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Abstract: We proved Holder regularity for the particle trajectories of an interacting particle system
in one dimension. The particle velocities were given by the nonlocal and singular interactions with
the other particles. Particle collisions occur in finite time. Prior to collisions the particle velocities
become unbounded, and thus the trajectories fail to be of class C!'. Our Holder-regularity result sup-
plements earlier studies on the well-posedness of the particle system which implies only continuity of
the trajectories. Moreover, it extends and unifies several of the previously obtained estimates on the
trajectories. Our proof method relied on standard ODE techniques: we transformed the system into
different variables to expose and exploit the hidden monotonicity properties.
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1. Introduction

We are interested in improving the regularity properties of the solution to a hybrid system of ODEs
(see (1) below) which was recently proven to be well-posed [1,2]. This system appears in plasticity
theory as a model for the dynamics of crystallographic defects.

1.1. The formal governing equations

The system is an interacting particle system. It is formally given by

dt &

J#i

dx; <
S5 =N bibif (- x) +big(x), 1€ (O.T), i=1.....n,
J=1 (D

+ annihilation upon collision,
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where n > 1 is the number of particles, x; < ... < x, are the time-dependent particle positions, and
by,...,b, € {—1, +1} are the fixed signs of the particles. The given function g : R — R is an externally
applied force, and the given odd function f : R\ {0} — R describes the interaction force between each
pair of two particles. The interaction force is such that particles of the same sign repel and particles
of opposite sign attract. Figure 1 illustrates typical choices of f and g; Assumption 1.1 below lists the
properties we impose on them. Stereotypical examples of g(x) are x and sin(x), and an example of f(x)
is x* for odd integers k > 1.

Jx)

g(x)

o
VU

Figure 1. Examples of f and g.

The feature which makes (1) interesting is that f is singular at 0. As a result, particles of opposite
sign collide in finite time and with unbounded velocity. Figure 2 sketches the particle dynamics in-
cluding several collisions. The maximal time of existence of solutions to the system of ODEs is the
first collision time 7. To extend it beyond collisions, the following collision rule is applied: whenever
a pair of particles with opposite charge collide, they are removed (annihilated) from the system. The
removal of pairs is done sequentially. As a consequence, not all colliding particles are necessarily
removed; see Figure 2. The surviving particles continue to evolve by the system of ODEs (1). We refer
to the combination of the system of ODEs and the annihilation rule in (1) as a hybrid system of ODE:s.

1.2. Applications of (1)

We recall from [2] the applications of (1) that we have in mind. Besides being of interest to math-
ematical studies on interacting particle systems with multiple species such as [3-9], (1) appears as a
simple microscopic model for describing the plasticity of metals. Indeed, plasticity is the emergent
behavior of the dynamics of microscopic defects in the atomic lattice of metals. These defects are
called dislocations. The textbooks [10, 11] describe dislocations in detail. In the simplest application
of (1), x; represents the position of a dislocation, b; is its orientation, f describes the interaction force
between dislocations, and g describes the effect of an external loading applied to the metal.

Communications in Analysis and Mechanics Volume 17, Issue 3, 707-724.



709

T3

/\ T
X

X1 X X3 X4 °°° X9

Figure 2. A sketch of the solution trajectories to (1) for n = 9. The color indicates the sign
of the particles: red stands for positive and blue stands for negative. The black dots indicate
the collision points.

Next we explain why we keep the interaction force f general. In addition to the application just
mentioned, (1) is also used to describe the dynamics of dislocation structures such as dipoles (see [12,
13]) or dislocation walls (i.e., vertically periodic arrays of dislocations; see [14—16]). Both applications
require a different f. Moreover, in the paper series by Patrizi, Valdinoci et al. (see, e.g., [17-21],) a
different dislocation dynamics model is considered. This model describes the evolution of a phase field
by a PDE. The analysis of this PDE relies on the construction of viscosity solutions. This construction
is made by using the solution of (1). To prove the required estimates in their analysis, Holder continuity
on the solution of (1) would be a powerful tool to have. This application of (1) requires freedom in the
choices of both f and g. In particular, it is needed that the singularity of f is allowed to be a power law
for a range of values for the power.

All the applications mentioned above fit (1) under the general class of f and g we allow for in
Assumption 1.1 below.

1.3. Known results on (1)

The works [1, 2] establish well-posedness of (1), derive estimates on the particle trajectories near
collisions, and pass to the limit n — oo in the rescaled time ¢ = #/n. In [1] this is done for the specific
case of electrically charged particles (precisely, with f(x) = )1( and g = 0), and in [2] this is generalized
to any f and g that satisfy a slightly weaker set of assumptions than Assumption 1.1 (we comment on
this in Section 1.7). In this paper, we make the following standing assumptions on f and g:

Assumption 1.1. g : R — R is Lipschitz continuous and f : R \ {0} — R satisfies:
(i) fisodd,
(ii) (singularity) there exists a > O such that

sgn(x)
| x|

f=rfa+ ﬁeg’ Ja(x) :=

for some fiee € Wil (R \ {0}) with one-sided limits fie,(0), f7,,(0+) € R,

loc
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(iii) (monotonicity) on (0,0), f >0, ' <0, and f” > 0.

Next we briefly recall the results and arguments thereof given in [1,2]. Standard ODE theory
provides the existence and uniqueness of solutions up to the first collision time 7;. It is only here that
the Lipschitz continuity of g is required. The difficulty for obtaining global well-posedness of (1) is to
get across 7 and later collision times. This was done by showing that at each collision time 7:

1. the limits x;(7—) := lim,, x;(¢) exist, and
2. all particles that collide at 7 at the same point y € R must have alternating signs before .

The second statement implies that the annihilation rule leaves either no particles at y (when the number
of colliding particles is even) or precisely one particle at y; see Figure 2. In both cases the ODE system
can be restarted from 7 after removing the annihilated particles. Iterating this procedure over all the
collision times 71, . .., Tg (note that K < 7), a global solution to (1) is constructed. By this construction,
the particle trajectories on any interval of subsequent collision times [74_;, 7] (including [7y, 7] and
[Tk, Tk+1] With 7 := 0 and 7g,; := T) satisfy

xi € C([tic, kD N Cl([Tk_l,Tk)) foralll <k <K +1. 2)

We refrain from providing a precise definition for the solution to (1). We refer to [2, Definition 2.5]
for such a definition. The definition is technical solely because of bookkeeping reasons; the definition
keeps track of the annihilated particles, and extends their trajectories beyond their times of annihilation.
Here, we simply remark that the solution is unique up to a relabelling of the particles (see, e.g., Figure
2, where at the three-particle collisions there is a choice of which of the two positive particles survives).
Furthermore, since the solution is iteratively constructed over the collision times, it is sufficient to focus
on the properties of the solution before and at ;.

The papers [1,2, 19] established several estimates of the trajectories around 7. Before stating them,
consider the following example: n = 2, b1b, = —1, g =0, and f(x) = sgn(x)[x|™ (,i.e., free = 0). Then,
the solution to (1) can be computed explicitly, and is given by

x2(t) + x1(1) = x2(0) + x1(0),
o) = x1(8) = calrr — DT,

for some explicit constants 7y, ¢, > 0.
The estimates in [2, 19] demonstrate that many features of this power law behavior remain to hold
for the trajectories for general n. In [19, Proposition 3.4] (with f,., = 0) it is proven that

min xiy (1) = xi(7) (3)

is Holder continuous in ¢ with exponent 113 In [2] it is shown that there exist constants C, ¢ > 0 such
that when particles k, k + 1, ..., ¢ collide at the same point,

1
ri(®) = x4 () — x,(t) < C(1) — ) 1+a foralli=k,...,0 -1, “)

x(1) — x(T1) < —e(Ty - t)ﬁ and  x,(f) — x,(1)) = c(1) — t)llTa (5)

for all ¢ < 1, close enough to 7.
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1.4. Main result

The properties cited above raise the question of whether x; is Holder continuous with exponent ﬁ
Note that by themselves these properties do not imply any Holder regularity; to see this, consider for
instance adding fast oscillations to the trajectories. This is not just a small technicality that was missed
in the previous papers; the possibility of fast oscillations cannot be excluded from the arguments in the
corresponding proofs.

Our main result states that the particle trajectories are indeed Holder continuous with exponent ﬁ:

Theorem 1.2 (Main result). Letn > 1, T > 0, by,...,b, € {—1,+1}, f, g satisfy Assumption 1.1, and
x] < ... < x, be initial conditions of the particles. For the solution of (1) starting at x,...,x,, let
T1,...,Tx < T be the collision times. Set 19 = 0 and ¢y = T. Then, for each 1 < k < K + 1, each
particle trajectory on [ty—1, 7] is Holder continuous with exponent 113

1.5. Classical approach to dealing with singularities

A classical approach to dealing with singular ODE:s is to introduce new dependent and independent
variables such that the vector field of the transformed system is locally continuous [22,23]. Typically,
in the new variables the system has an equilibrium such that solutions of interest are contained on an
invariant manifold induced by the dynamics in a neighborhood of that equilibrium; see [24-26] for
examples. Applying such a transformation to (1) on [0, 71], the equilibrium is given by the particle
positions at 7;, which will be asymptotically reached when the transformed time ¢ tends to co. More
specifically, in the case f(x) = }C we can proceed by using a similar approach as the Kustaanheimo-
Stiefel (KS) transformation [27,28]. This transformation maps the independent variables to a higher
dimensional space in which a simple change of independent variable leads to regularization of the
equations. Finding the equilibria of these regularized equations is equivalent to a polynomial root-
finding problem, and the problem of obtaining the existence of the invariant manifold reduces to an
eigenvalue problem. Unfortunately, these problems are already difficult to solve analytically for n > 5.
Yet, for numerical studies these regularized variables provide a promising alternative approach.

1.6. Idea of the proof

First, we show that without loss of generality we can treat each collision independently from the
other particles. Essentially, this means that we may assume that all particles collide at x = 0 at 7.
Second, for each collision, we show that it is sufficient to supplement (5) with a lower bound of the
type

r(t) > cy(rp ="M foralll <i<n-1. (6)

The first step for showing (6) is to show that no two neighboring particles x; and x;;; can be too close
together with respect to the distance to their other neighbors x;_; and x;,,, as otherwise x; and x;,;
would collide first. This translates to a bound of the type

ri 2 comin{ri_y, i}

This bound on itself is not enough to obtain (6), because it still allows for a configuration in which
ri, riy1 << ri_1, rizo. However, in such a situation, either x; and x;,; collide first, or x;.; and x;,, collide
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first, which would contradict that all particles collide at the same time. Generalizing this we obtain a
bound of the type

j-1

Z rx = X;— X; > camin{ri_, r;}
=i

for all i < j. This is the key Lemma 4.3. From it and (5) we derive the desired bound (6) in Lemma 4.4
by an iteration argument. The proof of Lemma 4.3 relies on several quantitative bounds (see Lemmas
3.1, 3.2, and 3.3) which are inspired by the proofs in [1] and [2].

1.7. Discussion

Our main result, Theorem 1.2, generalizes and unifies in a clean, compact statement several previ-
ously obtained results such as the Holder continuity of (3) and the estimates in (4).

Finally, we compare Assumption 1.1 on f, g to the assumptions made in [2, Assumption 2.2 and
Theorem 2.7]. Assumption 1.1 is slightly stronger; Assumption 1.1(ii) is replaced in [2] by the weaker
assumption that cx™ < f(x) < Cx™“ for some constants ¢, C > 0 and for all x > 0 small enough. We
choose to impose Assumption 1.1(ii) because it fits naturally with the proof method used below and
covers all applications for (1) given in [2].

1.8. Overview

The paper is organized as follows. In Section 2.1 we show that for proving Theorem 1.2 it is
sufficient to zoom in on the trajectories at each collision separately. In Section 3 we exploit the mono-
tonicity properties of f to strongly reduce the full dependence between the equations of the system of
ODEs in (1) at the cost of differential inequalities rather than equalities. Based on those inequalities
we prove Theorem 1.2 in Section 4.

2. Reduction to a single collision

In this section we show that it is sufficient to prove Theorem 1.2 for a single collision. Claim 2.1
states this in full detail.

Claim 2.1. Without loss of generality we may assume in Theorem 1.2 that:
(i) k=1,

(ii) b; = (1) forall 1 <i<n,

(iii) freg =0,

(iv) x},...,x, are such that x(t) = 0 for all 1 < i < n where t € (0,7,] can be chosen freely,
v) xy <...<x,on|0,7), and

(vi) there exist functions F; € C([0, 7]) such that

dx; - .
— = Z; bib,f(x; — x))+ F{t)  forallt€ (0,7)andall1 <i < n. )
p=

J#
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Proof. Let the setting in Theorem 1.2 be given. Since the system (1) is essentially the same on each
time interval of subsequent collision times, it is sufficient to prove the Holder regularity on [0, 74].
Since the particle trajectories are continuous on [0, 7], they are by definition of 7, separated on [0, 7;).
This separation has two consequences. First, since the particles are initially strictly ordered, they
remain strictly ordered on [0, 7). Second, if two particles x; and x; do not collide at 7, then their
trajectories are separated by a positive distance on [0, 7;]. By grouping together particles that collide
at the same point at time 7, we can split (1) up into systems of ODEs of the form

dx,- .
—r= D bbifini—x) 4 Fl) el ®)
jel
J#E
where I C {1,...,n} contains the indices of the colliding particles (note that I = {k,..., ¢} for some

1 < k < ¢ < n and that I may be a singleton),

FI0) =) bibjfreg(xi = x)) + Y bibf(xi — x) + big(x;)
Jet Jel
J#l
is continuous and bounded on [0, 7], and b;b; = (=1)"/ thanks to the “alternating signs” result men-
tioned in Section 1.3.

By considering F l’ (t) as a generic function in C([0, 7;]), the systems (8) indexed by I decouple.
Hence, we may focus on a single, arbitrarily chosen system. Note that (8) is invariant under the
swapping of all signs and invariant in shifting space. Hence, we may assume that all particles in (8)
collide at y = 0. Finally, thanks to the known regularity in (2) it is sufficient to prove the Holder
regularity only on [7; — 7, 7], where T € (0, 7;) can be chosen freely.

From this construction Claim 2.1 follows. Indeed, by shifting the time variable to ' = ¢t — 7| + T,
we obtain (iv). By relabeling the particles, we can transform I = {k,..., ¢} to {1,...,n"} with n’ =
{—k+1€({l,...,n};this demonstrates (vi). O

3. Estimates for the distance between particles

In this section we start from the setting in Claim 2.1. In particular, we consider system (7). We
establish key estimates on the distance between particles on which our proof of Theorem 1.2 in Section
4 relies. We note that while we may assume f., = 0, the estimates in this section also hold without
this assumption provided that all three inequalities in Assumption 1.1(iii) on the monotonicity are strict
inequalities.

Next we introduce notation. We reserve C, ¢ > 0 to denote generic positive constants which do not
depend on the relevant parameters and variables. We think of C as possibly large and ¢ as possibly
small. The values of C, ¢ may change from line to line, but when they appear multiple times in the
same display their values remain the same. When more than one generic constant appears in the same
display, we use C’,C”, ¢’, etc., to distinguish them. When we need to keep track of certain constants,
we use Cy, Cy, etc.

For the particle distances we introduce

ri=rjii=xj—x €R, 1<i,j<n,

Communications in Analysis and Mechanics Volume 17, Issue 3, 707-724.
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r; = r,-+1’l~:x,-+1—x,->0, 1<i<n.

Note that sgn(r;;) = sgn(j — i).

To obtain estimates on rj;, we start in Section 3.1 with examining the easier case of r;. Afterwards,
in Section 3.2 we treat the general case. We demonstrate how particle interactions can be grouped
together such that they give a positive or negative contribution to 7. Finally, in Section 3.3 we derive
bounds on ;.

3.1. Distance between neighboring particles

From the governing equations (7) we obtain
i = X1 — X = Fi(0) = Fi(®) + b bi(f (xiv1 — xi) — f(xi = xis1))
+ ) [biabef G = x0) = bibif(x; = %)
kit

Using that f is odd and that b; = (—1), we can write this in terms of r; and ry, as

n

i = =2£0r) + Git) = ) [bibig(rix; 1), ©)

k=1
k#i,i+1

where
Gi(t) := Fi1(t) — Fi(0)

describes the external forcing and

gt:p) 1R\ {—p,0} = R, g(r;p) == flo+r)+ f(r),

is used to describe the effect of particles other than x; and x;,4.

Figure 3. Properties of g(r;r;) in (9) for r; > 0 fixed. The distance r; represented by r is
contained in (—oo, —71;) or (0, 00). The inequalities follow from the monotonicity properties of

f.
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Next we investigate how the presence of particles and particle pairs contribute to the sum in (9). In
Figure 3 we present monotonicity properties of g(-; ;). For convenience we assume that b; = 1 (note
that b;;; = —1). The sign of g implies that a positive particle x; to the left (i.e., i > 0) tends to decrease
r;, 1.6., its contribution to the sum in (9) is nonpositive. More generally, whether a particle x; tends to
increase or decrease r; depends on b, and whether x; is to the left or to the right of the pair (x;, x;11),
but not on its distance to (x;, x;,1). In Table 1 below we list all four cases.

Next we consider a pair of neighboring particles (x, x;+1) to either the left of x; or to the right of
X;+1. Observe from Assumption 1.1(iii) (monotonicity) that for any »; > 0:

1. for all 0 < s < s, we have g(s,;1;) — g(s1;r;) <0, and
2. for all s3 < s4 < —r; we have g(s4;r;) — g(s3;1;) < 0.

The above properties are visualized in Figure 3. Hence, the pair (x;, x;,1) tends to either increase
or decrease r; independently of the positions of x; and xi.;; see Table 1 below. In (9) such a pair
corresponds to two consecutive terms of the sum.

3.2. The distance between any pair of particles

Next we consider rj; with j > i. Similar to the computation leading to (9), we obtain

j-1

J
Fji= Y bibef ) = D bibef i)+ ) |bibef(ri) = bibif(ri)]

k=i k=i+1 k<i-1

+ Z [bjbkf(rjk) - bibkf(rik)] + G (), (10)

k> j+1

where
Gji(t) = F](t) - Fi(t).

Note that sgn f(ry,) = sgn(k — €) for all k # €. The first two sums in the right-hand side generalize the
first term in the right-hand side of (9); not only do they account for the interaction between x; and x;,
but they also account for each particle x; in between x; and x;.

The latter two sums in (10) (note that the summands are the same) correspond to the single sum in
(9). In fact, if the particles i and j have opposite sign, then the summand is similar to that in (9):

[bjbkf(”jk) - bibkf(’”ik)] = —bibig(ri; rji).

We recall from Section 3.1 that the sign of the summand is independent of the distance between the
particles.
If b; and b; have the same sign, then the summand reads as

|Bibif (i) = bibif(rio)| = bibih(rics ),
where for any parameter p > 0 the function 4 is defined as

h(;0) i R\ {=p,0} = R, h(r;p) = flp+71) = f(r);
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see Figure 4. Note that the only difference between the expressions for /4 and g is the sign in front of
f(r). Hence, similar to g(-; p), on (—oco, —p) and (0, co0) the function A(-; p) has a sign and is monotone.
The convexity of f yields the additional bound on 4 given by

h(r;p):fp rf’(s)dssf’(p+r)p§0 forr >0 (11)

and
hr;p) < f'(np <0 for r < —p.

Figure 4. Properties h(r;rj;) for r; fixed. The distance r; represented by r is contained in
(=00, —r;) or (0, 00). In the case b; = b; the interaction between r and r;; is determined by A.

Finally, Table 1 summarizes the above by giving an overview of the contribution to 7-j; of the sum-
mand in the third and fourth sum in (10) for both single particles k = « and for two neighboring
particles k = k,x + 1. Table 1 will be the main tool in the results of the following section.

Table 1. Influence of one particle or a pair of particles on 7j;. This influence depends on
whether b; = —b; or b; = b;. The sign of the contribution is unchanged if the sign of both b;
and b, are swapped.

particle(s) configuration i-ji-contribution
b; b, positionk b;=-b; b;=Db;
Xy + + K<1 - —
X + + K> ] + -
Xy + - K<I + +
X + - K> ] - +
(X Xer1)  + —  k+1<i - -
('xl(9 xK+l) + - K > ] — +
Xes Xer1)  + +  k+1<i + +
(X Xes1)  + + K> ] + _

Communications in Analysis and Mechanics Volume 17, Issue 3, 707-724.
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3.3. Estimates on i

In this section we use Table 1 to establish the key estimates on 7j; from (10): in Lemma 3.1 we prove
a lower bound for when j =i + 1 and in Lemmas 3.2 and 3.3 we provide upper bounds for general j.

Lemma 3.1. 7, > -2f(r;)) —C foralli=1,...,n— 1.

Proof. Starting from (9) we apply F;(1) > —C. We split the sumover kink <i—1and k > i+ 2; see
also (10). Both sums can be treated analogously; we focus on the latter. If b; = 1 and n — i is odd, then
this sum can be written as a sum over the particle pairs

(X, Xeq1) fOor k=i+2,i+4,i+6,...,n—1.

Observe that b, = b;. From Table 1 we see that each such pair yields a positive contribution to 7;.
Estimating these contributions from below by 0, Lemma 3.1 follows. If b; = —1, then b, = b; and the
contribution to 7; is the same as the previous case b; = 1. Hence, by a similar argument we may remove
all terms from the sum.
If b; = 1 and n — i is even, then by a similar argument we may remove all terms from the sum over
k > i+ 2, except for k = n. Since b, = b;, we see from Table 1 that the summand at k = n is positive,
and thus Lemma 3.1 follows. Finally, for b; = —1 we can proceed by a similar argument.
O

For the next lemmas we set
rp 1= 00, Fp i= 00,

and use the conventions f(ry) = 0 and f(r,) = 0.

Lemma 3.2. Forall1 <i< j<n,ifb;, = —bj, then

i < =2f(rjp) + 2[f(r) + f(ri)] + C.

Proof. Starting from (10) we apply F;;(z) < C. For the fourth sum in (10), we note that the summand
atk = j+ 1 equals

Dibj1 f(rj) + bibjy f(rjp1) = f(rj) + f(rjc,) < 2f(r)).
From Table 1 we see that each of the summands corresponding to
(X, Xer1) for k=j+2,j+4,j+6,...

yields a negative contribution to the sum as b, = b; = —b;; we estimate these contributions from above
by 0. Finally, similar to the argument in the proof of Lemma 3.1, if the final term k = n is not covered
by the pairs above, then its contribution to the sum is negative. In that case we bound it from above by

0.
The third sum in (10) can be treated analogously; we obtain

S |bbuf i) + bibef ()| < 2f i),

k<i-1

Communications in Analysis and Mechanics Volume 17, Issue 3, 707-724.
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For the first sum in (10) we note that the summand at k = i equals —f(r;;). The remaining number
of summands is even. Grouping them as

(x) for k=j—2,j—4,j—6,...

the contribution of each term is negative. The second sum in (10) can be treated analogously; it is also
bounded from above by —f(r;;). The lemma follows by putting all estimates together. O

Lemma 3.3. Forall1 <i< j<n,ifb;=bj, then
Fji < rjif (rip) + f(rj) + f(ric) + C.

Proof. Again we start from (10) and apply F;(1) < C. For the fourth sum in (10), note that the
summand at k = j + 1 equals

Dibj1f(rjjs1) = bibji f(rije1) = —f(rjcriw) + f(r)) < f(r)).
From Table 1 we see that each of the summands corresponding to
(X» Xey1) fOor k. =j+2,j+4,j+6,...

yields a negative contribution to the sum (note that b, = b;); we estimate these contributions from
above by 0. If n — j is even then k = n is not covered by the pairs above. In this case, b, = b;, hence
the summand is negative and we bound it from above by O.

Similarly, for the third sum of (10) we obtain

Db f(ri) = bibe f(ri] < f(ry).
ki1
Next we estimate the first sum of (10). Since b; = b; the number of terms is even. Grouping pairs
together, we write it as

j-1 B i
Z bibif(rj) = Z F(rjisae) = f(rjivaes1) = Z h(rjivaes1; Tivae)- (12)
k=i =0 =0
Applying (11) to (12) and using the fact that f” is increasing we obtain
j-1 -l 7l
D bibif (i) < D F ()i < F1() ) Tivar. (13)
k=i =0 =0
Similarly, we obtain for the second sum in (10) that
j 5
D bibifr) < F(r) D reara. (14)
k=i+1 =0

Putting (13) and (14) together we obtain

j-1 J
Z bibif(rj) + Z bibif(ru) < f'(rjr;i.
k=i

k=i+1

Putting the estimates together we obtain the lemma. O
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4. Proof of the main theorem

The proof of Theorem 1.2 is given at the end of this section. First, we establish the key Lemma 4.3
on which this proof relies. We consider the setting in Claim 2.1. We combine Lemmas 3.1, 3.2, and
3.3 to obtain bounds on r;;(1); see Lemmas 4.1 and 4.2 below. Note from the upper bound in (4) that
we may assume that 7; is as small as required by taking 7 in Claim 2.1 small enough.

We start with two preparatory lemmas in which we exploit that f(x) = sgn(x)[x|™:

Lemma 4.1. For v small enough and fori=1,...,n—1

rii; > =3 on [0,7).

Proof. Using Lemma 3.1 we obtain

-2
iz — —C.
Taking 7 small enough such that Cr{ < 1 on [0, 7], Lemma 4.1 follows. O

For the next lemmas we recall that ro, r,, = oo and that ri, r,* = 0.

Lemma 4.2. Let b := min(1, %a). For v small enough and forall 1 <i< j<n
i'j,' < - +

2 2
JE— + _
rioT T

on [0, 7).

Proof. We first consider b; = —b;. We use Lemma 3.2 to obtain

- 2 2 2

Fii £ ——+ —+ + C.
re. rt e
Ji Jj i—-1

Taking 7 small enough such that Cr;?l. < 1on [0, 7], Lemma 4.2 follows.
For the other case b; = b; the proof is similar: from Lemma 3.3 we get

. a 1
I"jl'<——+—+

- a a + C’
ji j i-1
and then taking 7 small enough such that Cr;?l. < g on [0, 7], Lemma 4.2 follows. m]

Lemma 4.3. Let b be given as in Lemma 4.2. For T small enough and for all t € [0,7] and all
1 <i< j<nwith(ji) # (n,1)we have

1 b 1
rji(t) = comin{r;_ (1), r;(1)}, Co := min {<_)a’ (_)a+1} ~ 0
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Proof. Fix T > 0 such that Lemmas 4.1 and 4.2 apply. Lemma 4.3 obviously holds at # = 7. For
t € [0, 7) we reason by contradiction; suppose there exists #, € [0, ) such that

a := rji(ty) < cominfri_i(ty), rj(to)} =: copB.

Note that 8 < oo (indeed, while ry = r,, = oo, the condition (j, i) # (n, 1) implies that r;_(#) or r;(to) 1s
finite). Applying Lemma 4.1 and integrating over [fy, ], we obtain

al? (r,‘j” - (r,i)““) > -3¢

for k € {i — 1, j}. Rewriting this yields

1
r(@® = (B = 3(a+ D)t — to)]4)a+T

for all ¢ € [1y, T]. Let

ﬁa+1
1 =1+
PO 6@+ 1)
and note that
1
re=2at13>0 on [ty t]; (15)

thus #; < 7. Then, from Lemma 4.2 and (15) we obtain

b _a_ b 8
i’ji < —— 4+ 22+a+lﬁ_a <——+— on [t H] (16)
r?l' r?i B

We note from the following computation that the right-hand side in (16) is negative initially at ¢ = #,:

§ 8t
— < < .
B at T 2ri(t)”

Moreover, the right-hand side in (16) decreases as rj; decreases. Hence, we obtain

Fi < - on |[f,1].
Ji 2’”?,- [0 1]

Multiplying by r%; and integrating over [fo, 7], we obtain

b
a+1 (rﬁ(t)a“ — 0/”]) < _E(t - t()).

Rewriting this, we get

1
rﬂnghm—§m+nu—mk“ on [fo,1,].

The first time #, at which the right-hand side hits O is

a+1
th =ty + ———a*™ <ty + atl gatl + B =t <1
2= e+ T ha+ ) =0T s+ ST
Thus, r;(,) = 0 with , < 7, which contradicts r; > 0 on [0, 7). O
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We obtain the desired lower bound on 7; (recall (6)) from (5) and Lemma 4.3 by an iteration argu-
ment:

1
Lemma 4.4. For T small enough there exists ¢ > 0 such that ri(t) > c¢(t — t)1+a foralli=1,...,n—1
and all t € [0, 7].

Proof. Take any 7 > 0 such that Lemma 4.3 applies. Let 1 <i < n — 1. Since the statement is obvious
for t = 7, it is sufficient to consider ¢ € [0, 7). By (5), it is enough to show that

ri > Cry (17)

for some ¢ > 0. Note that for n = 2 we simply have r; = r,;, and thus we may assume n > 3.

We prove (17) by induction over finitely many steps. The induction statement is as follows: if
ri > crj for some ¢ > 0 and some integers k, j satisfying 1 < k <i < j < n with (j,k) # (n, 1), then
there exists ¢’ > 0 such that either

j<n-1 and 12T or (18a)
k>?2 and TN AT (18b)

Observe that iterating the induction statement (n — 2) times yields (17). The conditions (j, i) # (n, 1),
Jj<n-1,and k > 2 are of little importance; they simply ensure that the induction does not go beyond
the end particles x; and x,,.

Initially, i.e., for k = i and j = i + 1, the condition in the induction statement is trivially satisfied
with ¢ = 1. Let the condition in the induction statement be satisfied for some c, j, k. By Lemma 4.3 we
have

rix > ¢ min{ry_y, r;}. (19)

Suppose that the minimum is attained at r; (note that this implies j < n — 1). Then by the induction
statement

1 1,1
r,+1,k:rj+rjks(;+l)r,~ksE(;+l)r,-,

and thus (18a) is satisfied. If the minimum in (19) is instead attained at r,_;, then a similar argument
shows that (18b) holds. O

Corollary 4.5. For v small enough and alli = 1,...,n— 1 we have that r; € C/*9([0, 7]).

Proof. Take any 7 > 0 such that Lemma 4.4 applies. Let 1 <i <n— 1. Using Lemma 3.1 and Lemma
4.4 we obtain

2 -’
Fiz2-—-C :
r? (‘[' — l’)a+1
Then, using Lemma 3.2 we obtain
2 2 ’
Fi<——+—+—+2C<0+ -
LI R (T — )@

For any 0 < s < t < 7 we obtain
! t C L
Iri(t) = ri(s)] < f |Fi(h)l dh < f ————dh =C'((r = s)arT — (r— a1 )
Ky s (T - li)m
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r—s t—s 1
=C - — <’ — = (C'(t — §)a+l.
(T—95)aT + (T =)= (t — 5)at

Finally, with Corollary 4.5 we prove Theorem 1.2:

Proof of Theorem 1.2. Consider the setting in Claim 2.1 and take 7 > 0 such that Corollary 4.5 holds.
It is left to prove that x; € CY/1*9([0,7]) foralli = 1,...,n.

Let M = Y}, x;. Consider the variable transformation from (x, ..., x,) to
(M, ry,ra,...,r,—1). Note that this transformation is linear and bijective. Hence, it is sufficient to show
that M, ry, 7, ..., 1, € CY1*9([0,7]). For the variables r; this is given by Corollary 4.5. For M we
compute from (7) (note that f is odd) M = >, Fi, which is uniformly bounded on (0, 7). Hence, M is
Lipschitz continuous on [0, 7]. O
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