJ(Dgit)|™" =1,
p2 = (1 + p)lJ(Dgii)| ™" = 1,
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we see that

p1 = p2 = (1 + po)(IJ (D)™ = |J(Dgity)| ™)
-1+ po)( o b rUDE () Vuls)ds _ - fo’tr(J(DEuz(s))-')TVu(s)ds)

and it follows that

<CM(1 + llooll 2

llor = pall 5} Rn))(l + ||V'770||B% o ity — is|

<CM(1 +lpoll, frapes )(1+|IV'770|| 7 Il

1 ‘l+% nyy
B, Rl LAIB, " (RY)

L1
LB P @)

n
o (- BP
L2(B, | (RY) 1

Then the difference (g, W) satisfies the estimate

1D, (D1,it1) — Dy (02, it2)||x,

o0

k
2
(”al‘ ||L] IB p R" + ||D ||L] IB l’ R )
k=0 ( pl (R3) ( !’1 &)
X ( a J 14 + Dzﬂ/ —-1+2 )
I ’q”Ll(I;BP; P®Y) | ”Ll(I;prll T RD)
< ( + || D*W el )
M0,y o5 g, + 1D,y g

_JMW&HMM)

Therefore, if we choose T > 0 so small

c(l+ e E + 1D 1
( ”pO”BFI(Rﬂ_)ﬁB 11 I’(Rﬂ)) || ! ||LI(IB 1 p(R )) || ||L1(17B 11 p(R’l)))
12 k=1 P
<C(1+ E
( ||Po||B,, (R”)ﬂB . ”(R"

then it holds that
D, (71, 1)) — @ (P2, )l|x, < ||(61, Wllx;»

which shows the map
(O XT - XT

is contraction. By the fixed point theorem of Banach-Cacciopolli, there exists a unique fixed point (p, u)
of the map @ in X7. The unique fixed point (p, u) satisfies (7.1) with the all right members changed into
(o, u) and it is a local in time strong solution of (1.8). This completes the proof of Theorem 1.2. d

Dedicatory

This paper is dedicated to Professor Thomas C. Sideris on the occasion of his 70th birthday.

Communications in Analysis and Mechanics Volume 17, Issue 3, 749-778.



775

Acknowledgments

The first author is partially supported by JSPS grant-in-aid for Early Career Scientists #21K13821.
The second author is partially supported by JSPS grant-in-aid for Scientific Research (S) #19H05597,
Scientific Research (B) #23K25782, and Scientific Research (A) #25H00597. The third author is
partially supported by JSPS grant-in-aid for Scientific Research (B) #21H00992, Scientific Research (B)
#23K20804, and Scientific Research (B) #25K00916.

Author contributions

Authors are contributed equivalently on the process of sharing the idea of the main part of the paper.
The type setting (Writing draft) was mainly done by Takayoshi Ogawa after the Surpervision (and
Writing review) by Noboru Chikami and Senjo Shimizu.

Use of AI tools declaration
The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Conflict of interest

The authors declare there is no conflict of interest.

References

1. T. Ogawa, S. Shimizu, Maximal L'-regularity for parabolic initial-boundary value problems with
inhomogeneous data, J. Evol. Equ., 22 (2022). https://doi.org/10.1007/s00028-022-00778-7

2. J. Nash, Le problme de Cauchy pour les équations différentielles d’un fluide général, Bull. Soc.
Math. France, 90 (1962), 487-497. https://doi.org/10.24033/bsmf.1586

3. N. Itaya, On the Cauchy problem for the system of fundamental equations describing
the movement of compressible viscous fluid, Kodai Math. Sem. Rep., 23 (1971), 60-120.
https://doi.org/10.2996/kmj/1138846265

4. A. Matsumura, N. Nishida, The initial value problem for the equations of motion
of viscous and heat-conductive gases, J. Math. Kyoto Univ., 20 (1980), 67-104.
https://doi.org/10.1215/kjm/1250522322

5. A. Matsumura, N. Nishida, Initial-boundary value problems for the equations of motion of
compressible viscous and heat-conductive fluids, Comm. Math. Phys., 89 (1983), 445-464.
https://doi.org/10.1007/BF01214738

6. D. Hoff, K. Zumbrun, Multi-dimensional diffusion waves for the Navier-Stokes
equations of compressible flow, Indiana Univ. Math. J., 44 (1995), 603-676.
https://doi.org/10.1512/iumj.1995.44.2003

7. P. Secchi, On the motion of gaseous stars in the presence of radiation, Commun. Partial Differ.
Equ., 15 (1990), 185-204. https://doi.org/10.1080/03605309908820683

Communications in Analysis and Mechanics Volume 17, Issue 3, 749-778.


http://dx.doi.org/https://doi.org/10.1007/s00028-022-00778-7
http://dx.doi.org/https://doi.org/10.24033/bsmf.1586
http://dx.doi.org/https://doi.org/10.2996/kmj/1138846265
http://dx.doi.org/https://doi.org/10.1215/kjm/1250522322
http://dx.doi.org/https://doi.org/10.1007/BF01214738
http://dx.doi.org/https://doi.org/10.1512/iumj.1995.44.2003
http://dx.doi.org/https://doi.org/10.1080/03605309908820683

776

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. P. Secchi, On the uniqueness of motion of viscous gaseous stars, Math. Methods Appl. Sci., 13

(1990), 391-404. https://doi.org/10.1002/mma.1670130504

H. Fujita, T. Kato, On Navier-Stokes initial value problem. I, Arch. Rat. Mech. Anal., 46 (1964),
269-315. https://doi.org/10.1007/BF00276188

T. Kato, Strong L? - solution of the Navier-Stokes equation in R™ with applications to weak
solutions, Math. Z., 187 (1984), 471-480. https://doi.org/10.1007/BF011741824

H. Koch, D. Tataru, Well-posedness foir the Navier-Stokes equations, Adv. Math., 154 (2001),
22-35. https://doi.org/10.1006/aima.2000.1937

J. Bourgain, N. Pavlovi¢, Ill-posedness of the Navier-Stokes equations in a critical space in 3D, J.
Funct. Anal., 255 (2008), 2233-2247. https://doi.org/10.1016/j.jfa.2008.07.008

B. Wang, I1l-posedness for the Navier-Stokes equations in critical Besov spaces B;}’ s Adv. Math.,
268 (2015), 350-372. https://doi.org/10.1016/j.aim.2014.09.024

J. Serrin, On the interior regularity of weak solutions of the Navier-Stokes equations, Arch. Rat.
Mech. Anal., 9 (1962), 187-195. https://doi.org/10.1007/BF00253344

T. Ohyama, Interior regularity of weak solutions of the time-dependent Navier-Stokes equation,
Proc. Japan Acad., 36 (1960), 273-277. https://doi.org/10.3792/pja/1195524029

G. Prodi, Un teorema di unicita per le equazioni di Navier-Stokes, Ann. Mat. Pure. Appl., 48
(1959), 173-182. https://doi.org/10.1007/BF02410664

E. Feireisl, Dynamics of viscous compressible fluids, Oxford University Press, Oxford, 2004.

P. L. Lions, Mathematical topics in fluid mechanics. Vol. 2. Compressible models, Oxford Lecture
Series in Mathematics and its Applications 10, Oxford Science Publications, The Clarendon Press,
Oxford University Press, New York, 1998.

R. Danchin, Global existence in critical spaces for compressible Navier-Stokes equations, Invent.
Math., 141 (2000), 579-614. https://doi.org/10.1007/s002220000078

R. Danchin, Density-dependent incompressible viscous fluids in critical spaces, Proc. Roy Soc.
Edinburgh , 133 (2003), 1311-1334. https://doi.org/10.1017/S030821050000295X

R. Danchin, Well-posedness in critical spaces for barotropic viscous fluids with truly
not constant density, Comm. Partial Differential Equations, 32 (2007), 1373-1397.
https://doi.org/10.1080/03605300600910399

R. Danchin, A Lagrangian approach for the compressible Navier-Stokes equations, Annales de
UInstitut Fourier, 64 (2014), 753-791. https://doi.org/10.5802/aif.2865

F. Charve, R. Danchin, A global exsistence result for the compressible Navier-Stokes
equations in the critical L? framework, Arch Rat. Mech. Anal, 198 (2010), 233-271.
https://doi.org/10.1007/s00205-010-0306-x

B. Haspot, Well-posedness in critical spaces for the system of compressible
Navier-Stokes in larger spaces, J. Differential Equations, 251 (2011), 2262-2295.
https://doi.org/10.1016/j.jde.2011.06.013

B. Haspot, Exsistence of global strong solutions in critical spaces for barotoropic viscous fluid,
Arch. Rat. Mech. Anal., 202 (2011), 427-460. https://doi.org/10.1007/s00205-011-0430-2

Communications in Analysis and Mechanics Volume 17, Issue 3, 749-778.


http://dx.doi.org/https://doi.org/10.1002/mma.1670130504
http://dx.doi.org/https://doi.org/10.1007/BF00276188
http://dx.doi.org/https://doi.org/10.1007/BF011741824
http://dx.doi.org/https://doi.org/10.1006/aima.2000.1937
http://dx.doi.org/https://doi.org/10.1016/j.jfa.2008.07.008
http://dx.doi.org/https://doi.org/10.1016/j.aim.2014.09.024
http://dx.doi.org/https://doi.org/10.1007/BF00253344
http://dx.doi.org/https://doi.org/10.3792/pja/1195524029
http://dx.doi.org/https://doi.org/10.1007/BF02410664
http://dx.doi.org/https://doi.org/10.1007/s002220000078
http://dx.doi.org/https://doi.org/10.1017/S030821050000295X
http://dx.doi.org/https://doi.org/10.1080/03605300600910399
http://dx.doi.org/https://doi.org/10.5802/aif.2865
http://dx.doi.org/https://doi.org/10.1007/s00205-010-0306-x
http://dx.doi.org/https://doi.org/10.1016/j.jde.2011.06.013
http://dx.doi.org/https://doi.org/10.1007/s00205-011-0430-2

777

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Z.Guo, M. Yan, A.Z. Zhang, On the well-posedness of the compreessible Navier-Stokes equations,
preprint, arXive: 2409.01031v]1.

N. Chikami, R. Danchin, On the well-posedness of the full compressible Navier-Stokes
system in critical Besov spaces, J. Differential Equations, 258 (2015), 3435-3467.
https://doi.org/10.1016/j.jde.2015.01.012

Q. Chen, C. Miao, Z. Zhang, On the ill-posedness of the compressible Navier-Stokes
equations in the critical Besov spaces, Rev. Mat. Iberoam., 31 (2015), 1375-1402.
https://doi.org/10.4171/rmi/872

J. Chen, R. Wan, [ll-posedness for the compressible Navier-Stokes equations
with the velocity in L° framework, J. Inst. Math. Jussieu, 18 (2019), 829-854.
https://doi.org/10.1017/S1474748017000238

T. Iwabuchi, T. Ogawa, Ill-posedness for thecompressible Navier-Stokes equations under
barotropic condition in limiting Besov spaces, J. Math. Soc. Japan, 74 (2022), 353-394.
https://doi.org/10.2969/jmsj/81598159

R. Danchin, P. B. Mucha, A critical functional framework for the inhomogeneous
Navier-Stokes equations in the half-space, J. Funct. Anal., 256 (2009), 881-927.
https://doi.org/10.1016/].jfa.2008.11.019

R. Danchin, P. B. Mucha, A Lagrangian approach for the incompressible Navier-
Stokes equations with variable density, Comm. Pure Appl. Math., 65 (2012), 1458-1480.
https://doi.org/10.1002/cpa.21409

R. Danchin, P. Tolksdorff, Critical regularity issues for the compressible Navier-Stokes system
in bounded domains, Math. Ann., 387 (2023), 1903—-1959. https://doi.org/10.1007/s00208-022-
02501-w

R. Danchin, M. Hieber, P. Mucha, P. Tolksdorff, Free boundary problems via Da Prato-Grisvard
theory, arXiv:2011.07918.

T. Ogawa, S. Shimizu, Maximal L'-regularity and free boundary problem for the incompress-
ible Navier—Stokes equations in critical spaces, J. Math. Soc. Japan, 76 (2024), 593-672.
https://doi.org/10.2969/jms]j/88288828

T. Ogawa, S. Shimizu, Free boundary problems of the incompressible Navier-Stokes equa-
tions with non-flat initial surface in the critical space, Math. Ann., 390 (2024), 3155-3219.
https://doi.org/10.1007/s00208-024-02823-x

I. Denisova, V. A. Solonnikov, Local and global solvability of free boundary problems for the
compressible Navier—Stokes equarions near equilibria, In: Handbook of Mathematical Analysis
in Mechanics of Viscous Fluids, Springer, 2018, 1947-2035. https://doi.org/10.1007/978-3-319-
13344-7.51

J. Bergh, J. Lofstrom, Interpolation Spaces: an introduction, Springer-Verlag, Berlin, 1976.
https://doi.org/10.1007/978-3-642-66451-9

H. Triebel, [Interpolation theory, function spaces, differential operators, North-Holland,
Amsterdam-New York-Oxford, 1978.

Communications in Analysis and Mechanics Volume 17, Issue 3, 749-778.


http://dx.doi.org/https://doi.org/10.1016/j.jde.2015.01.012
http://dx.doi.org/https://doi.org/10.4171/rmi/872
http://dx.doi.org/https://doi.org/10.1017/S1474748017000238
http://dx.doi.org/https://doi.org/10.2969/jmsj/81598159
http://dx.doi.org/https://doi.org/10.1016/j.jfa.2008.11.019
http://dx.doi.org/https://doi.org/10.1002/cpa.21409
http://dx.doi.org/https://doi.org/10.1007/s00208-022-02501-w
http://dx.doi.org/https://doi.org/10.1007/s00208-022-02501-w
http://dx.doi.org/https://doi.org/10.2969/jmsj/88288828
http://dx.doi.org/https://doi.org/10.1007/s00208-024-02823-x
http://dx.doi.org/https://doi.org/10.1007/978-3-319-13344-7_51
http://dx.doi.org/https://doi.org/10.1007/978-3-319-13344-7_51
http://dx.doi.org/https://doi.org/10.1007/978-3-642-66451-9

778

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

[é’% AIMS Press

H. Triebel, Theory of function spaces, Birkhéauser, Basel, 1983. https://doi.org/10.1007/978-3-
0346-0416-1

H. Bahouri, J. Y. Chemin, R. Danchin, Fourier Analysis and Nonlinear Partial Differential Equa-
tions, Grundlehren der mathematische Wisssenshaften 343, Springer-Verlag, Berlin-Heidelberg-
Dordrecht-London-New York 2011.

H. Abidi, M. Paicu, Existence globale pour un fluide inhomogene, Ann. Inst. Fourier (Grenoble),
57 (2007), 883-917. https://doi.org/10.5802/aif.2280

G. Da Prato, P. Grisvard, Sommes d’opérateurs linéaires et équations différentielles opérationelles,
J. Math. Pure Appl., 54 (1975), 305-387.

R. Denk, M. Hieber, J. Priiss, R-boundedness, Fourier multipliers and problems of elliptic and
parabolic type, Memoirs of AMS, 166 (2003), 788. https://doi.org/10.1090/memo/0788

R. Denk, M. Hieber, J. Priiss, Optimal L,-L,-regularity for parabolic problems with inhomoge-
neous boundary data, Math. Z., 257 (2007),193-224. https://doi.org/10.1007/s00209-007-0120-9

G. Dore, Maximal regularity in L? spaces for an abstract Cauchy problem, Adv. Differential
Equations, 5 (2000), 293-322. https://doi.org/10.57262/ade/1356651386

G. Dore, A. Venni, On the closedness of the sum of two closed operators, Math. Z., 196 (1987),
189-201. https://doi.org/10.1007/BF01163654

P. C. Kunstmann, L. Weis, Maximal L, regularity for parabolic equations, Fourier multiplier
theorems and H*-functional calculus, In: Functional analytic methods for evolution equations,
Berlin, Heidelberg: Springer Berlin Heidelberg, 2004, 65-311. https://doi.org/10.1007/978-3-540-
44653-8 2

L. Weis, Operator-valued Fourier multiplier theorems and maximal L,-regularity, Math. Ann.,
319 (2001), 735-758. https://doi.org/10.1007/PL00004457

T. Ogawa, S. Shimizu, End-point maximal L!-regularity for the Cauchy problem to

a parabolic equation with variable coefficients, Math. Ann., 365 (2016), 661-705.
https://doi.org/10.1007/s00208-015-1279-8

P. L. Lizorkin, Properties of functions of class A;ﬁ, Trudy Mat. Inst. Steklov, 131 (1974), 158-181.

J. Peetre, On spaces of Triebel-Lizorkin type, Arch. Mat., 11 (1975), 123-130.
https://doi.org/10.1007/BF02386201

H. Triebel, Spaces of distributions of Besov type in Euclidean n-space, Duality, interpolation, Ark.
Mat., 11 (1973), 13—64. https://doi.org/10.1007/BF02388506

©2025 the Authors, licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Communications in Analysis and Mechanics Volume 17, Issue 3, 749-778.


http://dx.doi.org/https://doi.org/10.1007/978-3-0346-0416-1
http://dx.doi.org/https://doi.org/10.1007/978-3-0346-0416-1
http://dx.doi.org/https://doi.org/10.5802/aif.2280
http://dx.doi.org/https://doi.org/10.1090/memo/0788
http://dx.doi.org/https://doi.org/10.1007/s00209-007-0120-9
http://dx.doi.org/https://doi.org/10.57262/ade/1356651386
http://dx.doi.org/https://doi.org/10.1007/BF01163654
http://dx.doi.org/https://doi.org/10.1007/978-3-540-44653-8_2
http://dx.doi.org/https://doi.org/10.1007/978-3-540-44653-8_2
http://dx.doi.org/https://doi.org/10.1007/PL00004457
http://dx.doi.org/https://doi.org/10.1007/s00208-015-1279-8
http://dx.doi.org/https://doi.org/10.1007/BF02386201
http://dx.doi.org/https://doi.org/10.1007/BF02388506
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminary
	The homogeneous Besov spaces on the half-space
	The Littlewood-Paley decomposition with separation of variables
	Bilinear estimates

	Maximal L1 regularity for the heat equation
	Estimates for the boundary function
	Estimate for the extension function of initial surface

	The estimates for the density
	Estimates for perturbation terms
	Estimate for the linear terms
	Estimates for the nonlinear terms

	Proof of the local well-posedness

