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Abstract:  Efficient sampling of low-energy conformational states remains a central challenge
in protein folding simulations. In this study, we investigated the performance and limitations of
standard Monte Carlo (MC) and parallel tempering Monte Carlo (PTMC) methods in exploring
protein energy landscapes using two representative systems: the small peptide Met-enkephalin and
the FBP28 WW-Domain protein. For Met-enkephalin, standard MC simulations achieved equilibrium
at higher temperatures but showed insufficient sampling in low-energy regions. In contrast, PTMC
significantly improved sampling efficiency across a wide temperature range, particularly in the low-
energy regime, enabling robust exploration of the energy landscape. PTMC successfully identified
the global minimum structure of Met-enkephalin with an energy of -11.23 kcal/mol and a root-mean-
square deviation of 1.18 A from the reference structure. The applicability of PTMC to larger proteins
was further examined through extensive simulations of the WW-Domain, revealing pronounced
energy fluctuations and folding—unfolding transitions at higher temperatures, while sampling at lower
temperatures remained limited. The number of visits per unit energy range for two consecutive
temperatures have also monitored to check the exchange rate and conformational sampling of the entire
landscape. The average energy and specific heat with respect to temperature have also calculated to
check the folding unfolding transition of WW-Domain. These results demonstrated the superiority
of PTMC over standard MC for protein folding studies; however, they also highlighted challenges
associated with larger protein systems.

Keywords: protein-folding; Monte-Carlo simulation (MCS); parallel-tempering (PT); energy
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1. Introduction

Proteins are large and complex biomolecules composed of one or more polypeptide chains [1, 2].
Each polypeptide is a linear polymer of amino acid monomers, where peptide bonds are formed
between the carboxyl group of one amino acid and the amino group of the next [3,4]. Proteins are
synthesized by translating messenger RNA into a linear amino acid sequence, which initially exists in
an unfolded or randomly coiled state [5—7]. These molecules subsequently fold into specific
three-dimensional conformations, either globular or fibrous, to perform their biological functions.
This transformation is known as protein folding [8-10]. Proteins can adopt a wide variety of
conformations [11], each corresponding to a point in a highly complex energy landscape [12]. The
study of such biological molecules has fascinated research for decades. Among modern approaches,
computer simulations have emerged as a powerful tool to investigate protein folding [13-15] and
conformational behavior [5]. Methods such as molecular dynamics (MD) and Monte Carlo (MC)
simulations have been instrumental in providing molecular-level insights into various biological
phenomena [8, 16, 17]. Despite their success, challenges remain in using these simulations for
complex biological systems. One major difficulty lies in accurately sampling the energy landscape of
a protein, which may involve either the potential energy or the free energy surface. These landscapes
are often rugged, characterized by numerous local minima separated by small energy barriers [18].

Conventional MD or MC simulations can explore such landscapes, but they often suffer from
sampling inefficiency. The outcome of a simulation may strongly depend on the initial conditions, and
the system may become trapped in local minima, making it difficult to reach the global minimum or
explore relevant low-energy states [18]. Classical enhanced-sampling methods [19-23] and [24] such
as Metropolis MC, Replica-Exchange MC [25-28], Multi canonical MC, Wang-Landau
sampling [29], histogram reweighting, and umbrella tempering improve exploration of complex
energy landscapes by modifying acceptance rules, temperature exchange, or statistical weights to
efficiently sample rare events and thermodynamic properties. Complementing these, simplified
physical models (e.g., Go models), machine-learning—guided protein engineering, large-scale density
functional theory, and emerging quantum annealing approaches address protein folding and design
from different perspectives, ranging from reduced energy landscapes and data-driven sequence
optimization to fully quantum-mechanical treatments and Ising-model-based optimization on
quantum hardware.

In the present study, we investigate two protein systems: the Met-enkephalin peptide, a
well-characterized pentapeptide, and the FBP28 WW-Domain protein [30-32]. This work critically
evaluates the limitations of conventional MC simulations in modeling protein folding and exploring
complex energy landscapes. Our analysis of both systems reveals key challenges, including
insufficient sampling, slow convergence, and the difficulty of navigating rugged energy surfaces [18].
These shortcomings underscore the need for enhanced sampling strategies, particularly in low-energy
regions, where methods such as parallel tempering MC (PTMC) have demonstrated clear
advantages [33]. In our study of the Met-enkephalin protein, we applied both standard MC and
PTMC simulations, finding that PTMC was markedly more effective at exploring low-energy
structures [34]. PTMC not only enhances the likelihood of identifying the global minimum of a
Protein Data Bank (PDB) structure but also enables more comprehensive sampling of the low-energy
region compared to standard MC simulations [35]. In this work, we employ PTMC simulations to

AIMS Biophysics Volume 13, Issue 1, 94-110.



96

investigate the energy landscape of the WW-Domain protein [36-38].
2. Methods

2.1. MC simulation

MC methods aim to solve integrals by randomly sampling points in the phase space [39]. To
understand the MC algorithm, it is essential to grasp how expectation values are calculated in
statistical mechanics. The expectation value of a physical quantity A is computed by adding all
possible states of the system, each weighted by a probability function [40,41]. In many systems, this
probability is given by the Boltzmann distribution, w(r) = exp(—BE,), where, 8 = 1/kpT, E, is the
energy of state r, and the partition function Z normalizes the distribution. Since, the number of
possible states w increases exponentially with system size, direct computation is impractical [1,42].
MC simulations overcome this by sampling only the most probable configurations, especially those
with high statistical weight, to efficiently estimate the expectation value. The Metropolis algorithm is
employed to sample the configurational space efficiently [43,44]. Given a current state r, a new state
r’ is proposed by applying a random perturbation. The move is accepted with probability [45]:

e PEr

P =min|1, ——
accept 5 e—ﬂEr

) = min (1,5 5) 2.1)
If the move is accepted, the system transitions to ’; otherwise, it remains in r. This procedure ensures
detailed balance and convergence to the equilibrium distribution. MC simulation is a powerful
computational technique used to explore the conformational space of protein all-atom models by
employing stochastic sampling methods. In this approach, random perturbations—such as changes in
torsion angles, side-chain rotations, or atomic positions—are applied to the atomic coordinates of a
protein structure. Each new conformation is evaluated using a defined energy function, often derived
from molecular mechanics force fields, and accepted or rejected based on the Metropolis criterion,
which allows for thermal fluctuations and helps the system escape local energy minima [43]. This
probabilistic framework enables the efficient exploration of the protein’s energy landscape, making
MC simulations particularly useful for studying protein folding, conformational changes [19].

2.2. Parallel tempering simulation

PTMC, also known as replica exchange MC [46], is an advanced simulation technique used to
efficiently explore the complex energy landscape of protein models [47]. In PTMC, multiple replicas
of the protein system are simulated simultaneously at different temperatures using standard MC
methods. Periodically, configurations between replicas at adjacent temperatures are exchanged based
on a probability criterion that ensures detailed balance [48].

Pyyap = min (1,exp| (8 — B)(E; - E)))) 2.2)

The replica exchange criterion satisfies detailed balance with respect to the joint Boltzmann
distribution of all replicas. As a result, each temperature stream samples the correct canonical
ensemble corresponding to its assigned temperature. Therefore, thermodynamic averages evaluated at
a simulated temperature are canonical ensemble averages at that temperature. This exchange allows
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lower-temperature replicas to overcome high-energy barriers by occasionally sampling higher-energy
configurations from the hotter replicas, thus improving the overall sampling efficiency. The method is
particularly effective for protein systems, which often have rugged energy landscapes with many local
minima, making conventional MC simulations prone to getting trapped. By enabling a more thorough
exploration of conformational space, PTMC provides more accurate estimates of thermodynamic
properties and helps identify relevant protein folding pathways and stable conformations [49].

PTMC belongs to the class of generalized statistical ensemble methods, in which multiple replicas
simulated at different temperatures collectively sample a joint Boltzmann distribution while
preserving canonical ensemble sampling at each individual temperature. This property ensures that
thermodynamic observables evaluated at a given replica temperature correspond to proper canonical
ensemble averages.

2.3. Thermodynamic averages and error analysis

PTMC simulations belong to the class of generalized-ensemble methods. In PTMC, multiple
replicas are simulated simultaneously at fixed replica temperatures 7, and periodic exchanges are
attempted between neighboring temperatures. Each replica samples a canonical ensemble at its own
temperature 7.

In the present work, thermodynamic quantities at temperature 7, were computed using only
configurations collected when the system was visiting that replica temperature. No cross-temperature
reweighting was performed.

Let E,;(T,) denote the energy of the i-th configuration from trajectory r sampled at temperature 7,.
The average energy for the r-th independent trajectory is given by

NAT;)

E)(T,) = E,.«(T,), 2.3
(E)AT,) Nrm); AT)) (2.3)

where N,(T,) is the number of sampled configurations at temperature 7.
The final average energy was obtained by averaging over M = 8 statistically independent

trajectories:
1 M

(EXT,) =~ ) (E)(T,). (2.4)

r=1
Because configurations within a single MC trajectory are correlated due to the Markov-chain
nature of the sampling, individual configurations were not treated as statistically independent samples.
Instead, thermodynamic quantities were first computed separately for each independent trajectory,
and statistical uncertainties were estimated from fluctuations among the M = 8 independent runs.
The statistical uncertainty (standard error) of the average energy was estimated as

M

1
ou(T,) = J W=D 2 (BT = EXTOF (2.5)

r=1

The specific heat at constant volume was computed from canonical energy fluctuations within each
trajectory:
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(E)AT,) - (EYXT,)

Cy(T)) = koT? ; (2.6)
where
) N(T}) )
ENT) = 3 Zl EX(T)). 2.7)
The final specific heat was obtained by averaging over the independent trajectories:
1 M
Cu(T)) = - Zl Cv(T)), (2.8)
with statistical uncertainty estimated as
R :
oceT,) = J S =Ty 2 €T = CuT (2.9)

We note that generalized-ensemble simulations may alternatively be analyzed using reweighting
approaches such as the weighted histogram analysis method (WHAM) [50, 51]. However, since
thermodynamic quantities in the present work were evaluated directly at their respective replica
temperatures without cross-temperature reweighting, such reconstruction was not required.

3. Details of the simulation

All-atom simulations were performed for two polypeptide systems using the ECEPP/3 (Empirical
Conformational Energy Program for Peptides, version 3) [52] force field, which accounts for
electrostatic interactions, hydrogen bonding, van der Waals interactions, and torsional energies.
Solvent effects [53-56] were neglected to reduce computational cost and to enable a direct and
consistent comparison of sampling efficiency between standard MC and PTMC methods. This
approximation allows a focused assessment of algorithmic performance.

Simulations were carried out using a locally modified version of the Simple Molecular Mechanics
of Proteins (SMMP) package. In each MC step, a single dihedral angle was randomly selected and
reassigned a value uniformly distributed between -180° and +180°.

To evaluate convergence and sampling efficiency, Met-enkephalin was first simulated using
standard MC at four temperatures (200 K, 250 K, 300 K, and 350 K). Each simulation consisted of
1.5 million MC steps and results were averaged over 8 independent runs starting from different initial
structures.  Equilibration was assessed by monitoring total energy, and the lowest-energy
conformations were compared with reported literature values. Energy histograms were also analyzed
to examine convergence and low-energy sampling.

Following validation on Met-enkephalin, simulations were extended to the WW-Domain protein.
Standard MC simulations showed poor convergence and insufficient sampling of low-energy states.
Consequently, PTMC simulations were employed, which significantly enhanced sampling efficiency
across temperatures. Results were averaged over 8 statistically independent trajectories starting from
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different initial structures. Energy trajectories, replica exchanges between neighboring temperatures,
and average energy and specific heat as a function of temperature were analyzed. The resulting
energy—temperature profile captured the folding—unfolding transition of the WW-Domain,
demonstrating the effectiveness of PTMC in exploring complex protein energy landscapes and
accessing low-energy conformations [57, 58].

4. Results and discussion

4.1. Met-Enkephalin

Figure 1 presents the MC simulation data, where panel (a) shows the variation of total energy
E(kcal/mol) with MC steps (MCS), and panel (b) illustrates the corresponding changes in the radius
of gyration (Rgyr) with MCS. The energy versus MCS data was shown for 15 Lakh steps at the
temperature range from 200 K, 250 K, 300 K, and 350 K. In Figure 1(a), each curve stabilizes around
a constant mean value after initial fluctuations, confirming equilibration at each temperature. Higher
temperatures show broader fluctuations, as expected, due to increased thermal energy, while lower
temperatures exhibit narrower energy ranges. In Figure 1(b), Rgyr vs MCS shows the radius of
gyration Rgyr fluctuations for Met-enkephalin at four temperatures (200 K, 250 K, 300 K, 350 K)
over the course of the MC simulation. Across all temperatures, Rgyr remains within a relatively stable
range, indicating that the system has reached and maintained structural equilibrium, with minor
fluctuations reflecting thermal motion.
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Figure 1. MC simulation results for Met-enkephalin: (a) total energy as a function of MCS,
and (b) Rgyr as a function of MCS.

The minimum-energy structure obtained from our simulations is presented in Figure 2. Figures
2(a) and 2(b) show the high-energy input structures, with energies of -1.2 kcal/mol and 4.03 kcal/mol,
respectively. Figure 2(c) depicts the standard reference structure of Met-enkephalin [59], [34], while
Figure 2(d) shows the minimum-energy structure from our work, compared against the lowest-energy
structure obtained in the simulations. Our main objective is to explore the entire energy landscape and
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also get the minimum energy structure of the larger size protein [18].

(a) (b) (©) (d)

Figure 2. Structural configurations of Met-enkephalin: (a) and (b) Initial high energy
Initial structures; (c) standard experimental minimum-energy structure; (d) minimum-energy
structure obtained in the present work.

Figure 3 shows histograms of the frequency of sampled configurations per unit energy range for the
Met-enkephalin protein at different temperatures (350 K, 300 K, 250 K, and 200 K) within the energy
window —12.0 kcal/mol to 20.0 kcal/mol. The left panels correspond to MC simulations, while the
right panels represent PTMC simulations.
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Figure 3. Comparison of MCS and PTMC methods for met-enkephalin peptide.
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In MC simulations (left panels), the high-temperature distributions (350 K) are broad and
symmetric, reflecting extensive sampling of high-energy states and good coverage of the energy
landscape. At lower temperatures, the distributions become narrower and shift toward lower energies,
showing convergence to stable, folded conformations with sampling concentrated near energy
minima. In PTMC simulations (right panels), the system also explores a wide energy range at high
temperature, similar to MC. However, at lower temperatures (250 K and 200 K), the distributions are
more asymmetric and strongly shifted toward the low-energy region, with significantly better
sampling of minimum-energy states. Unlike MC, which shows very few visits in the lowest-energy
region, PTMC achieves sufficient sampling even at these states. This confirms that PTMC simulations
reach the lowest-energy structures in fewer steps compared to standard MC simulations. For larger
protein systems, where standard MC would require enormous computational effort to find the global
minimum, PTMC provides a more efficient and reliable method for locating the global minimum
structure.

Table 1 presents PT simulation data for the Met-enkephalin protein, including the lowest energy,
end-to-end distance, and root mean square deviation (RMSD) values at different temperatures. The
value of lowest energy decreases as temperature increases from 200 K to 350 K, reflecting reduced
structural stability at higher temperatures. In the case of end-to-end distance, a steady increase with
temperature indicates that the structure becomes more extended. A notable change occurs when
comparing values below 300 K with those above 300 K, marking the folding—unfolding transition
around this temperature. The RMSD values also increase with temperature, showing larger deviations
from the reference structure and greater conformational flexibility. The most significant change is
again observed across the 300 K boundary. Together, these structural quantities clearly suggest a
major conformational change in Met-enkephalin near 300 K, consistent with a folding—unfolding
transition.

Table 1. Results of PTMC simulations: lowest energy, end-to-end distance, and RMSD at
different temperatures.

Temperature (K) Lowest Energy (kcal/mol) End-to-End Distance (mm) RMSD (A)

Standard Structure -11.80 5.60 -

200 -11.23 5.81 1.18
250 -10.38 6.68 2.91
300 -8.31 9.15 5.36
350 -5.38 12.80 6.52

4.2. WW-Domain

To continue this work further, we have performed the PTMC simulation for WW-Domain
protein [60]. In Figure 4, the total energy with MCS steps is shown using PTMC simulation. The
simulation has run for 15 Lakh steps for temperature range of 500 K, 420 K, 350 K, and 280 K.
Figure 4 shows the variation of energy versus MCS obtained from PTMC simulations of the
WW-Domain protein at different temperatures. The four curves correspond to 500 K (blue), 420 K
(pink), 350 K (green), and 280 K (yellow), arranged from top to bottom, respectively. At higher
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temperatures of 500 K (blue) and 420 K (pink), the energy fluctuations are broad and cover a wider
range [31] [29]. This indicates that the system explores higher-energy conformations, consistent with
greater conformational flexibility and enhanced sampling of the energy landscape. At intermediate
temperature (350 K), the fluctuations are moderate, showing that the system begins to stabilize while
still sampling a variety of conformations. At lower temperature (280 K), the energy distribution is
much narrower and shifted toward lower values, indicating convergence toward stable, low-energy
structures associated with folded conformations. Overall, the plot demonstrates the effectiveness of
PTMC simulations in sampling across a wide temperature range. The clear separation of energy levels
across temperatures also supports the folding—unfolding transition behavior of WW-Domain.

The Figure 5 shows energy histograms for two consecutive temperatures obtained during the
simulation. For each subplot, the x-axis represents energy (kcal/mol) and the y-axis represents the
number of visits (frequency), i.e., how often configurations are sampled within a given energy range.
Each plot overlays the energy distributions at two neighboring temperatures. A significant overlap
between the histograms is observed, indicating efficient sampling and good exchange probability
between consecutive temperatures. As the temperature increases, the distribution becomes slightly
broader and shifts toward higher energies, reflecting enhanced exploration of higher-energy
conformations. Specifically, we examined (i) the overlap of energy histograms between neighboring
temperatures, (i1) the frequency of replica exchanges, and (iii) the ability of replicas to perform round
trips between the lowest and highest temperatures. These indicators collectively demonstrate efficient
mixing of configurations and effective exploration of the energy landscape, supporting the
ergodic [13, 14] nature of the sampling.
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Figure 4. Energy versus MCS at different temperatures using PTMC simulation for WW-

Domain protein. From top to bottom the temperatures are 500 K (Blue), 420 K (green), 350
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Figure 6. Average energy E (left) and specific heat (right) of the WW-Domain protein as
functions of temperature are obtained from parallel tempering simulations. The peak in
identifies the folding—unfolding transition temperature. Error bars represent the standard
error computed from eight independent trajectories, incorporating statistical inefficiency.

To illustrate the thermodynamic behavior [61,62] and of the WW-Domain, Figure 6 represents the
average energy and specific heat of the WW-Domain [63—-65] protein as functions of temperature
together characterize its folding—unfolding transition. The thermodynamic quantities shown were
computed using configurations sampled at their respective replica temperatures during the parallel
tempering simulation.  Error bars represent statistical uncertainty estimated from statistically
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independent trajectories, accounting for time correlations within each trajectory. At low temperatures,
the average energy remains low, indicating that the protein predominantly occupies stable, folded
conformations. With increasing temperature, the average energy increases smoothly, reflecting the
gradual destabilization of native interactions and the onset of unfolding.

The specific heat in Figure 6(b) displays a clear peak at an intermediate temperature, reflecting
enhanced energy fluctuations due to the coexistence of folded and unfolded states. This maximum
defines the folding—unfolding temperature of the WW domain: the folded state dominates below it,
while unfolded conformations prevail above it. The simulated peak occurs around 365-370 K,
indicating a cooperative two-state transition. Experimental studies report melting temperatures of
330-345 K [63], although the simulated value is slightly higher, the overall single-peaked, and
cooperative behavior is consistent with experimental observations.

We have also presented some WW-Domain protein structures. Figures 7(a) and 7(b) show the
initial random structures, while Figure 7(c) represents the experimentally found Nuclear Magnetic
Resonance (NMR) spectroscopy structure and Figure (d) illustrates the lowest energy structure of the
WW-Domain. However, the lowest energy structure obtained from PT simulation does not match the
standard NMR structure [31]. This may be due to the need for running a larger number of MC steps, as
the size of the WW-Domain protein is nearly eight times greater than of the Met-enkephalin protein.

(d)

Figure 7. Initial structures (a) and (b) standard experimental structure (c), and minimum
energy structures from this work (d) .
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5. Conclusion

This study investigated the efficiency of conformational sampling in protein energy landscapes
using Met-enkephalin and the WW-Domain as model systems. Standard MC simulations for
Met-enkephalin reached equilibrium at higher temperatures but showed inadequate sampling in
low-energy regions. In contrast, PTMC significantly enhanced sampling efficiency across
temperatures, particularly in the low-energy regime, enabling robust exploration of the energy
landscape and reliable identification of global minima. PTMC successfully identified the global
minimum structure of Met-enkephalin with an energy of -11.23 kcal/mol and an RMSD of 1.18 A
from the reference structure.

Application of PTMC to the larger WW-Domain revealed active folding—unfolding transitions at
higher temperatures, while sampling at lower temperatures remained limited due to increased
landscape complexity. The temperature dependence of the average energy and specific heat provided
clear signatures of structural transitions in both systems. The WW-Domain protein exhibits a
pronounced peak in the specific heat, indicative of a cooperative folding—unfolding transition typical
of small, single-domain proteins. The folding (melting) temperature was identified from the
maximum of the specific heat, consistent with previous computational and experimental studies.
These findings confirm the superiority of PTMC over standard MC for small peptides but indicate that
further optimization of temperature schemes, replica numbers, and sampling strategies is necessary
for accurate folding of larger protein systems. Future work will focus on improving PTMC protocols
to better characterize larger protein domains. All reported thermodynamic quantities were obtained
from canonical ensemble averages at the simulated replica temperatures with explicit statistical error
estimation.
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