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Abstract: This paper gives the analytical investigation of six reinforced concrete deep beams 
reinforced with horizontal and vertical web reinforcement. Reinforced concrete deep beams analysis 
is a complex problem where there is no exact solution. The effect of reinforcement distribution has 
been studied and compared to experimental investigation and various codes such as ACI 318 and  
IS 456. A new formula is proposed to define shear strength of deep beams. The codal equations are 
too traditional for predicting the shear strength of RC deep beams, so an improved and simplified 
equation was proposed using nonlinear finite element method by ABAQUS. The FE results are 
compared with experimental results in terms of ultimate loads, displacements, tension stress damage. 
The proposed shear strength equation predicts 80% of the experimental data in the range of 66–110% 
of measured shear strength. FE model results accurately predicted. The stress contours suggested 
high stresses in the path of cracks and low stresses in the uncracked regions. 
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1. Introduction 

Structural members are categorized into two regions. The first one is Bernoulli region in which 
strain distribution for the entire section is linear. The second one is distributed region where the 
strain is nonlinear which appears to be in deep beams. Reinforced concrete deep beams have a wide 
variety of applications in structural engineering aspects like in the construction of wall footings, 
transfer girders, pier foundations, foundation pile caps. Also, the utilization of deep beams in high 
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rise structures for various commercial purposes is increased rapidly due to their ease of convenience 
and economical efficiency [1]. In olden days, deep beams are designed in a traditional way of 
experience or empirical formulae [2]. Now a days, the strut and tie method is using for design of 
deep beams according to various codes. The shear strength estimated by using ACI Code and EURO 
Code were overestimated than the predicted actual strengths calculated from Zsutty and Russo 
models [3]. Compressive strength of concrete at the initial days was very low and increases with 
increase in the age up to 28 days [4,5]. Failure occurs in deep beams with formation of cracks from 
the stress zone and thereby spreading to pressure zone [6]. The width of deep beam is not important 
on shear conduct for a/d proportions and diagonal crack dominates the flexure cracks at the initial 
stage of loading [7]. 

Use of Inclined shear reinforcement is not popular due to fabrication difficulty however despite 
diagonal cracking pattern of shear failure in deep beams, inclined position is effective compared to 
vertical position [8]. Minimum shear reinforcement must be provided according to the code to resist 
the shear cracks in deep beams. 0.2% is the appropriate shear reinforcement decided in theoretical 
analysis [9]. However, the final failure in deep beams occurs due to ultimate deflection with crushing 
of compression concrete [10]. The increase in web reinforcement increases the loading capacity of 
deep beams [11]. 

The finite element method gives a specific and realistic solutions to determine the nonlinear 
behavior of reinforced concrete deep beams. So, ABAQUS [12] software was used to predict the 
behavior of deep beams under 3-point bending configuration. The modeling technique was verified 
by validating the model prediction with the experimental work. Later, the results were compared 
with ACI-318-08 [13] recommendations. With the increase in load, the finite element analysis gives 
good results in the strain distribution of longitudinal reinforcement [14]. It also gives same crack 
patterns and load displacement response compared to experimental results. The method of 
introducing strut is more effective with the angle of inclination of more than 30° [15]. 

2. Research significance 

Different codes of practice and several researchers propose different shear strength expressions 

for RC deep beams, a research gap still exists to minimize the strength ratio ቀ௏೙
೅ಶೄ೅

௏೙
ುೃಶ ቁ as scattering 

near the safety line ቀ௏೙
೅ಶೄ೅

௏೙
ುೃಶ ൌ 1.0ቁ and to reduce the number of overestimated beams. In order to fill 

the gap, a refined shear strength equation is proposed by incorporating effect of web reinforcement, 
beam size, shear span-to-depth ratio and limitations of compressive strength of concrete on shear 
strength. The accuracy of prediction by the proposed equation is compared with finite element results 
and the experimental results. Further, two discrepancies of STM such as over conservativeness and 
negligence of effect of web reinforcement are refined in the proposed equation. 
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3. Modal geometry 

3.1. Test data 

All the specimens were tested under three-point bending with simply supported condition under 
the loading frame of capacity 2000 kN. Surface strain gauges were used to calculate the strains and 
linear variable displacement transducer was used to monitor deflections. Crack width is measured by 
using micrometer with an accuracy of 0.01 mm. Table 1 shows the percentage of horizontal and 
vertical shear reinforcement. Keeping the compressive strength constant, horizontal reinforcement is 
varied from 0.45% to 0.55% and vertical shear reinforcement is taken as 0.4% and 0.6%. 

Table 1. Cross section and percentage of horizontal and vertical shear reinforcement of 
deep beams. 

S. No Beam ID L (mm) B (mm) D (mm) l/d a/d ρh% ρv% 

1 1D500 900 150 500 1.8 0.9 0.45 0.4 

2 2D500 900 150 500 1.8 0.9 0.5 

3 3D500 900 150 500 1.8 0.9 0.55 

4 4D500 900 150 500 1.8 0.9 0.45 0.6 

5 5D500 900 150 500 1.8 0.9 0.5 

6 6D500 900 150 500 1.8 0.9 0.55 

The experimental study consists of 6 deep beams of 150 mm width and 500 mm depth for a 
span of 900 mm with varying percentages of horizontal and shear reinforcement. The first three 
beams have been flexurally reinforced with three 16 mm diameter bars of HYSD 500 in a single 
layer and the tension region depth is 90 mm. The last three beams have been flexurally reinforced 
with four 16 mm diameter bars of HYSD 500 in double layer. Figure 1 shows the reinforcement 
details of all six deep beam specimens. 

 

Figure 1. Cross-section details of deep beam specimens. 
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3.2. Test setup 

Table 2 shows the values of compressive strength of concrete. All the specimens were cast using 
M 35 grade concrete to attain a target strength of 43.25 N/mm2. The water–cement ratio is 
considered as 0.45 confirming to IS 10262-2009. The quantity of cement content and fine aggregate 
content obtained is 350.51 and 651.47 kg/m3. A mixture of 10 and 20 mm coarse aggregates have 
been used for smooth finishing of specimens and quantity obtained for three sample cubes        
is 498.3 and 747.45 kg/m3. 16 mm diameter high yield strength deformed bars of grade Fe 500 were 
used for flexural reinforcement and 8 and 12 mm diameter bars of grade Fe 500 were used for shear 
reinforcement (both horizontal and vertical). Table 3 determines the yield strength and ultimate 
strength of bars used for the experimental work. Figure 2 represents the arrangement of deep beam 
under the loading frame to measure ultimate load and deflection. 

Table 2. Average compressive strength of concrete. 

S. No Age of specimen Group-I mix 

load (kN) 

Group-II mix 

load (kN) 

Group-III mix 

load (kN) 

Group-IV mix 

load (kN) 

1 7 days 870 860 880 920 

2 14 days 890 900 910 940 

3 28 days 930 920 930 1040 

Compressive strength (N/mm2) 39.90 39.71 40.29 42.96 

Table 3. Mechanical properties of steel reinforcement. 

S. No Bar diameter (mm) Area (mm2) Yield strength (MPa) Ultimate strength (MPa) 

1 8 50.24 540.45 631.3 

2 12 113.1 569.8 637.1 

3 16 201 564.3 652.8 

 

Figure 2. Loading frame setup. 
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4. Derivation of shear strength expression 

4.1. Strut and tie model 

Concrete in between the diagonal cracks acts as an inclined strut, and the tension reinforcement 
acts as a tie. The strut and tie intersect at the node point. The arch action forms only after the 
diagonal crack, which facilitates in enhancing the shear strength. Moreover, due to arch action, the 
conventional sectional approaches are not applicable for deep beam design. The internal force 
transfer mechanism of a deep beam is shown in Figure 3. 

 

Figure 3. Strut-and-tie mechanism for RC deep beam. 

Based on the strut-and-tie model approach, the force applied on the strut is  𝑉 /𝑠𝑖𝑛 𝜃. The 
internal forces resist the horizontal component of the strut force 𝑉 𝑐𝑜𝑡 𝜃 . Furthermore, the 

inclination of the diagonal crack 𝜃  is idealized as tanିଵ ቀ଴.଼ ௗ

௔
ቁ. Using force equilibrium, the 

following formulation is arrived (Eq 1). 

                                   𝑉 𝑐𝑜𝑡 𝜃 ൌ 𝐹 𝑠𝑖𝑛 𝜃 (1) 

The total force F is the sum of contribution of concrete, horizontal and vertical web 
reinforcement, namely, FC, FH, and FV as shown in Figure 4 (Eq 2). 

                                𝑉 𝑐𝑜𝑡 𝜃 ൌ ሼ𝐹௖ ൅ 𝐹ு ൅ 𝐹௩ሽ 𝑠𝑖𝑛 𝜃 (2) 

In Figure 4 idealized diagonal splitting crack is shown in dashed lines. 
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Figure 4. Internal forces resisting transverse tension. 

4.2. Size-effect law 

Bazant proposed size-effect law for beams made of brittle materials in the form of       

  𝑓′௧ ൌ ୆୤ౙ౪

ටଵା ౚ
ಓౚ౗

 [16], and this size-effect equation is re-written as Eq3. 

                                     𝑓′௧ ൌ ஻௙೎೟

ቀଵା ೏
ഊ೏ೌ

ቁ
ഀభ (3) 

where 𝑓′௧ = nominal stress at failure, 𝐵 and 𝜆 = empirical constants, 𝑓௖௧ = direct tensile strength 
of concrete, da = maximum size of aggregate, d = depth of the beam. Eurocode 2 expression for 

tensile strength of concrete 0.30 𝑓′௖

ቀమ
య

ቁ
is replaced by A𝑓′௖

ቀమ
య

ቁ
. 

4.3. Effect of compressive strength of concrete 

To overcome the compression softening effect, the concrete contribution is formulated by 
diagonal tension resistance rather than by axial compressive strength of the strut. The diagonal 
splitting crack is resisted by the tensile strength of concrete and the web reinforcement as shown in 
Figure 3. The contribution of concrete 𝐹௖ acting normal to the diagonal (AB) can be determined 
from the equation given below (Eq 4). 

                                  𝐹௖ ൌ
௙ᇲ

೟௕௭

௦௜௡ ఏ
 (4) 

where, lever arm 𝑧 ൌ 𝑗𝑑 and ቀ ௕௭

௦௜௡ ఏ
ቁ is the area contributing for diagonal tensile strength. Rao and 
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Sundaresan derived a relation between lever arm and the percentage of tension reinforcement as 𝑗 ൌ

0.62𝜌ି଴.଴଼ [17]. The expression is rewritten as 𝑗 ൌ C𝜌ఈଶ. By substituting 𝑓ᇱ
௧ and 𝑧, the following 

formulation has been proposed (Eq 5). 

                                𝐹௖ ൌ
஺ ௙ᇲ

೎
ቀ

మ
యቁ

௕ሺ஼ఘഀమௗሻ

௦௜௡ ఏ
൭

஻

ቀଵା ೏
ഊ೏ೌ

ቁ
ഀభ൱ (5) 

4.4. Web reinforcement mechanism 

FH and FV are the internal force components perpendicular to the diagonal AB, which is offered 
by horizontal and vertical shear reinforcements. These force components are the multiples of total 
bars and tension force in each bar. Inclination and length of the idealized diagonal crack are given by 

“𝜃” and “
ௗ

ୱ୧୬ ఏ
”, and the spacing of bars “Sh” and “Sv” are shown in Figures 5 and 6. The crack 

lengths are “𝑑” and “
ௗ

୲ୟ୬ ఏ
” and these are multiplied by “

ଵ

௫ଵௌ೓
” and “

ଵ

௬ଵௌೡ
” for contribution to shear. 

Based on test data reported in the literature, the constants x1 and y1 have been approximately found 
to be 2.0. 

 

Figure 5. Web reinforcement mechanism. 

In the above equations (Eqs 4 and 5), the number of horizontal and vertical bars is 𝑛௛ ൌ ௗ

௬ଵൈ௦೓
 

and 𝑛௩ ൌ ௗ

௫ଵൈ௦ೡ௧௔௡ ఏ
. Thus, overestimation of web reinforcement is mitigated. Also, the effective 

shear span area is accounted for in the proposed equation (Eq 10). 
To obtain the inclined force component, resistance offered by each horizontal and vertical bar is 

multiplied by sin 𝜃 and cos 𝜃 (Eqs 6 and 7). 
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𝐹ு ൌ 𝑛௛𝑓௬௛𝐴௦௛ 𝑠𝑖𝑛 𝜃 (6) 

𝐹௏ ൌ 𝑛௩𝑓௬௩𝐴௦௩ 𝑐𝑜𝑠 𝜃 (7) 

The shear strength expression is obtained by incorporating the values of FC, FH and FV. 

 

Figure 6. Effective area contributing shear resistance [18]. 

The contribution of web reinforcement and concrete are significantly dominated by a/d ratio. 

Thus, ቀ ௔

଴.଼ ୢ
ቁ is substituted for 𝑐𝑜𝑡 𝜃 in Eq 8. The constant D replaces the constants A, B and C. 

                             𝑉 ൌ

⎩
⎨

⎧ 𝐷𝑓ᇱ
௖
ቀ

ଶ
ଷቁ𝜌ఈଶ

𝑐𝑜𝑡 𝜃 . 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜃  

⎝

⎛ 1

൬1 ൅
𝑑

𝜆𝑑௔
൰

ఈଵ

⎠

⎞ 𝑏𝑑 ൅
𝐹ு 𝑠𝑖𝑛 𝜃 ൅ 𝐹௩ 𝑠𝑖𝑛 𝜃

𝑐𝑜𝑡 𝜃
⎭
⎬

⎫
 

ൌ  

⎩
⎨

⎧𝐷𝑓′௖

ቀ
ଶ
ଷቁ

𝜌ఈଶ

𝑎
0.8 𝑑 ⎝

⎛ 1

൬1 ൅
𝑑

𝜆𝑑௔
൰

ఈଵ

⎠

⎞ 𝑏𝑑

൅
0.5 𝑓௬௛𝜌௦௛ 𝑠𝑖𝑛 𝜃 . 𝑠𝑖𝑛 𝜃 ൅

0.5𝑓௬௩𝜌௦௩ 𝑐𝑜𝑠 𝜃 . 𝑠𝑖𝑛 𝜃
𝑡𝑎𝑛 𝜃

𝑎
0.8 𝑑

𝑏𝑑

⎭
⎬

⎫
 

(8) 

4.5. Effect of shear span-depth ratio 

The a/d ratio of the beams influences the shear strength, crack orientation, size dependence, web 
reinforcement and concrete contributions for the shear resistance. Effectively addressing the 
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influence of a/d ratio on the shear strength is a challenge. The term 
஽

ቀ 𝒂
𝟎.𝟖 𝒅

ቁ
 is replaced by a consistent 

formulation 
ଵ

௟௢௚భబቀଵାೌ
೏

ቁ
. Thus, the generic form of the shear resistance is given in Eq 9. 

              𝑉 ൌ ൞
஽ఘഀమ

௟௢௚భబቀଵାೌ
೏

ቁ
𝑓ᇱ

௖
ቀమ

య
ቁ ൭

ଵ

ቀଵା ೏
ഊ೏ೌ

ቁ
ഀభ൱ ൅

଴.ହ ௙೤೓ఘೞ೓ሺ௦௜௡ ఏሻమ

ೌ
బ.ఴ೏

൅0.5 𝑓௬௩𝜌௦௩ 𝑐𝑜𝑠 𝜃 ൈ 𝑠𝑖𝑛 𝜃

ൢ 𝑏𝑑 (9) 

In the Eq 9, various constants to be evaluated from the experimental data include D, α1, α2 and λ. 

4.6. Proposed shear strength equation 

From the experimental data, using trial and error procedure, the constants α1, α2 and λ are 
determined. Thus, a shear strength expression is formulated, which is given below (Eq 10). 

       𝑉 ൌ ൝
௙ᇱ೎

ቀ
మ
యቁ

 ఘ
భ
మ

௟௢௚భబቀଵାೌ
೏

ቁ
൭

ଵ

ቀଵା ೏
యఱబ೏ೌ

ቁ
బ.ళఱ൱ ൅ 0.4 ௗ

௔
𝑓௬௛𝜌௦௛ሺ𝑠𝑖𝑛 𝜃ሻଶ ൅ 0.25𝑓௬௩𝜌௦௩ 𝑠𝑖𝑛 2𝜃ൡ 𝑏𝑑 (10) 

Limiting the design expression to 𝑉௠௔௫ can give rise to conservative results. The limit is kept 
to resist cracking in concrete within service loads and to withstand against diagonal compression 
failure (Eq 11). 

                             𝑉௠௔௫ ൌ ൝
଻ ௙ᇱ೎

ቀ
భ
యቁ

ఘ
భ
ర

௟௢௚భబቀଵାೌ
೏

ቁ
ൡ 𝑏𝑑ସ/ଷ (11) 

The various power coefficients in the expression for Vmax are arrived at by plotting Vu/bd 

versus d, f’c, 𝑙𝑜𝑔ଵ଴ ቀ1 ൅ ௔

ௗ
ቁ  and 𝜌 . The determined power coefficients are 𝑓′௖

ቀభ
య

ቁ
, 𝜌

భ
ర ,   

 𝑙𝑜𝑔ଵ଴ ቀ1 ൅ ௔

ௗ
ቁ

ିଵ
 and 𝑑ସ/ଷ . The above coefficients are adjusted so that the strength ratios 

(VnTEST/VnPRO) fall in the range of 1.0 to 2.0. 

5. Finite element analysis 

Using the ABAQUS  program along with codal provisions of ACI 318-14, a statistical study 
was done to know the shear strength of deep beams. CDP model was used to know its behavior. 
Figures 7 and 8 represents the concrete compression behavior and tension behavior for concrete. 
Figure 9 represents the stress strain relationship for reinforcement in ABAQUS model. 
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Figure 7. Concrete compression behavior in ABAQUS Software. 

 

Figure 8. Tension behavior for concrete based on stress strain relationship in ABAQUS. 

 

Figure 9. Stress strain relationship for reinforcement in FE model. 
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Table 4 gives the values of young’s modulus, Poisson’s ratio, dilation angle, eccentricity for the 
analysis of deep beams using solid 65 model type in Abaqus. 

Table 4. Modal parameters for deep beams in Abaqus. 

S. No Modal parameter Value 

1 Youngs modulus (Mpa) 29580.4 

2 Poisson’s ratio 0.2 

3 Dilation angle (ψ) 31 

4 Eccentricity (e) 0.1 

5 Second stress invariant (K) 0.67 

6 σbo/σco 1.16 

K = ratio of second stress invariant on tensile meridian to compressive meridian; σbo/σco = ratio of initial equibiaxial compressive 

yield stress to initial uniaxial compressive yield stress. 

6. Results and discussions 

6.1. Existing shear strength expressions 

The shear strength of beams has been evaluated using the following codes: IS 456-2000 [19], 
ACI 318-14 [20] strut-and-tie provision. In addition to that shear strength of beams is evaluated 
using the expressions suggested by Zsutty, Tang et al., Russo et al. [21–23]. Aforesaid equations are 
briefly named as Zsutty, Tang, Russo whereas the shear force calculated using these equations are 
𝑉௡

௓௎்்௒,  𝑉௡
்஺ேீ, 𝑉௡

ோ௎ௌௌை. Table 5 represents the existing shear strength expressions by various codes 
and researchers. 

Table 5. Existing shear strength expressions. 

Modals Shear strength expression 

Zutty [21] 
𝑉௡

௓௎்்௒ ൌ ቆ൬2.5
𝑑
𝑎

൰ 2.2 ൬𝑓′௖𝜌
𝑑
𝑎

൰
ଵ/ଷ

൅ 𝜌௩𝑓௬௩ቇ 𝑏𝑑; 𝑓𝑜𝑟 𝑎/𝑑 ൑ 2.5 

IS 456 [19] 

𝑉௡
ூௌ ସହ଺ ൌ 𝑓௬𝐴௦௧𝑧; where z =  ቐ

0.2ሺ𝑙 ൅ 2𝐷ሻ 𝑤ℎ𝑒𝑛 1 ൑
௟

஽
൑ 2

0.6 𝑙 𝑤ℎ𝑒𝑛 
௟

஽
൏ 1

 

Tang et al. [22] 𝐴௦௧௥=  𝑏௪ሺ𝑙௔ 𝑐𝑜𝑠 𝜃௦  +  𝑙௕ 𝑠𝑖𝑛 𝜃௦);  𝐴௖௧ ൌ 𝑏௪𝑧௦ 𝑠𝑖𝑛 𝜃௦⁄  

𝑧௦ ൌ ℎ െ
௟ೌ

ଶ
  ‐ 

௟೎

ଶ
  ; 𝑡𝑎𝑛 𝜃௦ ൌ

௛ି
೗ೌ
మ

ି
೗೎
మ

௔
 

𝑉ௗ௦=
௙೎೟஺೎೟ା௙೤ೢ஺ೢ ௦௜௡ሺఏೢାఏೞሻାଶ௙೤஺ೞ ௦௜௡ ఏೞ

ଶ ௖௢௦ ఏೞ
 

𝑉ௗ௖=𝑓′௖𝐴௦௧௥ 𝑠𝑖𝑛 𝜃௦ 

ଵ

௏೙
೅ಲಿಸ  = 

ଵ

௏೏ೞ
 + 

ଵ

௏೏೎
 

Continued on next page 
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Modals Shear strength expression 

Russo et al. [23] 
𝑉௡

ோ௎ௌௌை ൌ 0.545 ቀ𝑘𝜒𝑓௖
ᇱ 𝑐𝑜𝑠 𝜃 ൅  0.25𝜌௛𝑓௬௛ 𝑐𝑜𝑡 𝜃 ൅ 0.35

௔

ௗ
𝜌௩𝑓௬௩ቁbd   

𝜒 ൌ ൥0.74 ቆ
𝑓௖

ᇱ

105
ቇ

ଷ

െ 1.28 ቆ
𝑓௖

ᇱ

105
ቇ

ଶ

൅ 0.22 ቆ
𝑓௖

ᇱ

105
ቇ ൅ 0.87൩ 

ACI 318-14 [20], 

Strut-and-tie provision 

𝑉஺ଵ ൌ 0.80 ൈ 0.85𝑓௖
ᇱ 𝑙௣𝑏 

𝑉஻ଵ ൌ 0.85𝑓௖
ᇱ 𝑙௣𝑏 

𝑉஺஽ ൌ 𝐴௦𝑓௬௦ 𝑡𝑎𝑛 𝜃 

𝑉஺ଶ ൌ 0.80 ∙ 0.85𝑓௖
ᇱ 𝑤௧𝑏 𝑡𝑎𝑛 𝜃 

𝑉஻ଶ ൌ   0.85𝑓௖
ᇱ 𝑑௔𝑏 𝑡𝑎𝑛 𝜃 

𝑉஺ଷ ൌ 0.80 ∙ 0.85𝑓௖
ᇱ 𝑠𝑖𝑛 𝜃 𝑏൫𝑙௣ 𝑠𝑖𝑛 𝜃 ൅ 𝑤௧ 𝑐𝑜𝑠 𝜃൯ 

𝑉஻ଷ ൌ 0.85𝑓௖
ᇱ 𝑠𝑖𝑛 𝜃 𝑏ሺ𝑙௕ 𝑠𝑖𝑛 𝜃 ൅ 𝑑௔ 𝑐𝑜𝑠 𝜃ሻ 

𝑉௡
஺஼ூ ଷଵ଼ିௌ்ெ ൌ 𝑚𝑖𝑛ൣ𝑉஺ଵ; 𝑉஻ଵ; 𝑉஺஽ ; 𝑉஺ଶ; 𝑉஻ଶ; 𝑉஺ଷ; 𝑉஻ଷ ൧ 

Proposed equation 

𝑉௡
௉ோை ൌ

⎩
⎨

⎧ 𝐷𝜌ఈଶ
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6.2. Comparison of predicted equation with existing shear strength equations 

6.2.1. Effect of depth on shear strength 

Zsutty [21] equation and proposed equation predict for small, medium and large size beams 
uniformly. At the same time, for the deep beams with depth nearly 1800 mm, strut-and-tie models 
such as Tang [22], ACI-STM [20] predicts in the range of 25% to 60 % of the ultimate strength. 
Hence, Tang [22] and ACI-STM [20] models are over conservative for the large size beams. 

6.2.2. Effect of compressive strength of concrete 

By introducing the strength reduction factor in ACI 318-14, most of the strength ratios 
୚౤

౐ు౏౐

୚౤
ౌ౎ు  of 

high strength concrete beams are higher than 1.0. Also, it is noted that ACI 318-08 VnMax scatters 
equally above and below the safety line. Thus, mean of shear strength ratio of ACI 318-08 VnMax is 
equal to 1.00. In order to improve the conservativeness, ACI 318-14 introduced the strength 
reduction factor in maximum design shear force (0.75), which gives reasonable amount of 
conservativeness. 

6.2.3. Effect of tension reinforcement 

Zsutty [21] equation and proposed equation predicted the beams provided with low and a high 
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percentage of tension reinforcement uniformly. As the percentage of tension reinforcement increases, 
strength ratios increase in Tang [22], ACI-STM [20]. Beams with a low percentage of tension 
reinforcement exhibit flexure as well as shear crack. Empirical equations such as ACI 318-14 VnMax 
are derived only from the shear test results. Due to this reason, these equations overestimate some 
beams with a low percentage of tension reinforcement. While comparing direct strut-and-tie models 
with the proposed equation, effect of percentage of tension reinforcement on shear strength is 
accounted for properly. 

6.2.4. Effect of vertical web reinforcement 

Zsutty [21] equation did not address the influence of vertical web reinforcement effectively. At 
the same time, the proposed equation predicts very close to the strength ratio line 1.0. As usual, 
Russo [23] equation predicted the beams with low and high quantity of vertical web reinforcement 
uniformly. Other strut and tie models Tang [22] and ACI-STM [20] show reasonable scatter. While 
comparing the proposed equation with all other equations, it is clear that almost all the beams are 
underestimated. 

6.3. Validation of results 

The ratio of the predicted shear strength-to-experimentally observed shear strength is defined as 
the strength ratio. Among all the predictions, mean of the strength ratios according to ACI-STM [20] 
and proposed equation are close to the safety line 1.0, where the proposed equation has a mean value 
of 0.94 and 1.26 according to ACI-STM [20]. Moreover, the mean of the strength ratio according to 
IS 456 [19] has been observed to be the lowest (0.448). The mean values of Zsutty [21] and     
Tang [22] equations are 0.84. 

The standard deviation (SD) of IS 456 strength ratio is the least among all the predictions 
according to all the standards. Subsequently, equations such as the proposed equation,         
ACI 318-STM [19] and Zsutty [21] showed a 12 % deviation from the mean. 

Though ACI 318-14 equation showed very close average value to the safety line, it exhibits the 
highest coefficient of variation (COV) (2.4%) than all other predictions. Conversely, IS 456 [19] 
equation predicts the strength ratio with least COV of 0.4%. Equations such as Zsutty [21], Tang [22], 
Russo [23–25], and proposed equation showed almost same COV. From the above analysis, it is 
observed that irrespective of the size, the proposed equation gives uniform prediction with mean 0.94 
and standard deviation 0.14. Since the Indian standard does not consider the effect of size, 
compressive strength and web reinforcement, strength of all the beams were overestimated. 
Evaluation of ACI 318-14 [20] strength reduction factor using the experimental results is discussed 
in the following section. 

6.4. Evaluation of strength reduction factor 

Table 6 shows the strength reduction factor of ACI 318-14 [19] expression for maximum design 

shear strength of RC deep beams has been evaluated. Strength ratios of ACI 318-14 [19] 
௩೙
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is given in Table 6. For all the beams, the ratio 
௩೙

ಲ಴಺యభఴషభర

௩೙
೅ಶೄ೅  is greater than 1.0. Thus, strength 

reduction factor is adequate to consider the shear compression mode of failure. The mean value of 
ACI 318-14 [20] of strength ratio is 1.26 and standard deviation is 0.15. From the above analysis, it 
can be concluded that the strength reduction factor is effective when the beams failed in shear 
compression. 

Table 6. Shear strength predictions. 

S. No Beam ID 𝒗𝒏
𝑨𝑪𝑰 𝟑𝟏𝟖ష𝟏𝟒

𝒗𝒏
𝑻𝑬𝑺𝑻   

𝒗𝒏
𝒊𝒔 𝟒𝟓𝟔

𝒗𝒏
𝑻𝑬𝑺𝑻   

𝒗𝒏
𝒁𝑼𝑻𝑻𝒀

𝒗𝒏
𝑻𝑬𝑺𝑻   

𝒗𝒏
𝑻𝑨𝑵𝑮

𝒗𝒏
𝑻𝑬𝑺𝑻    

𝒗𝒏
𝑹𝑼𝑺𝑺𝑶

𝒗𝒏
𝑻𝑬𝑺𝑻   

𝒗𝒏
𝑷𝑹𝑬

𝒗𝒏
𝑻𝑬𝑺𝑻  

1 1D500 1.33 0.46 0.88 0.87 0.79 0.98 

2 2D500 1.33 0.46 0.88 0.84 0.79 0.98 

3 3D500 1.19 0.41 0.79 0.75 0.70 0.85 

4 4D500 1.04 0.36 0.69 0.66 0.60 0.72 

5 5D500 1.22 0.45 0.83 0.88 0.76 1.00 

6 6D500 1.50 0.55 1.02 1.08 0.90 1.14 

MEAN 1.26 0.448 0.84 0.84 0.75 0.94 

SD 0.156 0.06 0.1 0.14 0.1 0.14 

COV 0.024 0.004 0.01 0.02 0.01 0.02 

6.5. Comparison between experimental and FE modal results 

Table 7 gives the comparison of ultimate loads between analytical and experimental results. 
From Figure 10, it can be seen that FE model gave high prediction of ultimate loads for deep beams. 
An average of 96.3% was observed between the experimental and FE model results and thus FE 
model shows a good efficiency in simulating the deep beams. 

 

Figure 10. Comparison of ultimate loads of all deep beam specimens. 
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Table 7. Comparison of ultimate loads between analytical and experimental results. 

S. No Specimen Pu Exp (kN) Pu Abaqus (kN) Pu Exp/Pu Abaqus (%) 

1 1D500 611.7 638.7 95.77 

2 2D500 643.4 678.2 94.87 

3 3D500 684.3 712.3 96.07 

4 4D500 611.93 641.9 95.33 

5 5D500 666.1 674.3 98.78 

6 6D500 693.4 712.8 97.28 

Table 8 gives the comparison of ultimate deflection between analytical and experimental results. 
It can be seen that experimental results gave high prediction of deflection values in comparison with 
FE model for all the deep beams. An average of 107.8% was observed between these two and FE 
model gave slightly less prediction in terms of deflection. 

Table 8. Comparison of ultimate deflection between analytical and experimental results. 

S. No Specimen Pu Exp (mm) Pu Abaqus (mm) Pu Exp/Pu Abaqus (%) 

1 1D500 5.47 5.14 106.42 

2 2D500 6.12 5.86 104.44 

3 3D500 6.82 6.14 111.07 

4 4D500 6.46 6.08 106.25 

5 5D500 6.43 5.91 108.80 

6 6D500 6.62 6.02 109.97 

6.6. Load–deflection behavior 

To verify the proposed equation, a comparison is done with the load and deflection behavior 
Figure 11 gives the experimental and analytical comparison of load vs deflection of all deep beam 
specimens. A close correlation between Fe model predicted results and experimental results have 
been found. Deep beams 5D 500 and 6D 500 are in close agreement and almost they are similar. In 
the remaining deep beams, the FE model results have over predicted. 
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Figure 11. Experimental and analytical comparison of load vs deflection of deep beam 
specimens. 

6.7. Damage Tension in FE model 

Three dimensional isoparametric solid elements (SOLID65) were used in the FE model.  
Figure 12 shows the tensile crack patterns due to tensile stress of the FE model (DAMAGET). The 
tension cracks started from the position of support and reached to the point of application of load at 
an average angle of 38°. In the deep beam 3D 500, the maximum tension is found near the top left      
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1/3rd portion whereas in the deep beam 2D 500 and 6D 500, the maximum tension is found near the 
top right 1/3rd position. Flexural cracks were also obtained in both experimental and FE model in all 
the deep beams. 

 

Figure 12. Crack pattern of FE damaged tension model. 

6.8. Strain distribution 

The strain distribution is considered very important to know about the tied arch mechanism and 
its formation in the specimens. Figure 13 gives the strain distribution at the bottom layer of the beam 
6D 500 as the load is increasing from 0 to ultimate load. The strain readings increased rapidly at the 
first crack in the mid span. Since more cracks appeared near the supports, measured strains also 
increased near the supports whereas in the uncracked region, the strain readings showed minimal 
strain changes. 
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Figure 13. Strain distribution along the bottom layer in beam 6D 500 as the load is 
increasing. 

7. Conclusions 

Six reinforced concrete deep beams were analyzed numerically and compared with 
experimental results and these were analyzed to study the parameters like size effect, compressive 
strength effect, web reinforcement mechanism, shear span-depth ratio, load deflection behavior, 
tension damage and strain distribution and the following conclusions were drawn. 
a. The proposed shear strength equation predicts 80% of the experimental data in the range     

of 66–110% of measured shear strength, whereas other design procedures are over either 
conservative, which is uneconomical, or overestimating, which is unsafe. 

b. Moreover, the proposed equation is validated with the experimental results. 
c. The predicted shear strength is compared with the experimental shear strength. The calculated 

nominal shear stress 𝛾௡
௉ோா versus the measured shear stress 𝛾௡

்ாௌ் is compared. 
d. It has been observed that prediction by design equations and experimental shear strength are in 

close relation with each other. 
e. Although ACI 318-08 maximum shear force equation gives a mean value of 1.08, a strength 

reduction factor is introduced in ACI 318-14. It shows the importance of analysis based on the 
percentage of overestimation. But in general, STM code equations give conservative results. 

f. A variation of 8% has been found between experimental and FE model results in terms of 
displacement whereas a variation of 22% has been found in terms of ultimate loads. 

g. The stress contours suggested high stresses in the path of cracks and low stresses in the 
uncracked regions. 
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