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Abstract: This paper is to use the wavelet transform method with Morse wavelet to analyze the daily
confirmed cases and deaths of COVID19 in China, U.S.A, Spain, Italy, France, Germany, U.K.,
South Korea, Michigan and New York City. Wavelet transform is frequently used for time series data
to extract the frequency localization information in last two decades. The wavelet transform with
Morse wavelet is applied to the daily infected cases and deaths of COVID19 at different
countries/places. There are multiple scales (frequencies) of COVID19 spreading with different
magnitude at the specific time which can be identified in Wavelet magnitude scalogram plots. For
example, in China, the highest magnitude (2000 to 2500) spreading happened on 2/12/2020 with
scale around 329 to 434, but in U.S.A the highest magnitude (4000 to 4500) spreading happened
during 4/25/2020 and 4/28/2020 with scale 137 to 183. The summary of the wavelet magnitude and
scale at specific period for different countries/places is presented in this paper.

Keywords: COVID19; wavelet transform; morse wavelet; scales (frequencies); magnitude;
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1. Introduction

It was announced by the WHO that COVID19 was first localized in Wuhan, Hubei Province,
China in December, 2019, and it has been a significant threat to the public health around the globe.
As of May 6, 2020, globally there have been about 3.854 million confirmed cases, and about 266,000
reported deaths [1]. In U.S.A,, there are about 1,266,442 confirm cases, and about 74,948 reported
deaths [1]. In the state of Michigan, there are about 45,054 confirmed cases and about 4250 reported
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death at the time author writing this paper [1,2]. The COVID19 is affecting 210 countries and
territories around the world and 2 international conveyances. The COVID19 is spreading into all the
50 states, District of Columbia and its territories in the United States. Because of the contagious of
this disease, most of the states such as Michigan have issued the staying home order to reduce the
infectious speed.

The wavelet transform is frequently used for time series data to extract the frequency
localization information in last two decades. It is also used to extract information from
epidemiological time series. Numerous studies in epidemiology consist of analyzing time series to
extract information and to identify scales of different patterns [3,4]. The wavelet transform is well
adapted to studying non-stationary signals, so we can develop the wavelet transform to extract the
information on the COVID19 spreading/death time series data. Wavelet analysis provides both scale
and time information of the analyzed signal and allows an objective separation of different structures
over different scales at different times. The novel pandemic COVID19 needs more study for
researchers to understand its traveling waves and spatial hierarchies. The purpose of this paper is to
understand the spreading characteristics of COVID19 from a spectrum point of view.

The spreading pattern of COVID19 is different from different countries/places. Both
government executive orders and culture behavior are playing an important role to slow down the
spreading of the disease. The wavelet spectrum will give us a fresh view of COVID19 spreading
wave and pattern in different places.

2. Materials and methods
2.1. Continuous wavelet transform

The wavelet transform of a function f(t) with finite energy is defined as the integral transform
with a family of functions

UNOERIACS (2)
Itis

WE(s,t) =< f(), 1y, >= [17 fFP* o du = [T f@ v * () du, (@)

where s is a scale parameter, t is a location parameter and the function ¥Y*,(u) = %w*(uT_t) are
called wavelet. w*(uT_t) is called the “mother wavelet”. The parameters S(s#0) and t are used to

adjust the shape and location of the wavelets respectively.
2.2. The morse wavelets

The generalized Morse wavelets are a family of exactly analytic wavelets. They are useful for
analyzing modulated signals, which are signals with time-varying amplitude and frequency [5]. They
are also useful for analyzing localized discontinuities, and isolating and extracting quantified features
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in time-frequency domain. Morse wavelets are defined in the frequency domain as
PZ

Yry (@)=U(@)apyw e, ©)
where U(w) is the unit step, apy is a normalizing constant, P? is the time-bandwidth product,
and Y > 0 is the shape parameter and characterizes the symmetry of the Morse wavelet. Much of the
literature about Morse wavelets uses the oscillation control parameter > 0, which can be viewed as
a decay or compactness parameter, rather than the time-bandwidth product, P? = BY. The equation
for the Morse wavelet in the Fourier domain parameterized by p and Y is as following:

Ppr (@)= Pprt)e ™t dt = U(w)agy o e . 4)
Where

B
agy=2 (%)Y (5)

Is a normalization constant ensuring a peak frequency of 2 [6-12].
The effect of parameter Y and P? values on Morse Wavelet shape are shown in Figure 1. This
figure is borrowed from Matlab Morse Wavelet Tutorial [5].
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Figure 1. The effect of parameter values of Y and P2 on the Morse Wavelet shape.
This figure is produced using Matlab.

2.3. Application of wavelet transform

Wavelet variance (also called wavelet spectrum): Wavelet variances are computed by integrating
fluctuations of wavelet functions over time for every given time scale. The values of the wavelet
variance indicate the relative intensities of spreading structures at different scales [13-15]. Thus the
wavelet variance may be useful for providing information about the time-scales of COVID19
spreading processes. Given the interpretation of the wavelet variance in terms of COVID19
spreading energy distribution, the scales corresponding to special peaks must contribute most to
spreading energy.

Wavelet decomposition: The Mallat’s multiresolution algorithm [16] can be used to retrieve the
original from the whole set of wavelet coefficients. This “reconstruction” enables one to filter the original
function, by splitting the integration domain into specific ranges of scales. Wavelet filtering can be used
to isolate the two phenomena in COVID19 spreading data, if they have different scales. The wavelet
decomposition is not in the scope of this paper, but it can be done in future study of COVID19.
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Jump detection: “Jump” means a sharp increase or decrease in a signal. Wavelet is a localized
transform, so it is useful for jump detection [13-15]. COVID19 may be associated with sudden
changes or apparent discontinuities in data time series. The wavelet transform can provide
information about these sudden changes and apparent discontinuities on different scales.

Time-frequency representation: Wavelets have been considered from both time and frequency
points of view. For scientific applications, the localization in time and frequency domains is a key
property in signal analysis [13-15]. From the time-frequency plot for COVID19 spreading, the
COVID19 spreading can be recognized at different scales with the passage of time. Time-frequency
representation demonstrates the usefulness of wavelet analysis in decomposing spreading waves at
different scales hidden in time series data. Using two-dimensional unfolding in both time and scale,
the techniques provides the location and localized spectrum for COVID19 spreading of interest. This
method is especially useful for studying short lived transient events of COVID19.

3. Results
3.1. In China

Figure 2a shows the daily infected cases and deaths in China. From 1/23/2020 (day 2) to 2/4/2020
(day 14), the trend of the daily infected cases in China was increasing, although there was small peak on
1/27/2020 (day 6). From 2/4/2020 (day 14) to 2/11/2020 (day 21), the infectious trend was decreasing.
There was a big jump on 2/12/2020 (day 22), the infected cases were up to 14,108. After this huge jump,
the trend of the daily infected cases was going down until 2/19/2020 (day 29). Then the trend of the daily
infected cases was up and down until it was almost diminished. The Morse wavelet transform was
applied to China daily infected cases and deaths. The magnitude scalogram is shown in Figure 2b,c. The
horizontal axis is represented the days when COVID19 spreading. The vertical axis is represented the
scale or frequency of the infection or death. The color represents the magnitude or energy of the infection
or death. From Figure 2b, we notice that there was a strong magnitude of the infection around day 22
(2/12/2020), and the scale was about from 329 to 434 for high magnitude (about 2000 to 2500) infection,
in the meantime, the scale was from 183 to 329 and the magnitude was about 1500 to 2000 spreading as
well. The wavelet scalogram shows the different magnitudes of COVID19 spreading with different scales
at the specific time period. Overall, the COVID19 spreading in China was shown to have achieved the
highest speak at the maximum 434 scale around day 22 (2/12/2020), the spreading energy was decreasing
after about day 50 (3/11/2020). Between day 30 (2/20/2020) and day 50 (3/11/2020), the magnitude
(around 1000) was more concentrating on the scale from 206 to 30. After day 50 (3/11/2020) the
spreading magnitude (dark blue color in plot) was decreasing. This can correlate the government isolation
policy in China. It suggests that we can describe the COVID19 spreading trend at specific days on
different spreading frequencies/scales with different spreading magnitudes/energies from the wavelet
analysis.

But looking at the magnitude scalogram of death in China from Figure 2c, the death peak (the
magnitude about 320) was around day 87 (4/17/2020) at the scale from 329 to 434. Between day 83
(4/13/2020) and day 90 (4/20/2020), the medium magnitude was from 200 to 250 with the scale from
206 to 329. The wavelet provides an excellent tool to extract the COVID 19 spreading and deaths
magnitude and scale patterns during different periods. This may help us to understand the spreading
and death nature of COVID19 and the effectiveness of the government policy.
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China Daily Confirmed vs. Daily Deaths
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Figure 2. (a): COVID19—China daily infected cases and deaths, the date is from
1/22/2020 to 5/7/2020. (b): COVID19—China daily infected cases wavelet magnitude
scalogram, the date is from 1/22/2020 to 5/7/2020. (c): COVID19—China daily deaths
wavelet magnitude scalogram, the date is from 1/22/2020 to 5/7/2020.

3.2. In US.A.

The Morse wavelet analysis is also applied to U.S.A daily infected cases and deaths. The results are
shown in Figure 3b,c. From U.S.A spreading magnitude scalogram plot, the highest peak (magnitude
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about 4000 to 4500) was happened around the scale from 137 to 183 from the day 71 (4/25/2020) to day
74 (4/28/2020). It seems after day 40 (3/25/2020), the scale around 149 was the major threat which had
the medium magnitude and it changed to highest magnitude on day 71 (4/25/2020), and also the scale
around 329 with magnitude about 3000 was also the threat at day 78 (5/2/2020).

From the death magnitude scalogram (Figure 3c), the highest magnitude (500 to 550) of death
was happened around the scale 137 to 164 from day 73 (4/27/2020) to day 75 (4/29/2020). After day
50 (4/4/2020) the scale around 150 was the major threat, and the scale around 274 at day 78

(5/2/2020) with magnitude (350 to 400) was also the threat.
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Figure 3. (a): COVID19—U.S.A daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—U.S.A daily infected cases wavelet magnitude
scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—USA daily deaths
wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.3. In Spain

The Morse wavelet analysis is also applied to Spain daily infected cases and deaths. They are
shown in Figure 4b,c. The highest spreading peak (magnitude about 900 to 1070) was happened
around the scale from 137 to 164 from day 53 (4/7/2020) to day 73 (4/27/2020). There was another
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peak around scale 412 with magnitude about 900 to 1070 at day 60 (4/14/2020) to day 70
(4/24/2020). The medium spreading magnitude (around 600 to 700) was happened from day 35
(3/20/2020) to day 77 (5/1/2020) with different scales.

From the death magnitude scalogram (Figure 4c), the highest magnitude (70 to 80) of death was
happened around the scale 274 to 411 on day 57 (4/11/2020) to day 65 (4/19/2020). Around day 40
(3/25/2020), the scale around 42 also had the high magnitude (70 to 80). After day 30 (3/15/2020),
the medium magnitude around 50 was also the threat with different scale.
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Figure 4. (a): COVID19—Spain daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—Spain daily infected cases wavelet magnitude
scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—Spain daily deaths
wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.4. In Italy

The Morse wavelet analysis is also applied to Italy daily infected cases and deaths. They are
shown in Figure 5b,c. The highest spreading peak (magnitude about 600 to 700) was happened
around the scale from 126 to 164 from day 32 (3/17/2020) to day 55 (4/9/2020). The medium
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spreading magnitude (around 400) was happened from day 27 (3/12/2020) to day 72 (4/26/2020)
with different scales.

From the death magnitude scalogram (Figure 5c), the highest magnitude (75 to 85) of death was
happened around the scale 274 to 329 from day 35 (3/20/2020) to day 45 (3/30/2020). Around day 72
(4/26/2020) to day 77(5/1/2020), the scale 235 to 274 also had the highest magnitude (75 to 85).
After day 30 (3/15/2020), the medium magnitude from 60 to 70 was the threat with different scale.

Italy Daily Confirmed vs. Italy Daily Deaths
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Figure 5. (a): COVID19—Italy daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—Italy daily infected cases wavelet magnitude
scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—Italy daily deaths
wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.5. In France

The Morse wavelet analysis is also applied to France daily infected cases and deaths. They are
shown in Figure 6b,c. The highest spreading peak (magnitude 3000 to 3500) was happened around
the scale 235 to 412 from day 47 (4/1/2020) to day 53 (4/7/2020). The medium spreading magnitude
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(2000 to 2500) was happened from day 42 (3/27/2020) to day 56 (4/10/2020) with different scales.

From the death magnitude scalogram (Figure 6c¢), the highest magnitude (280 to 320) of death
was happened around the scale 329 to 412 from day 49 (4/3/2020) to day 55 (4/9/2020). After day 45
(3/30/2020), the medium magnitude 200 to 250 was also the threat with different scale.
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Figure 6. (a): COVID19—France daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—France daily infected cases wavelet magnitude
scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—France daily deaths
wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.6. In Germany

The Morse wavelet analysis is also applied to Germany daily infected cases and deaths. They
are shown in Figure 7b,c. The highest spreading peak (magnitude about 1000 to 1100) was happened
around the scale 137 to 164 from day 38 (3/23/2020) to day 58 (4/12/2020). The medium spreading
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magnitude (750 to 900) was happened after day 32 (3/17/2020) with different scales.

From the death magnitude scalogram (Figure 7c), the highest magnitude (60 to 65) of death was
happened around the scale 137 to 149 from day 53 (4/7/2020) to day 72 (4/26/2020). Around day 79
(5/3/2020), the scale 412 also had the strong magnitude (around 60). After day 47 (4/1/2020), the
medium magnitude from 40 to 60 was also the threat with different scale.
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Figure 7. (a): COVID19—Germany daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—Germany daily infected cases wavelet magnitude
scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—Germany daily
deaths wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.7. In UK.

The Morse wavelet analysis is also applied to U.K. daily infected cases and deaths. They are
shown in Figure 8b,c. The highest spreading peak (magnitude about 1200 to 1300) was happened
around the scale around 412 from day 50 (4/4/2020) to 54 (4/8/2020). The medium spreading
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magnitude (around 800 to 1100) was happened after day 46 (3/31/2020) with different scales.

From the death magnitude scalogram (Figure 8c), the highest magnitude (200 to 250) of death
was happened around the scale 273 to 329 from day 63 (4/17/2020) to day 74 (4/28/2020). There was
a strong medium magnitude (150 to 200) happened after day 50 (4/4/2020) with different scales.
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Figure 8. (a): COVID19—U.K. daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—U.K. daily infected cases wavelet magnitude

scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—U.K. daily deaths
wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.8. In South Korea

The Morse wavelet analysis is also applied to South Korea daily infected cases and deaths. They
are shown in Figure 9b,c. The highest spreading peak (magnitude about 140 to 150) was happened
around the scale 412 from day 14 (2/28/2020) to day 19 (3/3/2020).

From the death magnitude scalogram (Figure 9c), the highest magnitude (around 3.5) of death
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was happened around the scale 412 from day 20 (3/4/2020) to day 31 (3/16/2020).

S. Korea Daily Confirmed vs. Daily Deaths
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Figure 9. (a): COVID19—South Korea daily infected cases and deaths, the date is from
2/15/2020 to 5/7/2020. (b): COVID19—South Korea daily infected cases wavelet
magnitude scalogram, the date is from 2/15/2020 to 5/7/2020. (c): COVID19—South
Korea daily deaths wavelet magnitude scalogram, the date is from 2/15/2020 to 5/7/2020.

3.9. In Michigan

The Morse wavelet analysis is also applied to Michigan daily infected cases and deaths. They
are shown in Figure 10b,c. The highest spreading peak (magnitude about 250 to 275) was happened
around the scale 127 to 160 from day 36 (4/14/2020) to day 47 (4/25/2020). The medium spreading
magnitude (around 150 to 200) was happened after day 22 (3/31/2020) with different scales.

From the death magnitude scalogram (Figure 10c), the highest magnitude (45 to 50) of death
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was happened around the scale 412 from day 42 (4/20/2020) to day 51 (4/29/2020). There was a
strong medium magnitude (35 to 40) with scale 235 to 325 also happened from day 42 (4/20/2020) to
day 51 (4/29/2020). After day 30 (4/8/2020), the medium magnitude around 30 was also the threat
with different scale.
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Figure 10. (a): COVID19—Michigan daily infected cases and deaths, the date is from
3/10/2020 to 5/7/2020. (b): COVID19—Michigan daily infected cases wavelet
magnitude scalogram, the date is from 3/10/2020 to 5/7/2020. (c): COVID19—Michigan
daily deaths wavelet magnitude scalogram, the date is from 3/10/2020 to 5/7/2020.

3.10.  In New York City

The Morse wavelet analysis is also applied to New York City daily infected cases and deaths. They
are shown in Figure 11b,c. The highest spreading peak (magnitude 700 to 800) was happened around the
scale 137 to 164 from day 12 (3/20/2020) to day 46 (4/23/2020). There was another peak around scale
236 to 277 with magnitude around 700 to 800 from day 16 (3/24/2020) to day 32 (4/9/2020). New York
City had the longest spreading span with high magnitude. Form day 10 (3/18/2020) to day 46 (4/23/2020)
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the medium magnitude 500 to 650 were spreading in different scales.

From the death magnitude scalogram (Figure 11c), the highest magnitude (18 to 22) of death
was happened around the scale 137 to 183 from day 24 (4/1/2020) to day 40 (4/17/2020). After day
20 (3/28/2020), the medium magnitude around 14 to 18 was also the threat with different scale.
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Figure 11. (a): COVID19—New York City daily infected cases and deaths, the date is
from 3/9/2020 to 5/5/2020. (b): COVID19—New York City daily infected cases wavelet
magnitude scalogram, the date is from 3/9/2020 to 5/5/2020. (c): COVID19—New York
City daily deaths wavelet magnitude scalogram, the date is from 3/9/2020 to 5/5/2020.

4. Discussions

From the wavelet analysis presented above, we conclude that the wavelet variance (spectrum) of
COVID19 spreading and deaths can be easily seen by magnitude scalogram plots. These plots show
not only the magnitude of the spreading and death, but also the scale (frequency) of the spreading
and death at specific time period. These wavelet spectrum analysis can be potentially useful to assist
policy makers for designing containment strategies. Also comparing the magnitude scalogram
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between different places, we may evaluate and compare the effectiveness of the COVID19 mitigation

strategies.

U.S.A has the highest spreading and death magnitude comparing to other countries. China had a
high magnitude at the earlier stage of the spreading, so did South Korea, but South Korea has a much
smaller magnitude. The European countries and U.S.A. had high magnitude spreading at the later
stage. New York City had the longest spreading span period with a high magnitude. The spreading
scale of epidemic waves are different from different places, for example, at the peak magnitude,
China had the scale 329 to 434; U.S.A had the scale 137 to 183; Spain, Germany and New York City
had the same spreading scale which was 137 to 164; U.K., Spain and South Korea also had the same
scale 412; Italy and Michigan had a similar scale; France and New York City have a similar scale.

The summary of wavelet analysis is given in Table 1.

Table 1. The summary of wavelet magnitude, scale and time for daily infected cases and
deaths at China, U.S.A., Spain, Italy, France, Germany, U.K., South Korea, Michigan and
New York City.

Countries/Regions

Spreading Pattern

Highest Magnitude

Medium Magnitude

Magnitude Scale Time Period Magnitude Scale Time Period
China 2000t0 2500 329to434 2/12 1500t0 2000 189t0 329  2/12
3000 329 5/2
USA 4000 to 4500 137to 183 4/25to 4/28
1500 to 2500 149 after 3/25
137to 164 4/7 to 4/27
Spain 900 to 1070 600 to 700 Varies Scale 3/20 to 5/1
412 4/14 to 4/24
Italy 600 to 700 126 to 164  3/17 to 4/9 400 Varies Scale  3/12 to 4/26
France 3000t0 3500 235t0412 4/1to 4/7 2000to 2500 Varies Scale 3/27 to 4/10
Germany 1000to 1100 137to 164 3/23to 4/12 750 to 900 Varies Scale after 3/17
U.K. 1200to 1300 412 4/4 to 4/8 800 to 1100 Varies Scale after 3/31
South Korea 140 to 150 412 2/28 to 3/3
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Countries/Regions

Spreading Pattern

Highest Magnitude

Medium Magnitude

Magnitude Scale Time Period Magnitude Scale Time Period
Michigan 250 to 275 127 to 160 4/14 to 4/25 150 to 200 Varies Scale after 3/31
) 137to 164 3/20to 4/23 .
New York City 700 to 800 500 to 650 Varies Scale  3/18 to 4/23
236 to 277 3/24to 4/9
Death Pattern
Countries/Regions Highest Magnitude Medium Magnitude
Magnitude Scale Time Period Magnitude Scale Time Period
China 320 329t0 434 4/17 200 to 250 206t0329  4/13to 4/19
274 after 5/2
USA 500 to 550 137to 164  4/27 to 4/29 350 to 400
150 after 4/4
) 274t0411 4/11to 4/19 .
Spain 70to 80 50 Varies scale  after3/15
42 3/25
27410329 3/20to 3/30
Italy 7510 85 60 to 70 Varies scale  after 3/15
235t0274 4/26 to 5/1
France 280 to 320 329t0 412 4/3to0 4/9 200 to 250 Varies scale  after 3/30
60 412 5/3
Germany 60 to 65 137t0 149 4/7 to 4/26
40 to 60 Varies scale  after 4/1
U.K. 200 to 250 27310329 4/17to 4/28 150 to 200 Varies scale after 4/4
South Korea 3.5 412 3/4 to 3/16
351040 235t0325  4/20to 4/29
Michigan 45 to 50 412 4/20 to 4/29
30 Varies scale  after 4/8
New York City 1810 22 13710183 4/1to 4/17 14to 18 Varies scale  after 3/28

Also as we mentioned in section 2, the spreading and death jumps can be easily identified from
the colorful plots of magnitude scalogram.
In this paper, the generalize Morse wavelet was used for our analysis because it is good for the
modulated signals, but it is worthwhile to apply other orthogonal wavelets such as Daubechies in the
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study, and the wavelet multiresolution analysis should be explored in future studies.
5. Conclusions

The aim of this paper is to characterize the spreading and death waves for COVID19 by using
the Morse wavelet analysis. The wavelet magnitude scalogram is the most simple and colorful way
to explore the scale (frequency) and magnitude (energy) at the specific time period. The wavelet
analysis can extract the useful information for the COVID19 spreading and death from time series
data. By using the wavelet transform, this study hopes to bring a novel view to study the COVID19
spreading and death, and help the public health professionals to concentrate on the scale with high
magnitude of spreading and death. The comparative analysis may help the policy makers learn from
their counterparts, and make more evidence-based decision in our future fights against COVID19.
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