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Abstract: This research addresses the challenge of three types of non-uniform site percolation
on a non-regular Bethe lattice (TNRBL) with its epidemiological implications. By utilizing a
non-regular Bethe lattice (NRBL), we explore the estimation of vital percolating variables such
as cluster size distribution (CSD), critical connection probability (CCP), percolation probability of
connected sites (PP), and average cluster size (ACS). We apply the generating function (GF) and the
generalized recursive method (GRM) to gain insights into these variables. The study demonstrates
that spanning non-uniform dynamic percolation through the fitted model probabilities enhances the
efficiency of intervention strategies, potentially revolutionizing disease control. The findings revealed
that, for inhomogeneous site non-uniform percolation on the proposed model, a higher fraction of
connection and distribution probabilities enhances the intensity of the percolation process. This
increase subsequently leads to a significant enlargement of the mean degree of the system during the
percolation process. The shape profiles of the findings are illustrated to observe their behavior across
varying parameter choices. Furthermore, we investigated the novel coronavirus 2019 (COVID-19)
diffusion pattern utilizing the proposed dynamically altered parameters and identified various variables
(courtesy of groups) for disease control methods. We acknowledge that the research being carried
out is substantial, that its findings are intended to generate enthusiasm, and that scientists anticipate
employing several percolation methods to conduct it. In addition, the research not only adds to the
development of more accurate control plans for future global health crises, but it also offers up new
avenues for the improvement of models that anticipate epidemics. This study lays the door for an
improved comprehension of the complex dynamics of epidemics, and it provides a platform for future
studies to investigate a variety of intervention techniques.

Keywords: non-uniform percolation; critical connection probability; TNRBL; average cluster length;
COVID-19

Abbreviations: TNRBL: three type non-regular Bethe lattice; CSD: cluster size distribution; CCP:
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critical connection probability; APC: average proportion of connectivity; PP: percolation probability;
ACS: average cluster size; CPs: connection probabilities; GF: generating function; CP: critical-phase;
SCP1: sub-critical phase; SCP2: super-critical phase; NRBL: non-regular Bethe lattice; GRM:
generalized recursive method; COVID-19: coronavirus 2019; WHO: World Health Organization.

1. Introduction

In modeling spurious media connections, percolation is a robust statistical mechanics
methodology. Statistical mechanics’ significantly unambiguous fundamental paradigm similarly
illustrates phase transitions demonstrated by the manifestation of a substantial linked component. It is
difficult to overstate the theoretical importance of comprehending percolation, fractals, and scaling in
such a wide field range, including physics, biology, geophysics, and more. For example, oil recovery,
the signaling robustness pathways, and potential molecular remedy targets are all of practical
importance and are addressed via the following authors [1]. To forecast chemical, physical,
pharmacological, and biological qualities, topological indies have been established [2] and crucial
phenomena with a wide range of applications [3]. Percolation happens when the bonds or else sites
concerning an aligned lattice are filled independently and probabilistic with a likelihood “p”, in
addition to a symmetrical phase transition happening with the infinite linked cluster development
when “p” is raised beyond a critical threshold pc. A collection of CEs analogous to an unlikely fractal
and ascending structure, as regards their geometric aspects, describes critical phenomena and
percolation methodologies serve as significant universality groups in these phenomena. The spin
superconductivity transition, S U3 lattice gauge theory, retention capacity and watersheds of
landscapes, and spin quantum Hall transition. Percolation is intriguing from a mathematical
perspective because it shows connections between graphs’ probabilistic and algebraic/topological
characteristics. Despite the fact that the topic has seen a lot of studies, many issues remain unresolved.

Substantially, the researchers, specifically [4] enlarged on [4] illustrating that the most critical site
for lattice percolation is limited via a con-formally inflexible scaling constrain as the align associated
with the lattice approaches zero. Conversely, the SLE technique permits the overlap of distinct cluster
(group) interfaces. As an illustration, the investigators [4] evolved on the SLE6 through incredible [5]
by clarifying the previously established significant exponent. After this discovery, other scientists
continued to use the CEs for heterogeneous percolation. Reference [6] was the initial scientific study
to find heterogeneous percolation. Theorists have initiated inquiries into this specific type of
percolation to investigate the impact of sites or bonds on occupancy probability. Reference [7]
expanded the claim related to [8] by utilizing heterogeneous percolation (bond) by using numerous
lattice types via paradigm, according to reference towards the crossings box-idea. Turban [9] figured
out a 2D bound percolation issue regarding Bethe lattice circumstances utilizing the ghost site
approach. Typically, inhomogeneous percolation occurs upon regular lattices adjacent to the diverse
site neighbors, resulting in real-world problems [10–15]. There have already been certain instances
when abrupt or discontinuous percolation transitions (explosives) were observed, that examines the
behavior of multilayer networks in statistical mechanics and percolation theory [16].

Continuing the scholars employed CEs on the UBL to investigate numerous dynamical dimensions
surrounding problems from the real world. The study’s authors [17–25] have established precisely the
goals intended to acquire the various percolating variates. We acquired concerning the functioning
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numerous variables around the phase transitions associated with CEs for 3D-ADCM [22]. The
COVID-19 dispersion requires thoughtful consideration during the percolation process. Numerous
scientists might be enabled to associate filled sites through the lattice (Bethe) for amplified
individuals, as well as techniques On behalf of their movement and likely infections among persons,
by implementing the resulting generalization of the obstacles to the circumstance surrounding
epidemic transmission [22, 23, 26–30]. Regrading the inhomogeneous percolation theory presents an
innovative theoretical framework for optimizing public health governance interventions, developed
from network/lattice theory [31–35].

The execution of a lattice paradigm to depict disease transmission and resource allocation signifies
the simulation of complex links between individuals, surrounding circumstances, and treatments. The
lattice is a sequential structure in which each node represents a person or a collection of individuals.
The connections between nodes represent potential paths around disease transmission and
intervention [36–40]. This technique improves the efficiency of determining critical thresholds during
public health policies, which enabled policymakers to prioritize schemes that address the most
vulnerable or interlinked groups. Implementing heterogeneous percolation principle in public health
governance could contribute to more optimal resource allocation as well as promptly
interventions [41–45]. As a result, information handling develops into more complex, rendering easy
resolution unfeasible. As a matter of fact, we devised a manner alongside such a problematic
situation, which will need advanced CEs.

Building on earlier studies of inhomogeneous percolation on irregular lattice structures [23], the
present work introduces a parameterized TNRBL. The main novelty of this study lies in treating
site-type distribution, coordination number, and connection probability as coupled parameters that
jointly control cluster formation and network connectivity. From a physics point of view, this
formulation represents a disordered connectivity system in which local structural heterogeneity affects
the formation, growth, and stability of connected clusters. The proposed TNRBL model allows the
connectivity behavior of complex systems to be examined through key quantities, including CSD,
CCP, PP and ACS. These quantities describe the formation of finite clusters, the variation of
connectivity with connection probability, and the likelihood of developing system-level connected
clusters under heterogeneous lattice conditions. The epidemic application further shows how
heterogeneous infection probabilities, contact patterns, and population structures influence the growth
of local infection clusters and the risk of wider disease spread. Therefore, the present study provides
an analytical extension of non-uniform percolation modeling and a quantitative framework for
analyzing connectivity growth in complex epidemic systems.

The structure of the paper is as follows: Section 2 presents the basic description of the proposed
methodology; Section 3 presents the numerous distinct formulations regarding the proposed
methodology; Section 4 reveals the sensitivity analysis aspect of the proposed strategy; Section 5 our
investigation reveals the epidemiological application; and the paper concludes in Section 6.

2. Suggested framework

In the current investigation, the suggested strategy is an NRBL with three distinct iid (Identically
and independently distributed) sites. An NRBL is a lattice where sites have varying numbers of
neighbors, unlike a regular Bethe lattice where each site has the same number of neighbors.
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Percolation, as we perceive it, is the random connectivity of sites on the lattice, also called site
percolation. It is one of the most prominent aspects of explaining the crucial mechanisms of complex
structures. In non-uniform percolation, the sites have diverse coordination numbers and unique
connection probabilities, leading to a more complex percolation process. The utility of our method is
that any Bethe lattice site is connected via a iid, a 3-site distribution; additionally, such sites are
connected on three kinds.

The Figure 1 depicts the structural mechanism for TNRBL in non-uniform percolation. The
NRBL, denoted as NRBL(z,α), is a hierarchical tree-like structure characterized by non-uniform sites
with the vector of coordination number z and site distribution probability α. Extending this
framework, the TNRBL introduces a percolation scheme governed by connection probabilities
pi = λi/ki

(
p1 =

(
λ1
k1

)
, p2 =

(
λ2
k2

)
, and p3 =

(
λ3

l−k1−k2

))
, where λi is the average proportion of

connectivity (APC) for site type i, and ki represents the number of connected sites of type i. To
maintain valid probabilities (0 ≤ pi ≤ 1), constraints λi ≤ ki are enforced. The basic mechanism of our
approach is comprised of 3-variables (vector): the connection probability (CP), coordination number
(CN), along with the distribution probability (DP). The basic illustration of the Figure 1 is that the
structural algorithm is utilized to realize TNRBL for the single realization

{
λ
k ; z,α

}
. Here, the CN

concerning the first kind of site (shown by a triangle), the second kind of site (represented by a
square), and the third type site (illustrated by a pentagon) are 3, 4 and 5, respectively, with varying
site DP associated with 0.25, 0.33 and 0.42. Different kinds of clusters of different sizes have been
developed for every possible TNRBL realization.

Figure 1. The structural mechanism for TNRBL in the process of non-uniform percolation.
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3. Non-uniform percolation inquiry on TNRBL

3.1. Cluster size distribution of connected sites

In this subsection, we analyze the structural factors affecting the CSD and provide a consistent
expression for its mathematical form. During the percolation process, finite clusters of different sizes
can be generated, while the emergence of an infinite or spanning cluster represents the onset of global
connectivity. In the proposed TNRBL framework, the cluster size is denoted by l, whereas the
perimeter size, denoted by t, represents the number of unconnected boundary sites required to isolate
a finite cluster from the surrounding lattice. Let ki denote the number of type-i sites in an l-cluster,
where k1 + k2 + k3 = l. The coordination number of a type-i site is denoted by zi. Therefore, before the
internal cluster connections are formed, the total number of available connectivity stubs in an l-cluster
is

∑3
i=1 kizi. Unlike an ordinary Bethe lattice, where each internal connection consumes two

connectivity stubs, the proposed TNRBL is constructed through a three-directional connectivity rule.
In this framework, each internal connection removes three effective connectivity stubs from the
cluster perimeter. Since a finite tree-like cluster of size l contains l − 1 internal connections, the
perimeter size is expressed as

t =
3∑

i=1

kizi − 3(l − 1) =
3∑

i=1

kizi − 3l + 3 = 3 +
3∑

i=1

ki(zi − 3). (3.1)

Equation (3.1) provides the effective perimeter size of an l-cluster in the TNRBL model. This
expression is model-specific and reflects the three-directional connectivity mechanism of the proposed
lattice. It also provides the mathematical basis for the appearance of the exponent 3 and the term zi−3 in
the final CSD expression. Let ai denote the occurrence probability of a type-i site, satisfying

∑3
i=1 ai =

1. The connection probability of a type-i site is defined via pi =
λi
κi

, where λi is the average number of
connected neighbors of a type-i site and κi is the corresponding connectivity capacity. For the present
TNRBL, κi can be taken as the coordination number zi. The average connection probability of the
heterogeneous lattice is then p̄ =

∑3
i=1 ai pi =

∑3
i=1 ai

λi
κi

. Consider A(l, λ/κ) as the event that a randomly
selected site belongs to a finite cluster of size l. For a fixed cluster composition k = (k1, k2, k3), the
probability contribution consists of the structural factor bl, the multinomial arrangement of the three
site types, the probability that the l sites are connected, and the probability that the t perimeter sites
remain unconnected. Thus,

P
(
A

(
l,
λ

κ

)
| k

)
= bl

(
l

k1, k2, k3

) 3∏
i=1

(
ai
λi

κi

)ki

(1 − p̄)t, (3.2)

substituting the perimeter expression from Eq (3.1) into Eq (3.2), are given via

P
(
A

(
l,
λ

κ

)
| k

)
= bl

(
l

k1, k2, k3

) 3∏
i=1

(
ai
λi

κi

)ki

(1 − p̄)3+
∑3

i=1 ki(zi−3),

(1 − p̄)3+
∑3

i=1 ki(zi−3) = (1 − p̄)3
3∏

i=1

(1 − p̄)ki(zi−3),
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P
(
A

(
l,
λ

κ

)
| k

)
= bl(1 − p̄)3

(
l

k1, k2, k3

) 3∏
i=1

[
ai
λi

κi
(1 − p̄)zi−3

]ki

. (3.3)

Equation (3.3) shows that the probability of an l-cluster is governed by the connected-site
probabilities and the unconnected perimeter contribution. The factor (1 − p̄)3 arises from the
three-directional boundary correction of the TNRBL, whereas the term (1 − p̄)zi−3 represents the
remaining unconnected perimeter contribution associated with a type-i site. Finally, summing Eq (3.3)
over all possible compositions satisfying k1 + k2 + k3 = l, and using the multinomial theorem, gives

P
(
A

(
l,
λ

κ

))
= bl(1 − p̄)3

∑
k1+k2+k3=l

(
l

k1, k2, k3

) 3∏
i=1

[
ai
λi

κi
(1 − p̄)zi−3

]ki

,

P
(
A

(
l,
λ

κ

))
= bl

1 − 3∑
i=1

ai
λi

κi

3  3∑
i=1

ai
λi

κi

1 − 3∑
j=1

a j
λ j

κ j


zi−3

l

. (3.4)

Since p̄ =
∑3

i=1 ai
λi
κi

, the cluster size distribution can be expressed as Eq (3.4). Equation (3.4) gives
the probability that a randomly selected site belongs to an l-cluster in the proposed TNRBL. The term bl

represents the number of possible l-cluster configurations with different geometric structures. However,
due to the spatial-geometric complexity of clusters in the heterogeneous lattice, direct enumeration of
bl is difficult. Therefore, the generating function approach is adopted in the next subsection to evaluate
the percolation probability of connected sites.

3.2. Percolation probability of connected sites

The observable cluster does not demonstrate the trait of crossing the NRBL on its sides, a behavior
often found in clusters with insignificant connection probabilities. Perceive E(p) =

(
λ
k

)
which

represents the random event that occurs when the site corresponds to the large cluster, and E
(
λ
k

)
to be

the arbitrary event (APC) in which the site belongs to the measurable cluster due to the structural
mechanism of NRBL. We might determine the probability that an event belongs to an extensive large
cluster via the likely outcome theorem, which is an additional rule of probability regarding
disconnected occurrences, is given by

P
(
E

(
λ

k

))
=

∞∑
l=1

P
(
A

(
l,
λ

k

))
,

=

1 − 3∑
i=1

ai
λi

ki

3
∞∑

l=1

lbl

 3∑
i=1

ai
λi

ki
(1 − p)zi−3

l

, (3.5)

for (i = 1, 2, 3) and (l = 1, 2, ...∞). We need to quantify the CCP based on the percolation process. As
a result, we require a power series f (x) =

∑∞
l=1 blxl that is utterly convergent, and indeed the formulation

for the GF is provided via

d(x, y) = y3
∞∑

l=1

lblxl = y3x f ′(x), (3.6)
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the Eq (3.6) holds under the following scenario, in which the power series f (x) is convergent, for
further explanation of the second equality of Eq (3.6). Again for conditions in the Eq (3.6), substitute
the following ones. x

(
λ
k

)
=

∑3
i=1 ai

λi
ki

(
(1 − p)zi−3

)l
and y

(
λ
k

)
=

(
1 −

∑3
i=1 ai

λi
ki

)3
. In this instance, the GF

is represented as x
(
λ
k

)
and the expression y

(
λ
k

)
is additionally a GF. We are limited to x

(
λ
k

)
≥ 0 due to(

λ
k

)
∈ [0, 1]3. Similar strategies are modeled, including such x

(
λ
k

)
. Via equating Eqs (3.5) and (3.6),

we obtain the following result

P
(
E

(
λ

k

))
= y3

(
λ

k

)
x
(
λ

k

)
f ′

(
x
(
λ

k

))
, (3.7)

given that f ′
(
x
(
λ
k

))
is known, it follows that P

(
E

(
λ
k

))
would be solved. In the Eq (3.6) above, we get

the value f ′
(∑3

i=1 ai
λi
ki

(1 − p)zi−3
)
. As a result, we need to study the GF,

∑3
i=1 ai

λi
ki

(1 − p)zi−3 using the

extremum assumption. Following that, we obtain the following equation for the f ′
(
x
(
λ
k

))
about the

specific CCP, which is provided as:

∂(x)
∂ (λu/ku)

= au

1 − 3∑
i=1

ai
λi

ki

zu−4 1 − 3∑
i=1

ai
λi

ki
(zi − 2)

 = 0, (3.8)

for (u = 1, 2, 3) and (i = 1, 2, 3). The given formula reflects the differentiation of x
(
λ
k

)
with regard

to connection probabilities, where “u” indicates the order of differentiations. We get these points,
1 −

∑3
i=1 ai

λi
ki
= 0 and

∑∞
l=1 ai

λi
ki

(zi − 2) = 1. So we see, these points are a function of connection

probabilities. Replacing these values into x
(
λ
k

)
=

∑3
i=1 ai

λi
ki

(1 −
∑3

i=1 ai
λi
ki

)zi−3 individually to gain

maximum value of CCP. Moreover, if we place
(∑3

i=1 ai
λi
ki
= 1

)
via x

(
λ
k

)
subsequently x

(
λ
k

)
= 0,

resulting in the GF x
(
λ
k

)
≥ 0, and λ = pk, explicitly ∀ p ∈ [0, 1]3, and λ is the APC vector. As a

result, at
∑3

i=1 ai
λi
ki
= 1 there does not exist a maximum feasible value for GF. On the contrary, GF

accomplishes its maximum value at
∑3

i=1 ai
λi
ki

(zi − 2) = 1, this is the single exclusive significant

assessment that follows x
(
λ
k

)
. For simplicity, consider the following expression (first part)

θ
(
λ
k

)
=

∑∞
l=1 ai

λi
ki

(zi − 2).
The percolation criterion is a value of λ

k that indicates there is incontestably no longer an
uninterrupted connection from one to another side-way. An infinite cluster would not be directly or
indirectly associated for trivial sufficient CPs, λ

k in the percolation technique, as well as the
cumulative probability that a site belongs to a finite group is equal to the cumulative probability that
sites are interconnected. As a result, we have the following expression, which is intended for any sites
using the suggested methodology: is in the SCP1, and P

(
E

(
λ
k

))
is approximately equivalent to the

p
(
λ
k

)
, where the likelihood of a particular site occurring is constrained to p

(
λ
k

)
. The following

expression
∑3

i=1 ai
λi
ki
= p

(
λ
k

)
provides the expectation for the mean-field for the CP. Utilizing the mean

field, the corresponding formula is derived. When considering λ
k as a vector, the sub-critical phase

(SCP1), super-critical phase (SCP2), and critical phase (CP) of the NRBL are illustrated as λk <
λc
kc

,
λ
k =

λc
kc

, and λ
k >

λc
kc

, respectively. Additionally, we checked to see if CP is just the maximum

implication for the line x
(
λ
k

)
. The following result is obtained by applying the finite CP vector result

from the Eq (3.7), which is provided by
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f ′
(
x
(
λ

k

))
=

λ
(
λ
k

)
y3

(
λ
k

)
x
(
λ
k

) ,
=

∑3
i=1 ai

λi
ki(

1 −
∑3

i=1 ai
λi
ki

)3 ∑3
i=1 ai

λi
ki

(
1 −

∑3
i=1 ai

λi
ki

)zi−3 , for SCP1. (3.9)

Figure 2. The complementary associations among different variants p
(
λ
k

)
, p(ρ∗

(
λ
k

)
), as well

as λk , as suggested approach TNRBL
{(
λ1
k1
, λ2

k2
, λ3

k3

)
; (3, 4, 5)(0.25, 0.33, 0.42)

}
with λ1

k1
and

λ2
k2

at (a) λ3
k3
= 0.40 , (b) λ2

k2
= 0.55 and λ3

k3
= 0.60, and (c) λ3

k3
= 0.60, which are shown via 2D

and 3D figures.

The Eq (3.9) shows the differentiation with respect to x
(
λ
k

)
. Next procedure, we shall develop the

constraint for all λ/k ∈ [0, 1]3. From Figure 2(a), If any λ/k ∈ [0, 1]3, is under λk >
λc
kc

then the

existence corresponding value lies in λ
k <

λc
kc

at x
(
λ∗
k∗

)
= x

(
λ
k

)
. Obviously, we acquire the expression

for f ′
(
x
(
λ
k

))
utterly λk ∈ [0, 1]3, in the case that CP is comparable in the direction of θ

(
λ
k

)
= 1. If that

are the cases, then SCP1 and SCP2 signify θ
(
λ
k

)
< 1 and θ

(
λ
k

)
> 1, correspondingly. Afterward the

vector λ
k appeases SCP2 as we employ its corresponding value λ∗/k∗ which contents λ∗

k∗
< λc

kc
.

Establish the mapping ρ∗ beyond [0, 1]3, therefore CPs plane via the following
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ρ∗

(
λ

k

)
=

 λ
k under, λk <

λc
kc
,

λ∗
k∗

under, λk >
λc
kc
.

(3.10)

So, the expression
(
λ
k

)
, explicitly ∀ p ∈ [0, 1]3, and λ is the APC vector. The mapping converts

all vectors toward λ
k ∈ [0, 1]3 based upon the dispersion of the mean mapping of the CPs previously

mentioned, in SCP2. For this elucidation of the formulation, which is mean mapping of CPs, explicitly
∀ λk ∈ [0, 1]3, ρ∗

(
λ
k

)
fulfills to ρ∗( λk ) < λc

kc
. For the purpose of convenience, the equality Eq (3.9), which

is stand for ρ∗
(
λ
k

)
which is equal to the ρ

(
λ
k

)
, is procured as follows:

f ′
(
x
(
λ

k

))
=

∑3
i=1 ai

λi
ki

(
ρ∗

(
λ
k

))
∑3

i=1 ai
λ∗i
k∗i

(
1 −

∑3
i=1 ai

λ∗i
k∗i

(ρ∗
(
λ
k

)
)
)zi

for (i = 1, 2, 3), (3.11)

under sub critical phase, the Eq (3.11) can be determined. Utilizing Eq (3.11) with scenario Eq (3.4)
yields the following for finite CPs; the resultant form is shown by

(
E

(
λ

k

))
=

3∑
i=1

ai
λ∗i
k∗i

(
ρ∗

(
λ

k

)) ∑3
i=1 ai

λi
ki

(
1 −

∑3
i=1 ai

λi
ki

(
λ
k

))zi∑3
i=1 ai

λ∗i
k∗i

(
1 −

∑3
i=1 ai

λ∗i
k∗i

(
ρ∗

(
λ
k

)))zi
. (3.12)

Therefore, we designed to detect the GF criterion
(
x
(
ρ∗

(
λ
k

))
= x

(
λ
k

))
, in addition to GF of x

(
λ
k

)
. We

contain the significant component of Eq (3.11). Up until recently, the final findings for the probability
on average indicating a specific site belongs to an identifiable finite cluster have been written as:

P
(
E
(
λ

k

))
=

3∑
i=1

ai
λ∗i
k∗i

 1 −
(
a1
λ1
k1
+ a2

λ2
k2
+ a3

λ3
k3

)
1 −

(
a1
λ∗1
k∗1
+ a2

λ2
k∗2
+ a3

λ∗3
k∗3

)
3

. (3.13)

If we eventually put ρ∗
(
λ
k

)
= λk , put in Eq (3.13) then we get P

(
E

(
λ
k

))
, which is complementary to

λ
k =

λc
kc

, for λk <
λc
kc

. Furthermore, for λk >
λc
kc

, assuming ρ∗
(
λ
k

)
< λk is utilized to Eq (3.13), we obtain

P
(
E

(
λ
k

))
is under mean CP. Figure 2(b) depicts the mutual correlations between

∑3
i=1 ai

λi
ki

(
λ
k

)
,

p
(
ρ∗

(
λ
k

))
and λk . The PP, also known as percolation probability, is the likelihood that a site belongs to

an infinite, percolating cluster, signified as P∞
(
λ
k

)
. In response to the Eq (3.13), we yielded the

following findings by

P∞

(
λ

k

)
=

3∑
i=1

ai
λi

ki
−

3∑
i=1

ai
λ∗i
k∗i

 1 −
(
a1
λ1
k1
+ a2

λ2
k2
+ a3

λ3
k3

)
1 −

(
a1
λ∗1
k∗1
+ a2

λ∗2
k∗2
+ a3

λ∗3
k∗3

)
3

. (3.14)

In addition to strengthening axiom (3.14), we benchmark
∑3

i=1 ai
λi
ki

with
∑3

i=1 ai
λ∗i
k∗i

, and we inevitably

emerge at P∞
(
λ
k

)
≡ 0. While P∞

(
λ
k

)
≡ 0 rises along with the rebellion of θ

(
λ
k

)
for λk >

λc
kc

, it does not

for λk <
λc
kc

. The P∞
(
λ
k

)
robustness further authenticates λk =

λc
kc

matches to the θ
(
λ
k

)
= 1. Also, the
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Figure 3. Percolation probability versus CP is figured out for a TNRBL. (a) The percolation
probability in comparison to

(
λ1
k1

)
, three curves depict the dynamics of percolation probability

at different probabilities of
(
λ2
k2

)
and

(
λ3
k3

)
. (b) PP, P∞

(
λ
k

)
versus connection probability(

λ1
k1

)
at

(
λ2
k2

)
= 0.40 and

(
λ3
k3

)
= 0.50, increases significantly for SCP2. (c) PP, P∞

(
λ
k

)
versus

connection probabilities
(
λ1
k1

)
and

(
λ2
k2

)
at

(
λ3
k3

)
= 0.4, for SCP2 optimizes dramatically.

critical surface with CP is the maximum estimate line for x
(
λ
k

)
. Even though the critical surface for

TNRBL in contexts of CPs only reflects

3∑
i=1

ai
λi

ki
(zi − 2) = 1 for, i = 1, 2, 3. (3.15)

The only thing it is is a line appearing in the plane with connection probability. Thus we can see
that λk =

λc
kc

, which happens to be suitable for the percolation process, is represented by such symbol

θ
(
λ
k

)
= 1. Nonetheless, we employ λ

k =
λc
kc

to convey it when correctness is required. Conversely,∑3
i=1 ai

λi
ki

(zi − 2) < 1 and
∑3

i=1 ai
λi
ki

(zi − 2) > 1 are consistently written as SCP1 and SCP2,
correspondingly. As is clear from Eqs (3.14) and (3.15), the algebraic evaluation of our TNRBL
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features is complex, and determining its limitations is tough. To demonstrate the properties regarding
our TNRBL, we employ fixed values with crucial parameters, such as z = (3, 4, 5) as well as
α = (0.25, 0.33, 0.42) in Eqs (3.14) and (3.15), and present the typical percolation, as shown in
Figure 2(c).

Three curves illustrating the dynamics that result from PP at various values with the
(
λ2
k2

)
and

(
λ3
k3

)
parameters are shown in the Figure 3(a). The Figure 3(b) shows that the numerical value for PP,
P∞

(
λ
k

)
, steadily shift from smaller to higher levels when the values of

(
λ1
k1

)
increases. The Figure 3(c),

demonstrates that the value of PP, P∞
(
λ
k

)
, progressively shifts from lower to higher as the values of

(
λ1
k1

)
and

(
λ2
k2

)
. To clarify it from a different perspective, the middle proportion of site distribution accelerates

the percolation process. Finally, spanning PP curves shift from right-lower towards left-higher as CPs
values change

(
λ1
k1

)
and

(
λ2
k2

)
. Following the ACS, the mean-field concept-based GRM might be used to

show the correctness of the findings. This has the advantage of generating an infinite cluster when the
mean number of outgoing nodes exceeds unity. The ACS of finite groups will next be examined.

3.3. Average cluster size of connected sites

Generally, ACS on connected sites is an average size at finite connected sites of clusters
(non-percolating). For a cluster of TNRBL with finite size, the probable importance of its size is “l”.
The probability index of an inevitable occurrence on a site related through l-cluster inclusive of the
probability of a site like that connecting via significance finite-cluster is the range of “l” from “0” to
∞, and the probability of it happening is equal. Further explicitly, the probability concerning an event
indicating which a site corresponds to a finite cluster is equal to the mean CP for SCP1 and less than
the mean CP for SCP2, as shown in (3.13). The probability that an event corresponding to the “l”
group (cluster) ought to be separated from the overall probability considering expectation through
P

(
E

(
λ
k

))
. The ACS of overall finite clusters is procured as a consequence of the specific delineation

of expectation appraisal, such as a discrete uncertain variate, for a percolation approach, is
provided by

L
(
λ

k

)
=

∞∑
l=1

l

{
lbl

(∑3
i=1 ai

λi
ki

(
1 −

∑3
i=1 ai

λi
ki

)zi−3
)l
}

 1(
1−

∑3
i=1 ai

λi
ki

)3


∑3

i=1 ai
λ∗i
k∗i

[
1−

∑3
i=1 ai

λi
ki

1−
∑3

i=1 ai
λ∗i
k∗i

]3

,

=

[
x2 f ′′

(∑3
i=1 ai

λi
ki

(1 − p)zi−3
)
+ x f ′

(∑3
i=1 ai

λi
ki

(1 − p)zi−3
)] 1(

1−
∑3

i=1 ai
λi
ki

)3


∑3

i=1 ai
λ∗i
k∗i

[
1−

∑3
i=1 ai

λi
ki

1−
∑3

i=1 ai
λ∗i
k∗i

]3


. (3.16)

The precise representation of L
(
λ
k

)
cannot be obtained directly from Eq (3.16) when there is

computational complicity. We employed a GRM to obtain the ACS. By starting an addressed
sub-branch with a ith type site, we consider Di, i = 1, 2, 3 to indicate a significant contribution to
the ACS. Additionally, because identical types of sites occur in the NRBL, the site on behalf of which
merely a single sub-bough is in-going, and the remaining are outgoing, there occurs (zi − 1)
sub-divisions which are departing, and every sub-division starts through a jth-sort site in the effective
option of a j, wherever, j = 1, 2, 3. Consequently, the involvement of the sub-sub divisions
concerning an ith kind site exists (zi − 1)(

∑3
i=1 aiDi). We get the expression for D1, D2, and D3,
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respectively.

D1 =

λ1
k1

{
1 + a2

λ2
k2

(z1 − z2) + a3
λ3
k3

(z1 − z3)
}

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)
, (3.17)

D2 =

λ2
k2

{
1 + a1

λ1
k1

(z2 − z1) + a3
λ3
k3

(z2 − z3)
}

1 − a1
λ1
k1

(z1 − 2) − a2λ2(z2 − 2) − a3
λ3
k3

(z3 − 2)
, (3.18)

D3 =

λ3
k3

{
1 + a1

λ1
k1

(z3 − z1) + a2
λ2
k2

(z3 − z2)
}

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)
. (3.19)

The above formulations assume a particular ith-type site’s departing sub-sorts to be zi when using
the above mentioned formulas and assuming that the site in consideration corresponds to the native site.
In order to avoid generality cancellation, consider another site to be connected ith-kind site. At that
point, it contributes itself together with its zi, leaving sub-kinds spanning L

(
λ
k

)
, i = 1, 2, 3, is given as:

L1

(
λ

k

)
= 1 + a1z1


λ1
k1

(
1 + a2

λ2
k2

(z1 − z2) + a3
λ3
k3

(z1 − z3)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)


+ a2z1


λ2
k2

(
1 + a1

λ1
k1

(z2 − z1) + a3
λ3
k3

(z2 − z3)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)


+ a3z1


λ3
k3

(
1 + a1

λ1
k1

(z3 − z1) + a2
λ2
k2

(z3 − z2)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)

 , (3.20)

L2

(
λ

k

)
= 1 + a1z2


λ1
k1

(
1 + a2

λ2
k2

(z1 − z2) + a3
λ3
k3

(z1 − z3)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)


+ a2z2


λ2
k2

(
1 + a1

λ1
k1

(z2 − z1) + a3
λ3
k3

(z2 − z3)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)


+ a3z2


λ3
k3

(
1 + a1

λ1
k1

(z3 − z1) + a2
λ2
k2

(z3 − z2)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)

 , (3.21)

L3

(
λ

k

)
= 1 + a1z3


λ1
k1

(
1 + a2

λ2
k2

(z1 − z2) + a3
λ3
k3

(z1 − z3)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)


+ a2z3


λ2
k2

(
1 + a1

λ1
k1

(z2 − z1) + a3
λ3
k3

(z2 − z3)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)


+ a3z3


λ3
k3

(
1 + a1

λ1
k1

(z3 − z1) + a2
λ2
k2

(z3 − z2)
)

1 − a1
λ1
k1

(z1 − 2) − a2
λ2
k2

(z2 − 2) − a3
λ3
k3

(z3 − 2)

 . (3.22)

On average, then, we obtain the ACS for TNRBL via re-collecting the scattering of sites then
substituting values of D1, D2, and D3 in the resultant factor, we get the expressions for L

(
λ
k

)
, is
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acquired via

L
(
λ

k

)
= 1 +

(a1z1 + a2z2 + a3z3)
(
a1
λ1
k1
+ a2

λ2
k2
+ a3

λ3
k3

)
1 −

(
a1
λ1
k1

(z1 − 2) + a2
λ2
k2

(z2 − 2) + a3
λ3
k3

(z3 − 2)
) , (3.23)

above Eq (3.23) shows, the ACS of our proposed method. A mean cluster is Presley more, if θ
(
λ
k

)
is

the enhancing function regarding it. As shown in Eq (3.23), the algebraic comparison of our TNRBL
features is complicated, and determining its limiting factor is very difficult.

For the demonstration of the properties of our TNRBL, we employ fixed values spanning critical
parameters, such as z = (3, 4, 5) and α = (0.25, 0.33, 0.42) in formulation (3.23), along with typical
percolation, illustrated in Figure 4. Referring to the Figure 4(a), an easy-to-find modification of a
specific type associated with the phase transition within the CCP line, due to θ

(
λ
k

)
= 1, is presented in

the CP regarded as the scheme of percolation. By SCP1, an immeasurable cluster cannot hold
themselves acquired; the ACS optimizes with an increment of θ

(
λ
k

)
. In Figure 4(b), we observed that

as the connection probability,
(
λ3
k3

)
= 0.5, enlarges, there are more chances to acquire the

immeasurable cluster in SCP1, and the ACS enhances at CP with an increment of θ
(
λ
k

)
. In SCP2, an

inconceivable cluster might be obtained, and ACS trends towards 0 as connected probabilities also
rise. In the subsequent part, we utilized sensitivity analysis to assess the long-term sustainability of
the suggested model. Figure 4(c) the ACS, vs the connected probability, L

(
λ
k

)
, at

(
λ2
k2

)
= 0.45 and(

λ3
k3

)
= 0.50. ACS varies from scrutinizing the behavior corresponding to the CCP line during SCP1.

4. Further study regarding the suggested approach

4.1. Sensitivity analysis

The analysis of sensitivity, in a broad sense, is a crucial component of the design of strategies
and emphasizes assurance because it stipulates investigations into the validity of the suggested
method, the identification that has substantial contributions, the finding of associated relationships
between variables that contribute to output and input, and the suggestion of system theory for an
individual. We have to utilize a one-factor-at-a-time (OAT) approach based on the characteristics of
the suggested method utilized for sensitivity analysis [22, 23, 46, 47]. This technique exists as a
simple but effective approach for adjusting OAT to recognize pardon consequences from the output of
evoked scheme. Partial derivatives can be employed to calculate sensitivity. The sensitivity index
represents the variation ratio in response to variation in the input about constraints or variables.
According to recent investigations, we carry out simulation studies on S I

(
P∞, θ

(
λ
k

))
and S I

(
L, θ

(
λ
k

))
,

via SI relating response Y to source β.

S I(Y, β) =
(
∂Y
∂β

)
.
β

Y
, (4.1)

the sensitivity index is obtained through Eq (4.1), where Y and β represent the output and input
variables, respectively. The SI is denoted by S I(Y, β). The right-hand side of Eq (4.1) consists of two
components. The first component represents the partial derivative of Y with respect to β, while the
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Figure 4. The ACS of the TNRBL with z1 = 3, z2 = 4, and z3 = 5. (a), the ACS, L
(
λ
k

)
,

versus the connected probabilities,
(
λ1
k1

)
and

(
λ2
k2

)
at

(
λ3
k3

)
= 0.4. Under SCP1, ACS, L

(
λ
k

)
,

deviates from seeing the behavior concerning the CCP line (maximal value)
(
θ
(
λ
k

)
= 1

)
. (b)(

λ3
k3

)
= 0.5, regard as the proposed strategy. From (c) the ACS, L

(
λ
k

)
, versus the connected

probability,
(
λ1
k1

)
at

(
λ2
k2

)
= 0.45 and

(
λ3
k3

)
= 0.50.

second component normalizes the index [22, 23, 47]. The sensitivity index mechanism indicates that a
larger absolute value of the index reflects a stronger influence of the input feature on the output
response. A negative (positive) sensitivity index denotes an inverse (direct) monotonic relationship
between the input and output features within the framework. In this context, θ

(
λ
k

)
is identified as the

dominant sensitivity-related control term, which is closely associated with the connectivity behavior
of the TNRBL across SCP1, CP, and SCP2. Therefore, comparing the SI magnitudes of ai, zi, and
λi/ki helps identify which parameter contributes most strongly to percolation control. The largest SI
values near the critical condition provide guidance for targeting the most influential connectivity
parameter in intervention design. Currently, we tend to investigate the sensitivity of θ

(
λ
k

)
to the source
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parameters, namely (z1, z2, z3) and (a1, a2, a3). As shown, the suggested strategy’s constraints are∑3
i=1 ai = 1 and

∑3
i=1 ai

λi
ki
= λ

(
λ
k

)
. We designed the SI of θ

(
λ
k

)
to a1, a2, and a3. Following are the

resulting indexes are provided via

S I
(
θ

(
λ

k

)
, a1

)
=

a1

{(
λ1
k1

)
(z1 − 2) −

(
λ2
k2

)
(z2 − 2) −

(
λ3
k3

)
(z3 − 2)

}{
a1

(
λ1
k1

)
(z1 − 2) + a2

(
λ2
k2

)
(z2 − 2) + a3

(
λ3
k3

)
(z3 − 2)

} , (4.2)

S I
(
θ

(
λ

k

)
, a2

)
=

a2

{(
λ1
k1

)
(z1 − 2) −

(
λ2
k2

)
(z2 − 2) −

(
λ3
k3

)
(z3 − 2)

}{
a1

(
λ1
k1

)
(z1 − 2) + a2

(
λ2
k2

)
(z2 − 2) + a3

(
λ3
k3

)
(z3 − 2)

} , (4.3)

S I
(
θ

(
λ

k

)
, a3

)
=

a3

{(
λ1
k1

)
(z1 − 2) +

(
λ2
k2

)
(z2 − 2) +

(
λ3
k3

)
(z3 − 2)

}{
a1

(
λ1
k1

)
(z1 − 2) + a2

(
λ2
k2

)
(z2 − 2) + a3

(
λ3
k3

)
(z3 − 2)

} . (4.4)

Regarding the analogousness of the preceding formulations, we emphasize the SI of θ
(
λ
k

)
to a1,

which is optimistic and provoking with a1 for both prerequisites attained by

S I
(
θ

(
λ

k

)
, a1

)
=


(
λ1
k1

)
(z1 − 2) >

(
λ2
k2

)
(z2 − 2) optimistic,(

λ1
k1

)
(z1 − 2) >

(
λ3
k3

)
(z3 − 2) optimistic.

(4.5)

Therefore, the overall significance of the parameter S I(θ
(
λ1
k1

)
, a1) is more substantial because there

are larger variations among
(
λ1
k1

)
(z1 − 2),

(
λ2
k2

)
(z2 − 2), and

(
λ3
k3

)
(z3 − 2) is inclined to respond θ

(
λ
k

)
= 1

the distribution regarding probabilities ai, where, i = 1, 2, 3.
We explore the dynamics and complexities of the relationship between output measures L

(
λ
k

)
and

P∞
(
λ
k

)
with input parameters L

(
λ
k

)
and P∞

(
λ
k

)
to θ

(
λ
k

)
, we inquire into the degree of sensitivity

S I
(
P∞, θ

(
λ
k

))
, which is revealed in Figure 5.

We proceed to the Figure 5(a) It demonstrates that P∞
(
λ
k

)
, is the enhanced sensitivity

contemporary to the critical phase, which is more conveniently, the SI concerning P∞
(
λ
k

)
to θ

(
λ
k

)
corresponds to zero upon SCP1, rapidly scales more closely to the CP, and ultimately tends to decline
with the accomplishment of SCP2. The non-negative indices of S I

(
P∞, θ

(
λ
k

))
to θ

(
λ
k

)
reveal us,

P∞
(
λ
k

)
enlarges. In addition, we embark on the following Figure 5(b), It illustrates that P∞

(
λ
k

)
, a

boosted sensitivity directly associated with the critical phase, is zero through SCP1, instantly
indicators progressively closer to the CP, and subsequently tends to decline with the culmination of
SCP2. Consequentially, the Figure 5(c) demonstrates that SI in relation to PP,S I

(
P∞, θ

(
λ
k

))
, is even

more sensitive at the CP when λ3
k3
= 0.3. The mesh’s pattern displays its

(
S I

(
P∞, θ

(
λ
k

)))
behavior

throughout different phases, exhibiting near zero in SCP1 and short-down inclination behavior
spanning with accomplishing SCP2.

For further understanding, we present the sensitivity index regarding ACS, L
(
λ
k

)
, on 2D and 3D

planes, as illustrated in Figure 6. From Figure 6, we observe that L
(
λ
k

)
is more sensitive during the

CP
(
θ
(
λ
k

)
= 1

)
, indicating that S I

(
L, θ

(
λ
k

))
is pessimistic regarding SCP1 and varies based on SCP2.

In Figure 6(a), it is evident that the SI acknowledges the increasing complexity of the average size of
the cluster, S I

(
L, θ

(
λ
k

))
, at a critical phase, specifically when λ3

k3
= 0.60 and λ3

k3
= 0.70. The general
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Figure 5. The SI’s associated with PP P∞
(
λ
k

)
to θ

(
λ
k

)
for the TNRBL percolation technique{

λ
k ; z,α

}
. (a) SI pertaining for the PP to θ

(
λ
k

)
, (b) SI regarding the PP, S I

(
P∞, θ

(
λ
k

))
in

comparison to the connected probability, λ1
k1

at λ3
k3
= 0.50 and λ3

k3
= 0.50, and (c) SI regarding

the PP, S I
(
P∞, θ

(
λ
k

))
In comparison to the connected probabilities, λ1

k1
and λ2

k2
at λ3

k3
= 0.40.

trend of the mesh shows that S I
(
L, θ

(
λ
k

))
tends to be positive near SCP1 and negative around SCP2.

In Figure 6(a), SI further recognizes that the ACS, S I
(
L, θ

(
λ
k

))
, becomes more intricate at a crucial

phase, when λ3
k3
= 0.60 and λ3

k3
= 0.70. The general pattern of the mesh reflects the S I

(
L, θ

(
λ
k

))
tendency

in different phases, which match the optimistic tendency near SCP1 and the affected area surrounding
SCP2. In Figure 6(c), it is again evident that SI recognizes the increasing complexity of the average size
of the cluster, S I

(
L, θ

(
λ
k

))
, at a critical phase, specifically when λ3

k3
= 0.6. The general trend of the mesh

shows that S I
(
L, θ

(
λ
k

))
tends to be positive near SCP1 and negative around SCP2. The SI determines

that θ
(
λ
k

)
to zi is ai

λi
ki

, where i = 1, 2, and 3. Therefore, we can regulate θ
(
λ
k

)
more effectively by

employing zi, which corresponds to larger values of ai
λi
ki

, for i = 1, 2, 3. In the previous section, we

computed the S I
(
θ
(
λ
k

)
, ai

)
and S I

(
θ
(
λ
k

)
, zi

)
and examined the characteristics of these indices. We can

now easily analyze how the implications of these variables apply through visual analysis for different
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Figure 6. The SI’s corresponds to the ACS L
(
λ
k

)
to θ

(
λ
k

)
for percolation scheme TNRBL{

λ
k ; z,α

}
. In (a) SI of ACS to θ

(
λ
k

)
, (b) SI concerning the ACS of connected sites to θ

(
λ
k

)
, and

in the (c) SI of ACS to S I
(
L, θ

(
λ
k

))
, versus the connected probabilities, λ1

k1
and λ2

k2
at λ3

k3
= 0.60.

indices. By analyzing these findings, we can see that the ACS, L
(
λ
k

)
, P∞

(
λ
k

)
are pessimistic in SCP1

as well as desirable in SCP2. If we are required to handle the SCP1 framework, we might consider the
following scenarios:

S I
(
θ

(
λ

k

)
, a1

)
=



(
λ1
k1

)
(z1 − 2) >

(
λ2
k2

)
(z2 − 2) for a1 = 0,(

λ1
k1

)
(z1 − 2) >

(
λ3
k3

)
(z3 − 2) for a1 = 0,(

λ1
k1

)
(z1 − 2) <

(
λ2
k2

)
(z2 − 2) for a1 = 1,(

λ1
k1

)
(z1 − 2) <

(
λ3
k3

)
(z3 − 2) for a1 = 1.

(4.6)

Alternatively, for i = 1, 2, 3, minimize the significance of zi analogously by adjusting ai

(
λi
ki

)
, and

then execute the same process for the remaining values. Apart from their theoretical relevance, is our
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suggested technique also partially relevant to such realistic challenges? To address these conjectures,
we also investigate the epidemic diffusion pattern utilizing dynamically altered parameters using the
NRBL’s non-uniform percolation. We can link connected Bethe lattice sites with infected people and
the method for their dispersal by utilizing the following description of the problems associated with
the COVID-19 transmission paradigm.

The sensitivity results show that the largest SI magnitudes occur near the critical condition,
θ
(
λ
k

)
= 1, where the system becomes highly responsive to small changes in ai, zi, and λi/ki. Near this

region, minor variations in site distribution, coordination number, or connection probability can
strongly affect both the percolation probability P∞

(
λ
k

)
and the average cluster size L

(
λ
k

)
. The

comparative SI behavior indicates that parameters with larger weighted contributions, particularly
ai
λi
ki

(zi − 2), have the greatest influence on percolation control. Therefore, intervention should mainly
target the site type with the highest weighted connectivity contribution by reducing its connection
probability λi/ki, limiting its coordination number zi, or adjusting its distribution probability ai. In
future work, peak SI values for ai, zi, and λi/ki will be reported under different lattice configurations
to identify the dominant control parameters more precisely and support targeted intervention
strategies near the critical connectivity region.

5. Epidemiological application

In Pakistan, as of June 6, 2021, there were an estimated 900,552 infected persons, 817,681
recoveries, and 1,738,484 suspected. Is this the most appropriate COVID-19 infection prevention
strategy, and which transmissible diseases utilize this approach? The epidemic spread is, in fact, a
percolation process. Percolation has additionally acquired applications in transmitting on lattices
(networks), including epidemic methods [48–53]. Through analysis of case-reporting records
information spanning May 23, 2020, till June 6, 2021, in Pakistan and government regulation actions,
we identify three main epidemic critical phase times: from June 10 to June 27, from November 27 to
December 21, and from April 14 to May 12. COVID-19’s transmission process is similarly classified
into nine stages. Figure 7 illustrates the linkage between percolation parameters, epidemic states (IP,
RP, and SP), and phase transitions (SCP1, CP, and SCP2).

Then, using random simulation, we determined that COVID-19 spreads with a significant delay.
As a result, we altered the epidemic spreading process’s nine phases (S) into: S 1- May 23 until
June 9, S 2-June 10 until June 27, S 3-June 28 until July 15, S 4-Nov 1 until Nov 26, S 5-Nov 27 until
Dec 21, S 6-Dec 28 until Jun 15, S 7-Mar 16 until Apr 13, S 8-Apr 14 until May 12, and S 9-May 13
until June 6. For further applicability, individuals were classified into three distinct categories based
on their physical reversibility, modification, or close association: those at significant risk of infection
(infected persons), those who have recovered, and those with a low risk of illness (susceptible
individuals). The disease after that appears to be non-uniform percolation upon NRBL 3-connecting
and 3-distributing probabilities with their mean contact numbers such as TNRBL{(
λ
k , ζ1

λ
k , ζ2

λ
k

)
; (z1, z2, z3)

(
d λ1

k1
, d λ2

k2
, 1 − d λ1

k1
− d λ2

k2

)}
. Here, λ

k , ζ1 λk and ζ2 λk are the transmission

probabilities concerning an infected person (IP) having a mean contact number (z1), another
recovered person (RP) having a mean contact number (z2), as well as a susceptible person (SP) having
a mean contact number (z3), (0 ≤ (ζ1, ζ2) ≤ 1). The epidemic dissemination modeling employs
TNRBL with simulated parameter changes, as shown in the Table 1.
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Figure 7. Structural mechanisms for the applicability of non-uniform percolation
methodology in epidemic spreading on a non-regular Bethe lattice, linking percolation
parameters to epidemic states (IP, RP, and SP) and phase transitions (SCP1, CP, and SCP2).

From Table 1, various aspects must be considered, including I λ
k
, D λ

k
, C λc

kc
, A

(
λ
k

)
, and P∞

(
λ
k

)
, which

represent the IDP (Infectious Disease Probability), the probability of critical infection (CIP), the
average infected individual (AII), and the outbreak probability epidemic (OBPE), respectively. We
performed a Monte Carlo simulation to evaluate the dependent relationships between I λ

k
, C λc

kc
, and the

infected individuals, using illusive parameters to develop more accurate and meticulous
disease-control strategies.

The epidemic data dispersion shows the mean number concerning contacts for a single infected,
single recovered, and a single suspected individual, as well as the infection probability in FW (S 1,
S 2, and S 3). Following the statistical investigation’s subject demographic, we chose the following
values: ζ1 = 0.45 and ζ1 = 0.55, are used in the epidemic modeling. Individuals must grasp that the
virus’s degree of spread, though only slightly increased by the preventative method, represents infection
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probabilities during various phases. Consequently, the probability of infection spreading to the SW
has shifted. Other factors might change as an effect of inhibition, whereas restriction parameters stay
constant between stages (S 4, S 5 and S 6). The total number of associations among an infected person,
recovered person, and suspected person, as well as their corresponding infected likelihood, as well as
the restriction parameters, remain unaltered for the reason of evaluating the statistical significance of
TW (S 7, S 8 and S 9). It is vital to highlight that infection possibilities are minimal at different stages of
TW and are unaffected by prudent decisions. The epidemic spreading paradigm (in Pakistan) is vital
in developing the suggested framework. Table 1 provides information about the division methodology
in addition to parameters. In S 1 during epidemic’s FW, along with the above analysis, z1 = 4, z2 = 14,
z3 = 4, λk = 0.3101, and λc

kc
= 0.3497, according with the parameters above, I λ

k
every day is simulated.

Table 1. Simulated and statistical analysis of the TNRBL in relation to COVID-19
parameters.

Data Groups Iλ/k ACN (z) PDP (Dλ/k) CIP (Cλc/kc ) AII A(λ/k) OBPE (P∞(λ/k))

FW
S 1 0.3101 (4,14,4) (0.18,0.64,0.17) 22.85 6.463 0.036
S 2 0.3778 (6,9,4) (0.32,0.47,0.11) 24.41 9.016 0.081
S 3 0.3778 (7,8,3) (0.38,0.45,0.16) 9.945 7.808 0.040

SW
S 4 0.1042 (16,13,11) (0.40,0.32,0.27) 2.345 1.054 zero
S 5 0.2696 (15,14,9) (0.40,0.37,0.41) 12.69 3.116 0.001
S 6 0.3774 (17,12,8) (0.47,0.32,0.21) 11.42 2.523 zero

TW
S 7 0.3774 (10,18,6) (0.29,0.52,0.17) 34.08 2.026 zero
S 8 0.3030 (12,13,5) (0.40,0.43,0.18) 45.08 3.454 0.007
S 9 0.3030 (18,12,7) (0.48,0.22,0.19) 6.602 1.426 zero

Overall epidemic data analysis via our TNRBL model, as shown by Figure 8, indicates that it is
significantly feasible for such real-life scenarios. From Figure 8(a), the number of infected people
shows an increasing trend, implying that the disease affects a large population. Until recently, in S 2,
some preventive measures needed necessary to prevent the perception regarding the circumstance, thus
parameters are changed to z1 = 6, z2 = 9, z3 = 4, λk = 0.3778, and λc

kc
= 0.3778, as in Figure 8(b). In

S 3, the seriousness of epidemic is continually being determined, and extra security precautions are
procured. At the same time, parameters decline in besides z1 = 7, z2 = 8, z3 = 3, λk = 0.3778, and
λc
kc
= 0.2862.
The findings in this stage reveal that vary with the downward tendency providing would occur when

it reached zero immediately after a set period, which conditions the influence of transmittable illness,
can be managed without any further measures, as shown in the Figure 8(c). We also corresponded about
the COVID-19 SW findings. From the following Figure 8(d), Its gradual steepness of I λ

k
indicates

epidemic transmission. In S 4, safeguards are required along with an identification of the condition;
therefore parameters changed to z1 = 16, z2 = 13, z3 = 11, λk = 0.1042, and λc

kc
= 0.4595. We found that

I λ
k

varies chaotically when investigating S 5, as seen in the Figure 8(e). Constantly, in S 5, the severity of
the pandemic gradually became identified. So, in S 5 we can further safeguard measures were acquired,
and limitations decreased further to z1 = 5, z2 = 14, z3 = 9, λk = 0.2696, and λc

kc
= 0.2696. The S 6,

as demonstrates that on I λ
k
, which establishes the influence of COVID-19, fluctuates with the decay

drift progressively over a period and might be limited in the absence of partially further measurements
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Figure 8. The number of infected, recovered, and suspected individuals over time is
analyzed based on the probabilities of I λ

k
being less than, equal to, or greater than C λ

k
.

These probabilities, represented as IP, RP, and SP, correspond to the infected, recovered,
and suspected categories in the COVID-19 datasets (FW, SW, and TW).

with such parameters, z1 = 17, z2 = 12, z3 = 8, λk = 0.3774, and λc
kc
= 0.3640, as shown in the above

Figure 8(f).
Figure 8(g) demonstrates that the TW of COVID-19 indicates the propagation of the pandemic

with a more incremental I λ
k

upward gradient. Precautionary precautions were necessary for S 7 due
to the intensity of the pandemic. Therefore, the parameters be modified to z1 = 10, z2 = 18, z3 = 6,
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λ
k = 0.3774, and λc

kc
= 0.3612. From Figure 8(h), via meticulously examination of S 8, we discovered

that I λ
k

fluctuates randomly in terms of occurrence. Therefore, alertness completes the epidemic by
identifying the era with extra protective measures by adjusting the restrictions to z1 = 12, z2 = 13,
z3 = 5, λk = 0.3030, and λc

kc
= 0.3030. The I λ

k
variable diverges in the subsequent inquiry, S 9, with a

period-by-period small decline drift; it is the visible epidemic spread. Considering these constraints
z1 = 18, z2 = 12, z3 = 7, λk = 0.3030, and λc

kc
= 0.3953, as seen in the Figure 8(i). In the overall epidemic

transmitting’s waves pattern, S 1, S 4 and S 7 are in SCP1, S 2, S 5 and S 8, while S 3, S 6 and S 9 are in
SCP2. Therefore, a significant modification in epidemic inclination would result from reaching the CP
and marginally altering the design parameters. Thus, in large-scale illness outbreaks, we limit in SCP1
provided the I λ

k
is merely smaller than the C λ

k
. The probability of an extensive epidemic breakout in

the situation of SCPI is minimal. If I λ
k

reaches and crosses C λ
k
, the probability increases by a power

law with exponent one according to their differences, then the syndrome swiftly spread. Therefore, we
prefer to reduce outside movements, using the general public as a practical approach for the incubation
period of the infectious condition. It significantly hampers the social life of communities, in any case.

COVID-19 case study is presented as an application-based demonstration of the proposed TNRBL
framework rather than as a conventional day-wise forecasting model. In this framework, z1, z2, z3

represent the mean contact numbers of the infected, recovered, and susceptible groups, respectively,
while ζ1 and ζ2 are transmission-scaling parameters used to reflect stage-wise changes in transmission
intensity. The TNRBL model provides a structural percolation-based interpretation of epidemic
connectivity by incorporating non-uniform contact patterns, heterogeneous population states, and
variation in connection probability. However, detailed forecasting-level validation is left for future
work. Future studies will fit the simulated daily infection trends to observed epidemic data using
RMSE, MAE, and R2, and will compare the predictive performance of the TNRBL framework with
conventional SIR and SEIR models.

6. Conclusions

The current work proposed a novel dynamic percolation strategy, in which a higher fraction of
connections and distribution probabilities enhances the significance of the NRBL model. This approach
is applied to explore the transmission challenges associated with COVID-19. In summary, non-uniform
dynamical percolation is significant for our NRBL, demonstrating key percolation characteristics and
exhibiting cluster properties. This investigation obtained precise calculations for percolation quantities
(CSD, CCP, PP, and ACS). Sensitivity analysis provides quantitative measures that can inform effective
control strategies in complex scenarios. The critical percolation scenario highlights sensitive points
where small changes cause significant phase shifts, providing valuable insights for early detection
at SCP1. This phase remains the most sensitive to changes in the system’s behavior, limiting the
robustness of the method during transitions. We observed that ACS and PP are favorable in SCP1 and
desirable in SCP2, but exhibit higher sensitivity at the CP. By linking connected Bethe lattice sites with
infected, recovered, and suspected individuals, we provide a framework to address the complexities
of COVID-19 transmission. Thus, non-uniform percolation on NRBL presents a robust approach to
understanding the dynamic diffusion behavior of COVID-19. Several other problems remain for further
investigation, including non-uniform percolation on lattices with alternative random mechanisms such
as andom graphs on more complex networks.
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Statistiques, Institut Henri Poincaré, 325–344. https://doi.org/10.1214/22-AIHP1242

58. Berrı́os S, Fenner JL, Maignan A, (2018) Simulating aggregates of bivalents in 2n= 40 mouse
meiotic spermatocytes through inhomogeneous site percolation processes. J Math Biol 77: 1341–
1362. https://doi.org/10.1007/s00285-018-1254-6

59. Cardy JL, (1984) Conformal invariance and surface critical behavior. Nuclear Phys B 240: 514–
532. https://doi.org/10.1016/0550-3213(84)90241-4

60. Cardy J, (1998) The number of incipient spanning clusters in two-dimensional percolation. J Phys
A Math General 31: L105–L110. https://doi.org/10.1088/0305-4470/31/5/003

61. Chae H, Yook SH, Kim Y, (2012) Explosive percolation on the Bethe lattice. Phys Rev E 85:
051118. https://doi.org/10.1103/PhysRevE.85.051118

62. Den Nijs M, (1979) A relation between the temperature exponents of the eight-vertex and q-state
potts model. J Phys A Math Gen 12: 1857–1868. https://doi.org/10.1088/0305-4470/12/10/030
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