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Abstract: To reveal functional properties of biological complexes using single-particle cryo electron
microscopy (cryo-EM), it is important to obtain maps without distortions. 3D reconstructions can be
obtained from back-projection of the individual 2D projections of the particles, a concept that assumes
equally distributed orientations. However, most biological samples exhibit preferential views due to
preferred particle orientations, e.g., at the air—water interface or on a carbon surface of a cryo-EM grid.
Here, we present a method based on Voronoi diagrams that takes into account the Euler angle
distribution of particles through individual image weighting, thus reducing 3D reconstruction artefacts
emanating from preferential particle orientations. Voronoi diagrams are built from the Euler angle
values plotted on a sphere in order to graphically display particle orientations, and the assignment of
the projection weights is then calculated, being proportional to the individual Voronoi polygon areas.
We implemented this real-space approach into a 3D reconstruction routine that allows performing
automated weighting. The method was validated using a back-projection algorithm on synthetic model
data and on real experimental data with different point group symmetries and in the presence or
absence of preferential views, revealing a particular benefit for asymmetric objects.
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1. Introduction

Single-particle cryo electron microscopy (cryo-EM) comprises several steps during image
processing, including particle selection and angle assignment, among others (reviewed in [1-7]).
Among these, 3D reconstruction is a key step during which the 3D object is reconstituted. During this
step, it is crucial to avoid errors or artefacts that could otherwise affect the interpretability of the
resulting cryo-EM map. The essence of single-particle analysis is the usage of many different images
of individual molecules to reconstruct a 3D distribution of the object densities, assuming that each
image is a projection of the same object [8,9]. Although the mathematical concept of restoring the 3D
density from object projections was described more than a century ago [10], it was considered for a
long time as a sophisticated theoretical abstraction. Later, this theory found many applications for
reconstruction algorithms in the cryo-EM field [11-14]. These approaches share the key assumption
that while the distribution of viewing angles of the object is random (Euler angles are represented on
a sphere called “Euler sphere”), it can usually be considered even. However, due to uneven particle
orientations, this assumption is often imprecise in practice and can lead to severe distortions in the 3D
reconstruction if left uncorrected, and make map interpretation imprecise, difficult, or even impossible
depending on the degree of distortions.

Image analysis in cryo-EM requires numerically stable and computationally effective methods so
that large data sets can be processed to produce 3D reconstructions at near atomic resolution [15-22].
The quality of the 3D reconstruction depends on different parameters such as image quality and particle
number in a given data set, the accuracy of the image alignment and angle assignment of the particle
images, the symmetry of the object, and whether there is an even angular distribution of the particle
views. Sample preparation techniques such as negative staining or plunge-freezing in liquid ethane
lead to the fixation of the orientations of the molecules on the carbon surface of an EM grid or
embedded in amorphous ice [1,23]. Because molecular positions are fixed in the vitreous ice, the image
of a complex is related to the orientation of the molecule with respect to the electron beam. This
property allows using the projections of the fixed molecules during the 3D reconstruction procedure.
The cryo-EM sample preparation has the advantage of preserving the molecules in a hydrated,
functional state as compared to negatively stained samples. However, the cryo-preparation does not
by itself ensure an even distribution of views, due to the biophysical properties of biological samples.
Indeed, hydrophobic areas on the molecule surface may lead to preferential orientations toward the
air—water interface (visible, e.g., by electron tomography [24]) within the thin liquid film that spans
holes in holey carbon (unsupported) or that lies on a thin carbon film (carbon-supported). The existence
of preferential orientations leads to an overemphasis of densities in this direction in the 3D
reconstruction and creates distortions of the structural features. Because uneven distributions of the
particle orientations occur commonly with various biological samples, they should be taken into
account and compensated for when performing 3D reconstructions. Among different possible solutions
that have been suggested, the most frequently implemented method is the exact filtered back-projection
approach [12]. In the original sense, weighted back-projections relate to the superposition of Fourier-
filtered (Fourier-domain weighted) back-projections. This helps to emphasize fine details and suppress
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low-frequency halos, which often appear in 3D reconstructions due to the strong overlap of central
sections at low spatial frequencies [12]. This Fourier-domain weighting could be replaced by 3D
filtering of the obtained 3D map or sharpening, which can be combined with denoising. This approach
is rather efficient but tends to leave some residual distortion artefacts in the maps; also, it does not
allow handling a heavily distorted distribution of projections. In the past, the use of Voronoi diagrams
has been suggested [25], but its implementation in Fourier space, while elegant, remains too
computationally time-consuming and difficult to parallelize. Fourier-based 3D operations may, in
some instances, become a limiting factor in the context of high-resolution cryo-EM [1,26], which
requires fine sampling with small pixel sizes, creating huge arrays. An alternative could be to develop
a real-space approach, which would be fully compatible and convenient in an image processing
workflow, as it does not require 3D Fourier operations. Here, we propose a new Voronoi-based
weighting scheme for 3D reconstructions, which is computationally fast and runs in real space and is
also implemented into a 3D reconstruction software, BKPR. To analyze and highlight preferential
views in cryo-EM datasets, we also provide a software, Eulerplot, for plotting Euler angle distributions
and occurrences.

2. Materials and methods

In 3D reconstruction, reducing preferred particle orientations and the resulting map density
distortion requires (i) an estimation of Euler angle distribution and (ii) a weighting of the contributing
2D projections, ideally in a precise way, to obtain 3D reconstruction using more evenly distributed
particle orientations. The algorithm calculates the spherical Voronoi diagram by computing the convex
hull construction. The convex hull of the input points is calculated, which is equivalent to their
Delaunay triangulation on the surface of a sphere. The Delaunay triangulation neighbor information is
then used to order the Voronoi region vertices. The surface area of spherical polygons is calculated by
decomposing them into spherical triangles. The correction of preferred particle orientations is based
on down-weighting the number of projections (by a factor corresponding to the inverse ratio of the
Voronoi polygon area) that is used for the 3D reconstruction and is done in real space using the back-
projection algorithm published earlier [27]. This is done once the Euler angles have been assigned in
the image processing workflow; further refinement of the structure using the corrected 3D
reconstruction as an internal reference then allows further refinement of all refinement parameters
(such as translational and rotational particle alignments, Euler angle assignments, etc.), resulting in
improved cryo-EM map fine features (i.e., with less distortions).

The back-projection and Euler angle image software were written in C++ using the FFTW library
(http://www.fftw.org) for the calculation of Fourier transforms and the X11 basic framework for the
GUI environment. The software was built using GCC from the GNU compiler collection
(https://gcc.gnu.org). The BKPR and Eulerplot software handle image data and can read Euler angles
from a text file (with the format of Euler angles alpha, beta, and gamma, which are defined as three
subsequent rotations; the first rotation angle alpha describes a rotation around the Z-axis; the next is a
rotation along the new Y-axis over the beta angle; finally, the gamma rotation is a rotation around the
new Z-axis; all rotations are counter-clockwise).

For the synthetic model data, we used the atomic structure of the 30S small ribosomal subunit
from 7. thermophilus [28] to model the effects of a non-uniform particle distribution. For this, we
converted the atomic structure (PDB ID: 1YL4) into a density map in a cube of 512 voxels with a
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sampling of 1 A per pixel using the Gaussian approximation of the atoms with the IMAGIC
software [29]. The non-uniform distribution of projections was then simulated using 256 projections
of the map. The preferential orientation distributions were generated by adding randomly generated
uniform distributions and randomly generated distributions in specific angular areas. The structure of
heat shock protein (HSP) [30] (PDB ID: 2BYU) with tetragonal symmetry was used to compute 128
projections within the tetrameric asymmetric unit. For real experimental data, we used previously
published datasets of the 30S ribosomal subunit [31], the RXR/VDR nuclear receptor [32], and the
grapevine fanleaf virus (GFLV) [33].

3. Theory
3.1. Theoretical consideration of the problem

The possibility of reconstructing 3D objects from their projections has been proved analytically
by J. Radon in 1917, demonstrating that “the object can be reconstructed uniquely from its line
projections when all of its line projections are known”. However, the Radon theorem does not address
the question of how to reconstruct the object from a limited number of projections. The theorem
considers projections as integrals of the multi-dimensional function on a manifold of one-dimensional
directions and assumes that all projections are ideal, without noise, and with infinite resolution and
exact angular sampling.

In practice, because of a limited number of non-ideal projections, the object cannot be
reconstructed with maximum precision up to the Nyquist frequency, i.e., the data quantization
frequency. Additional inaccuracy is caused by noise in the input data, possible numerical instability of
the algorithm implementations, and the limited number of projections. Known 3D reconstruction
algorithms work either in real or Fourier spaces and show algorithm-specific properties that act like a
transfer function of the reconstruction process. The inaccuracy caused by the algorithms themselves
can be interpreted as a point spread function (PSF) that depicts the shape and size of each point in
the 3D density map (the cryo-EM map being, in fact, a Coulomb potential or electrostatic potential
map [34-37]). The PSF of a registering system describes the response of a detector device during the
acquisition of an image of the point, which should correspond to the Dirac o function in the case of an
ideal situation with a system harboring no distortions and no limitations in resolution. The PSF of a
3D object of limited resolution can be described as a Gaussian function with spherical symmetry. In
Fourier space, the PSF corresponds to the modulation transfer function (MTF), where amplitude
fluctuations represent the space frequencies of the PSF. The PSF itself can be used to account for
preferential views as implemented in the IMAGIC software [29] during 3D reconstruction [38,39],
which is based on a uniform integration over spherical Fourier shells [12].

Figure 1 shows an example of the effect of preferential particle views on a 3D reconstruction.
Two situations are simulated for a dataset of the 30S small ribosomal subunit: a non-uniform and
uniform distribution (Figures 1E and 1F, respectively). The comparison of the middle cross-sections
of the reconstructed density maps for non-uniform and uniform distributions reveals significant
differences between the two 3D reconstructions (Figure 1A/C and 1B/D); the non-uniform distribution
of projections results in an artefactual elongation of densities. All features of a 3D reconstruction start
losing sharpness, especially in the direction perpendicular to that of the predominant projections. This
situation can be interpreted as an elongation (blurring) of the PSF in one direction, which results in a
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non-spherical (non-uniform) PSF, while a proper weighting scheme of particle orientations should
correct for that and restore a perfectly spherical PSF shape. The elongation of densities or PSF in a
non-uniform distribution is caused by the scarcity of certain orientations, while others are
overpopulated in the other (preferential) directions. However, a better and more precise method with
regard to the individual particle images would be to assign individual weights to the input projections
(in practice, this results in down-weighting overrepresented particle orientations). We chose here to
use Voronoi diagrams for this purpose. In the following, we describe the concept and its
implementation and provide examples with synthetic data and experimental cryo-EM data.

Figure 1. 30S small ribosomal subunit test data. A: Central cross-section of the
reconstructed 3D density map with preferred orientations (i.e., non-uniform angular
distributions). B: Central cross-section of a 3D density map with uniform distribution of
projections. C, D: Zoomed regions of panels A and B. E, F: Angular distributions of
simulated projections with and without preferential orientations, respectively.
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3.2. Concept of Voronoi diagrams

Let us first explain the concept of Voronoi diagrams before describing the weighting algorithm
used here in cryo-EM 3D reconstructions. The Voronoi diagram on a plane [40,41] is the partitioning
of a plane with n superposed (generating) points into convex polygons such that each polygon contains
exactly one generating point and every plane point inside a given polygon is closer to its generating
point than to any other (Figures 2A and B). The generating points are called Voronoi sites. The cells
are called Dirichlet regions or Voronoi cells (polygons, open for the outer generating points), and the
edges of the cells are called Voronoi edges. A Voronoi diagram is sometimes also known as a Dirichlet
tessellation [42]. Each point on the boundary of the Voronoi cell, or a polygon, is equidistant from two
Voronoi sites, and each vertex is equidistant from at least three Voronoi sites. As a result, the regions
are edge-to-edge and vertex-to-vertex; therefore, all regions form a polygonal partition of the plane
without holes or non-partitioned spaces (Figure 2B). Voronoi diagrams are used in various areas and
applications, such as for 3D representations and triangulations of objects in computer graphics (e.g.,
Coot [43], Chimera [44], Pymol [45], etc.), and in many other scientific fields and engineering
technologies. Recent applications also include segmentation methods, for example, in super-resolution
microscopy for image reconstruction from localization events and clustering analysis of fluorescently
labeled macromolecular complexes that we developed recently [46,47]. The dual graph of the Voronoi
diagram is the Delaunay triangulation [48,49], which is well known in computer graphics.

The Voronoi diagram on a sphere, which we use to describe the distribution of Euler angles, is
similar (equivalent and congruent, but may have open and closed cells) to the diagram on the plane.
The link is based on a transformation of a plane into a sphere via, for example, the orthographical
transformation. When a set of n distinct points is located on the sphere with unit radius and with the
center at the origin of the coordinate system [50], the distance between two points p and ¢ is defined
as the length of the shortest arc of the great circle passing through p and q (Figure 2C). This distance
is called the “great circle distance”. The arc that delineates the region of the point dominance between
two Voronoi points on the sphere is a great circle that passes through the mid-point of the great circular
arc linking p and g perpendicularly to it. This great circle is equivalent to the Voronoi edge and divides
the sphere into two hemispheres. The intersection of hemispheres related to a given site gives the
spherical Voronoi region or polygon associated with this site. The set of resulting spherical Voronoi
polygons gives a generalized Voronoi diagram, which is called the spherical Voronoi diagram and
provides a polygonal tessellation of the unit sphere (Figure 2C), such that the entire sphere is covered
without gaps.

We used the concept of the Voronoi diagram on a sphere to assign a weight to each projection
according to its region of influence on the Voronoi cell. Each Euler angle of a projection (single-
particle image or class average) is represented on the unit sphere as a point of intersection of this sphere
with the projection direction (i.e., a Voronoi site) and corresponds to one facet of the Voronoi cell.
Each Voronoi cell on the sphere contains one and only one point corresponding to a single projection.
Because the area of a cell is inversely proportional to the density of Voronoi sites, a projection weight
can be calculated according to the Voronoi cell area in a proportional manner. In other words, the
down-weighting of preferential views is inversely proportional to the Voronoi cell area. This results in
down-weighting of projections in densely populated areas and up-weighting of projections in sparsely
populated areas in order to make stronger use of rare views. In addition, if there are many projections
with exactly the same angle, the weight is divided by the number of superimposing or overlapping
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projections; this is typical for projection matching, where many images may have an identical angle

assignment arising from the corresponding reference image. The determination of the Voronoi diagram

on a sphere can be built using Delaunay triangulations. In the procedure described below, the
computation of the Voronoi diagram is implemented by carrying out a dual transformation of the

Delaunay triangulation.

The Voronoi-based weighting algorithm comprises the following steps:

1. Computation of the Voronoi diagram for the Euler angles of all projections participating in a 3D
reconstruction;

2. Computation of the areas of the Voronoi polygons in the Voronoi diagram and usage of their
values as real-space weighting factors for individual back-projections (i.e., individual weights are
proportional to the individual Voronoi polygon areas);

3. Loading of projections and performing Fourier filtering (Fourier-weighting of projections);

4. Multiplication of all projections with the corresponding real-space weighting factor;

5. Computation of double-weighted (Fourier and Voronoi) 3D reconstruction.

A B

Figure 2. Voronoi diagrams on a plane and on a unit sphere. A: Fundamentals of the
Voronoi tessellation. Two Voronoi sites (red) and one Voronoi edge (marine blue). B:
Voronoi diagram on a plane. Black lines denote Delaunay triangulation. C: Voronoi
diagram on a sphere; front and back views (left and right, respectively). The distance (the
“great circle distance”) between two points p and g is defined by the length of the shortest
arc of the great circle passing through p and q; a great circle passes through the midpoint
of the great circular arc linking p and g perpendicularly.
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4. Results and discussion

The Voronoi-based weighting of particle orientations has been implemented in a software called
BKPR (back-projection) and tested on data with different symmetry point groups and with different
types of Euler angle distributions (even/uneven), with both synthetic and experimental data. The
software analyzes the distribution of projections on the Euler sphere to assign weights for each projection
according to the area of the Voronoi polygon on the Euler sphere (Figure 3). In addition, if there are
several projections with exactly the same orientation (same Euler angle, which can happen, for
example, during angle assignment using projection matching using a reference, but usually not if using
common lines and angular reconstitution [51]), the software will treat all these projections as one and
down-weight each specific projection according to the total number of projections with the same Euler
angle.

Figure 3. Test dataset of the 30S small ribosomal subunit with simulations of preferred
orientations. A: Central cross-section of the ideal structure. B, C: Cross-sections of the 3D
reconstructions without and with corrections of the preferred orientations, respectively. D,
E: 2D and 3D representations (front and back views of the sphere) of the distribution of
projections.

We have modeled the effects of a non-uniform particle distribution and its correction by Voronoi
weighting using the structure of the 30S small ribosomal subunit (Figures 3 and 4). The dataset has
been simulated as a density map of the atomic structure using the Gaussian approximation of the atoms
(see Methods). This mimics the typical behavior of a ribosomal specimen on a carbon-supported cryo-
EM grid, when the preferential orientation is caused by ribosomes sticking with one side to the carbon.
The distribution of projections for this 30S model dataset is shown in 3D (Figure 3E) and as a two-
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dimensional distribution on the Euler sphere using our Eulerplot software (Figure 3D; other
implementations of angular-equidistant Euler angle plots exist in software such as RELION [52],
CryoSPARC [53], or cisTEM [54], a recent distortion-free version being the VUE program that is
based on the Lambert azimuthal equal-area projections [55]). Blue lines (Figure 3E) show the
corresponding Voronoi diagram on a sphere for this specific distribution of projections, illustrating
that the half-sphere with a high density of sampling shows smaller areas of Voronoi polygons, while
the opposite half-sphere shows much larger Voronoi polygon areas representing a few rarer views.

The comparison of the reconstructions with the forward projections of the original atomic model
demonstrates clear differences between the cross-sections of the “ideal”, non-corrected, and corrected
structures (Figures 3A—C). While the main features on corrected or non-corrected structures are rather
similar, the reconstructions reveal the presence of extra background caused by the limited amount of
the rare projections used for model calculations. An increase in the number of projections significantly
improves the contrast in the 3D reconstruction as it reduces the background. In the case of a non-even
distribution of projections, artefacts appear: in the non-corrected structure, all small elements have the
densities elongated (Figure 3B) in the direction where the projection directions are clustered on the
Euler sphere (Figure 3D). In the corrected structure, the corresponding areas show fine details without
shape distortions (Figure 3C).

We also estimated the influence of the non-uniform distribution of particles on the projections of
the structure. Orthogonal projections were computed from the test ribosomal reconstruction shown
before, and a comparison was done for three types of 3D reconstructions: ideal, non-corrected, and
corrected (Figure 4). The non-uniform distribution of projections is visible mostly in the so-called
“front view” of the 30S ribosomal subunit (first column of Figure 4). The “front view” projection from
the non-corrected structure exhibits clearly visible elongated traces along the overpopulated direction.
The corresponding difference image (Figure 4J-L) clearly shows that the major difference between
projections from corrected and non-corrected structures is along a preferential direction, revealing
itself through elongated densities along that direction. Moreover, even though for 3D cross-sections of
the maps the difference is probably less noticeable, for projections it becomes quite strong (Figure 4D),
as illustrated by the corresponding difference image after map subtraction of the ideal reconstruction
(Figure 4J). Obviously, if Euler angle assignment and structure refinement are done by projection
matching, a certain family of projections could be affected by those 3D reconstruction artefacts. It
should also be noted that, in the absence of preferential orientation correction, there is a loss of
precise features, as illustrated by the map-model similarity curves calculated by Fourier shell
correlation (FSC [56,57]) between the maps and the original atomic coordinates (Figure 5), i.e., the
uncorrected maps correlate less well with the atomic model due to the elongation in certain directions,
while the corrected maps differ from the atomic model due to the reduced number of input particle
projections. While the correction provides more isotropic information with less distortions, the missing
information from rare orientations can obviously not be recovered itself (the down-weighting only
reduces the dominant orientations).
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Figure 4. Orthogonal projections from the test dataset of the 30S ribosomal subunit. A, B,
C: Orthogonal projections from the ideal structure. D, E, F: Orthogonal projections from
the non-corrected 3D reconstruction. G, H, I: Orthogonal projections from the corrected
3D reconstruction. J, K, L: Difference mapping between non-corrected and ideal
projections. M, N, O: Difference mapping between corrected and ideal projections.
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Figure 5. Resolution improvement by Voronoi-based weighting of preferred orientations.
Map-model similarity curves based on FSC calculations between the atomic model
(“ground-truth™, as it was used to generate forward projections in the first place) and the
3D reconstructions, showing a net resolution improvement upon Voronoi-based weighting
of preferred orientations (left curves: non-corrected reconstructions; right curves:
corrected 3D reconstructions) using variable amounts of input projections (from left to
right for each set of curves: 375, 750, and 1500 input projections).

To further characterize the Voronoi diagram—based weighting, we also analyzed some typical
objects with different levels of internal symmetry. The influence of the non-uniform distribution of
projections on the reconstruction of a heat shock protein (HSP) (2BYU) with tetragonal symmetry was
monitored by computing 128 projections within the tetrameric asymmetric unit (Figure 6). The strong
preferential orientations in one asymmetric unit will be replicated 12 times for the tetrahedral
symmetry, resulting in the presence of 12 overweighed directions around the whole sphere instead of
one for the asymmetric case. The corresponding Voronoi diagram for all asymmetric units (Figures
6D and E) illustrates that, as can be expected, the high degree of symmetry makes the influence of
strong preferential orientations significantly smaller.
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Figure 6. Test data and corrected reconstruction for objects with internal symmetry. A:
The central cross-section of the ideal structure of the tetrameric heat shock protein. B, C:
Cross-sections of the 3D reconstructions without and with correction of preferred
orientations, respectively. D, E: 2D and 3D representations (front and back views of the
sphere) of the distribution of projections.

5. Conclusions

The results described here show that Voronoi-based weighting of projections can help with
obtaining 3D reconstructions with fewer distortions. It also shows that our implementation is feasible
and numerically stable, an aspect that was not obvious a priori due to the convex nature of Voronoi
diagrams (i.e., the lines at edges of Voronoi cells need to be finite; the lines are generated from the
intersection of half-planes; Voronoi cells can be closed or open). The synthetic and experimental
datasets of asymmetric objects, such as the 30S ribosomal subunit, and symmetric objects, such as
HSP, show that the method is applicable to objects with various symmetries. The correction is
particularly beneficial for C1 or low-symmetry objects because the asymmetric unit covers the entire
Euler sphere, whereas symmetric objects have a small asymmetric unit within which preferential views
only marginally affect the quality of the 3D reconstruction. The improvement of the reconstruction
with Voronoi-based weighting in comparison with the reconstructions without compensation is visible
through the global features and the fine details, which resemble those of the original (ideal)
reconstruction, as illustrated also by the difference mapping. There are basically no distortions of the
maps (i.e., no stripes in the 3D reconstruction originating from the back projection), as also illustrated
by the weak residuals in the difference maps. A clear benefit of the method is that stripy densities get
reduced after down-weighting of the preferred particle orientations (Figures 3 and 4). A potential
limitation of the method may be that down-weighting of overrepresented views leads to relative up-
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weighting of rare views, thereby potentially increasing the noise level in those directions, but this is
still better than having those views underrepresented (in the reconstructions done here, we did not
observe noise effects, though). Complete absence of views would remain a problem if only the down-
weighting of preferred particle orientations is performed. Therefore, cases of extreme preferred
orientations may require additional compensation (see alternative methods for down- and upweighting,
e.g., using explicit correction of non-uniform distributions [55,58]) or other ways of experimentally
acquiring additional views in the cryo-EM data (tilting, changing cryo-EM grid support, adding
detergents to the sample before cryo-EM grid preparation, etc.).

In the case of non-uniform particle orientations, there is a significant loss of resolution in one
direction of the 3D reconstruction. However, the error is not localized in a specific spatial frequency
domain; instead, the resemblance of the structure to the ideal reconstruction is decreased in all
frequencies along one direction (i.e., leading to anisotropic resolution). The compensation increases
this resemblance to an almost perfect level in the low-frequency domain. However, it slightly reduces
the maximum possible resolution due to an increase in high-frequency noise with the relative increase
of weights for rare views (the preferential views being down-weighted in the first place). Altogether,
however, this is compensated by performing a correction of the preferential orientations, which
significantly improves the average volumetric resolution compared to the uncorrected reconstructions,
as illustrated by the considerable gain in resolution, which improves from 3.2 to 2.2 A (based on map-
model FSC calculations, Figure 5). The resolution of the map becomes more isotropic, but the nominal
average resolution value becomes lower than in the uncorrected, previously strongest direction (which
is, in fact, artificially high due to the strong contribution of preferred particle orientation in one
direction). Hence, down-weighting of the densely populated particle orientations improves the
appearance and detailed features of the map.

A direct evaluation of resolution gain using classical FSC calculations from half-maps turns out
to not be the best measure to estimate whether the 3D reconstruction has improved after weighting
preferred particle orientations, because they are biased by the number of projections used; with many
preferred particle projections, the resolution estimation is artificially higher [58], even though the map
is worse in terms of distortions and stripes. Hence, instead of formal resolution estimations, the safest
way is to look at map features and perform comparisons with an atomic model (visually to analyze
whether map distortions such as stripes in the densities get reduced, complemented by map-model FSC
calculations). In practice, the effect of resolution gain may be less strong, but it can be an additional
factor for obtaining isotropically resolved cryo-EM maps. This is a crucial parameter that significantly
facilitates map interpretation and atomic model building and refinement. Finally, the higher precision
of the structure in the low-frequency domain will also facilitate initial 3D reconstructions from
relatively few views, thereby increasing the robustness of 3D reconstructions in the early structure
determination, in 3D classifications and particle sorting procedures, in focused refinements [5,31,59—66],
and in the final refinement steps during image processing. In this context, it is important to note that
the usage of an improved 3D reconstruction showing fewer map distortions will be beneficial for the
refinement of a structure when that 3D reconstruction is used as the internal reference for further
refinement, which will also increase the robustness and precision of angle assignments. In other words,
“stripy” maps result in “streaky” references, which, during refinement of the 3D reconstruction, can
result in incorrect or imprecise Euler angle assignments. It is well known in image processing that the
quality of angle assignments depends on the quality of the structure/map under refinement, and this is
particularly true for maximum likelihood—based parameter refinements, which commonly use a
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reference. Recent papers and implementations of corrections of preferred particle orientations are
based on other methods [55,58,67—72] underlining the novelty of the Voronoi-based weighting concept.

The influence of the weighting decreases when introducing internal symmetries: with higher point
group symmetries, the distortions become less pronounced and are almost non-noticeable for
icosahedral reconstructions. This is related to the fact that a high-symmetry structure has a smaller
asymmetric unit (Figure 6) such that even strong preferential orientations of projections give a rather
uniform 3D reconstruction. Indeed, corrections have a rather weak effect in this particular case because
symmetric objects do not suffer much from preferential particle orientations due to the small size of
the asymmetric unit; a slight particle rotation easily samples the projection angles inside the
asymmetric unit within a few degrees, and if the rotation goes beyond that, it is located in the adjacent
asymmetric unit, which follows the general symmetry, i.e., it corresponds to an already defined region
in the initial asymmetric unit.

Figure 7. Voronoi-based weighting and Eulerplot for the analysis and correction of
preferred orientations, as exemplified with experimental data of the DNA-bound
RXR/VDR complex. Typical distribution of projection on a unit sphere, as exemplified for
the structure of the VDR-RXR-DR3 complex [32]. Circle sizes denote weights, assigned
to individual projections according to the Voronoi diagram. The larger the circle size, the

stronger the down-weighting assigned to a given projection.

Altogether, we show that the concept of Voronoi-based weighting can be implemented stably and
that it behaves robustly for different practical cases of macromolecular complexes. Beyond the
synthetic datasets described above, we have also used this method to compensate for preferential
particle orientations in experimental data, thus validating our approach and showing its applicability.
In the past, we have used this method for determining the 3D reconstructions of several objects, e.g.,
the 30S ribosomal subunit [31], the RXR/VDR nuclear receptor [32] (both are asymmetric objects),
and grapevine fanleaf virus (GFLV) [33] (an icosahedral object), showing its robustness and large
applicability. We therefore believe that the concept of Voronoi-based weighting of preferred particle
orientations could be used for implementation into future cryo-EM workflows, for which this work
lays a conceptual and solid ground. One of the advantages probably stems from the fact that it allows
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performing a mathematically precise individual weighting of the input projections, obtaining 3D
reconstructions without noticeable residual distortions. In the context of the current high-resolution
cryo-EM advent, which can be applied to an increasing number of biological objects, this method will
be a useful tool to obtain high-quality 3D reconstructions. This will facilitate cryo-EM map
interpretation and atomic model building and refinements, which benefit from less noisy maps and
better-defined fine features such as side-chain densities. Finally, the Voronoi-based weighting concept
could also be considered for cryo electron tomography (cryo-ET) reconstructions, where it could help
with down-weighting and reducing distortions originating from the missing wedge (or missing
pyramid in the case of dual-axis cryo-ET [73]). Hence, tilt images closer to zero-tilt would become
down-weighted in this case. This could be particularly relevant for objects where no sub-tomogram
averaging can be applied, hence relying directly on the 3D reconstruction obtained from the tomogram
reconstruction.

Voronoi-based weighting could be particularly useful in the context of on-the-fly image
processing and 3D reconstruction, as currently more widely implemented, in particular in the context
of infrastructures such as FRISBI or Instruct-ERIC, offering user access to cryo-EM facilities. In this
context, the Voronoi-based weighting concept is also convenient for plotting distributions of particle
orientations (Figure 7). Hence, the Euler plot software could be useful to analyze the properties of a
dataset while image processing is being performed, i.e., during 3D reconstruction and throughout
structure refinement, and for data deposition at the EMPIAR and EMDB databases.
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