
AllVlS 
Communications in 
Analysis and Mechanics 

https://www.aimspress.com/journal/cam

Communications in Analysis and Mechanics, 17(1): 237–262.
DOI: 10.3934/cam.2025010
Received: 26 January 2025
Revised: 04 March 2025
Accepted: 07 March 2025
Published: 14 March 2025

Research article

Attractors for a Navier–Stokes–Allen–Cahn system with unmatched densities

Chunyou Sun1,2, and Junyan Tan1,*

1 School of Mathematics and Statistics, Lanzhou University, Lanzhou, 730000, P.R. China
2 School of Mathematics and Statistics, Donghua University, Shanghai, 201620, P.R. China

* Correspondence: Email: 220220934101@lzu.edu.cn.

Abstract: This paper investigates the long-time behavior for a Navier–Stokes–Allen–Cahn system,
a diffuse interface model for two-phase incompressible flows with unmatched densities, non-constant
viscosities, and a singular Flory–Huggins potential. First, we establish the dissipativity of strong
solutions via some a priori estimates. Then, we demonstrate the regular-continuity of the semigroup,
which allows us to prove the existence of the global attractor in the strong solutions space.

Keywords: two phase flow; global attractor; Navier–Stokes–Allen–Cahn system; dissipativity;
singular Flory–Huggins potential
Mathematics Subject Classification: 35B40, 35Q35, 35K61, 76T06

1. Introduction

This paper considers the following Navier–Stokes–Allen–Cahn (NSAC) system modeling for two-
phase flow with unmatched densities and viscosities, reading as follows:

ρ(φ)∂tu − div(ν(φ)Du) + ρ(φ)u · ∇u + ∇P = − div(∇φ ⊗ ∇φ),
div u = 0,

∂tφ + u · ∇φ = −µ − ρ′(φ) |u|
2

2 + µ + ρ′(φ) |u|
2

2 ,

in Ω × (0,∞), (1.1)

where Ω ⊂ R2 is a bounded domain with a smooth boundary. Considering the no-slip boundary condition
for u, the homogeneous Neumann boundary condition for φu = 0,

∂nφ = 0,
on ∂Ω × (0,∞), (1.2)

and the initial conditions u(·, 0) = u0,

φ(·, 0) = φ0,
in Ω. (1.3)
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Here, u = u(x, t) represents the volume-averaged fluid velocity field, while P = P(x, t) denotes the
pressure. The viscosity of the mixture, ν, is not constant, and ρ denotes the density of the mixture,
which depends on the phase function φ. D is the symmetric gradient, which has the following form:
D = 1

2 (∇ + ∇T ). The chemical potential is defined by

µ = Ψ′(φ) − ∆φ, (1.4)

and X = 1
|Ω|

∫
Ω

Xdx denotes the spatial average of the term X. As an example, though not the only
possibility, we can consider the averaged density

ρ(φ) = ρ1
1 + φ

2
+ ρ2

1 − φ
2

,

and the averaged viscosity of the binary fluids

ν(φ) = ν1
1 + φ

2
+ ν2

1 − φ
2

,

where ρ1 and ρ2 denote the densities of the two fluids, and ν1 and ν2 represent their respective viscosities.
The function Ψ is the double-well free energy density, also known as the Flory–Huggins potential,
which is given by

Ψ(s) =
θ

2

(
(1 + s) ln(1 + s) + (1 − s) ln(1 − s)

)
−
θ0

2
s2

= F(s) −
θ0

2
s2,

(1.5)

for every s ∈ [−1, 1], where θ and θ0 are two positive constants representing the absolute temperature of
the mixture and the critical temperature, respectively, and they satisfy 0 < θ < θ0.

Investigating the dynamics of two-phase flows is one of the most attractive and important problems
within the hydrodynamic theory of fluids, with the Allen–Cahn equation playing a fundamental role
(see [1, 2]). The interface between two fluids is a (d − 1)-dimensional manifold, posing great challenges
both to the theoretical analysis and to the computational applications. Recently, a method called
the diffuse-interface approach has emerged as a powerful technique for the study of interface theory
(see [3–6]). The diffuse-interface method introduces a labeling function to replace the sharp interfaces
with transition layers of width ε > 0, where ε is a small parameter. Under this framework, the dynamics
of interfaces between two fluids recognized as level sets of the order parameter can be naturally described
(see [7]). Within the diffuse-interface framework, the phase function φ represents the contrast between
local concentrations of the two fluids.

Two commonly used model equations in the study of the evolution of binary fluid systems with mass
conservation are the following.

(1) Mass-conserving Allen–Cahn equation (see [8])∂tϕ + u · ∇ϕ + m (µ − µ) = 0, in Ω × (0,T ),
∂nϕ = 0, on ∂Ω × (0,T );

(1.6)

(2) Cahn–Hilliard equation (see [9])∂tϕ + u · ∇ϕ − div(m∇µ) = 0, in Ω × (0,T ),
∂nϕ = ∂nµ = 0, on ∂Ω × (0,T ),

(1.7)
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where µ represents the chemical potential, and m is a physically relevant constant.
The transport equation, in contrast to the Allen–Cahn and Cahn–Hilliard equations, does not include

a diffusive term, and thus fails to maintain the proper shape of the diffuse interface along the normal
direction, which motivates us to study the incompressible Navier–Stokes equations coupled with
either the Allen–Cahn equation (1.6) or the Cahn–Hilliard equation (1.7), without dropping the crucial
conservation laws (see (4.1)).

Recent research on incompressible binary fluid mixtures has led to significant findings. For the
phase-field model of binary fluids, including the case of equal densities or small density contrasts, which
can be approximated by the Boussinesq equations, we refer readers to [3, 10–13] and references therein.
We also refer interested readers to [14] for a nice reference about the compressible Navier–Stokes
equations with Onsager’s regularity. Nevertheless, in most physical models, the density differences
between two fluids are non-negligible. Significant contributions to the Navier–Stokes–Allen–Cahn
models with constant density have been made by the authors in [15–17]. However, the authors chose
the potential as the classical Landau double-well form as well as the lack of mass conservation (see
e.g. [18] and [19] and references therein).

The model (1.1) was derived by Onsager (see [20, 21]), and we also refer interested readers to [22]
for the Navier–Stokes–Cahn–Hilliard system. We also mention that there are several works for coupled
nonlinear parabolic systems (see [23–25]) by introducing the so-called potential well method for the
global existence of weak solutions (see [26–28]). Such systems are particularly relevant in the modeling
of two-phase fluid systems, where the complex interplay between the phases often results in nonlinear
coupling. The authors in [21] demonstrated both the well-posedness and the existence of the global
attractor associated with system (1.1) in the 2-dimensional case. Their analysis focused on a specific
case when the potential is smooth. The system they considered lacks a mass-conserving law and has
constant viscosity. As a result, they ensured that the phase function φ remained confined within the
physical range [−1, 1], which is essential to their analysis. The well-posedness, regularity, and existence
of the global attractor for the Navier–Stokes–Cahn–Hilliard system were established by the authors
in [29] and [30]. The system they considered has matched density, and consequently, the uniqueness
of the weak solution was easily obtained. This, together with the higher-order regularity of the phase
function φ in (1.7), ensured that the dynamical system they constructed was on a lower-order regularity
space Hσ×H1(Ω), and they obtained the compact absorbing set by dissipativity estimates in Vσ×H2(Ω)
(see definition in section 2). Nevertheless, compared to the NSCH system, the NSAC system (1.1)
contains only second-order diffusion terms. As a result, the regularity of φ is lower and we need more
delicate estimates for φ (for more details, we refer to Proposition 4.1 in this paper and the argument of
absorbing set in Theorem 4.1 in [30]). Moreover, since there is currently no theoretical proof of the
uniqueness of weak solutions for the NSAC systems with unmatched densities, we can only consider
strong solutions and construct the global attractor in a higher-regularity space Vσ ×H2(Ω), and therefore
we need a much higher estimate of solutions in H2

σ × H3(Ω) to get the existence of a compact absorbing
set (see Proposition 4.4 and Proposition 4.5 for more details).

The authors in [31] established the existence of a global weak solution of (1.1) in both 2-dimensional
and 3-dimensional cases, together with the uniqueness of weak solutions with matched densities in the
2-dimensional case. Additionally, they proved the existence and uniqueness of strong solutions in the
2-dimensional case and derived several entropy estimates. However, there is no successful method that
gives the uniqueness of weak solutions to system (1.1) with unmatched densities in the 2-dimensional case.
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Before concluding this introduction, we give some additional remarks about our work. This study
investigates the long-time behavior of solutions to the NSAC system (1.1). The system we consid-
ered here is more closely related to the actual physical model since the differences between densities
and viscosities are not dropped. We also consider the system added a nonlinear term (1/2)ρ′(φ)|u|2

representing the force which effectively models the impact of macroscopic fluid effects on the micro-
scopic description arising from density differences (see [31]). Building on the framework established
in [31], we demonstrate the dissipativity in the complete metric space Hm. Due to Theorem 3.2, the
existence of strong solutions provided in [31], we focus our analysis on strong solutions and construct
an absorbing set on a suitable phase space Ym (refer to Section 3 for details). Moreover, because the
chosen Flory–Huggins potential has singular derivatives, the uniform bound of F′′(φ) as time t away
from zero is obtained by a corollary of Theorem 3.3, and this result enables us to derive compactness
of the trajectories by proving dissipativity in a higher-regularity function space. Finally, applying the
interpolation techniques, we demonstrate the continuity of the semigroup on the phase space Ym and
obtain the existence of the global attractor. For further research, one may get a higher regularity of the
global attractor by the framework in [32]. This analysis lies beyond the framework of the present study
and will be investigated in future work.

The plan of this paper reads as follows: In section 2, we present the function spaces, several
inequalities in analysis, the theory of elliptic and the Stokes problems, as well as some Gronwall-
type lemmas. In section 3, we recall the well-posedness results shown in [31], and we introduce the
dynamical system in a suitable phase space generated by (1.1)-(1.3). Section 4 gives the existence of
the global attractor, demonstrating the existence of a bounded and compact absorbing set in the phase
space together with the continuity of the semigroup.

2. Preliminaries

2.1. Function spaces

Throughout this paper, the notation C = C(a1, a2, ..., aN) indicates that the constant C is a positive
constant depending on the quantities a1, a2, ..., aN . The boldface letter (e.g., L) denotes the space of
vector fields. If X is a metric space, BX(R) denotes the closed ball in X with radius R, centered at
the origin. In this paper, A : B is defined as the inner product of two matrices A and B, given by
A : B = tr(AT B), and we denote norms ‖ · ‖Lp(Ω), ‖ · ‖H1(Ω)... by ‖ · ‖Lp , ‖ · ‖H1 ... (1 6 p 6 +∞) unless
otherwise specified.

Let Ω ⊂ R2 be a bounded domain with a smooth boundary ∂Ω. We denote by Hσ the closure of
C∞0,σ(Ω) in L2(Ω), Vσ the closure of C∞0,σ(Ω) in H1(Ω), and H2

σ the closure of C∞0,σ(Ω) in H2(Ω), where

C∞0,σ(Ω) = {u ∈ C∞0 (Ω) : div u = 0}.

Then they are Hilbert spaces, and for convenience, we may still use ‖ · ‖L2 , ‖ · ‖H1 and ‖ · ‖H2 for the
norms in those spaces.

The Korn inequality related to the symmetric gradient reads as follows:

‖∇u‖L2 ≤
√

2‖Du‖L2 ≤
√

2‖∇u‖L2 , for all u ∈ Vσ. (2.1)

We also recall the following inequalities in the 2D case (see [31]):

‖ f ‖L4 ≤ C‖ f ‖
1
2
L2‖ f ‖

1
2
H1 , for all f ∈ H1(Ω), (2.2)
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‖ f ‖L∞ ≤ C‖ f ‖
1
2
L2‖ f ‖

1
2
H2 , for all f ∈ H2(Ω), (2.3)

‖∇ f ‖L4 ≤ C‖ f ‖
1
2
H2‖ f ‖

1
2
L∞ , for all f ∈ H2(Ω), (2.4)

‖ f ‖L∞ ≤ C‖ f ‖H1 ln
1
2
(
e
‖ f ‖H2

‖ f ‖H1

)
, for all f ∈ H2(Ω), (2.5)

‖ f ‖L∞ ≤ C(p)‖ f ‖H1 ln
1
2
(
C(p)

‖ f ‖W1,p

‖ f ‖H1

)
, for all f ∈ W1,p(Ω), p > 2. (2.6)

We recall the following lemma and refer interested readers to [31] for a detailed proof.

Lemma 2.1 ( [31]). Let f ∈ H1(Ω), g ∈ Lp(Ω) where Ω ⊂ R2 is a bounded domain with a smooth
boundary and p > 2. Then

‖ f g‖L2 ≤ C
( p

p − 2
) 1

2 ‖ f ‖H1‖g‖L2 ln
1
2
(
e|Ω|

p−2
2p
‖g‖Lp

‖g‖L2

)
,

for some C = C(Ω).

In the following, we recall an important differential inequality in order to obtain the dissipativities
later (see [29, 32] for more details).

Lemma 2.2 (Uniform Gronwall lemma in logarithm). Assume f > 0 is absolutely continuous on [0,∞)
and g, h > 0 are both locally integrable on [0,∞), satisfying

f ′(t) ≤ g(t) f (t)ln(e + f (t)) + h(t), a.e. t ≥ 0,

and in addition the uniform bounds: for every t ≥ 0,∫ t+r

t
f (τ)dτ ≤ a1,

∫ t+r

t
g(τ)dτ ≤ a2,

∫ t+r

t
h(τ)dτ ≤ a3,

for some r, a1, a2, a3 > 0. Then for every t ≥ r,

f (t) ≤ e( a1+r
r +a3)ea2

.

2.1.1. Stokes problems and Neumann problems

Now we recall two lemmas for the Stokes problem and the elliptic estimate of Neumann problems
(see [3] and [31]).

Lemma 2.3. Let Ω ⊂ R2 be a bounded domain with a smooth boundary. ν ∈ W2,∞(R), and satisfies
0 < ν∗ ≤ ν(s) ≤ ν∗ for all s ∈ R. ϕ ∈ W1,r(Ω), with r > 2. The force g ∈ Lp(Ω), with p ∈ (1,∞). Assume
that u ∈ Vσ is a weak solution of− div(ν(ϕ)Du) + ∇P = g, in Ω,

u = 0, on ∂Ω,

in the following sense
(ν(ϕ)Du,∇v) = (g, v), for all v ∈ Vσ.

Then,
‖u‖W2,p ≤ C (‖g‖Lp + ‖∇ϕ‖Lr‖Du‖L2) ,

for some positive constant C = C(p,Ω) and 1
p = 1

2 + 1
r .
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Lemma 2.4. Let Ω ⊂ R2 be a bounded domain with a smooth boundary. Assume that ϕ is the solution
to the Neumann problem: −∆ϕ + F′(ϕ) = g, in Ω,

∂nϕ = 0, on ∂Ω.

Then we have:
(a) If g ∈ Lp(Ω), p ∈ [2,∞], then

‖F′(ϕ)‖Lp ≤ ‖g‖Lp .

(b) If g ∈ H1(Ω), then

‖∆ϕ‖L2 ≤ ‖∇ϕ‖
1
2
L2‖∇g‖

1
2
L2 ,

and for every p ≥ 2, there exists a positive constant C = C(p,Ω), such that

‖ϕ‖W2,p + ‖F′(ϕ)‖Lp ≤ C(1 + ‖g‖H1 + ‖ϕ‖L2).

3. Well-posedness and dynamical system

First we assume that the density and the viscosity ρ, ν ∈ C2([−1, 1]) satisfy

0 < ρ∗ ≤ ρ(s) ≤ ρ∗,
0 < ν∗ ≤ ν(s) ≤ ν∗,

(3.1)

for every s ∈ [−1, 1].
Next, we recall the well-posedness and regularity theorems given in [31].

Theorem 3.1 ( [31]). Let Ω ⊂ R2 be a bounded domain with a smooth boundary, (u0, φ0) ∈ Hσ ×

(H1(Ω) ∩ L∞(Ω)) with ‖φ0‖L∞ ≤ 1 and |φ0| < 1. Then there exists a weak solution (u, φ) to problem
(1.1)-(1.3) on the interval [0,∞), satisfying:

(a) For every T > 0,

u ∈ L∞(0,T ; Hσ) ∩ L2(0,T ; Vσ),
φ ∈ L∞(0,T ; H1(Ω)) ∩ L2(0,T ; H2(Ω)), ∂tφ ∈ L2(0,T ; L2(Ω)),

φ ∈ L∞(Ω × (0,T )) : |φ(x, t)| < 1 a.e. in Ω × (0,T ),

µ ∈ L2(0,T ; L2(Ω)), F′(φ) ∈ L2(0,T ; L2(Ω)).

(b) The pair (u, φ) solves the problem in the following sense:

−

∫ T

0

∫
Ω

(
ρ′(φ)∂tφη(t) + ρ(φ)η′(t)

)
u · wdxdt +

∫ T

0

∫
Ω

(ρ(φ)u · ∇u) · wη(t)dxdt

+

∫ T

0

∫
Ω

ν(φ)
(
Du : Dw

)
η(t)dxdt

=

∫
Ω

ρ(φ0)u0 · wη(0)dx +

∫ T

0

∫
Ω

(
(∇φ ⊗ ∇φ) : ∇w

)
η(t)dxdt,
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for every T > 0, w ∈ Vσ, η ∈ C1([0,T ]) with η(T ) = 0, and

∂tφ + u · ∇φ = ∆φ − Ψ′(φ) − ρ′(φ)
|u|2

2
+ Ψ′(φ) + ρ′(φ)

|u|2

2
, a.e. (x, t) ∈ Ω × (0,T ).

u(·, 0) = u0, φ(·, 0) = φ0 in Ω, and ∂nφ = 0 almost everywhere on ∂Ω × (0,T ).

(c) Set the total energy of the system by

E(u, φ) =

∫
Ω

1
2
ρ(φ)|u|2 +

1
2
|∇φ|2 + Ψ(φ)dx, (3.2)

then the weak solutions satisfy the energy inequality as follows:

E(u(t), φ(t)) +

∫ t

0

∫
Ω

ν(φ(τ))|Du(τ)|2dx +

∫ t

0
‖(∂tφ(τ) + u(τ) · ∇φ(τ))‖2L2 ≤ E(u0, φ0), (3.3)

for all t > 0.

Theorem 3.2 ( [31]). Let Ω ⊂ R2 be a bounded domain with a smooth boundary. Assume that
(u0, φ0) ∈ Vσ(Ω) × H2(Ω) such that ‖φ0‖L∞ ≤ 1, |φ0| < 1, µ0 = Ψ′(φ0) − ∆φ0 ∈ H1(Ω) and ∂nφ0 = 0 on
∂Ω. Then there is a strong solution (u, φ) to problem (1.1)-(1.3) on the interval [0,∞), satisfying:

(a) For every T > 0 and for every p ∈ (2,∞),

u ∈ L∞(0,T ; Vσ) ∩ L2(0,T ; H2(Ω)) ∩ H1(0,T ; Hσ),

φ ∈ L∞(0,T ; H2(Ω)) ∩ L2(0,T ; W2,p(Ω)),

∂tφ ∈ L∞(0,T ; L2(Ω)) ∩ L2(0,T ; H1(Ω)),

F′(φ) ∈ L∞(0,T ; L2(Ω)) ∩ L2(0,T ; Lp(Ω)).

The solution (u, φ) solves the system (1.1) almost everywhere in Ω × (0,∞). Moreover, u(·, 0) = u0,
φ(·, 0) = φ0 in Ω, ∂nφ = 0 a.e. on ∂Ω × (0,T ).

(b) If in addition there exists η1 = η1(E(u0, φ0), ‖u0‖Vσ
, ‖φ0‖H2 , ‖F′(φ0)‖L2 , θ, θ0), such that ‖ρ′‖L∞(−1,1) ≤

η1 and F′′(φ0) ∈ L1(Ω), then for every T > 0,

(F′′(φ))2 ln(1 + F′′(φ)) ∈ L1(Ω × (0,T )), (3.4)

and furthermore, the strong solution that satisfies (3.4) is unique.

Theorem 3.3 ( [31]). Let the assumptions of Theorem 3.2 be satisfied. Assume in addition that
‖ρ′‖L∞(−1,1) ≤ η1. If (u, φ) is the strong solution of system (1.1), then for every ξ > 0, there exists a
positive constant δ(ξ), such that the absolute value of φ is away from one:

−1 + δ(ξ) ≤ φ(x, t) ≤ 1 − δ(ξ),

for every x ∈ Ω and t ≥ ξ.

Remark 3.4. In contrast to the Navier–Stokes–Cahn–Hilliard system, the phase function φ can approach
±1 arbitrarily closely as t goes to zero (see [31] and [30] for a detailed discussion).
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For any m ∈ (−1, 1), we define the following spaces:

Hm = Hσ × Vm,

Ym = {(u, φ) ∈ Vσ × H2(Ω) : |φ| ≤ 1, a.e. , φ = m, ∂nφ = 0 on ∂Ω},

where
Vm = {φ ∈ H1(Ω) ∩ L∞(Ω) : ‖φ‖L∞ ≤ 1, φ = m}.

ThenHm and Ym are two complete metric spaces.
According to Theorems 3.1-3.2, the problem (1.1)-(1.3) generates a dynamical system: for each

t ≥ 0,
S (t) : Ym → Ym,

in the following sense
S (t) (u0, φ0) = (u(t), φ(t)) ,

where (u(t), φ(t)) is the unique solution of problem (1.1)-(1.3). The dynamical system is a semigroup
S (t) on Ym satisfying:

(a) S (0) = IdYm;
(b) S (t + τ) = S (t)S (τ), for every t, τ ≥ 0;
(c) t → S (t)(u0, φ0) ∈ C([0,∞),Ym), for every (u0, φ0) ∈ Ym.

4. The Global Attractor

In this section, we will prove the existence of the global attractorAm of the semigroup S (t) on the
phase space Ym.

4.1. Absorbing Set

Proposition 4.1. There is a bounded set B0 ⊂ Hm, such that for any bounded subset B of Hm, there
exists t0(B) > 0, which depends only on theHm-bounds of B, satisfying

(u(t), φ(t)) ∈ B0, for all t ≥ t0(B),

where (u, φ) is the weak solution of (1.1) subject to the initial value (u0, φ0) ∈ B.

Proof. Let us fix R > 0. We consider (u0, φ0) ∈ BHm(R) ⊂ Hm. First we integrate the equation (1.1)3

over Ω to obtain the mass conservation: for every t ≥ 0,∫
Ω

φ(t)dx =

∫
Ω

φ0dx, (4.1)

and we define
m = φ(t) =

1
|Ω|

∫
Ω

φ(t)dx.

By Theorem 3.1, we recall the energy identity:

d
dt

E(t) +

∫
Ω

ν(φ)|Du|2dx + ‖∂tφ + u · ∇φ‖2L2 = 0, (4.2)
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for every t > 0. For (1.1)3, we take the L2-inner-product with φ − φ = φ − m to obtain

1
2

d
dt
‖φ‖2L2 + ‖∇φ‖2L2 +

∫
Ω

F′(φ)(φ − m)dx − θ0

∫
Ω

φ(φ − m)dx +

∫
Ω

ρ′(φ)(φ − m)
|u|2

2
dx = 0.

By multiplying the above equation by ε and summing with (4.2), we arrive at

d
dt

(E(t) +
ε

2
‖φ‖2L2) + ε‖∇φ‖2L2+ε

∫
Ω

F′(φ)(φ − m)dx +

∫
Ω

ν(φ)|Du|2dx

+‖∂tφ + u · ∇φ‖2L2 ≤C − ε
∫

Ω

ρ′(φ)(φ − m)
|u|2

2
dx

≤C + C1ε‖u‖2L2

≤C + C1ε‖∇u‖2L2 ,

where C = C(θ0,m,Ω, ε) and C1 = C1(ρ,m,Ω). Then by the Korn inequality and (3.1), we obatin

d
dt

(E(t)+
ε

2
‖φ‖2L2) + (

1
2
ν∗ − ε)‖∇u‖2L2 + ε

∫
Ω

F′(φ)(φ − m)dx

+ε‖∇φ‖L2 + ‖∂tφ + u · ∇φ‖2L2 ≤ C.

Next we need an inequality, which can be found in [33]:

β

∫
Ω

|F′(φ)|dx ≤
∫

Ω

F′(φ)(φ − m)dx + C0, (4.3)

for some β, C0 > 0, depending only on F and m. Then we obatin

d
dt

(E(t)+
ε

2
‖φ‖2L2) + (

1
2
ν∗ − ε)‖∇u‖2L2 + εβ‖F′(φ)‖2L1+

ε‖∇φ‖L2 + ‖∂tφ + u · ∇φ‖2L2 ≤ C.

Taking ε = 1
4C1
ν∗, and Ψ∗ := maxs∈[−1,1] |Ψ(s)|,Ψ∗ := maxs∈[−1,1] |Ψ(s)| we obtain

d
dt

(E(t) +
ε

2
‖φ‖2L2) +

1
4
ν∗‖∇u‖2L2 +

1
4
ν∗‖∇φ‖

2
L2 +

∫
Ω

Ψ(φ)dx + ε‖φ‖2L2 ≤ C̃1,

where C̃1 = C̃1(F, θ0,m, ν,Ω). By the definition of E(t), we obtain

d
dt

(E(t) +
ε

2
‖φ‖2L2) + α(E(t) +

ε

2
‖φ‖2L2) ≤ K2

0 , (4.4)

where α = α(λ1,Ψ∗), depends on parameters of system (1.1), and λ1 is the first eigenvalue of the Stokes
operator A, while K2

0 := C̃1 + |Ω|Ψ∗. By the Gronwall lemma, for each t ≥ 0,

E(t) ≤ (E(0) +
ε

2
‖φ0‖

2
L2)e−αt + (K′1)2,

where (K′1)2 =
K2

0
α

. Thus by the definition of the energy E(t) again, we obtain the crucial inequality:

‖u‖2L2 + ‖∇φ‖2L2 ≤ C(ρ)
(
‖u0‖

2
L2 + ‖∇φ0‖

2
L2

)
e−αt + K2.
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As (u0, φ0) ∈ BHm(R), when t ≥ te(R), for some te(R) = te(ρ,R),

C(ρ)
(
||u0||

2
L2 + ||∇φ0||

2
L2

)
e−αt ≤ 1,

and
‖u(t)‖2L2 + ‖∇φ(t)‖2L2 ≤ K2

1 , (4.5)

where K2
1 := K2 + 1, depends only on parameters of system (1.1). Then we can finish the proof by

taking B0 = BHm(K1). �

Remark 4.2. As a direct consequence of the above proposition, we indeed obtain the dissipativity in
the weak solution space. This may allow us to construct the so-called trajectory attractor for the weak
solutions of the NSAC system (1.1) without uniqueness. On the other hand, (4.5) together with (4.4)
yields, for all t ≥ 0,

‖u(t)‖2L2 + ‖∇φ(t)‖2L2 +

∫ t+1

t
(‖∇u(s)‖2L2 + ‖∂tφ(s) + u · ∇φ(s)‖2L2 + ‖F′(φ)‖L1)ds ≤ M0, (4.6)

for some M0 that depends only on the parameters of the system and K1.

Lemma 4.3. The following estimates hold for all t ≥ te(R):

‖φ‖2H2 ≤C(1 + ‖∂tφ + u · ∇φ‖2L2 + ‖Du‖2L2)
≤C1(1 + ‖∂tφ‖

2
L2 + ‖Du‖2L2),

(4.7)

and
‖∂tφ‖

2
L2 ≤C2(‖∂tφ + u · ∇φ‖2L2 + ‖Du‖2L2), (4.8)

for some C1,C2 dependent on parameters of (1.1) and K1.

Proof. Multiply (1.4) by −∆φ and integrate over Ω to obtain

‖∆φ‖2L2 +

∫
Ω

F′′(φ)|∇φ|2dx = θ0‖∇φ‖
2
L2 −

∫
Ω

(µ − µ)∆φdx.

As t ≥ te(R), and by (4.5),

‖∆φ‖2L2 ≤ θ0K2
1 + ‖∆φ‖L2‖µ − µ‖L2 ≤ θ0K2

1 +
1
2
‖∆φ‖2L2 +

1
2
‖µ − µ‖2L2 .

Thus,
‖∆φ‖2L2 ≤ C(1 + ‖µ − µ‖2L2).

Then by (4.5), we obatin
‖φ‖2H2 ≤ C(1 + ‖µ − µ‖2L2),

for any t ≥ te(R). Also by (2.4) and (4.5),

‖u · ∇φ‖L2 ≤ ‖u‖L4‖∇φ‖L4 ≤ C‖u‖
1
2
L2‖∇u‖

1
2
L2‖∇φ‖

1
2
L2‖φ‖

1
2
H2

≤ CK
1
2
1 ‖∇u‖

1
2
L2 K

1
2
1 ‖φ‖

1
2
H2

≤ C‖∇u‖
1
2
L2‖φ‖

1
2
H2 .
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We can infer from (1.1)3 that∫
Ω

(∂tφ + u · ∇φ)(µ − µ)dx + ‖µ − µ‖2L2 +

∫
Ω

ρ′(φ)
|u|2

2
(µ − µ)dx

=

∫
Ω

(µ + ρ′(φ)
|u|2

2
− µ)(µ − µ)dx = 0.

Denoting (ρ′)∗ = maxs∈[−1,1] |ρ
′(s)|, we obtain that

‖µ − µ‖2L2 =

∣∣∣∣∣∣−
∫

Ω

(∂tφ + u · ∇φ)(µ − µ)dx −
∫

Ω

ρ′(φ)
|u|2

2
(µ − µ)dx

∣∣∣∣∣∣
≤ ‖∂tφ + u · ∇φ‖L2‖µ − µ‖L2 + ‖ρ′(φ)

|u|2

2
‖L2‖µ − µ‖L2 .

Thus, we obtain
‖µ − µ‖L2 ≤ C‖∂tφ + u · ∇φ‖L2 + (ρ′)∗‖u‖2L4

≤ C(‖∂tφ + u · ∇φ‖L2 + ‖∇u‖L2),

where C = C(K1). Consequently, we obtain

‖φ‖2H2 ≤C(1 + ‖∂tφ + u · ∇φ‖2L2 + ‖Du‖2L2)
≤C(1 + ‖∂tφ‖

2
L2 + ‖u · ∇φ‖2L2 + ‖Du‖2L2)

≤C(1 + ‖∂tφ‖
2
L2 + ‖Du‖L2‖φ‖H2 + ‖Du‖2L2)

≤C(1 + ‖∂tφ‖
2
L2 + ‖Du‖2L2) +

1
2
‖φ‖2H2 ,

which implies
‖φ‖2H2 ≤ C1(1 + ‖∂tφ‖

2
L2 + ‖Du‖2L2)

for all t ≥ te(R).
Since

‖∂tφ‖
2
L2 ≤C(‖∂tφ + u · ∇φ‖2L2 + ‖u · ∇φ‖2L2)
≤C(‖∂tφ + u · ∇φ‖2L2 + ‖Du‖L2‖φ‖H2)

≤C(‖∂tφ + u · ∇φ‖2L2 + ‖Du‖2L2) +
1
2
‖∂tφ‖

2
L2 ,

we obtain that for each t ≥ te(R),

‖∂tφ‖
2
L2 ≤C2(‖∂tφ + u · ∇φ‖2L2 + ‖Du‖2L2), (4.9)

where the parameters C1,C2 depend only on parameters of the system (1.1) and K1. �

Proposition 4.4. The dynamical system (Ym, S (t)) possesses a bounded absorbing set B1, i.e., for any
bounded set B ⊂ Ym, there exists t1(B) > 0, depending only on the Ym-bound of B, such that for any
t ≥ t1(B), S (t)B ⊂ B1.
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Proof. This part of the proof is similar to the higher regular estimates of the NSAC system in [31],
whereas keep in mind that (4.6) is valid for any t > te(R) + 1.

Multiplying (1.1) by ∂tu, integrating over Ω, we get∫
Ω

ρ(φ)|∂tu|2dx + (ρ(φ)u · ∇u, ∂tu) +

∫
Ω

ν(φ)Du · D∂tudx = −

∫
Ω

∆φ∇φ · ∂tudx,

where
1
2

d
dt

∫
Ω

ν(φ)|Du|2dx =

∫
Ω

ν(φ)Du : D∂tudx +
1
2

∫
Ω

ν′(φ)∂tφ|Du|2dx,

we get
1
2

d
dt

∫
Ω

ν(φ)|Du|2dx +

∫
Ω

ρ(φ)|∂tu|2dx

= −(ρ(φ)u · ∇u, ∂tu) +
1
2

∫
Ω

ν′(φ)∂tφ|Du|2dx −
∫

Ω

∆φ∇φ · ∂tudx.
(4.10)

Differentiating (1.1)3 with respect to t, multiplying by ∂tφ and integrating over Ω, we arrive at

1
2

d
dt
‖∂tφ‖

2
L2 + ‖∇∂tφ‖

2
L2 +

∫
Ω

F′′(φ)|∂tφ|
2dx

= −

∫
Ω

∂tu · ∇φ∂tφdx + θ0‖∂tφ‖
2
L2 −

∫
Ω

ρ′′(φ)|∂tφ|
2 |u|2

2
dx

−

∫
Ω

ρ′(φ)u · ∂tu∂tφdx + ∂t(µ + ρ′(φ)
|u|2

2
)
∫

Ω

∂tφdx.

(4.11)

By summing up (4.10) and (4.11), we obtain that

d
dt

(
1
2

∫
Ω

ν(φ)|Du|2dx + ‖∂tφ‖
2
L2) + ‖∇∂tφ‖

2
L2 + ρ∗‖∂tu‖2L2 +

∫
Ω

F′′(φ)|∂tφ|
2dx

≤ −

∫
Ω

∆φ∇φ · ∂tudx +
1
2

∫
Ω

ν′(φ)∂tφ|Du|2dx + θ0‖∂tφ‖
2
L2 −

∫
Ω

∂tu · ∇φ∂tφdx

−(ρ(φ)u · ∇u, ∂tu) −
∫

Ω

ρ′′(φ)|∂tφ|
2 |u|2

2
dx −

∫
Ω

ρ′(φ)u · ∂tu∂tφdx.

(4.12)

Then by (2.2)-(2.6) and Lemma 2.1, as well as a fundamental inequality: for each x, y > 0,

x2 ln
(y

x

)
≤ x2 ln(y) + 1, (4.13)

we obtain that
d
dt

G(t) +
ρ∗
2
‖∂tu‖2L2 +

1
2
‖∇∂tφ‖

2
L2

≤ C
(
G2(t) ln(C‖u‖W1,p) + (1 + G2(t)) ln(C‖φ‖W2,p) + G2(t) + 1

)
,

(4.14)

where
G(t) =

1
2

∫
Ω

ν(φ(t))|Du(t)|2dx +
1
2
‖∂tφ(t)‖2L2 , (4.15)

and
ν∗
2
‖Du‖2L2 +

1
2
‖∂tφ‖

2
L2 ≤ G(t) ≤ C

(
‖Du‖2L2 + ‖∂tφ‖

2
L2

)
. (4.16)
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From Lemma 2.3, for the Stokes problem with the force term g = −ρ(φ)∂tu − ρ(φ)u · ∇u − ∆φ∇φ,
we have, for any ε ∈ (0, 1),

‖u‖W2,1+ε ≤ C (‖∂tu‖L1+ε + ‖u · ∇u‖L1+ε + ‖∆φ∇φ‖L1+ε + ‖Du‖L2‖∇φ‖Lr )

≤ C(‖∂tu‖L2 + G(t) + 1).
(4.17)

By the Sobolev embedding W2,1+ε(Ω) ↪→ W1,p(Ω) for every p ∈ (2,∞) and 1
p = 1

1+ε
− 1

2 ,

‖u‖W1,p ≤ C(‖∂tu‖L2 + G(t) + 1). (4.18)

Consider the elliptic problem−∆φ + F′(φ) = µ + θ0φ, a.e. in Ω × (0,T ),
∂nφ = 0, a.e. on ∂Ω × (0,T ),

(4.19)

and Lemma 2.4,
‖φ‖W2,p + ‖F′(φ)‖Lp ≤ C(1 + ‖φ‖L2 + ‖µ + θ0φ‖Lp)

≤ C(1 + ‖φ‖Lp + ‖µ‖Lp),
(4.20)

for any p ∈ [2,∞). By (1.1)3, we have

‖µ − µ‖Lp ≤ ‖∂tφ‖Lp + ‖u · ∇φ‖Lp +
∥∥∥∥ρ′(φ)

|u|2

2
− ρ′(φ)

|u|2

2

∥∥∥∥
Lp

≤ C(‖∇∂tφ‖L2 + ‖u‖H1‖φ‖H2 + ‖∇u‖2L2).

Note that µ = F′(φ) − θ0φ, and thus |µ| ≤ C(1 + ‖F′(φ)‖L1). Taking the L2-inner product of (1.1) with
φ − m, we obtain

‖∇φ‖2L2 +

∫
Ω

F′(φ)(φ − m)dx =

∫
Ω

(µ − µ)(φ − m)dx +

∫
Ω

θ0φ(φ − m)dx.

By (4.3),
‖F′(φ)‖L1 ≤ C(1 + ‖µ − µ‖L2). (4.21)

Thus,
‖µ‖Lp ≤ C‖µ − µ‖Lp + C|µ| ≤ C(G(t) + ‖∇∂tφ‖L2 + 1).

Then by (4.20)
‖φ‖W2,p ≤ C(G(t) + ‖∇∂tφ‖L2 + 1). (4.22)

Consequentially, applying the following inequality: for each x, y > 0,

xy ≤ (x ln x − x + 1) + (ey − 1),

we obtain that

G2(t) ln(C‖u‖W1,p) ≤
ρ∗
4
‖∂tu‖2L2 + C(G2(t) ln(e + G(t)) + G2(t) + 1).
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Similarly, we can obtain that

(
1 + G2(t)

)
ln

(
C‖φ‖W2,p

)
≤

1
8
‖∇∂tφ‖

2
L2 + C

((
G(t) + G2(t)

)
ln(e + G(t)) + G2(t) + 1

)
.

Then by (4.14),

d
dt

(e + G(t)) +
ρ∗
4
‖∂tu‖2L2 +

1
4
‖∇∂tφ‖

2
L2 ≤ C (1 + G(t)(e + G(t)) ln(e + G(t))) . (4.23)

Due to (4.16), we have ∫ t+1

t
G(s)ds ≤ C(1 +

∫ t+1

t
‖Du‖2L2 + ‖∂tφ‖

2
L2ds) ≤ C,

where using (4.5) and (4.6), we obtain∫ t+1

t
‖Du‖2L2 ≤ CE(t) ≤ K2

1 ,

and ∫ t+1

t
‖∂tφ‖

2
L2 ≤ C

∫ t+1

t
‖∂tφ + u · ∇φ‖2L2 + ‖Du‖2L2ds ≤ 2CE(t) ≤ CK2

1 .

Then by the uniform Gronwall lemma in logarithm, we get that, for all t ≥ te(R) + 1 := t1(R),

G(t) ≤ (K′2)2.

On the other hand, from (4.7) and (4.16), for every t ≥ te(R) + 1 := t1(R),

‖u‖2H1 + ‖φ‖2H2 ≤ K2
2 , (4.24)

where K2 depends only on the parameters of the system. Therefore, we can finish the proof by taking
B1 = BYm(K2). �

4.2. Further Dissipativity

Proposition 4.5. For every R > 0 and for any (u0, φ0) ∈ BYm(R) there exists t2 > 0 and a bounded subset
B2 of H2

σ × H3(Ω), such that
S (t)(u0, φ0) ∈ B1 ∩ B2,

for all t ≥ t2, and therefore B1 ∩ B2 is the compact absorbing set for S (t) on phase space Ym.

Recall that the set B1 was obtained in Proposition 4.4.

Proof. Recall that A is the Stokes operator, and there exists Π ∈ L2(0,T ; L2(Ω)). Then −∆u + ∇Π = Au
a.e. in Ω × (0,∞) with the following estimates:

‖Π‖L2 ≤ C‖∇u‖
1
2
L2‖Au‖

1
2
L2 and ‖Π‖H1 ≤ C‖Au‖L2 . (4.25)
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Multiplying (1.1)1 by Au and taking integration over Ω, we obtain∫
Ω

ρ (φ) ∂tu · Audx −
∫

Ω

ν(φ)
2

∆u · Audx

= −

∫
Ω

ρ(φ) (u · ∇) u · Audx +

∫
Ω

ν′ (φ) (Du∇φ) · Audx −
∫

Ω

div (∇φ ⊗ ∇φ) · Audx,

where

−

∫
Ω

ν(φ)
2

∆u · Audx =

∫
Ω

ν (φ)
2
|Au|2 dx +

∫
Ω

ν′ (φ)
2

Π∇φ · Audx,

and
1
2

d
dt

∫
Ω

ρ(φ)|∇u|2dx =
1
2

∫
Ω

ρ′(φ)φt|∇u|2dx +

∫
Ω

ρ(φ)ut · Audx

−

∫
Ω

ρ′(φ)∇φ∇u · utdx +

∫
Ω

ρ′(φ)∇φ · utΠdx.

Then we obtain

1
2

d
dt

∫
Ω

ρ(φ)|∇u|2dx +

∫
Ω

ν(φ)
2
|Au|2 dx = −

∫
Ω

ρ(φ) (u · ∇) u · Audx

+

∫
Ω

ν′(φ) (Du∇φ) · Audx −
∫

Ω

div (∇φ ⊗ ∇φ) · Audx −
∫

Ω

ν′ (φ)
2

Π∇φ · Audx

+
1
2

∫
Ω

ρ′(φ)φt|∇u|2dx
∫

Ω

ρ′(φ)∇φ∇uutdx +

∫
Ω

ρ′(φ)∇φ · utΠdx.

(4.26)

By (2.2), (4.5), (4.24), and the Young inequality, we obtain∣∣∣∣∣−∫
Ω

ρ(φ)(u · ∇)u · Audx
∣∣∣∣∣ ≤ ρ∗‖u‖L4‖∇u‖L4‖Au‖L2

≤ Cρ∗K1‖∇u‖L2‖Au‖
3
2
L2 ≤

ν∗
24
‖Au‖2L2 + C‖∇u‖4L2 ,

and ∣∣∣∣∣∫
Ω

ν′(φ) (Du∇φ) · Audx
∣∣∣∣∣ ≤ ‖ν′(φ)‖L∞‖Du‖L2‖∇φ‖L∞‖Au‖L2

≤
ν∗
24
‖Au‖2L2 + C‖∇φ‖2L∞ .

By (2.2), (2.4), (4.5), (4.24), (4.25), and the global bound of φ in L∞(Ω), we obtain∣∣∣∣∣∫
Ω

div(∇φ ⊗ ∇φ) · Audx
∣∣∣∣∣ =

∣∣∣∣∣∫
Ω

(∆φ∇φ) · Audx
∣∣∣∣∣

≤
ν∗
24
‖Au‖2L2 + C‖∇φ‖2L∞‖∆φ‖

2
L2

≤
ν∗
24
‖Au‖2L2 + C‖∇φ‖2L∞ ,
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∣∣∣∣∣−∫
Ω

ν′(φ)
2

Π∇φ · Audx
∣∣∣∣∣ ≤ 1

2
‖ν′(φ)‖L∞‖Π‖L4‖∇φ‖L4‖Au‖L2

≤ CΩ,ν‖Π‖
1
2
L2‖Π‖

1
2
H1‖φ‖

1
2
L∞‖φ‖

1
2
H2‖Au‖L2

≤ CΩ,ν‖φ‖
1
2
H2‖∇u‖

1
4
L2‖Au‖

7
4
L2

≤
ν∗
24
‖Au‖2L2 + C‖φ‖4H2‖∇u‖2L2

≤
ν∗
24
‖Au‖2L2 + C,

∣∣∣∣∣12
∫

Ω

ρ′(φ)φt|∇u|2dx
∣∣∣∣∣ ≤ C‖φt‖L2‖∇u‖2L4

≤ C‖φt‖L2‖∇u‖L2‖Au‖L2

≤
ν∗
24
‖Au‖2L2 + C‖φt‖

2
L2‖∇u‖2L2

≤
ν∗
24
‖Au‖2L2 + C,

∣∣∣∣∣∫
Ω

ρ′(φ)∇φ∇uutdx
∣∣∣∣∣ ≤ C ‖∇φ‖L∞ ‖∇u‖L2 ‖ut‖L2

≤
ρ∗
16
‖ut‖

2
L2 + C‖∇u‖2L2‖∇φ‖

2
L∞

≤
ρ∗
16
‖ut‖

2
L2 + C‖∇φ‖2L∞ ,

and

∣∣∣∣∣∫
Ω

ρ′(φ)∇φ · utΠdx
∣∣∣∣∣ ≤ C‖∇φ‖L4‖ut‖L2‖Π‖L4

≤ C‖∇φ‖
1
2
L2‖φ‖

1
2
H2‖ut‖L2‖Π‖

1
2
L2‖Π‖

1
2
H1

≤ C‖ut‖L2‖∇u‖
1
4
L2‖Au‖

3
4
L2

≤ C‖ut‖L2‖Au‖
3
4
L2

≤
ρ∗
16
‖ut‖

2
L2 + C‖Au‖

3
2
2

≤
ρ∗
16
‖ut‖

2
L2 +

ν∗
24
‖Au‖2L2 + C.
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Thus, by the Sobolev embeddings, (2.6) and (4.20), we arrive at

1
2

d
dt

∫
Ω

ρ(φ)|∇u|2dx +
ν∗
4
‖Au‖2L2 ≤ C(1 + ‖∇φ‖2L∞) +

ρ∗
8
‖∂tu‖2L2

≤ C(1 + ‖∇φ‖2H1 ln(C
‖∇φ‖W1,p

‖∇φ‖H1
)) +

ρ∗
8
‖∂tu‖2L2

≤ C(1 + ‖φ‖2H2 + ‖φ‖2H2 ln ‖φ‖W2,p) +
ρ∗
8
‖∂tu‖2L2

≤ C(1 + ln ‖φ‖W2,p) +
ρ∗
8
‖∂tu‖2L2

≤ C(1 + ln(1 + ‖φ‖Lp + ‖µ‖Lp) +
ρ∗
8
‖∂tu‖2L2

≤ C(1 + ln(1 + ‖µ‖Lp) +
ρ∗
8
‖∂tu‖2L2

≤ C(1 + ln(1 + ‖∇φt‖L2 + G(t)) +
ρ∗
8
‖∂tu‖2L2

≤ C(1 + ln(1 + ‖∇φt‖L2) + ln(1 + G(t))) +
ρ∗
8
‖∂tu‖2L2

≤ C(1 + ‖∇φt‖L2) +
ρ∗
8
‖∂tu‖2L2

≤
1
8
‖∇φt‖

2
L2 +

ρ∗
8
‖∂tu‖2L2 + C.

(4.27)

Adding (4.27) and (4.23), we obtain that as t ≥ t2(R),

d
dt

(
e + G(t) +

1
2

∫
Ω

ρ(φ)|∇u|2dx
)

+
ρ∗
8
‖∂tu‖2L2 +

1
8
‖∇∂tφ‖

2
L2 +

ν∗
4
‖Au‖2L2

≤ C(1 + G(t)(e + G(t)) ln(e + G(t))) ≤ C,
(4.28)

where C = C(K1,K2) and depends on the parameters of system (1.1). Integrating (4.28), and by (4.24),
we get there exists M1 depending on K1,K2, such that

e + G(t) +
ρ∗
2
‖∇u‖2L2 + C

∫ t+1

t
(‖∂tu‖2L2 + ‖∇∂tφ‖

2
L2 + ‖∆u‖2L2)ds ≤ M1, (4.29)

for every t ≥ t2.

Multiplying (1.1)1 with −∆ut and taking integration over Ω, we obtain∫
Ω

ν(φ)
2

∆u · ∆utdx +

∫
Ω

ν′(φ)∇φDu · ∆utdx +

∫
Ω

ρ(φ)|∇ut|
2dx +

∫
Ω

ρ′(φ)∇φ∇ututdx

+

∫
Ω

∇ut : ∇(ρ(φ)u · ∇u)dx = −

∫
Ω

∇ div(∇φ ⊗ ∇φ) : ∇utdx,

which yields

1
2

d
dt

∫
Ω

ν(φ)
2
|∆u|2dx +

∫
Ω

ρ(φ)|∇ut|
2dx

≤
1
2

∫
Ω

ν′(φ)
2

φt|∆u|2dx −
∫

Ω

∇(ν′(φ)Du∇φ) : ∇utdx −
∫

Ω

ρ′(φ)∇φ∇ututdx

−

∫
Ω

∇ut : ∇(ρ(φ)u · ∇u)dx −
∫

Ω

∇ div(∇φ ⊗ ∇φ) : ∇utdx.

(4.30)
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By (2.5) and (4.24), and the Sobolev embeddings, we obtain

∣∣∣∣∣∫
Ω

ν′(φ)
4

φt|∆u|2dx
∣∣∣∣∣ ≤ C‖φt‖L∞‖∆u‖2L2

≤ C‖φt‖H1 ln
1
2 (C
‖φt‖H2

‖φt‖H1
)‖∆u‖2L2

≤ C(‖φt‖H1 + ‖φt‖
1
2
H1‖φt‖

1
2
H2)‖∆u‖2L2

≤ C(‖∇φt‖L2 + ‖∆φt‖L2)‖∆u‖2L2

≤
1
4
‖∆φt‖

2
L2 + C(‖∆u‖4L2 + ‖∇φt‖

2
L2 + 1),

and ∣∣∣∣ ∫
Ω

∇(ν′(φ)Du∇φ) : ∇utdx
∣∣∣∣

≤ C
∫

Ω

(|∇φ|2|Du||∇ut| + |D2u||∇φ||∇ut| + |Du||D2φ||∇ut|)dx

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C

∫
Ω

(|∇φ|4|Du|2 + |D2u|2|∇φ|2 + |Du|2|D2φ|2)dx

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C(‖∇φ‖4L8‖Du‖2L4 + ‖∇φ‖2L∞‖∆u‖2L2 + ‖D2φ‖2L4‖Du‖2L4

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C(‖∆u‖L2 + (‖∇φt‖L2 + 1)‖∆u‖2L2 + ‖∇∆φ‖L2‖∆u‖L2).

By the same argument in (4.27), the Agmon inequality together with the Sobolev embeddings, we obtain

∣∣∣∣ ∫
Ω

ρ′(φ)∇φ∇ututdx
∣∣∣∣ ≤ 1

8

∫
Ω

ρ(φ)|∇ut|
2dx + C

∫
Ω

|∇φ|2|ut|
2dx

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C(‖∇φ‖2L∞‖ut‖

2
L2)

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C(1 + ‖∇φt‖

2
L2)‖ut‖

2
L2 ,

∣∣∣∣ ∫
Ω

∇ut : ∇(ρ(φ)u · ∇u)dx
∣∣∣∣

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C

∫
Ω

(|∇φ|2|u|2|∇u|2 + |∇u|4 + |u|2|D2u|2)dx

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C(‖∇φ‖2L∞‖u‖

2
L4‖∇u‖2L4 + ‖∇u‖4L4 + ‖u‖2L∞‖D

2u‖2L2)dx

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C((1 + ‖∇φt‖L2)‖∆u‖L2 + ‖∆u‖2L2 + ‖∆u‖4L2),
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and ∣∣∣ ∫
Ω

∇ div(∇φ ⊗ ∇φ) : ∇utdx
∣∣∣

=
∣∣∣∣ ∫

Ω

∇
(1
2
∇ |∇φ|2 + ∆φ∇φ

)
: ∇utdx

∣∣∣∣
≤

1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C

∫
Ω

(|D3φ|2|∇φ|2 + |∆φ|2|D2φ|2)dx

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C(‖∇φ‖2L∞‖∇∆φ‖2L2 + ‖∆φ‖2L4‖D2φ‖2L4)

≤
1
8

∫
Ω

ρ(φ)|∇ut|
2dx + C((1 + ‖∇φt‖L2)‖∇∆φ‖2L2 + ‖∇∆φ‖2L2).

From the above estimates, we obtain

1
2

d
dt

∫
Ω

ν(φ)
2
|∆u|2dx +

1
2

∫
Ω

ρ(φ)|∇ut|
2dx ≤

1
4
‖∆φt‖

2
L2 + C(‖∇∆φ‖4L2

+ ‖∆u‖4L2 + ‖∇φt‖
2
L2 + ‖ut‖

2
L2(1 + ‖∇φt‖

2
L2) + ‖∆u‖2L2 + 1).

(4.31)

On the other hand, differentiating (1.1)3 with respect to t, multiplying −∆φt, integrating over Ω, we
obtain

1
2

d
dt
‖∇φt‖

2
L2 + ‖∆φt‖

2
L2 =

∫
Ω

(ut · ∇φ + u · ∇φt + F′′(φ)φt)∆φtdx

+ θ0‖∇φt‖
2
L2 +

∫
Ω

(ρ′′(φ)φt
|u|2

2
+ ρ′(φ)u · ut)∆φtdx.

(4.32)

By Theorem 3.3, there exists δ = δ(1) > 0, such that for every x ∈ Ω and t ≥ 1,

−1 + δ ≤ φ(x, t) ≤ 1 − δ.

Then ‖F′′(φ)‖L∞ ≤ C(δ). By (4.5), (4.24), and (4.27), we obtain

∣∣∣∣∣∫
Ω

(ut · ∇φ + u · ∇φt + F′′(φ)φt)∆φtdx
∣∣∣∣∣

≤
1
8
‖∆φt‖

2
L2 +

∫
Ω

(|ut|
2|∇φ|2 + |u|2|∇φt|

2 + ‖F′′(φ)‖2L∞‖φt‖
2
L2dx

≤
1
8
‖∆φt‖

2
L2 + C(‖∇φ‖2L∞‖ut‖

2
L2 + ‖u‖2L4‖∇φt‖

2
L4 + 1)

≤
1
8
‖∆φt‖

2
L2 + C((1 + ‖∇φt‖

2
L2)‖ut‖

2
L2 + ‖∆φt‖L2 + 1)

≤
1
4
‖∆φt‖

2
L2 + C(1 + ‖ut‖

2
L2(1 + ‖∇φt‖

2
L2)),
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and by the Agmon inequality (2.3), we have that∣∣∣∣ ∫
Ω

(ρ′′(φ)φt
|u|2

2
+ ρ′(φ)u · ut)∆φtdx

∣∣∣∣ ≤ 1
4
‖∆φt‖

2
L2 + C

∫
Ω

(|φt|
2|u|4 + |u|2|ut|

2)dx

≤
1
4
‖∆φt‖

2
L2 + C(‖u‖4L∞‖φt‖

2
L2 + ‖u‖2L4‖ut‖

2
L4)

≤
1
4
‖∆φt‖

2
L2 + C(‖∆u‖2L2 + ‖ut‖L2‖∇ut‖L2)

≤
1
4
‖∆φt‖

2
L2 +

1
4

∫
Ω

ρ(φ)|∇ut|
2dx + C(‖∆u‖2L2 + ‖ut‖

2
L2).

From the above estimates, we obtain

1
2

d
dt
‖∇φt‖

2
L2 +

1
2
‖∆φt‖

2
L2

≤
1
4

∫
Ω

ρ(φ)|∇ut|
2dx + C((1 + ‖∆u‖2L2 + ‖∇φt‖

2
L2)‖ut‖

2
L2 + ‖∆u‖2L2 + ‖∇φt‖

2
L2).

Adding (4.31) into the above inequality, we obtain

d
dt

(
1
2

∫
Ω

ν(φ)
2
|∆u|2dx + ‖∇φt‖

2
L2) +

1
4

∫
Ω

ρ(φ)|∇ut|
2dx +

1
4
‖∆φt‖

2
L2

≤ C(‖∇∆φ‖4L2 + ‖∆u‖4L2 + (1 + ‖∆u‖2L2 + ‖∇φt‖
2
L2)‖ut‖

2
L2 + 1).

(4.33)

Taking the gradient of (1.1)3, we obtain

∇φt + ∇u · ∇φ + u · D2φ − ∇∆φ + F′′(φ)∇φ − θ0∇φ + ρ′′(φ)∇φ
|u|2

2
+ ρ′(φ)u · ∇u = 0,

and consequently,

‖∇∆φ‖2L2 ≤ ‖∇φt‖
2
L2 + ‖∇u‖2L4‖∇φ‖

2
L4 + ‖u‖2L∞‖∆φ‖

2
L2 + ‖F′′(φ)‖2L∞‖∇φ‖

2
L2

+ θ0‖∇φ‖
2
L2 + C(‖∇φ‖2L∞‖u‖

4
L4 + ‖u‖2L4‖∇u‖2L4)

≤ C(1 + ‖∇φt‖
2
L2 + ‖∆u‖2L2).

(4.34)

Then by (4.33), we arrive at

d
dt

Λ(t) +
1
4

∫
Ω

ρ(φ)|∇ut|
2dx +

1
4
‖∆φt‖

2
L2 ≤ CΛ(t)(1 + Λ(t) + ‖ut‖

2
L2), (4.35)

where Λ(t) = 1
2

∫
Ω

ν(φ)
2 |∆u|2dx + ‖∇φt‖

2
L2 , and

C(‖∆u‖2L2 + ‖∇φt‖
2
L2) ≤ Λ(t) ≤ C′(‖∆u‖2L2 + ‖∇φt‖

2
L2). (4.36)

By (4.29), we obtain ∫ t+1

t
Λ (s) ds ≤ C,

∫ t+1

t
‖ut‖

2
L2 ds ≤ C.
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Then by the uniform Gronwall lemma (e.g., see [32]), we can obtain that

‖∆u‖2L2 + ‖∇φt‖
2
L2 ≤ (K′3)2,

and by (4.34),
‖∆u‖2L2 + ‖φ‖2H3 ≤ (K′′3 )2,

for every t ≥ t2 + 1 = te(R) + 2, and
‖u‖2H2 + ‖φ‖2H3 ≤ K2

3 ,

for each t ≥ t3 := t2 + 1. Thus, we obtain that B1∩B2 is a compact absorbing set by the compact Sobolev
embedding theorem, where B1 = BYm(K2) and B2 = BH2

σ×H3(Ω)(K3). �

The proposition above directly leads to the following corollary.

Corollary 4.6. For each bounded set B ⊂ Ym, there exists t3 = t3(B) > te(R) + 2, such that
⋃

t≥t2 S (t)B
is relatively compact in Ym.

4.3. Continuity of the semigroup

In this section, we will prove that for every t > 0, the semigroup S (t) is continuous on the phase
space Ym. Let {(un

0, φ
n
0)}n≥1 be a sequence in Ym and (u0, φ0) ∈ Ym, such that (un

0, φ
n
0)→ (u0, φ0) in the

strong topology of Ym. Let (un(t), φn(t)) = S (t)(un
0, φ

n
0), (u(t), φ(t)) = S (t)(u0, φ0). Then by assumption,

there exists M̃1 > 0, such that, for all n = 1, 2, · · · ,

‖un
0‖

2
Vσ

+ ‖φn
0‖

2
H2 ≤ M̃2

1 and ‖u0‖
2
Vσ

+ ‖φ0‖
2
H2 ≤ M̃2

1 .

Proposition 4.7. For any t > 0, there is a constant C = C(M̃1, t), M̃ = M̃(M̃1, t), such that

‖un(t) − u(t)‖Vσ
+ ‖φn(t) − φ(t)‖H2 ≤ C(‖un

0 − u0‖
1
2
Hσ

+ ‖φn
0 − φ0‖

1
2
H1)e

−M̃.

Proof. Let (u1, φ1), (u2, φ2) be the corresponding strong solutions initiated from (u01, φ01), (u02, φ02) and
let (u, φ) = (u1, φ1) − (u2, φ2).

Following the proof of Theorem 4.1 in [31], and the uniqueness of the strong solution, we obtain

d
dt

( ∫
Ω

ρ(φ1)
2
|u|2dx +

∫
Ω

1
2
|∇φ|2dx

)
+
ν∗
2

∫
Ω

|Du|2dx +
1
2
‖∆φ‖2L2

≤ A(t)
∫

Ω

ρ(φ1)
2
|u|2dx + B(t)‖∇φ‖2L2 ,

where
A(t) = C

(
‖∂tu2 + u2 · ∇u2‖

2
L2 + ‖u1‖

2
L∞ + ‖u2‖

2
L∞ + 1

)
and

B(t) = C
(
‖∂tu2 + u2 · ∇u2‖

2
L2 + ‖∆φ1‖

2
L4 + ‖Du2‖

2
L4 + ‖u1‖

2
L∞

+ ‖F′′(φ1)‖2L2 ln
(
‖F′′(φ1)‖L2

)
+ ‖F′′(φ2)‖2L2 ln

(
‖F′′(φ2)‖L2

)
+ 1),

moreover, A and B are both in L1(0,T ) for any T > 0. Let M̃ = max
{ ∫ t

0
A(s)ds,

∫ t

0
B(s)ds

}
which

depends on M̃1 following the proof in [31], and use the Gronwall lemma to obtain∫
Ω

ρ(φ1)
|u|2

2
dx +

∫
Ω

1
2
|∇φ|2dx ≤

( ∫
Ω

ρ(φ01)
|u01 − u02|

2

2
dx + ‖∇φ01 − ∇φ02‖

2
L2

)
e−M̃.
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Then
‖u1 − u2‖

2
L2 + ‖φ1 − φ2‖

2
H1 ≤ C(t)(‖u01 − u02‖

2
L2 + ‖φ01 − φ02‖

2
H1)e−M̃.

Following the proof of Proposition 4.5, we obtain that for each τ, t : 0 < τ < t ≤ T ,

e + G(t) + ρ∗‖∇u‖2L2 +

∫ t

τ

(‖ut‖
2
L2 + ‖∇φt‖

2
L2 + ‖∆u‖2L2)ds

≤ C(M̃1)
(
e + G(τ) + ρ∗‖∇u(τ)‖2L2

)
.

(4.37)

Note that in the proof of Proposition 4.5, M1 in (4.29) is independent of the initial value (u0, φ0) and
(4.29) is valid for t ≥ t2 + 1. However, here in (4.37), C(M̃1) depends on the initial data, but we need
the inequality for t > 0. Then there is a τ0 ∈ (0, τ) such that (u(τ0), φ(τ0)) satisfies u(τ0) ∈ Vσ, φ(τ0) ∈
H2(Ω), ∂nφ(τ0) = 0 on ∂Ω, F′′(φ(τ0)) ∈ L2(Ω) and

G(τ0) + ρ∗‖∇u(τ0)‖2L2 ≤ M̃2
1 .

Taking (u(τ0), φ(τ0)) as the initial datum, there exists a global strong solution (ũ(t), φ̃(t)) on [τ0,∞), for
each t ≥ τ0, there exists a constant C0 = C0(M̃1),

G(ũ(t), φ̃(t)) + ρ∗‖∇ũ‖2L2 +

∫ t

τ

(‖ũt‖
2
L2 + ‖∇φ̃t‖

2
L2 + ‖∆ũ‖2L2)ds ≤ C0,

where
G(ũ(t), φ̃(t)) :=

1
2

∫
Ω

ν(φ̃(t))|Dũ(t)|2dx +
1
2
‖φ̃t(t)‖2L2 .

Also by (4.35), there is a constant C1 = C1(M̃1), such that

d
dt

Λ(ũ(t), φ̃(t)) ≤ C1Λ(ũ(t), φ̃(t))(Λ(ũ(t), φ̃(t)) + ‖ũt(t)‖2L2 + 1).

Using the uniform Gronwall lemma again, we obtain

‖∆ũ(t)‖2L2 + ‖∇φ̃t(t)‖2L2 ≤ M̃′2
2 ,

and
‖∆ũ(t)‖2L2 + ‖φ̃(t)‖2H3 ≤ M̃2

2 ,

for every t ≥ τ, where M̃′
2 = M̃′

2(τ, M̃1) and M̃2 = M̃2(τ, M̃1). Then we obtain that for every τ > 0,
i = 1, 2,

sup
t≥τ

(‖∆ui(t)‖2L2 + ‖φi(t)‖2H3) ≤ M̃2
2 ,

by viewing (u01, φ01), (u02, φ02) as initial values of the trajectories. Now let t∗ > 0, τ = 1
2 t∗, t∗ > τ > 0.

By interpolation,

‖u1(t∗) − u2(t∗)‖Vσ
+ ‖φ1(t∗) − φ2(t∗)‖H2

≤ C(‖u1(t∗) − u2(t∗)‖
1
2
Hσ

+ ‖φ1(t∗) − φ2(t∗)‖
1
2
H1)(‖u1(t∗) − u1(t∗)‖

1
2

H2
σ

+ ‖φ1(t∗) − φ2(t∗)‖
1
2
H3)

≤ CM̃
1
2
2 (‖u01 − u02‖

1
2
Hσ

+ ‖φ01 − φ02‖
1
2
H1)e

−M̃.
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Replacing (u1, φ1) by (un, φn) , (u2, φ2) by (u, φ), we obtain

‖un(t∗) − u(t∗)‖Vσ
+ ‖φn(t∗) − φ(t∗)‖H2 ≤ CM̃

1
2
2 (‖un

0 − u0‖
1
2
Hσ

+ ‖φn
0 − φ0‖

1
2
H1)e

−M̃,

where C = C(t∗, M̃1) and M̃ = M̃(t∗, M̃1). �

Thanks to these propositions above, we obtain the following theorem by Theorem 1.1 in [32].

Theorem 4.8. Let the assumptions of Theorem 3.2 and Theorem 3.3 hold. The dynamical system
(Ym, S (t)) possesses a unique global attractorAm ⊂ Ym, which is a connected compact set and has the
following properties:

(a)Am is strictly invariant in Ym, i.e., S (t)Am = Am, for every t ≥ 0;

(b)Am is an attracting set for S (t) on Ym, i.e., for every bounded ball BYm in the phase space Ym

lim
t→∞

dist
(
S (t)BYm(R),Am

)
= 0,

where the Hausdorff semi-distance between sets is defined by dist(A, B) := supa∈A infb∈B distYm(a, b).

Note that from Proposition 4.5, we know that the obtained global attractor Am is bounded in
H2
σ × H3(Ω).
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