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Abstract: This paper addresses the challenge of tracking an arbitrary power profile in a proton exchange
membrane fuel cell (PEMFC) in the presence of measurement noise and disturbances. To this end, we
used an extended Kalman filter (EKF) to estimate the internal states of the PEMFC in conjunction with
an adaptive sliding mode controller (SMC) that has been shown to reduce chatter. The model used by
the controller captures the internal dynamics and nonlinearly, and is accurate within 0.1% of the
high-fidelity model. We developed the conditions necessary for the stability of the proposed controller
based on the Lyapunov stability theorem. We also developed a systematic multi-objective
optimization methodology of the controller hyperparameters to simultaneously minimizing
tracking error, controller-chatter, and controller input using the non-dominated sorting genetic
algorithm II (NSGA-II). The controller performance was demonstrated using multiple simulated
experiments. Based on experimental results on desired signal data, we concluded that the proposed
controller scheme can track desired power profiles within a 1% error.
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Symbols

Symbol Description Value used Unit

A Mode coefficient -

bo, 1 Mode of concentration atm
qunz, A Anode inlet hydrogen conc. 1.485 atm
(iynz_c Inlet input oxygen conc. 0.21 atm

Dozerf Effective oxygen conc. - atm

Do Constant used in R,y 6 %1073 ohm

Py Constant used in R,pm, 4 %103 ohm/A

o Constant used in R,y 5x107 ohm/K

T The time constant of mode 0 6 s

T, The time constant of mode 1 0.67 ]

Tact Activation driving const. ]

TactH2 Equivalent driven time const. ]

¢ Weight fraction for channel oxygen concentration 0.5

X+ Molar concentration -

In Oxygen flux in the channel mol/s

f Vector function of states -

P Vector function multiplying inputs and noise -

h Function defining output -

Measurement noise ~(0,0.01) v

wy Process (input) noise ~(0,4) A/m?

Wyo Process (input) noise ~(0,0.002) \Y%

X, System states -

y, P The output voltage -

z Number of electrons transferred -

Age Area of the fuel cell 0.05 m?

Bcone Proportionality constant for E_.;; 0.05 A%

Ce Boost converter capacitor 0.025 F

Cpr Double layer capacitance F

D Diffusion coefficient m?/s

Ecen Open-circuit voltage \%

Ey cenr Standard voltage 1.2271 \Y%

F Faraday constant 96485 C/mol

F Vector function of states for the derivative -

H Vector function defining output -

] Input average current A/m?

JooJ1 Mode of current density A/m?

Jact Activation current density A/m?

Ju2-0 Hydrogen exchange current density A/m?

Joz—0 Exchange current density A/m?

L Effective diffusion length m

L¢ Boost converter inductance 0.01 H

N, Total anode molar flow rate 7.036 x 104 mol/s
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Symbol Description Value used Unit
N, Total cathode molar flow rate 7.036 x 104 mol/s
N ¢ Total cathode inlet oxygen molar flow rate mol/s
Patm Atmospheric pressure atm
Qu Covariance of w in EKF diag (0.004,0.004)

R Universal gas constant 8.314 J/K/mol
R, Boost converter resistance 4 ohm
Ronm Ohmic resistance ohm
R, Covariance of v in EKF 10

Ty, Fuel cell temperature 341.5 K

Vo Output voltage of the boost converter v
Vact Activation voltage loss A%
Vacto Activation voltage constant Vv
Veenr Cell output voltage loss A%
Vonm Ohmic voltage loss A%
Vactz-0 Activation voltage constant in the driven mode \%

1. Introduction

The proton exchange membrane fuel cell (PEMFC) offers high efficiency and high power density,
while operating at low temperatures and having zero emissions [1-3]. This makes PEMFCs one of the
more promising technologies to replace fossil fuels, particularly in automotive applications [1-3].
However, the use of PEMFCs in automotive applications would require them to efficiently track the
constantly changing power requirements.

Fuel cells are highly nonlinear systems with strongly coupled dynamics. Numerous studies have
developed advanced control strategies to control voltage [4,5], temperature [6,7], current [8], and
air-feed systems [9,10]. Li and Yu [5] employed distributed deep reinforcement learning and proposed
an algorithm to control the output voltage of fuel cells. Haung et al. [7] proposed a control schema to
regulate the temperature of the fuel cell stack to combat temperature variation-induced degradation.
Several dynamical PEMFC models have been proposed for different geometric configurations to
model reaction kinetics and reactant transport [11,12]. Biert et al. [13] proposed 1D dynamic modeling
of a solid oxide fuel cell (SOFC) to analyze it in both single-cell and stack formation. Su et al. [14]
developed 3D dynamic modeling of a single-cell SOFC in a multi-physics coupled configuration by
utilizing a focused ion beam-scanning electron microscopy approach. Ghorbani and Vijayaraghavan [15]
designed a simplified quasi-2D method to model a single cell of a planar SOFC, while Javaid et al. [16,17]
provided an overview of a nonlinear model and observer-based control of fuel cells. Ebrahimi et al. [18]
focused on examining the phenomenon of cathode hydrogen pumping capacity when the cathode is
starved and studied the transient model of a starved fuel cell capturing both voltage and hydrogen
emission. Romey et al. [19] proposed an extended Kalman filter (EKF) model based on this
pseudo-2D model of the PEMFC to estimate oxygen concentration in the cathode.

Fuel cell systems typically consist of multiple fuel cells connected in series and a power converter,
in addition to other auxiliary sub-systems. The power converter helps to efficiently match the voltage
of the fuel cell stack voltage to the load voltage and can be controlled to extract maximum power.
Despite considerable advances in controlling PEMFCs, efficient power tracking remains challenging
owing to the nonlinearity of the power curve and multi-time scale response of fuel cell systems [20,21].
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Babhri et al. [22] proposed a golden section search (GSS)-based maximum power point tracking (MPPT)
controller for a PEMFC power system using a DC/DC boost converter. Kiran et al. [23] utilized a
cuckoo search-based fuzzy controller to control the boost converter to increase the voltage and power
of the fuel cell stack. Percin et al. [24] proposed a whale optimization algorithm-based MPPT
controller for the PEMFC integrated with a boost converter. Zhong et al. [25] developed a two-loop
cascade controller with a DC/DC converter to provide the highest possible power of the integrated
system in operation. Lorenz et al. [26] proposed a method and an apparatus to control the power of an
electric vehicle that is powered by a fuel cell. This patent proposes controlling the energy to match the
vehicle demand without specifying technical details. In another patent, Mufford et al. [27] proposed a
method to control the power of vehicles, including a fuel cell power system and fuel cell oxidant
supply. Lauzze et al. [28] proposed a feedback controller for a simplistic PEMFC model to solve the
power set-point tracking problem. Kolavennu et al. [29] designed a power profile tracking method that
is stabilized using Lyapunov theory to control the automobile powered by a fuel cell. However,
existing power tracking control approaches do not consider DC/DC converter impact and noise.

Sliding-mode controllers (SMCs) are one of the most popular controllers for tracking problems
owing to their inherent robustness to external disturbance and uncertainties, and their fast
response [30-36]. SMCs work in two phases—first the controller applies a large discontinuous control
input to drive the system states to a specific “sliding surface” within the state-space domain; once the
system reaches this surface, the inherent stability of the surface or a feedback control drives the system
state trajectory to the desired state trajectory [30]. Many research works were conducted to investigate
the performance of SMCs for solving the trajectory tracking problem in different control applications
such as marine vessels [30], autonomous underwater vehicles [31], spherical robots [32], quadrotors [33],
and fuel cell systems [9,34-36]. Silaa et al. [37] proposed an SMC to track the load current by ignoring
the fuel cell dynamics and noise, while Xu et al. [38] proposed an SMC to track the load voltage by
considering a simplified model of the fuel cell and ignoring noise.

Owing to the discontinuous nature of SMCs, they suffer from a phenomenon known as chattering,
where the control input continuously oscillates between two values. One of the effective methods to
alleviate the chattering in a linearized system is known as describing-function tuning [39-42].
However, this approach is useful for systems that can be linearized about a certain point or can be
represented as a set of linear systems [41]. Other approaches involve an adaptive SMC to reduce
chatter [43]. An alternative approach to minimizing the chattering consists of optimal gain tuning.
There are two common strategies for tuning parameters. The first strategy involves merging multiple
objectives into one single objective [44,45]. The second strategy is to utilize multi-objective
optimization (MOQ) versions of single-objective optimization algorithms to achieve optimal gains.
This approach provides a set of optimal solutions, known as the Pareto optimal front, rather than a
single unique solution [46,47]. Many MOO methods have been proposed for improving the setting
performance of sliding mode gains of dynamical systems using heuristic optimization methods
such as the non-dominated sorting genetic algorithm II (NSGA-II) [48], multi-objective differential
evolution (MODE) [49], and multi-objective particle swarm optimization (MOPSO) [50].
Laware et al. [46] utilized sliding mode control (SMC) and evolutionary techniques for the level
control system. In this paper, the performance of various multi-objective algorithms is compared, and
it is shown that the NSGA-II outperforms the other optimization algorithms. Yan et al. [51] proposed
an algorithm based on the NSGA-II and an asymmetric sliding mode controller to find a solution for
the control problem of connected autonomous vehicles. Rezapour et al. [52] developed a control
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schema based on fuzzy sliding mode and genetic algorithms to tune the sliding parameters and find
the fuzzy rules. Acharya and Gude [53] implemented an integral sliding mode controller with
NSGA-II parameter tuning for a second-order unstable magnetic levitation plant to stabilize the
system. Their results demonstrated that the sliding mode controller has superior performance to the
proportional-integral-derivative (PID) controller.

Additionally, SMCs also require the availability of full states. Kalman filters and extended
Kalman filters (EKFs) have been extensively used in the literature to estimate the unknown states from
real-world noisy measurements [54]. Hence, we have also developed an EKF by adapting a recently
developed EKF for fuel cells [19] based on a lumped model of the transient pseudo 2D model [18]. As
such, this paper will focus on designing a nonlinear controller for power profile tracking of a fuel cell
using realistic noisy data and optimizing (minimizing) the settling time, controller chatter, and tracking
time. The specific cost functions to achieve these objectives are provided in Section 2.6.

The proposed controller consists of an adaptive SMC to control the duty cycle of the boost
convertor. The controller is coupled with an EKF that estimates the internal states of the PEMFC while
filtering the measurements. The design of the EKF is presented in Section 2.5.1, while the design and
stability analysis are presented in Section 2.5.2. The main contributions of the paper can be
summarized as follows:

e Use of accurate dynamics of the fuel cell.

e Development of an SMC controller to control power output.

e Use of the NSGA-II-based algorithm to optimize the SMC hyperparameter.
e Use of an EKF to mitigate the effect of noise.

2. Theoretical approach
2.1. Mathematical modeling of the system

In a normal PEMFC, hydrogen molecules split into two protons and two electrons at the anode.
The protons pass through the proton exchange membrane, while the electron travels through an
external circuit as current. At the cathode, four protons and four electrons combine with one molecule
of oxygen to produce water. A buck-boost converter is used to connect the PEMFC to the load to match
the voltage and current requirements. In effect, the specific power output of the cascaded system is
controlled to match the desired specific power output of the load. Figure 1 shows the PEMFC system
along with the power converter.

2.2. Boost converter modeling

Boost converters are step-up DC-DC power converters used in different power applications. As
shown in Figure 1, the converter consists of an inductor (L), a capacitor (C.), a diode, load
resistance (R;), and a pulse width modulation (PWM) generator. Due to the presence of the inductor,
the boost converter can convert a low voltage on the fuel cell side V,;; to a much higher output voltage
Vo. The input of the boost converter is PWM, which is a series of square waves with different duty
cycles that switch the boost converter to either on or off. The input of PWM is represented by u.
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Figure 1. Overall PEMFC power control system configuration.

In order to develop the model of the boost converter, we will assume that the capacitor, inductor,
and switches are ideal. We will assume that the switch is able to switch at a sufficiently large frequency.
While non-ideal components may reduce the overall conversion efficiencies, converters with
nearly 94% efficiency have been developed in the literature [55].

When the switch is open (denoted by u = 0), the PEMFC is connected to the load. By considering
an additive noise added to the dynamics in the literature [56,57], when the switch is open,

Vcell VO

]luz() = AfCLC _AfCLC + W]’ (1)

v = Yo @
Olu=0 Cc CcRy

When the switch is in the closed position (denoted by u = 1), the PEMFC is disconnected from
the load and is only connected to the inductor. Here, the dynamical equations can be rewritten as follows:

: Vcell W]
JI =+ 3
| Al A 3)
, Y, (4)
Poluer = g e

Hence, using the average method [58], the state-space modeling of the boost converter can be
determined as follows:

. . . _ Vee = Vo Yo
j= (1- u)]|u=0 + u]|u=1 = AfCLC + AchC u, %)
— Arc] _ Vo _ Ard] ©

VO == (1 _u)Volu:O +uVO| u+WV(),

u=t — C.  CcR, Cc
where u € [0 1] is the PWM duty cycle.
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2.3. PEMFC modeling

This subsection, develops the state-space model of the fuel cell using the model previously
developed in Vijayaraghavan et al. [59] and Romey et al. [19]. The model assumes that the fuel cell
can be modeled using lumped parameters. The lumped mode has been previously found to deviate by
less than 5% [60].

The closed-circuit voltage of a fuel cell under load is calculated by subtracting the ohmic voltage
loss (V,nm) and the activation overpotential (V. p;,) from the open-circuit voltage. Thus,

Veeu = Ecet = Vonm — Vact,DLr (7)

V,nm can be calculated by following [3,61,62]:

(8)
Vonm = ]Afc (po + p]Afc] + pT(TfC - 298)),

The dynamics of the activation voltage is modeled as a double-layer capacitor in parallel to the
activation voltage [3,61,62].

CDLVact,DL + Afc]act = Afc]: )]
and
_ . ]act
Vaceor = 2Vqcero X arcsinh -———, (10)
0,-0

Taking the derivative of Eq (10),

. 1 j
Vact,DL = ZVact,O ; 2]act ’ (11)
0,-0
J 1+ (Jace/Zo,-0)”
Substituting Eq (11) into Eq (9), we find
; V 4]52—0 +]czlct Afc
]act - ( ZVaCt,O CDL (] ]act)) (12)

The electrochemical open-circuit cell voltage can be given by using the Nernst equation [3,61,62]:

Ecen = EO,cell + Beonc In [(¢H2,eff)2(¢02,eff)]r (13)

where By, is the parameter that accounts for effective kinetic reactant concentration and is
between 0.03 and 0.06 [63]. It may be noted that Eq (13) takes the effect of the diffusion gradient into
account and considers the effective concentrations of H, and O, at the catalyst rather than the
concentrations in the channel. Owing to the faster diffusion rate of hydrogen compared to oxygen, we
can neglect the concentration gradient at the cathode, and

¢H2,eff = QHo—ch = ¢1i1nz,A' (14)

Since the diffusion coefficients of oxygen and water vapor are nearly equal, the oxygen gradient
will be calculated using Fick’s first law with an equivalent diffusion coefficient, D [18,59].
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d¢ 0%¢
T _p_—_*r 15
ot b 0z’ (13)
We will set z = 0 at the channel and z = L at the catalyst. These yield [3,61,62]
®lz=0 = Poz—cn
5 98] _ Rlact (16)
dzl,.,  AFPu,

We can then calculate ¢y 0rf == @|,=, by considering the first two modes for ¢g,_p, and the
first mode for J,.+ [18,59]:

8 4 1 4 1
bozefr = (1 - g) X Poz—cn T+ pp—— boz—cn — gmfﬁoz—ch
RTL (17

(1= 22+ ]
2 Jact 2 sr0+1]““ 4FDP,,,’

We can also calculate the flux of oxygen at the channel, considering the first two modes of /¢
and ignoring the modes of ¢p,_.p as [18,59]

_ DPym dgp
RT dz

Iep =

z=0

_1{(1 8) L4 4 1 } (18)
" 4F 3m Jact T STy + 1]aCt 3msty + lja“ ’

In the time domain, defining the first two modes for ¢p,_.pn as ¢, P1 and the first two modes for

]act as ]0']1'

¢:)0 =75 (Po2-ch — Do),
$1 =11 (Poz—cn — P1),

' - (19)
].0 = Tol(/act _]0):
5= Tl_l(]act -1
Defining
8 4 4
Vo1 = 1_§; V2 =;: V3 =§;
8 8 (20)
Yn=1 —F'ij = Y
bo2e ff and I; can be written as follows:
¢02,eff = Vp1¢02—ch + Vp2¢0 - Vp3¢1
RTs L
- [V]1]act + )/Jz]o] X 4FDP,.’ (21)
1
Iep = E(ypljact + ypZ]O - yp3]1)’ (22)

In the above equations, ¢,_., would be the average oxygen concentration in the channel.
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boz—ch = 1- Od)(i)nz,c + ((bgtzl,tc» (23)

Since the pressure is constant, we find that ¢ - and $p3J4% can be defined as follows:

(bionz,c = Pc)(ci)nz,c' (24)
8121,% =P, cX(onzi,tc' (25)

where )(326 and yg4% are oxygen molar concentrations of oxygen at the cathode inlet and the cathode

outlet, respectively. If we consider the total molar flow rate to be N,

mn
in 02,C
= = 26
Xoz,c N, (26)

For an oxygen flux Iy, Asc Izp mole per second of oxygen would be removed, producing
2Ag I moles per second of water. Hence, at the outlet,

out __ X(%,C Nc B Afc Ien

= - ) 27
Xoz2c N, + Arcl, (27)
Substituting Eqgs (26) and (27) into Eqgs (24) and (25), and using Eq (23), we find
; (P. + @05, Are Ten
Poz-cn = PGhc — {— <~ (28)

(Nc + Afcrch)

2.4. The overall model of the cascaded system

The overall system can be modeled using Egs (5), (6), (12), and (20), with the fuel cell voltage
given by

Veen = Eo,cen + Beone In [(¢I%,A)2(¢02,eff)]
— JAse (po + pyAse] + pr(Tye — 298)) (29)

— 2 Vgeto X arcsinh( Jact ),
2J02-0

and ¢y,_cp 18 given by Eq (21).
The specific power output of the system is given by

y=Vo]tv, (30)

In the state space form considering noise, the model can be written as
x=Fl,uw) = fx)+ gu(u+ gyw(w, €2
y =H(x,u,v) = h(x)+v, (32)
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where x = [¢g, P1,J0,J1. Jacer ], Vol T, w = [W]' Wvo]' and

7o (Poz—cn — X1)
7 (Poz—cn — *2)
Taluact - X3)

_ O -
0
- 0 r0 0
71 Uace — X4) 0 0
VA Ja_ + x2 0 0 0
f: 02-0 5 (x6_x5) yGu = 0 yGw = 0 0’
2 Vact,OCDL/Afc ﬁ 1 0 (33)
Veeur — X Lc
_cell 76 X Lo 1
L _Xs
x6 x7 L CC—
Cc CcRy

h(x,v) = xgx7,

2.5. Extended Kalman filter-based nonlinear controller design

As discussed earlier, this paper aims to optimally track specific power profiles using a sliding
mode controller. To this end, the design will minimize settling time, controller chatter, and tracking
time. The specific cost functions to achieve these objectives are provided in Section 2.6. In the real
world, the fuel cell is subject to disturbances, and measurements are subject to noise. Hence, we will
use an extended Kalman filter to both filter the measurements and to estimate unmeasured states. The
estimated states will then be used to implement a nonlinear sliding mode controller.

2.5.1. Observer design
We will construct the state estimator as
x=FZu0) — Ly —H(%u0)), (34)
Defining the state estimation error as ¥ := x — X, we find
% =Fxuw)—FR&u0)+L(H(xuv)—hEu0), (35)

Taking the first-order approximation of the error dynamics about X, the dynamics can be
approximated as

¥ = (A—LC)X + Byw + LD,v, (36)
where
i o ) I it (7)
0% ¢ w=0 oWl 2 w=0 0x | =0 0V lgyv=0

The observer gain, L, will be calculated by solving the following Riccati equation arising from
the extended Kalman filter:

P = AP + PA" — PC"(D,R,D)"*CP + B,,Q,, By, 9
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= PCT(D,R,DI), (39)

where P is the covariance estimation of error, Q,, and R,, are the effective covariance of w and v,
respectively.

We will now calculate the matrices.

C:@:[O 0 0 0 0 x; x4, (40)
0x

D, =1, and forw = [WVO'W]]T’

— 0 0_
0 0
oF 0 0
Bv=2=10 ol (41)
1 0
Lo 14
We will now calculate the required partial derivatives for 4. From Eq (28),
0boz—cn _ , 0 (P + ¢G5 c
T _ =
ox 0x | (No(Ageln) " +1) W)
(Pc + ¢(l)nzc Nc aFch

(W (Ageln) ™" +1) Arelen 0%

Simplifying Eq (42) and substituting for 91, /0x by taking the derivative of Eq (22), we find

P i )Ag N,
x 4F (N, + AgcIp)
Hence, for the first two rows of F,
9 [F P+ 55.c)ArcN.
57l = ORIy oy g 0 0)
x 12 4F (N, + Asclp) (44)

P I 0 0 0 0 O
<l [0 '
7] 0 ;0 0 0 0 O

The partial derivative of Fz is given as follows.

0Fs

= =[0 0 0 0 —7&, T4 0] (45)

where

-1

Tacter =

4](2)2—0 + (]act)z _] ><]act
2 Vact,OCDL/Afc\/4 ]52—0 + Uact)z
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1. V4250 + Uger)?
act 2 Vact,OCDL/Afc '

Calculating the derivative of ¢ o, ¢ ¢ from Eq (21), and substituting for ¢, /9% from Eq (43),

¢ P. + ¢, - )AscN
gzreff — _Ypl( ¢ . 02,C) fe ;[0 0 Yp2 —Vp3 Vp1 0 0]
X 4‘F(Nc + Afc Fch)
N [ RTL RTL 0 0
Yp2 Yp3 Y2 4FDPm, Vi AFDP,im ’

Calculating 0V, /0x from Eq (29), and substituting for 0y, ¢ /9x from Eq (46),

a(Vcell) _ —Bcome (PC + ¢812,C)Achc
- 1 .
0% ozerr " 4F(N, + Ase Iy)’

X [0 0 Yp2 —Vp3 Vp1 0 0]
Beome [ RTL RTL
vz Yoz “Vryppp Y14rpp,,,

+ 0 0

¢02,eff
— Ay ((p0 + pr(Tpe — 298)) + 2]p]Afc) [0 00 00 1 0]
2 Vact,O(ZJOZ—O)

V475-0Uac)? +1
= [yvl Yv2 VYvz VYva VYvs Ve 0];

[0 000 1 0 0]

where

Bcomc _ Bcomc
)/pz' Yv2 =

Yv1 Vp3r

bozerr bozerf

— _Bcomc Ypﬂ’pz (Pc + ¢312,C)Achc + V]ZRTL
4'Fd)oz,eff (Nc + Afc ]"Ch)z DPatm

Yv3

)

_ yplyp3Bcomc (Pc + d)ga,c)Achc
4 — . )
" AFdozerr (N, + Age Iy

_ _Bcomc 2 (Pc + qng,C)Achc ¥ RTL
= 1 3 71
4F¢02,eff P (NC + Afc 1"Ch)2 DPatm

vve = —Asc(po + pr(Tyc — 298) + 2JpAyc),

Hence,

_ 2 Vact,O (2102—0)
V413 0Uac)? + 1

Yvs

(46)

(47)

(48)
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[ __7'-0_1 0 To Y2 “TopVp3z T¢Vp1 0 077
0 _"'-1_1 To Y2 “TopVp3z T¢Vp1 0 0
0 0 —151 0 751! 0 0
A=@= 0 0 0 -1 (T 0 0]] (49)
* | 0 0 0 0 -1z, Tt O
AchEl([ Yv1 Y2 Yv3 Yva  Yus Yve (1 - u)])
czlffo 0 0 0 0 Apc(1—-w) R

2.5.2. Nonlinear controller design

The controller will be designed to be Lyapunov stable. To that end, we will now provide a few
definitions and derivations needed to prove stability.
Definition 1 [64]: A continuous function 7:[0,a) ~ [0,) for a € (0,) is called the K

function, if it is continuously increasing, n(0) = 0, and _lim n(x) —» oo.
xX—a,a—oo

A continuous function 7:[0,a) = [0,00) for a € (0,) is called the £ function, if it is

continuously decreasing and lim n(x) —» 0.
xX—a,a—oo

A continuous function 1 (X, X,) is called the K L function, if for a constant X, n(x;, X,) is a class
of the K function with respect to X,, and if for a constant X,, n(x;, X,) is a class of the £ function with
respect to x;.

Definition 2 [64]: The nonlinear dynamical system given by Eq (31) is said to be input-to-state
stable if for every x, € R™and every continuous and bounded input u(t) € R™, t > 0, the following
solution x(t), t = 0, of Eq (31) exists and is satisfied.

IOl < el ©) + ye  sup u(®), (50)

ost<t

where 1. (s, t), for positive s, is a class KL function and y.(s), for positive s, is a class K function.
The input-to-state inequality guarantees that for a bounded input u(t) € R™, t > 0, the state x(t), t =
0, remains bounded.

Definition 3 [64]: The gradients of ¥ (x) are defined as follows:

— alp -
dx,
oV

AT Fr| (51)

oW
[0x,, ]
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T 2 2N T
0x?  0x,0x, © 9x,0%,
2w 9w Py
Vex(X) = [9x,0x, 02 ©9x,0%, (52)
0%y 0y 02y
0x,0%, 0x,0x, =~ 9x2 |

We will now develop a sliding mode feedthrough controller. First, the tracking error is defined as

e=y—Ya (53)

For the sliding surface [65,66], we will use
t
s=kpe+kqe+ kl-f edr, (54)
0

We will now show the stability of the system when we choose a control to drive s = 0.
Notice that due to the integral term, if e # 0, s # 0. Hence, the convergence of the sliding surface
Eq (54) leads to the tracking error Eq (53) becoming zero. Differentiating Eq (54), one obtains

§ = kypé + kqé + kee, (55)

Therefore, the condition of § = 0 is the necessary condition for keeping the tracking error at zero.
The first- and second-order derivatives of the tracking error Eq (53) are given by

é=y—7 =V hf )+ g.(u + g W] = g, (56)

& = VROV f(x) + W g (Ou + 7 gy, ()w]k
+ VT h()[g. () + gy, (W] +
[f () + gu (I + gy, COWI Ve RGO Lf () + g (O)u + gy (OW]
~Ya (57)
= VROV £ () + Vi gy (0ulx + VEh(x)[g, ()i + g ()W]

+ [f () + gu CIu + guw COW] Ve ROO[f () + g () + g (OW]
~Var

Let us consider g,, (x) as given in Eq (33). Substituting for e, &, and € from Egs (53), (56), and (57),

respectively, into Eq (55), one can find

$ = kp[V h(Ox = yal + kaV ROV f () + 7 gy (0)ulx
+ ka[f(x(®) + gu U + wy] VchGO[f (x(©)) + gu COu + w,] (58)
+ kalV R0 [gu ()1 + W] = Fal + ki (h(xX) — ya),
Substituting for x from Eq (31) into (58), we find
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§ = kp [VxTh(x) [f(X) + g(x)u + Wu] - yd]
+kqVh@OIV f () + Vi g Coullf (x) + g(0u + wy]

T (59)
+ ka[f(x(@©) + g)u + wy,| Ve h()[f (x()) + g()u + wy ]
+ ka[V h(x)g () + VL R(GOWy, — Fal + ki(h(x) = ya),
The controller will be decomposed into u,, and ug with
U = Upg + U, (60)

It may be noted that § = 0 is a necessary condition for the error states to converge to zero. As
such, the component u,, is the control signal needed to ensure $ = 0 (in the absence of i, and wy,),

and is known as the equivalent controller [65—-69]. By setting s = 0, g = 0, and w,, = 0 in Eq (59),
we obtain [65,69]
ttog = ~(WTRG)G()) ™ (kpka [WTRCOLS () + g (ul = Yl
+ VRGOV f () + 7 g Oullf () + g ()ul
+[f (%) + g(ul" Ve h() [ () + g ()u]
= Ja + kikg' (h(x) — ya)},

The component u; is referred to as a switching controller and is the component needed to drive s
toward s = 0. This is known as the reaching condition [66].

(61)

i, = —kg* (G (x(®))
[y Islsgn(s) + 8sgn(s) + msls|“sgn(s)],

(62)

where m; and m, are positive, 0 < @ < 1, and § = [s| + [k,wy, + kqWy,|. In this formula, sgn(s)
makes the controller schema discontinuous, but because two integrations are performed, the final

controller law is continuous and chattering-free. We need to calculate V. f(x), V,g(x), Vi h(x), and
Vixh(x) to find 11, and 1, from Eqs (61) and (62). Notice that

fo(x) + ng(x)u = A, (63)
Veh(x) = C, (64)
and
0 0 0 0 0 0 O
0O 0 000 0O
0O 0 0 OO OO
Veh(x)=10 0 0 0 0 0 O} (65)
0O 0 000 OO0
0O 0 0 0 0 0 1
0 0 0 0 0 1 O

Since there is normally an adequate supply of oxygen, we can assume that ¢, crr # 0 and

FDP,;,, # 0.Hence, V, f (x) remains bounded (63). Moreover, V,.g(x), V,,h(x), and V,,.h(x) are bounded.
Theorem 1: For s, 1,4, and 1 as defined in Eqs (54), (61), and (62), respectively, the nonlinear
system of the form Eq (31) with bounds
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If COll < M,
g COull < My,,,
lgw (Ol < My, ,
IV f (x) + Vegull < My, fg,
Vegw,(x) = 0,
IV h(O)|l < My, p,

”Vxxh(x)” = MVxxh’
subject to bounded noise considered in Zhu et al. [70].

Iwyll < My, Wl < M,

will be driven to the surface s = 0 for a sufficiently large 6.
Proof: Consider the candidate Lyapunov function

1
V, ==s?,
175 S
The first derivative of V; yields
Vl = S.S",

By substituting @t = .4 + s into Eq (59),
$ =Ky RGO () + gCu + wy] — 4l
+ kg OO f 0 + T gullf (x) + g(u + wy]
+ ky [f(x(t)) + g(x)u+ Wu]TVxxh(x)[f(x(t)) +g(x)u+ Wu]
+ k[ h(x) g (0) (theq + tis) + V()W — Fg] + ki (h(x) = ya),
or
$ = kyV ROIf () + g()ul — ¥4l
+ ka Vi RGOV f () + Vi g Cullf (x) + g()ul
+ kg f (2() + 9] ech(G[f (x(D) + g GOIu] = ko
+k ;(h(x) —yq) + dexTh(x)g(x(t))ueq
+ kqVid ROOWy, + kp [V () wy, ]
+ kg VROV f () + 7 g (oulwy
+ kgwl Ve RGO[f (x(0) + g()u + wy|
+ka[f(x@®) + g)u + Wu]TVxxh(x)Wu
+ kqwi Ve h(x)wy, + kg VI h(x) g ()i,

(66)
(67)
(68)
(69)
(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)
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Using Eq (61) in (77),
§ = kqV h(x)Wy, + ky [V h(x)wy]
+ dexTh(x)[Vfo(x) + Vng(x)u]Wu
+ kywlV, h(x) [f(x(t)) + g()u + Wu]
T
+ kg [f(x(t)) + g(x)u + Wu] Ve h () wy,
+k qWl Ve h()wy + kgVIh(x)g(x)is,
Using Eq (62), s can be written as
$= (V91+V92+VS3+VS4+VSS)
— [mylslsgn(s) + 8sgn(s) + my|s|*sgn(s)],
where Vg, Vg, Vs, V;,, and V;_ are defined as
V51 = dexTh(x) [Vfo(x) + Vng(x)u] [wy ],
VSZ = (kd + kp)[VxTh(x)[Wu]];
Vo, = [ Vi RCO) [y,
Vo, = Wl Vi (O[],
Vs, = [Wu]TVxxh(x)[Wu]r
Vs6 = VxTh(x)Ww
Hence, V;, is given by
Vl = SS

=s(Vo, + Vo, + Vi, + Vi

Sa

+ Ve, + Vo)
+ s[my|s|sgn(s) + dsgn(s) + m,|s|*sgn(s)],

Using (69) for V;, = kgVxh()[Vxf (x) + Veg(Oullw],

VEhEOIV f () + Vi g (oul[w]
< RGN £ () + W g Goullliwyl
= MVthfog”Wu”:

Then

Vsl = dexTh(x)(Vfo(x) + Vng(x)u)[Wu]
< ka(My n My, 14 My,

Similarly, for Vy, = (kg + k) [VER(x) [w,]],

AIMS Energy

(78)

(79)

(80)
(81)
(82)
(83)
(84)

(85)

(86)

(87)

(88)
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17 h () Wi Il < | Moo ||| M | (89)
For Vg, = [%.]7Vyxh(x)[w,], we have
Ve, < [V RGO [HIw I, (90)
From Eq (31), ||| = [If () + gu(x)u + gy (x)w| and

VS3 S (Mf + Mgu + MgwMWu)MVxthWu’ (91)
Additionally, V;, is bounded as

Vs, < 12V hCO Wy |l < My My, n Myy,» (92)
Considering the Cauchy-Schwarz inequality, we have
Ve < IVxhOllIwull? < My M, (93)
and
Voo < IRV |l < My, n My, (94)
Now

My, = Mo i) My, pg + 1+ My, )My,

+ 2My My n My, + My n M2+ My, My, ®3)
Therefore, considering Eqs (86) and (95),
v, < My, s + s[my|s|sgn(s) + dsgn(s) + my|s|[*sgn(s)], (96)
Then
V1 S~7V[V55>‘_(5‘|5| —m1|s|2 _m2|5|a+1, 97)

Thus, if the hyperparameter § > My, V, is negative for sufficiently large |s|. It follows that s is

uniformly ultimately bounded. Consequently, we can conclude that the trajectory of error will
converge to the origin and the system is stable.

2.6. Hyperparameter optimization

In this sub-section, we implement multi-objective optimizations of the proposed controller. The
optimization problem consists of selecting the following six hyperparameters.

0= [kp, kdl ki, 5,m1,m2],m1,m2 > 0, (98)

to simultaneously minimize

f, = fo -l de fy = fo @2 de f, = fo o (99)
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T T
f4=j tezdt,f5=f lul dt,
0 0

In the optimization problem, f; states the chattering measurement based on [65,71], and shows
the difference between the input controller and the nominal value of the input controller. f, and f;
denote the integration of the absolute value of sliding surfaces, and the integration of the derivative of
sliding surfaces, respectively. Then, f, is the integral of time multiplied by the squared error [72,73]
and f5 is the integral of the absolute value of the input controller. This fitness function is considered
to minimize the absolute value of the dissipated energy of the actuators. The optimization constraints
are obtained based on the limitation of the designed controller parameters, which is explained in Eq (97).
Here, the objective functions, constraints, and variables are defined. To optimize these variables, four
benchmarking multi-objective optimization algorithms are considered. In this study, we use the
non-dominated sorting genetic algorithm II (NSGA-II) library in MATLAB to perform the gain
optimization algorithm for the sliding mode controller. In this algorithm, the individuals are divided
into different classes based on their dominance. Therefore, the first class is assigned to the non-dominated
individuals, and the following classes are assigned to the individuals who are dominated by the others.
When each iteration finishes, the distances among the individuals are computed. The criteria for these
distances are known as crowding distances for sorting the individuals. The flowchart of the algorithm
is illustrated in Figure 2.

T
(Start j> .
~—— |_population

P

/(’icncmle\xu ”, Satisfied ™

Initialize | Evaluate . .S'CIC‘-"
| = g individuals by
| fitness : )
P— their rank

| : < stopping crilcri'l‘.’>
\Ql‘cto front \ pping P
— \ A g .
. K= Perform
c‘éd crossover
S|
.2 Mutate
5|
5 .
Combine non- 2 F“:“hf"“c
dominated and S | offsprings
? 5 =)
crowding distance = Jr\
B feached
- OQ A Reached ~Nc
Combine <_ population

parents and
offsprings

Yes

Figure 2. Flowchart of the NSGA-II algorithm for multi-objective optimization.
2.7. Simulation parameters
The PEMFC parameters and the converter parameters used in the study are presented in the

symbols table at the beginning of the paper. All simulations used an initial condition x(t,) =
[0.16,0.16,1,1,1,0,1]7 for both the system and the observer.
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3. Results and discussion
3.1. Model step response

To better characterize and validate the model developed in Section 2.1, the model response is
compared to virtual experiments on the high-fidelity (HF) fuel cell model proposed by
Ebrahimi et al. [18] and Vijayaraghavan et al. [59]. The HF model is a transient computational fluid
dynamics (CFD) model that has been validated against a Ballard fuel cell. Figure 3 compares the
response of the two models to a step change in the current from 50 to 200 A/m? at time = 50 s, and
shows good agreement between them (with a steady-state difference of <0.1%).

HF model
--- Lumped model

e
o

o
o

Voltage / V
o
=

e
to

20 40 60 80 100
Time /s

o

Figure 3. Step response.
3.2. NSGA-II-based optimization

NSGA-II optimization was performed using a maximum number of generations of 100 and a
population size of 10 for a sinusoidal desired specific power profile, 5 cos(t) + 3sin (3t). The result
of a sample optimization for one of the points on the parent surface is shown in Figure 4. The
optimization is seen to converge in 40 generations (before reaching the generation limit). The optimal
values of the parameters are found to be k, = 1080.9566,k; = 10.6259,k; = 0.210, § =
0.2346, m, = 0.4640, and m, = 0.4366. The optimization toolbox in MATLAB R2023 was used to
generate the Pareto surface using a Lenovo Y700 with an 7 with 16GB of RAM. The Pareto surface
represents a vector optimal solution for a multi-objective optimization problem, wherein no objective
functions can be improved in value without degrading other objective values [74]. The optimization
procedure returned a 200-point point cloud. As it is rather difficult to visualize the 5-dimensional
parent front, we will determine a quadratic polynomial surface fit of the parent front. To this end, we
will first scale the fitness function as follows: f; = f,/10°, f, = £,/105, f3 = f3/10, f, = f,/10%,
and f = f5/107, and perform a regression analysis to fit a quadratic polynomial:
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AIMS Energy

fs=ko+kpfi+ kifo+ kifs+ kifu + kpfi + kypfofy
+ kfzzfzz + kf3f‘1f3f1 + kf'gfzfsfz + kf32f32 + kf_4f_1f4f1
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Figure 4. Convergence of multi-objective optimization.

—0.0236 + 0.6528 f; + 0.0592 f; + 0.0250 £, — f5 + 0.0058 f2
+7.4778 X 107 2 — 0.9045 f3f; — 0.0005 f53f, — 0.0358 f}
—0.0374 f,f; + 6.7997 x 1075 f2 — 0.0090 £ f; + 1.4061 ff; = 0,

To improve the fitting function, we progressively eliminated the statistically insignificant
coefficient of the quadratic polynomial. The final fitting function was found to be

(101)

with a residual error of 3.892 x 10, an R? value of 1, and a p-value of <2.2 x 107!¢ indicating an

exceptionally good fit. Figure 5(a) shows a 3D surface plot f3 vs. f, vs. fz (with f; = 1 and f5 = 1),
and Figure 4(b) shows pairwise Pareto curves of different objective functions.
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(b) Pairwise 2D Pareto curves of f; vs. f; (with f, = 1 fori,j # k).
Figure 5. Pareto surface.

3.3. Simulation for sinusoidal input

The proposed controller was implemented for the point k,, = 1080.9566, k; = 10.6259,k; =
0.210,6 = 0.2346,m, = 0.4640, and m, = 0.4366 on the Pareto surface, and the system and
controller were simulated for the desired specific power profile 5 cos(t) + 3sin (3t) on a Lenovo
Y700 with an 17 with 16GB of RAM using MATLAB R2023. Figure 6(a) demonstrates that the
proposed EKF algorithm can estimate the output in the presence of external disturbances and that the
proposed controller can drive the system to the desired power profile trajectory. Therefore, the
EKF-based sliding mode controller optimized by the NSGA-II is considered a suitable controller to be
used for trajectory tracking. Figure 6(b) depicts the input controller that is used for controlling the
specific power of the PEMFC system. This controller schema is designed based on Eqgs (61) and (62).
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The tracking error in Figure 6(c) and the value of the sliding surface in Figure 6(d) also approach zero
over time. There is no overshoot in error, and the system is stabilized in finite time. The integral square
error (ISE), integral absolute error (IAE), integral time absolute error (ITAE), and integral time square
error (ITSE) of the tracking error are 2488.30, 96.64, 408.69, and 2045.15, respectively.
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Figure 6. System response to a sinusoidal target profile.

3.4. Simulation of the system with uncertain parameters

While it may be relatively easier to determine the ohmic parameters, the time constants and
limiting current density may have higher uncertainty. As such, the true system model may be different
from the nominal model used by the controller. Figure 7 compares the proposed algorithm for different
model parameters used by the true system model, while the model used by the controller was
fixed (ty = 65,7, = 0.67 s, and J;;,, = 15000 A/m?). The simulation was run on a Samsung Galaxy
Book 3 with an 17 with 16GB of RAM using MATLAB R2023. This simulation demonstrates the
robustness of the EKF-based SMC to model uncertainties.
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Figure 7. Response of the uncertain system to a sinusoidal target profile.
3.5. Simulation for modified urban dynamometer driving schedule (M-UDDS) input

The (standard) urban dynamometer driving schedule (UDDS) [75] corresponds to driving a
vehicle in a typical urban environment and is one of the common driving cycles used for electric
vehicles. The M-UDDS was generated by removing the negative power corresponding to the braking
action and adding a small constant power to account for the auxiliary power demand. The proposed
controller was implemented for the point kp = 1080.9566,k; = 10.6259,k; = 0.210,6 =
0.2346, m, = 0.4640, and m, = 0.4366 on the Pareto surface, and the system and controller were
simulated on a Lenovo Y700 with an 17 with 16GB of RAM using MATLAB R2023 for the M-UDDS
cycle. Figure 8(a) shows the power tracking ability of the algorithm for the M-UDDS cycle. It is seen
that even though the initial optimization was performed using a sinusoidal profile, the controller can
overcome the disturbances and track the desired profile. The controller input signal is depicted in
Figure 8(b). This controller signal regards the proposed controller schema that is described in Eqs (61)
and (62). Figure 6(c) and (d) illustrate how the suggested algorithm performs in reducing errors. There
is no overshoot in error, and the system is stabilized in finite time. The ISE, IAE, ITAE, and ITSE of
the tracking error are found to be 13.09, 47.50, 8414.10, and 1867.49, respectively.
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Figure 8. System response to the M-UDDS target profile.

4. Conclusions

This paper has investigated the problem of power tracking control for the PEMFC system feeding
a boost converter with noise. A sliding mode control scheme has been presented in detail, and its
stability has been proven by applying the Lyapunov theorem. The gains of the controller have been
optimized by applying the NSGA-II and designing objective functions to minimize the integral of
chattering, the integral absolute value of the sliding surface, the derivative of the sliding surfaces, the
input controller, and the time multiplied by squared error. Then, the optimized gains were utilized to
show the performance of the proposed controller for three desired specific power profiles: the sine
reference signal, the sine reference signal under modeling uncertainties, and the M-UDDS reference
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signal. From the simulation study, it was observed that the proposed algorithm’s results are
satisfactory, and the algorithm can be scaled to a real system.
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