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Abstract: In this paper we developed an algebraic and geometric study of Fibonacci – Cartan numbers
and Fibonacci Pauli–Cartan numbers by integrating Fibonacci sequences with the algebraic structure of
Cartan numbers in pseudo–Euclidean spaces. Building on the concept of Fibonacci–Cartan numbers,
we investigated their fundamental algebraic and geometric properties, including conjugation, character,
norm, and causal classification, proving that they are spacelike elements and establishing their geometric
interpretation within a Minkowski–type framework. Matrix, polar, and exponential representations
were obtained, enabling the derivation of De Moivre-type identities, formulas for powers and roots,
and characterizations in terms of the determinant and trace of real 2 × 2 matrices. In addition, the
powers of Fibonacci–Cartan numbers were represented in terms of Chebyshev polynomials of the
first and second kinds, yielding explicit polynomial expressions for their scalar and vector parts.
Scalar and vector products were also analyzed, providing a consistent geometric interpretation in a
three–dimensional Cartan space. Furthermore, Fibonacci Pauli–Cartan numbers were defined and
studied through recurrence relations, Binet formulas, ordinary and exponential generating functions,
summation formulas, and real matrix representations. Finally, rotational properties associated with
lightlike directions were examined, showing that parabolic rotations degenerate into linear trajectories
within the Cartan geometric framework.
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1. Introduction

Pseudo-Euclidean spaces equipped with indefinite or degenerate metrics play a fundamental role in
differential geometry, relativity theory, and algebraic structures related to non–Euclidean kinematics [1,2].
In particular, Cartan–type geometries provide a natural framework for studying algebraic numbers
and geometric motions in spaces where the norm is not positive definite [3, 4]. Let R3

1 denote the
three–dimensional real vector space endowed with a Cartan metric, defined via a symmetric bilinear
form ⟨·, ·⟩.

For a vector v ∈ R3
1, the causal character is determined by

⟨v, v⟩


> 0, if v is spacelike,
< 0, if v is timelike,
= 0, if v is lightlike (null),

a classification that has no analogue in Euclidean geometry. In particular, lightlike vectors may be
nonzero while having zero norm, which leads to degeneracies in both geometric constructions and
algebraic representations [5, 6].

Cartan numbers arise as algebraic objects compatible with this metric structure. A Cartan number
can be written in the form

P = a + b i + c j + d k,

where a, b, c, d ∈ R are real coefficients and i, j, k denote the basis elements of the Cartan algebra, whose
multiplication rules are recalled below. Additionaly, the multiplication rules of the basis elements reflect
the underlying Cartan metric. Similar to split–quaternions and hyperbolic numbers, the norm of a
Cartan number is defined by a quadratic form that may vanish for nonzero elements, particularly in the
presence of lightlike components [7, 8].

Cartan numbers provide an algebraic framework compatible with this pseudo–Euclidean setting.
Their indefinite character underlies the spacelike, timelike, and lightlike cases considered in the sequel.
A precise algebraic definition together with the corresponding multiplication rules is given below.
Non-lightlike Cartan numbers admit hyperbolic polar and exponential representations. More precisely,
a spacelike or timelike Cartan number P can be expressed as

P = ∥P∥ (coshφ + U sinhφ) or P = ∥P∥ (sinhφ + U coshφ) ,

where U is a unit Cartan vector satisfying U2 = 1 and φ is a hyperbolic angle. Such representations
generalize the classical polar form of complex numbers and have been widely used in the study of
Lorentzian rotations and hyperbolic kinematics [9, 10].

From a geometric point of view, the causal character of vectors has a decisive influence on the
theory of curves. While spacelike and timelike curves admit Frenet frames analogous to the Euclidean
case, null and pseudo–null curves require modified Frenet constructions due to the degeneracy of the
metric [11]. In particular, rotations about lightlike directions do not generate circular orbits; instead,
the corresponding trajectories degenerate into straight lines, reflecting the parabolic nature of such
rotations [12].

The algebraic framework of Cartan numbers provides an effective tool for describing these
degenerate rotations. Exponential Cartan numbers associated with lightlike vectors naturally encode
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parabolic rotations and yield explicit formulas for powers and roots. For a Cartan number written in
exponential form

P = ∥P∥eφU ,

generalized de Moivre–type identities can be derived, leading to distinct root structures for even and
odd powers depending on the causal character of P [13].

Our aim of this paper is to establish a unified algebraic and geometric approach to Cartan numbers
and their applications to rotations in R3

1. After introducing matrix, polar, and exponential representations
of Cartan numbers, we investigate their root structures and rotational properties. Special attention is
devoted to rotations about lightlike directions and their interpretation within the Frenet frame theory of
null and pseudo–null curves.

Let C be the set of complex numbers z of the form z = a + bi, where a, b ∈ R and i2 = −1. The
sets of dual numbers D and hyperbolic numbers H are defined as D = {a + cε : a, c ∈ R, ε2 = 0},
H = {a + dh : a, d ∈ R,h2 = 1}, respectively. Moreover, units of dual and hyperbolic numbers satisfy
relations ε , 0, h , ±1. There are many extensions and combinations of complex, dual, and hyperbolic
numbers, e.g., bicomplex numbers, bihyperbolic numbers, dual-complex numbers, dual-hyperbolic
numbers, etc.

Following [14], let S denote the set of Cartan numbers. A Cartan number is an element of the form

Y = a + bi + c j + dk,

where a, b, c, d ∈ R, 1 is the multiplicative identity, and i, j, k are the basis elements of the Cartan
algebra satisfying

i2 = 1, j2 = 0, k2 = 0, (1.1)

and
jk = 1 + i, k j = 1 − i. (1.2)

These relations are sufficient to determine the multiplication in the Cartan algebra, provided that the
algebra is associative and 1 is its multiplicative identity. Indeed, the remaining products follow from
Eqs (1.1) and (1.2) as

i j = j, ji = − j, ik = −k, ki = k.

Thus, Table 1 does not introduce additional defining relations; it summarizes the complete
multiplication table resulting from Eqs (1.1) and (1.2).

The complete multiplication rules for the basis elements i, j, k are summarized in Table 1.

Table 1. The Cartan number multiplication.

· i j k
i 1 j −k
j − j 0 1 + i
k k 1 − i 0

In particular, besides Eqs (1.1) and (1.2),

i j = j, ji = − j, ik = −k, ki = k.
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The conjugate of Y is defined by

Y = a − bi − c j − dk,

and the real-valued character of Y is

C(Y) = YY = YY = a2 − b2 − 2cd.

The Cartan matrices that have been introduced by Öztürk form a set of 2×2 matrices as follows [14]:

1 =
(
1 0
0 1

)
, φ1 =

(
0 1
1 0

)
, φ2 =

(
1 −1
1 −1

)
, φ3 =

( 1
2

1
2

−1
2 −

1
2

)
.

where the following relations hold:

φ2
1 = 1, φ2

2 = φ
2
3 = 0, φ2φ3 = 1 + φ1, φ3φ2 = 1 − φ1. (1.3)

These 2× 2 real matrices provide a matrix representation of the Cartan basis elements and reproduce
the corresponding Cartan multiplication rules [15].

Cartan numbers were defined in [14], providing the properties of the set of Cartan numbers and
some geometric definitions, theorems, and applications. Fibonacci Cartan and Lucas Cartan numbers
were introduced in [16]. The authors gave some algebraic properties of the Fibonacci Cartan and Lucas
Cartan numbers, including generating functions, Binet’s formula, summation formulas, and Catalan’s
and Cassini’s identities. The purpose of the study [17] was to present a few geometric characteristics
of dual Cartan numbers. It was demonstrated that the unit dual Cartan number with a lightlike dual
vector also corresponds to a parabolic rotation and a translation transformation in the Cartan frame, as a
unit timelike Cartan number with a lightlike vector portion corresponds to a parabolic rotation around a
lightlike axis.

The Pauli matrices that have been introduced by Wolfgang Pauli form a set of 2 × 2 matrices
as follows:

1 =
(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

The multiplication rules are given by σ2
1 = σ

2
2 = σ

2
3 = 1, σ1σ2 = −σ2σ1 = iσ3, σ2σ3 = −σ3σ2 =

iσ1, and σ3σ1 = −σ1σ3 = iσ2. These matrices are Hermitian and unitary. These 2×2 types of Hermitian
matrices form a basis for the real vector space and the span of {I, iσ1, iσ2, iσ3} is isomorphic to the
real algebra of Quaternions. Then, Kim [18] presented a representation of de Moivre’s formula over
Pauli quaternions. Aydın [19] investigated the Pauli–Fibonacci quaternions. İsbilir et al. [20] examined
Pauli–Leonardo quaternions. Azak [21] obtained Pauli Gaussian Fibonacci and Pauli Gaussian Lucas
quaternions. Yılmaz et al. [22] introduced generalized Pauli Fibonacci polynomial quaternions.

The Fibonacci sequence, which has the following recurrence relation, is obtained [23]:

Fn = Fn−1 + Fn−2, (1.4)

with F0 = 0 and F1 = 1. The characteristic equation of the Fibonacci sequence is δ2 − δ− 1 = 0, and the
roots of this equation can be given as: δ1 =

1+
√

5
2 and δ2 =

1−
√

5
2 . Additionaly, the Fibonacci sequence

can be extended to negative subscripts and has the following recurrence relation:

F(−n) = F−(n−2) − F−(n−1). (1.5)
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The Binet’s formula of the Fibonacci sequence is written as [24]:

Fn =
δn

1 − δ
n
2

δ1 − δ2
. (1.6)

The following matrix is called the Fibonacci Q-matrix and is given as follows [25]:[
0 1
1 1

]
. (1.7)

The Q-matrix provides a matrix representation of the Fibonacci recurrence. Indeed,

Q
(

Fn

Fn+1

)
=

(
Fn+1

Fn+2

)
,

and consequently, for n ≥ 1,

Qn =

(
Fn−1 Fn

Fn Fn+1

)
.

Thus, successive powers of Q encode consecutive Fibonacci numbers and provide a compact matrix
formulation of the recurrence relation.

In the literature, we can find generalizations of the Fibonacci numbers with respect to one or more
parameters and applications of the Fibonacci numbers in different number systems. A list of many
generalizations of Fibonacci numbers can be found in [26]. In [27], further generalizations of Fibonacci
numbers and applications of these numbers in the theory of hypercomplex numbers were presented,
such as, complex Fibonacci numbers (introduced in [8]), Fibonacci quaternions [28–30], and bicomplex
Fibonacci numbers [31]. Fibonacci hybrid numbers were examined in [32]. Another generalization of
Fibonacci numbers is Fibonacci polynomials. The polygon structure of Fibonacci polynomials was
studied in [33]. Related analytical and computational techniques have also been successfully employed
in the mathematical investigation of complex models in different applied settings [34–36].

Our motivation for this study arises from the interaction between recurrence-based number systems
and the algebraic and geometric structure of Cartan numbers. Fibonacci numbers possess a simple
recursive structure, whereas Cartan numbers provide a noncommutative algebraic framework equipped
with an indefinite geometric character. Combining these two structures makes it possible to investigate
how the classical properties of the Fibonacci sequence are reflected in Cartan algebra and, conversely,
how the Cartan framework enriches Fibonacci-type constructions with geometric notions such as causal
classification, polar and exponential representations, and rotations. This interaction motivates the study
of Fibonacci-Cartan numbers from both algebraic and geometric viewpoints and provides a natural basis
for their matrix and Pauli-type representations.

The three main ingredients of this study, Fibonacci numbers, Cartan numbers, and Pauli matrices, are
connected through their complementary algebraic roles. The Fibonacci sequence provides the recursive
scalar coefficients, while the Cartan basis embeds these coefficients into a noncommutative algebraic
structure endowed with a pseudo-Euclidean geometric interpretation. In this setting, a Fibonacci-Cartan
number combines consecutive Fibonacci numbers as its components, thereby transferring the recurrence
structure of the Fibonacci sequence to the Cartan algebra. On the other hand, matrix representations
provide a natural bridge between the abstract Cartan algebra and linear algebra. In particular, the
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Pauli-type representation enables the corresponding Fibonacci components to be encoded in matrix
form and leads naturally to the Fibonacci Pauli-Cartan construction. Thus, the Fibonacci sequence
supplies the recursive structure, Cartan algebra supplies the geometric framework, and the Pauli-matrix
approach supplies a matrix realization of the resulting algebraic objects.

The main contributions of this paper can be summarized as follows: First, building on the existing
definition of Fibonacci–Cartan numbers, we develop their geometric structure by examining their
character, norm, and causal classification and by interpreting the associated vectors in a
pseudo–Euclidean framework. Second, we establish matrix-based characterizations of
Fibonacci–Cartan numbers and relate their algebraic and geometric quantities to the determinant, trace,
and discriminant of the corresponding real matrices. Third, polar and exponential representations are
developed and used to obtain De Moivre-type relations and to investigate the corresponding power and
root structures. Building on this power structure, we further derive a Chebyshev polynomial
representation of Fibonacci–Cartan powers in terms of Chebyshev polynomials of the first and second
kinds. This representation provides explicit polynomial expressions for the scalar and vector parts of
P m

n and establishes a direct connection between the De Moivre–type structure of Fibonacci–Cartan
numbers and the recurrence framework of Chebyshev polynomials. Fourth, scalar and vector products
are introduced to provide a geometric interpretation of Fibonacci–Cartan numbers in a
three-dimensional Cartan space, and rotations associated with lightlike directions are analyzed, showing
how the corresponding parabolic rotations lead to linear trajectories. Finally, Fibonacci Pauli–Cartan
numbers are studied through their recurrence relations, Binet-type representation, ordinary and
exponential generating functions, summation formulas, determinant representations, and associated real
linear transformations. Thus, rather than redefining the previously introduced Fibonacci–Cartan
numbers, we extend their study toward a unified algebraic, matrix-based, and geometric framework.

2. Fibonacci Cartan numbers

Definition 1. For n ≥ 0, the nth Fibonacci–Cartan number is defined by

Pn = Fn + Fn+1i + Fn+2 j + Fn+3k, (2.1)

where Fn denotes the nth Fibonacci number and 1, i, j, k are the basis elements of the associative
unital Cartan algebra satisfying the defining relations (1.1) and (1.2), with the resulting complete
multiplication rules summarized in Table 1.

On the other hand, Fibonacci–Cartan numbers can be expressed in terms of the Cartan basis units
as follows:

Pn =


Fn ↔ (Fn, 0, 0, 0),
Fn+1i↔ (0, Fn+1, 0, 0),
Fn+2 j↔ (0, 0, Fn+2, 0),
Fn+3k ↔ (0, 0, 0, Fn+3)


.

Equivalently, Pn can be written as

Pn = Fn(1, 0, 0, 0) + Fn+1(0, 1, 0, 0) + Fn+2(0, 0, 1, 0) + Fn+3(0, 0, 0, 1),
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where (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1) denote the Cartan units corresponding to 1, i, j,
and k, respectively.

Furthermore, by defining
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k,

the term Fn is called the scalar part of Pn, while

Fn+1i + Fn+2 j + Fn+3k

is referred to as the vector part of Pn.

2.1. Norm and classification of the Fibonacci Cartan numbers

Definition 2. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k

be a Fibonacci–Cartan number. The conjugate of Pn is defined by

Pn = Fn − Fn+1i − Fn+2 j − Fn+3k.

Moreover, the product of a Fibonacci–Cartan number and its conjugate is commutative and given by

C(Pn) = PnPn = PnPn

= (Fn + Fn+1i + Fn+2 j + Fn+3k)(Fn − Fn+1i − Fn+2 j − Fn+3k)
= F2

n − F2
n+1 − 2Fn+2Fn+3.

The quantity C(Pn) is called the character of the Fibonacci–Cartan number Pn.

Definition 3. For the Fibonacci–Cartan number

Pn = Fn + Fn+1i + Fn+2 j + Fn+3k,

the vector

VPn =

(
Fn,

Fn+2 − Fn+3
√

2
, Fn+1,

Fn+2 + Fn+3
√

2

)
=

(
Fn, −

Fn+1
√

2
, Fn+1,

Fn+4
√

2

)
is called the Fibonacci–Cartan vector associated with Pn.

Furthermore, the character of Pn can be expressed as

C(Pn) = −⟨VPn ,VPn⟩E4
2

= F2
n − F2

n+1 − 2Fn+2Fn+3

= F2
n − F2

n+1 +
1
2

(
F2

n+1 − F2
n+4

)
< 0.

Indeed, by the Fibonacci recurrence,

Fn+4 − Fn+1 = 2Fn+2, Fn+4 + Fn+1 = 2Fn+3,
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and therefore
F2

n+4 − F2
n+1 = 4Fn+2Fn+3.

Hence,

−2Fn+2Fn+3 =
1
2

(
F2

n+1 − F2
n+4

)
,

which gives

C(Pn) = F2
n − F2

n+1 +
1
2

(
F2

n+1 − F2
n+4

)
.

For n ≥ 0, the Fibonacci sequence satisfies Fn+1 ≥ Fn and Fn+4 > Fn+1. Consequently,

F2
n − F2

n+1 ≤ 0

and
1
2

(
F2

n+1 − F2
n+4

)
< 0.

Thus,
C(Pn) < 0 for every n ≥ 0.

Therefore, according to the adopted causal classification, every Fibonacci–Cartan number Pn

is spacelike.
The real number

∥Pn∥ =
√
|C(Pn)| =

√∣∣∣∣∣F2
n − F2

n+1 +
1
2

(
F2

n+1 − F2
n+4

)∣∣∣∣∣
is called the norm of the Fibonacci–Cartan number Pn.

Definition 4. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k

be a Fibonacci–Cartan number. The vector

UPn =

(
Fn+2 − Fn+3
√

2
, Fn+1,

Fn+2 + Fn+3
√

2

)
=

(
−

Fn+1
√

2
, Fn+1,

Fn+4
√

2

)
is called the vector of the Fibonacci–Cartan number Pn. This vector is regarded as an element of the
Minkowski 3–space E3

1.

For the vector UPn , we define

CU(Pn) = −
1
2

F2
n+1 + F2

n+1 +
1
2

F2
n+4

=
1
2

(
F2

n+1 + F2
n+4

)
.

Since CU(Pn) > 0, the Fibonacci–Cartan vector Pn is said to be spacelike. The real number

∥UPn∥ =
√
|CU(Pn)| =

√
1
2

(
F2

n+1 + F2
n+4

)
Networks and Heterogeneous Media Volume 21, Issue 6, 2329–2367.
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is called the norm of the Fibonacci–Cartan vector.
Each Fibonacci–Cartan number admits a planar interpretation in a two–dimensional setting, in a

manner reminiscent of, but not identical to, the classical Cartesian framework. Within this representation,
one axis is associated with the scalar component of the Fibonacci–Cartan number and will be referred to
as the scalar axis. The second axis, termed the Fibonacci–Cartan axis, is determined by the magnitude
∥UPn∥ of the corresponding Cartan vector component. Accordingly, the scalar part of a Fibonacci–Cartan
number determines its horizontal coordinate, while the value ∥UPn∥ specifies its vertical coordinate in
this plane.

Therefore, a Fibonacci–Cartan number can be expressed in the coordinate system as

Pn = (x, y) =
(
Fn, ∥UPn∥

)
=

Fn,

√∣∣∣∣∣12 (
F2

n+1 + F2
n+4

)∣∣∣∣∣ .
The Fibonacci–Cartan plane may be regarded as a subspace of the pseudo–Euclidean space E4

2.

Example 5. Let n = 4. Then

P4 = F4 + F5i + F6 j + F7k = 3 + 5i + 8 j + 13k.

In Fibonacci–Cartan coordinates, we have

P4 =

3, √∣∣∣∣∣12(25 + 441)
∣∣∣∣∣ = (3,

√
233).

In this case, the Fibonacci–Cartan axis is determined by the unit Fibonacci–Cartan vector

U =
5i + 8 j + 13k
√

233
.

Definition 6. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k, ∥Pn∥ , 0.

The inverse of the Fibonacci–Cartan number Pn is defined by

P−1
n =

Pn

C(Pn)
.

where C(Pn) , 0.

Corollary 7. For every n ≥ 0, the Fibonacci–Cartan number Pn is invertible.

Proof. As established above,
C(Pn) < 0

for every n ≥ 0. Hence, C(Pn) , 0 for all n ≥ 0. Therefore, the inverse

P−1
n =

Pn

C(Pn)

exists for every non-negative integer n. □
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Example 8. Consider the Fibonacci–Cartan number

P4 = F4 + F5i + F6 j + F7k = 3 + 5i + 8 j + 13k.

Its inverse is given by

P−1
4 =

P4

C(P4)
=

3 − 5i − 8 j − 13k

F2
4 − F2

5 +
1
2

(
F2

5 − F2
8

)
=

3 − 5i − 8 j − 13k
9 − 25 + 1

2 (25 − 441)
=

3 − 5i − 8 j − 13k
−224

.

Remark 9. The set
S = {Pn : n ≥ 0}

of Fibonacci–Cartan numbers is not, in general, closed under multiplication and therefore does not
form a ring. Products such as PnPm are taken in the ambient Cartan algebra.

2.2. Geometric interpretation of scalar and vector products in Fibonacci-Cartan numbers

The scalar product on the set of Fibonacci–Cartan numbers is defined by

⟨·, ·⟩S : S × S → R,

⟨Pn, Pm⟩S =
1
2

(
PnPm + PmPn

)
= FnFm − Fn+1Fm+1 − Fn+2Fm+3 − Fn+3Fm+2.

(2.2)

where
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k and Pm = Fm + Fm+1i + Fm+2 j + Fm+3k.

This scalar product is a symmetric, bilinear, and non-degenerate indefinite form, and hence defines a
pseudo-inner product structure. Moreover, the scalar product admits the following matrix representation:

⟨Pn, Pm⟩S =


Fn

Fn+1

Fn+2

Fn+3


T 

1 0 0 0
0 −1 0 0
0 0 0 −1
0 0 −1 0




Fm

Fm+1

Fm+2

Fm+3

 . (2.3)

Let
V = spanR{i, j, k}

denote the pure vector subspace of the ambient Cartan algebra. For Pn, Pm ∈ S , the vector product is
defined by

×S : S × S −→ V,

Pn ×S Pm =
1
2

(PnPm − PmPn) .

Thus, Pn ×S Pm is a pure Cartan vector and need not itself be a Fibonacci–Cartan number belonging
to S .
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which yields
Pn ×S Pm =

(
0, Fm+1Fn − FmFn+1 − Fm+2Fn+3 + Fm+3Fn+2,

Fm+2Fn − FmFn+2 − Fm+1Fn+3 + Fm+3Fn+1,

FnFm+3 − FmFn+3 + Fm+1Fn+2 − Fm+2Fn+1

)
.

Finally, the Cartan product of two Fibonacci–Cartan numbers decomposes as

PnPm = ⟨Pn, Pm⟩S + Pn ×S Pm.

The scalar and vector products introduced above provide a natural geometric interpretation of
Fibonacci–Cartan numbers within an indefinite metric framework. In particular, the scalar product
⟨·, ·⟩S induces a pseudo–inner product structure compatible with Lorentzian geometry, while the vector
product ×S encodes directional information analogous to the cross product in Minkowski spaces. This
decomposition reveals a clear separation between magnitude and direction, enabling Fibonacci–Cartan
numbers to be interpreted as geometric objects.

Consequently, the space of Fibonacci–Cartan numbers can be regarded as a geometric model closely
related to Minkowski space, in which spacelike, timelike, and lightlike elements arise naturally. This
viewpoint establishes a direct bridge between the algebraic structure developed here and the geometric
analysis of curves and transformations in pseudo–Euclidean spaces, which will be explored in the
following section through rotational transformations and Frenet frame formulations.

3. An algebraic framework for Fibonacci Cartan numbers

In what follows, Cartan numbers are examined through their matrix, polar, and exponential
representations, each organized according to the underlying character and type. These formulations
serve as the principal tools for establishing a de Moivre–type identity and for determining the roots of
Cartan numbers. Furthermore, they form the geometric and algebraic basis required for the
development of the rotation formula, which is treated in the subsequent section.

3.1. Matrix-based characterization of Fibonacci Cartan numbers

A faithful real 2 × 2 matrix representation of Fibonacci–Cartan numbers is established in this
subsection. This representation provides a convenient matrix framework for studying their algebraic and
geometric properties. This correspondence provides a rigorous framework for defining multiplication on
Fibonacci–Cartan numbers and for deriving their fundamental algebraic properties. Moreover, Cartan
numbers are classified via the determinants and discriminants of the characteristic equations associated
with their corresponding matrix representations.

Theorem 10. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k

be a Fibonacci–Cartan number. Then the mapping

ψ(Pn) =


Fn + Fn+2 +

1
2

Fn+3 Fn+1 − Fn+2 +
1
2

Fn+3

Fn+1 + Fn+2 −
1
2

Fn+3 Fn − Fn+2 −
1
2

Fn+3

 (3.1)
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gives a faithful real 2 × 2 matrix representation of Fibonacci–Cartan numbers. Moreover, for any
Fibonacci–Cartan numbers Pn and Pm,

ψ(Pn + Pm) = ψ(Pn) + ψ(Pm)

and
ψ(PnPm) = ψ(Pn)ψ(Pm),

where the sum and product on the left-hand sides are taken in the ambient Cartan algebra.

Proof. The Cartan algebra admits the matrix representation

ψ(a + bi + c j + dk) =


a + c +

d
2

b − c +
d
2

b + c −
d
2

a − c −
d
2

 .
Taking

a = Fn, b = Fn+1, c = Fn+2, d = Fn+3,

gives the stated matrix representation of Pn.
Since the matrices corresponding to the Cartan basis elements satisfy the same multiplication rules

as 1, i, j, k, the mapping preserves addition and multiplication in the ambient Cartan algebra. Hence, for
Fibonacci–Cartan numbers Pn and Pm,

ψ(Pn + Pm) = ψ(Pn) + ψ(Pm)

and
ψ(PnPm) = ψ(Pn)ψ(Pm).

Finally, if
ψ(Pn) = ψ(Pm),

then the corresponding Cartan coefficients are equal, so that

Fn = Fm, Fn+1 = Fm+1, Fn+2 = Fm+2, Fn+3 = Fm+3,

and consequently Pn = Pm. Thus, the representation is faithful. □

The following result should be understood as the specialization of the general matrix identities for
Cartan numbers to the Fibonacci–Cartan case. Indeed, for a general Cartan number Y = a+ bi+ c j+ dk,
its matrix representation satisfies

detψ(Y) = a2 − b2 − 2cd = C(Y).

Thus, the determinant and norm identities below follow by taking a = Fn, b = Fn+1, c = Fn+2, and
d = Fn+3. The Fibonacci structure becomes relevant in expressing the vector character in terms of
consecutive Fibonacci numbers.
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Theorem 11. Let E ∈ M2×2(R) be the matrix corresponding to a Fibonacci–Cartan number Pn. Then
the following relations hold:

C(Pn) = det E, ∥Pn∥ =
√
| det E|,

and

CU(Pn) =
(tr E)2 − 4 det E

4
.

Proof. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k

be a Fibonacci–Cartan number, and let E = ψ(Pn). Using the matrix representation of the Cartan basis
elements, we obtain Then

E =


Fn + Fn+2 +

1
2

Fn+3 Fn+1 − Fn+2 +
1
2

Fn+3

Fn+1 + Fn+2 −
1
2

Fn+3 Fn − Fn+2 −
1
2

Fn+3

 .
A direct computation gives

det E =
(
Fn + Fn+2 +

1
2

Fn+3

) (
Fn − Fn+2 −

1
2

Fn+3

)
−

(
Fn+1 − Fn+2 +

1
2

Fn+3

) (
Fn+1 + Fn+2 −

1
2

Fn+3

)
= F2

n − F2
n+1 − 2Fn+2Fn+3

= C(Pn).

Consequently,
∥Pn∥ =

√
|C(Pn)| =

√
| det E|.

Moreover,

tr E = Fn + Fn+2 +
1
2

Fn+3 + Fn − Fn+2 −
1
2

Fn+3

= 2Fn.

Therefore,

(tr E)2 − 4 det E
4

= F2
n −

(
F2

n − F2
n+1 − 2Fn+2Fn+3

)
= F2

n+1 + 2Fn+2Fn+3.

Since
Fn+3 = Fn+1 + Fn+2

and
Fn+4 = Fn+2 + Fn+3 = Fn+1 + 2Fn+2,
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we have

F2
n+1 + 2Fn+2Fn+3 = F2

n+1 + 2Fn+2(Fn+1 + Fn+2)

=
1
2

(
F2

n+1 + F2
n+4

)
= CU(Pn).

Hence,

CU(Pn) =
(tr E)2 − 4 det E

4
.

This completes the proof. □

Corollary 12. Let
∆E = (tr E)2 − 4 det E

denote the discriminant of the characteristic polynomial of the real 2 × 2 matrix E. Then

CU(Pn) =
∆E

4
.

3.2. Polar analysis of Fibonacci Cartan numbers

In this section, the polar form of a Cartan number is developed in accordance with its character
and classification. Because the polar representation is jointly determined by the causal nature of the
corresponding Cartan vector and the inherent character of the Cartan number, the resulting expressions
are derived through the theorems presented below.

Theorem 13. Since Fibonacci–Cartan numbers are of spacelike type, every Fibonacci–Cartan number
can be expressed in the polar form

Pn = ∥Pn∥ (sinhφ + U coshφ) . (3.2)

where

sinhφ =
Fn

∥Pn∥
, coshφ =

√
1
2

(
F2

n+1 + F2
n+4

)
∥Pn∥

,

and

U2 = 1, U =
Fn+1i + Fn+2 j + Fn+3k√

1
2

(
F2

n+1 + F2
n+4

) .

Proof. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k

be a spacelike Fibonacci–Cartan number. Then its character satisfies

C(Pn) = F2
n − F2

n+1 +
1
2

(
F2

n+1 − F2
n+4

)
< 0,
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and the norm of Pn is given by

∥Pn∥ =

√
−F2

n + F2
n+1 −

1
2

(
F2

n+1 − F2
n+4

)
.

Moreover, the associated Fibonacci–Cartan vector

UPn = (Fn+1, Fn+2, Fn+3)

is spacelike, since

CU(Pn) =
1
2

(
F2

n+1 + F2
n+4

)
> 0.

Consequently,

0 < F2
n < F2

n+1 −
1
2

(
F2

n+1 − F2
n+4

)
,

which enables Pn to be written in the form

Pn = ∥Pn∥ (sinhφ + U coshφ) ,

where

sinhφ =
Fn

∥Pn∥
, coshφ =

∥UPn∥

∥Pn∥
, U =

Fn+1i + Fn+2 j + Fn+3k
∥UPn∥

.

This completes the proof. □

Example 14. Let n = 3. Then

P3 = F3 + F4i + F5 j + F6k = 2 + 3i + 5 j + 8k.

The character of P3 is

C(P3) = F2
3 − F2

4 +
1
2

(
F2

4 − F2
7

)
= −85 < 0,

which shows that P3 is spacelike. Furthermore,

CU(P3) =
1
2

(
F2

4 + F2
7

)
= 89 > 0,

so that the corresponding Fibonacci–Cartan vector is also spacelike.
Hence, the polar form of P3 is given by

P3 =
√

85 (sinhφ + U coshφ) ,

where

sinhφ =
2
√

85
, coshφ =

√
89
√

85
, U =

3i + 5 j + 8k
√

89
, U2 = 1.
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Corollary 15. The argument of a spacelike Fibonacci–Cartan number

Pn = Fn + Fn+1i + Fn+2 j + Fn+3k

is defined by

φ = ln
(
|Fn| + ∥UPn∥

∥Pn∥

)
.

Example 16. For n = 3, we have

P3 = 2 + 3i + 5 j + 8k, ∥P3∥ =
√

85, ∥UP3∥ =
√

89.

Thus, the argument of P3 is

φ = ln
2 +

√
89

√
85

 .
3.3. Logarithmic analysis of Fibonacci Cartan numbers

Let Pn be a spacelike Fibonacci–Cartan number. Assume that Fn > 0 and set s = ∥Pn∥. Let

U =
Fn+1i + Fn+2 j + Fn+3k

∥UPn∥

denote the corresponding unit Cartan vector. Then U2 = 1, and the polar representation of Pn is

Pn = s (sinhφ + U coshφ) .

Since U is fixed for a given Fibonacci–Cartan number, differentiating with respect to s and φ gives

dPn = (sinhφ + U coshφ) ds + s (coshφ + U sinhφ) dφ

= Pn
ds
s
+ PnU dφ

= Pn

(
ds
s
+ U dφ

)
,

where we have used U2 = 1 and

PnU = s (coshφ + U sinhφ) .

On the other hand, since U2 = 1, the exponential of Uφ satisfies

eUφ = coshφ + U sinhφ.

Multiplying this identity by U, we obtain

UeUφ = U coshφ + U2 sinhφ = sinhφ + U coshφ.

Therefore, the correct exponential representation of Pn is

Pn = sUeUφ.
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Equivalently,

UPn = seUφ,

because U2 = 1.
Since UPn belongs to the commutative subalgebra generated by 1 and U, its logarithmic

representation may be written as

ln(UPn) = ln s + Uφ.

Thus, the logarithmic and exponential representations associated with the spacelike polar form are

ln(UPn) = ln ∥Pn∥ + Uφ

and

Pn = ∥Pn∥UeUφ.

Example 17. Let

P3 = 2 + 3i + 5 j + 8k.

From the previous computations,

∥P3∥ =
√

85, ∥UP3∥ =
√

89,

and hence

U =
3i + 5 j + 8k
√

89
, U2 = 1.

Moreover,

φ = ln
2 +

√
89

√
85

 .
Therefore, the exponential representation of P3 is

P3 =
√

85
3i + 5 j + 8k
√

89
exp

3i + 5 j + 8k
√

89
ln

2 +
√

89
√

85

 .
Equivalently,

UP3 =
√

85 exp
3i + 5 j + 8k

√
89

ln
2 +

√
89

√
85

 .
4. De Moivre–type relations and root structure of Fibonacci Cartan numbers

In this section, we investigate the power and root structures of Fibonacci–Cartan numbers by means
of their polar representations. We first establish a De Moivre–type formula and then use it to derive the
corresponding root representations.
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4.1. De Moivre relations in the Fibonacci Cartan setting

The introduction of the Fibonacci–Cartan spacelike sphere is motivated by the pseudo-Euclidean
geometry induced by the bilinear form considered above. In this setting, the level sets of the associated
quadratic form provide the natural geometric loci on which the causal character of Fibonacci–Cartan
vectors can be studied. In particular, the spacelike sphere represents a constant pseudo-norm surface for
spacelike vectors and therefore provides a geometric setting for describing their directional behavior.

This construction is also closely related to the rotational properties considered below. Indeed, the
rotations studied in the Fibonacci–Cartan space are transformations adapted to the underlying indefinite
metric, and hence their geometric interpretation is naturally expressed in terms of the corresponding
pseudo-Euclidean level surfaces. Thus, the Fibonacci–Cartan spacelike sphere is introduced not as an
independent geometric object, but as a natural geometric framework connecting the metric structure of
the space with the rotational transformations investigated in the subsequent results.

Theorem 18 (De Moivre-type formula for Fibonacci–Cartan numbers). Let Pn be a spacelike Fibonacci–
Cartan number with polar representation

Pn = ∥Pn∥
(
sinh ϕ + U cosh ϕ

)
, U2 = 1.

Then, for every positive integer m,

P m
n =

∥Pn∥
m(

sinh(mϕ) + U cosh(mϕ)
)
, m is odd,

∥Pn∥
m(

cosh(mϕ) + U sinh(mϕ)
)
, m is even.

(4.1)

Proof. We proceed by mathematical induction on m. For m = 1, the result follows immediately from
the polar representation

Pn = ∥Pn∥
(
sinh ϕ + U cosh ϕ

)
.

For m = 2, using U2 = 1, we obtain

P2
n = ∥Pn∥

2(sinh ϕ + U cosh ϕ
)2

= ∥Pn∥
2
(
sinh2 ϕ + cosh2 ϕ + 2U sinh ϕ cosh ϕ

)
= ∥Pn∥

2(cosh(2ϕ) + U sinh(2ϕ)
)
,

which is the required formula for the even case. Now suppose that the formula holds for some positive
integer m. First, assume that m is even. Then

Pm
n = ∥Pn∥

m(
cosh(mϕ) + U sinh(mϕ)

)
.

Multiplying by Pn, we obtain

Pm+1
n = Pm

n Pn

= ∥Pn∥
m+1(cosh(mϕ) + U sinh(mϕ)

)(
sinh ϕ + U cosh ϕ

)
= ∥Pn∥

m+1
[
cosh(mϕ) sinh ϕ + sinh(mϕ) cosh ϕ

+ U
(
cosh(mϕ) cosh ϕ + sinh(mϕ) sinh ϕ

)]
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= ∥Pn∥
m+1(sinh((m + 1)ϕ) + U cosh((m + 1)ϕ)

)
.

Since m + 1 is odd, this is precisely the required odd-power formula. Next, assume that m is
odd. Then

Pm
n = ∥Pn∥

m(
sinh(mϕ) + U cosh(mϕ)

)
.

Therefore,

Pm+1
n = Pm

n Pn

= ∥Pn∥
m+1(sinh(mϕ) + U cosh(mϕ)

)(
sinh ϕ + U cosh ϕ

)
= ∥Pn∥

m+1
[
sinh(mϕ) sinh ϕ + cosh(mϕ) cosh ϕ

+ U
(
sinh(mϕ) cosh ϕ + cosh(mϕ) sinh ϕ

)]
= ∥Pn∥

m+1(cosh((m + 1)ϕ) + U sinh((m + 1)ϕ)
)
.

Since m + 1 is even, this is the required even-power formula. Thus, both parity cases follow by
induction, and the proof is complete. □

Example 19. Let
P3 = 2 + 3i + 5 j + 8k.

From the previous computations, we have

∥P3∥ =
√

85, U =
3i + 5 j + 8k
√

89
,

and

sinh ϕ =
2
√

85
, cosh ϕ =

√
89
√

85
.

Hence,

ϕ = ln
2 +

√
89

√
85

 .
Since m = 3 is odd, Theorem 18 gives

P3
3 = (

√
85)3 (sinh(3ϕ) + U cosh(3ϕ)) .

Using the triple-angle identities

sinh(3ϕ) = 3 sinh ϕ + 4 sinh3 ϕ

and
cosh(3ϕ) = 4 cosh3 ϕ − 3 cosh ϕ,

we obtain

sinh(3ϕ) = 3
(

2
√

85

)
+ 4

(
2
√

85

)3

=
542

85
√

85
,
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and

cosh(3ϕ) = 4
 √89
√

85

3

− 3
 √89
√

85

 = 101
√

89

85
√

85
.

Therefore,

P3
3 = 85

√
85

 542

85
√

85
+

3i + 5 j + 8k
√

89

101
√

89

85
√

85


= 542 + 303i + 505 j + 808k.

4.2. Root structure of Fibonacci Cartan numbers

Theorem 20. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k,

be a Fibonacci–Cartan number. Then the mth roots of Pn are given as follows.

(i) If
Pn = ∥Pn∥

(
coshφ + U sinhφ

)
,

then its mth roots are of the form

s = ∥Pn∥
1/m

(
cosh

φ

m
+ U sinh

φ

m

)
.

(ii) If
Pn = ∥Pn∥

(
sinhφ + U coshφ

)
,

then for odd m, its mth roots are given by

s = ∥Pn∥
1/m

(
sinh

φ

m
+ U cosh

φ

m

)
.

(iii) If m is even, then the Fibonacci–Cartan number

Pn = ∥Pn∥
(
sinhφ + U coshφ

)
has no mth roots.
On the other hand, if

Pn = Fn(1 + U),

then its roots are given by

s1 =

m√2Fn

2
(1 + U), m odd,

and

s2 = ±

m√2Fn

2
(1 + U), m even.
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Proof. (i) Let
s = ∥s∥

(
cosh β + U sinh β

)
,

be an mth root of Pn, that is, sm = Pn. By Theorem 18, we obtain

sm = ∥s∥m
(
cosh(mβ) + U sinh(mβ)

)
.

Comparing this expression with

Pn = ∥Pn∥
(
coshφ + U sinhφ

)
,

we find
∥s∥m = ∥Pn∥, mβ = φ.

Hence,
s = ∥Pn∥

1/m
(
cosh

φ

m
+ U sinh

φ

m

)
.

(ii) The proof follows analogously to part (i) by using the second form of Theorem 18 for odd m.
(iii) Let

s = s∗(1 + εU)

be a root of the equation sm = Pn, where m is odd and s∗ ∈ R denotes the scalar coefficient to be
determined. Using Theorem 18, we have

Fn(1 + U) = (s∗)m2 m−1(1 + εU).

Solving for s∗ yields for m is odd

s1 =

m√2Fn

2
(1 + U),

If m is even, the roots occur in pairs, giving

s2 = ±

m√2Fn

2
(1 + U).

This completes the proof. □

5. The geometry of the Fibonacci Cartan number

Our purpose of this section is to provide a geometric framework for the Fibonacci–Cartan structures
introduced in the preceding sections. To this end, we first describe the underlying three-dimensional
space and its associated indefinite bilinear form, and then consider the Fibonacci vectors as a
distinguished family in this space. The subsequent geometric constructions are introduced in order to
examine the metric and rotational behavior of these vectors within the corresponding pseudo-Euclidean
setting. In particular, the notions introduced below provide the geometric background for the spacelike
sphere and the rotational transformations studied later in the section. Thus, the definitions in this
section are intended to connect the algebraic structure of Fibonacci–Cartan numbers with their
geometric interpretation.
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In the final part of this work, we analyze the rotational properties of null and pseudo–null curves by
means of the Frenet frame formalism. Owing to the fact that the Cartan number system is formulated
on vectors in R3 equipped with a modified metric, the construction of a suitable metric space becomes
essential. Following the introduction of the basic geometric concepts related to this space, we concentrate
on the study of rotations generated along lightlike directions.

Throughout the remainder of the paper, a vector

m = (Fm, Fm+1, Fm+2) ∈ R3,

will be identified with the corresponding pure Cartan number

Fmi + Fm+1 j + Fm+2k.

Accordingly, the Cartan scalar product of the Cartan vectors

m = (Fm, Fm+1, Fm+2) and n = (Fn, Fn+1, Fn+2)

is defined by
⟨m,n⟩ = FmFn + Fn+1Fm+2 + Fn+2Fm+1.

For the geometric analysis in the three-dimensional Cartan space, we adopt the sign-reversed
restriction of the pseudo-inner product introduced in Section 2.2 to the pure Cartan vector part. More
precisely, if

V = bi + c j + dk, W = f i + g j + hk,

then
⟨V,W⟩3 = −⟨V,W⟩S = b f + ch + dg.

This sign convention is adopted throughout this section and determines the corresponding causal
classification.

Definition 21 (Fibonacci–Cartan 3-space). Let

R3
C = {X = (x1, x2, x3) : x1, x2, x3 ∈ R} .

For arbitrary vectors
X = (x1, x2, x3), Y = (y1, y2, y3) ∈ R3

C,

we define the bilinear form
⟨X,Y⟩C = x1y1 + x2y3 + x3y2.

Equivalently,

⟨X,Y⟩C = XTGY, G =


1 0 0
0 0 1
0 1 0

 .
Since

det G = −1 , 0,
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this bilinear form is non-degenerate. Moreover, the eigenvalues of G are 1, 1,−1; hence, the form is
indefinite and has signature (2, 1). The vectors

Fn = (Fn, Fn+1, Fn+2), n ≥ 0,

form a distinguished family of vectors in R3
C. For two such vectors

Fm = (Fm, Fm+1, Fm+2) and Fn = (Fn, Fn+1, Fn+2),

the bilinear form becomes

⟨Fm,Fn⟩C = FmFn + Fm+1Fn+2 + Fm+2Fn+1.

We refer to R3
C endowed with this bilinear form, together with the distinguished family {Fn}n≥0, as

the Fibonacci–Cartan 3-space.

For vectors
F = (Fm, Fm+1, Fm+2) and F∗ = (Fn, Fn+1, Fn+2),

a Fibonacci–Cartan number will be regarded as a vector in the Cartan 3–space throughout the paper.
Moreover, since

∆(U) = F2
n + 2Fn+1Fn+2 > 0,

the vector U is spacelike. When negative Fibonacci indices are considered, including both Fibonacci–
Cartan numbers and their negative counterparts, it may occur that

⟨F,F∗⟩ = 0.

In this case, the vectors F and F∗ are said to be pseudo–orthogonal.

Definition 22. The vector product in the Cartan 3–space is defined by

F × F∗ =

∣∣∣∣∣∣∣∣∣
i j k

Fn Fn+1 Fn+2

Fm Fm+1 Fm+2

∣∣∣∣∣∣∣∣∣ .
Hence, the Fibonacci–Cartan product of

Pn = S (Pn) + V(Pn) and Pm = S (Pm) + V(Pm)

can be written as

PnPm = S (Pn)S (Pm) + S (Pn)V(Pm) + S (Pm)V(Pn) + ⟨V(Pn),V(Pm)⟩ + V(Pn) × V(Pm).

Consequently, the vector triple product satisfies

F ×
(
F∗ × F∗∗

)
= ⟨F,F∗⟩F∗∗ − ⟨F,F∗∗⟩F∗,

where
F∗∗ = (Fk, Fk+1, Fk+2),

and Fk denotes the kth Fibonacci number and F∗∗ = (Fk, Fk+1, Fk+2) denotes the third Fibonacci–Cartan
vector in the vector triple product, and Fk denotes the kth Fibonacci number.
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Definition 23. The Fibonacci–Cartan spacelike sphere is defined as the set

S =
{
(Fa, Fb, Fc) ∈ R3 : F2

a + 2FbFc > 0
}
∪ {(0, 0, 0)},

where Fa, Fb, and Fc denote the ath, bth, and cth Fibonacci numbers, respectively.

Having established the algebraic and geometric structure of the Fibonacci–Cartan 3–space, we are
now in a position to investigate rotational transformations within this framework. In particular, the
classification of vectors into spacelike, lightlike, and pseudo–null types enables a precise formulation of
rotations adapted to the underlying indefinite metric. In the following section, we focus on rotations
generated about a lightlike direction, which play a fundamental role in the geometry of null and pseudo–
null curves. These rotations are formulated in terms of Fibonacci–Cartan numbers and are analyzed
through their action on Frenet frames, leading to explicit rotation formulas specific to the Cartan setting.

5.1. Rotation on the line

Throughout this study, the notations PU and P⊥U will be used to denote planes in the Fibonacci–Cartan
3–space. The planes

PU = span{0,U} and P⊥U

are mutually pseudo–orthogonal. In this part, we demonstrate that if the position vector of a point
undergoing rotation is pseudo–orthogonal to the corresponding rotation axis, then the usual rotation
circle collapses into a linear trajectory. In the setting of Cartan 3–space, the subspaces span{i, j} and
span{i, k} form a dual pair of planes. In this context, the vector j is pseudo–orthogonal to the plane
span{i, j}, whereas vector k is pseudo–orthogonal to the plane span{i, k}.

Elements belonging to these dual planes can be described by ordered pairs (x, y), where x denotes
the spacelike component and y corresponds to the lightlike component. For such a point (x, y), the
argument in the sense of dual numbers is given by the ratio y/x. Exploiting these structural features of
Cartan 3–space, we proceed to examine rotation transformations generated by the lightlike directions j
and k.

Theorem 24. Let
Pn = 1 + φ j

and
F∗ = Fmi + Fm+1 j ∈ P⊥j , Fm , 0,

and define the mapping

LPn : P⊥j −→ P⊥j , F∗ 7−→ LPn(F
∗) = PnF∗.

Then LPn(F
∗) represents a parabolic rotation of F∗ with angle −φ in the plane P⊥j . The corresponding

trajectory lies on the straight line
ℓ(t) = Fmi + Fm+1 j + t j,

and the radius of rotation is |Fm|.
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Proof. Using the Cartan multiplication rules ji = − j and j2 = 0, we obtain

LPn(F
∗) = (1 + φ j)(Fmi + Fm+1 j)
= Fmi + Fm+1 j + φFm ji + φFm+1 j2

= Fmi + (Fm+1 − Fmφ) j.

Hence, LPn(F
∗) ∈ P⊥j . Since P⊥j is identified with the dual-number plane, the argument of F∗ is

arg(F∗) =
Fm+1

Fm
,

whereas
arg

(
LPn(F

∗)
)
=

Fm+1 − Fmφ

Fm
=

Fm+1

Fm
− φ.

Therefore, the argument changes by −φ, which gives the stated parabolic rotation.
Moreover, since j2 = 0,

(1 + φ j)r = 1 + rφ j

for every positive integer r. Thus,

L r
Pn

(F∗) = Fmi + (Fm+1 − rFmφ) j,

so the iterates lie on
ℓ(t) = Fmi + Fm+1 j + t j.

Finally, the coefficient of the spacelike component i remains Fm; equivalently,

C(F∗) = C
(
LPn(F

∗)
)
= −F2

m.

Hence, the radius is preserved and is equal to |Fm|. □

Theorem 25. Let
Pn = 1 − φ j ∈ P j and F∗ = Fmi + Fm+1 j ∈ P⊥j ,

and define the mappings

MPn : P⊥j → P⊥j , F∗ 7→ MPn(F
∗) = PnF∗,

NPn : P⊥j → P⊥j , F∗ 7→ NPn(F
∗) = F∗Pn.

Then:

(i) MPn rotates F∗ by the parabolic angle φ in the plane P⊥j .
(ii) NPn rotates F∗ by the angle −φ in the plane P⊥j .

In both cases, the rotation circle degenerates into the straight line

ℓ(t) = Fmi + Fm+1 j + t j,

with radius |Fm|.
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Proof. (i) Let F∗ = Fmi + Fm+1 j ∈ P⊥j . Then

MPn(F
∗) = PnF∗ = Fmi + (Fmφ + Fm+1) j ∈ P⊥j .

The argument of F∗ is Fm+1/Fm, while

arg
(
MPn(F

∗)
)
=

Fm+1 + Fmφ

Fm
.

Thus, F∗ is rotated by φ about the lightlike direction j. Iterating MPn gives

Mx
Pn

(F∗) = Fmi + (Fm+1 + xFmφ) j,

which lies on the straight line ℓ(t).
(ii) Consider the right multiplication

NPn(F
∗) = F∗Pn,

where
F∗ = Fmi + Fm+1 j, Pn = 1 − ϕ j.

Using the Cartan multiplication rules

i j = j, j2 = 0,

we obtain

NPn(F
∗) = (Fmi + Fm+1 j)(1 − ϕ j)
= Fmi + Fm+1 j − ϕFmi j − ϕFm+1 j2

= Fmi + (Fm+1 − Fmϕ) j.

Hence,

arg
(
NPn(F

∗)
)
=

Fm+1 − Fmϕ

Fm
=

Fm+1

Fm
− ϕ.

Therefore, right multiplication by Pn produces a parabolic rotation through the angle −ϕ. Moreover,
after x iterations,

N x
Pn

(F∗) = Fmi + (Fm+1 − xFmϕ) j,

which lies on the straight line
ℓ(t) = Fmi + Fm+1 j + t j.

Thus, in both the left- and right-multiplication cases, the parabolic rotation degenerates into a linear
trajectory, while the direction of the rotation is determined by the sign of the angle. □
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6. Fibonacci Pauli Cartan numbers

In this section, Fibonacci Pauli–Cartan numbers with non-negative and negative indices are
investigated. We derive their recurrence relations, Binet-type formula, ordinary and exponential
generating functions, summation identities, and matrix representations. A numerical example is also
provided to illustrate the determinant representations, followed by real linear transformations associated
with left and right multiplication.

Definition 26. Let n ∈ N0 = {0, 1, 2, . . .}. The nth Fibonacci Pauli–Cartan number is defined by

Fn = Fn1 + Fn+1σ1 + Fn+2σ2 + Fn+3σ3. (6.1)

Here, Fn denotes the nth Fibonacci number, and σ1, σ2, σ3 are the basis elements introduced above,
satisfy Pauli multiplication rules stated in Section 1.

Definition 27. Let n ∈ N0 \ {0}. The Fibonacci Pauli–Cartan number with index −n is defined by

F−n = F−n1 + F−n+1σ1 + F−n+2σ2 + F−n+3σ3. (6.2)

Here, F−n denotes the Fibonacci number with negative index, and σ1, σ2, σ3 satisfy Pauli
multiplication rules stated in Section 1, given in Eq. (1.3).

Corollary 28. Let Fn be the nth term of the Fibonacci Pauli Cartan and F−n be the −nth term of the
Fibonacci Pauli Cartan. The following recurrence relations hold:

Fn+2 = Fn+1 + Fn, (6.3)

and
F−n = −F−n+1 + F−n+2. (6.4)

Proof. Using Eqs (1.4) and (2.1), we obtain:

Fn+1 + Fn = Fn+11 + Fn+2σ1 + Fn+3σ2 + Fn+4σ3

+ Fn1 + Fn+1σ1 + Fn+2σ2 + Fn+3σ3

= (Fn+1 + Fn)1 + (Fn+2 + Fn+1)σ1 + (Fn+3

+ Fn+2)σ2 + (Fn+4 + Fn+3)σ3

= Fn+21 + Fn+3σ1 + Fn+4σ2 + Fn+5σ3 = Fn+2.

For the negative-index recurrence, using

F−n = −F−n+1 + F−n+2,

we obtain

F−n = F−n1 + F−n+1σ1 + F−n+2σ2 + F−n+3σ3

= −F−n+1 + F−n+2.

□
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Theorem 29. Let Fn be the nth term of the Fibonacci Pauli Cartan. The following Binet’s formula is
satisfied for the Fibonacci Pauli Cartans:

Fn =
δn

1δ̂1 − δ
n
2δ̂2

δ1 − δ2
(6.5)

where δ1 =
1+
√

5
2 , δ2 =

1−
√

5
2 , δ̂1 = 1 + δ1σ1 + δ

2
1σ2 + δ

3
1σ3, δ̂2 = 1 + δ2σ1 + δ

2
2σ2 + δ

3
2σ3, and σ1, σ2, σ3

satisfy the Pauli multiplication rules stated in Section 1.

Proof. Using the Binet formula

Fn =
δn

1 − δ
n
2

δ1 − δ2
,

we obtain

Fn = Fn1 + Fn+1σ1 + Fn+2σ2 + Fn+3σ3

=
δn

1

(
1 + δ1σ1 + δ

2
1σ2 + δ

3
1σ3

)
− δn

2

(
1 + δ2σ1 + δ

2
2σ2 + δ

3
2σ3

)
δ1 − δ2

.

Therefore,

Fn =
δn

1̂δ1 − δ
n
2̂δ2

δ1 − δ2
,

which proves the result. □

Theorem 30. Let Fn be the nth term of the Fibonacci Pauli Cartan. The following generating function
is satisfied for the Fibonacci Pauli Cartans:

∞∑
n=0

Fnan =
a(F1 − F0) + F0

1 − a − a2 . (6.6)

Proof. Let m(a) be the generating function for the Fibonacci Pauli Cartan numbers as
∑∞

n=0 Fnan. We get
the following equations, am(a) =

∑∞
n=0 Fnan+1 and a2m(a) =

∑∞
n=0 Fnan+2. After the needed calculations,

the generating function for the Fibonacci Pauli Cartan numbers is obtained as

∞∑
n=0

Fnan =
a(F1 − F0) + F0

1 − a − a2 .

□

Theorem 31. Let Fn be the nth term of the Fibonacci Pauli Cartan. The exponential generating function
is satisfied for the Fibonacci Pauli Cartans:

∞∑
n=0

Fn
tn

n!
=

(
δ̂1

δ1 − δ2

)
eδ1t −

(
δ̂2

δ1 − δ2

)
eδ2t. (6.7)
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Proof. Using Eq (6.5), we obtain

∞∑
n=0

Fn
tn

n!
=

∞∑
n=0

δn
1δ̂1 − δ

n
2δ̂2

δ1 − δ2

 tn

n!

=

(
δ̂1

δ1 − δ2

) ∞∑
n=0

δn
1tn

n!
−

(
δ̂2

δ1 − δ2

) ∞∑
n=0

δn
2tn

n!

=

(
δ̂1

δ1 − δ2

)
eδ1t −

(
δ̂2

δ1 − δ2

)
eδ2t.

□

Theorem 32. Let Fn be the nth term of the Fibonacci Pauli Cartan. The following summation formulas
are satisfied:

n∑
m=0

Fm = Fn+2 − F1,

n∑
m=0

F2m = F2n+1 − F1 + F0,

n∑
m=0

F2m+1 = F2n+2 − F0.

Proof. According to the recurrence relation in Eq (6.3), we can get the following:

F2 = F1 + F0,

F3 = F2 + F1,

...
...

...

Fn+2 = Fn+1 + Fn.

If we add both of sides of the identities above, we obtain,

n∑
m=0

Fm = Fn+2 − F1.

The other equalities can be proved in a similar way. □

Theorem 33. Let Fn be the nth term of the Fibonacci Pauli Cartan and F−n be the −nth term of the
Fibonacci Pauli Cartan. These determinant matrices are constructed directly from the recurrence
relations (6.3) and (6.4), namely

Fn+2 = Fn+1 + Fn

and
F−n = −F−n+1 + F−n+2,

respectively.
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The following equations are satisfied:

Fn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

F0 −1 0 0 0 · · · 0 0
F1 0 −1 0 0 · · · 0 0
0 1 1 −1 0 · · · 0 0
0 0 1 1 −1 · · · 0 0
0 0 0 1 1 · · · 0 0
...

...
...

...
...

. . .
...

...

0 0 0 0 0 · · · 1 −1
0 0 0 0 0 · · · 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

= FnF1 + Fn−1F0,

F−(n+1) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

F−1 −1 0 0 0 · · · 0 0
F−2 0 −1 0 0 · · · 0 0
0 1 −1 −1 0 · · · 0 0
0 0 1 −1 −1 · · · 0 0
0 0 0 1 −1 · · · 0 0
...

...
...

...
...

. . .
...

...

0 0 0 0 0 · · · −1 −1
0 0 0 0 0 · · · 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

= (−1)nFn−1F−1 − (−1)nFnF−2.

where Fn is the nth term of Fibonacci number.

Proof. The proof follows by mathematical induction, using recurrence relation (6.3) for the first equality
and recurrence relation (6.4) for the second equality.

□

Example 34. Consider n = 5. We illustrate the determinant representations given in the preceding
theorem.

• First, let us compute the fifth Fibonacci Pauli–Cartan number. We have

F5 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

F0 −1 0 0 0 0
F1 0 −1 0 0 0
0 1 1 −1 0 0
0 0 1 1 −1 0
0 0 0 1 1 −1
0 0 0 0 1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
6×6

.

Expanding the determinant along the first column, only the first two entries contribute. The
corresponding cofactors are F4 = 3 and F5 = 5, respectively. Hence,

F5 = F4F0 + F5F1.

Using
F0 = σ1 + σ2 + 2σ3

and
F1 = 1 + σ1 + 2σ2 + 3σ3,
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we obtain

F5 = 3(σ1 + σ2 + 2σ3) + 5(1 + σ1 + 2σ2 + 3σ3)
= 5 + 8σ1 + 13σ2 + 21σ3.

• Next, let us compute the (−6)th Fibonacci Pauli–Cartan number. We have

F−6 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

F−1 −1 0 0 0 0
F−2 0 −1 0 0 0
0 1 −1 −1 0 0
0 0 1 −1 −1 0
0 0 0 1 −1 −1
0 0 0 0 1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
6×6

.

Again, expanding along the first column, only the first two entries contribute. The corresponding
cofactors give

F−6 = (−1)5F4F−1 − (−1)5F5F−2,

and therefore
F−6 = −3F−1 + 5F−2.

Since
F−1 = 1 + σ2 + σ3

and
F−2 = −1 + σ1 + σ3,

it follows that

F−6 = −3(1 + σ2 + σ3) + 5(−1 + σ1 + σ3)
= −8 + 5σ1 − 3σ2 + 2σ3.

Let Fa, Fb ∈ F to construct the matrix representation of the R-linear transformations representing
the left and right product in F using de Moivre’s formula.

ζLFa
: F −→ F

where ζLFa
is written as:

AζLFa
=


Fa Fa+1 Fa+3 Fa+2

Fa+1 Fa −Fa+3 Fa+2

Fa+2 −Fa+2 Fa + Fa+1 0
Fa+3 Fa+3 0 Fa − Fa+1

 ,
and

ζRFa
: F −→ F

where ζRFa
is written as:
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AζRFa
=


Fa Fa+1 Fa+3 Fa+2

Fa+1 Fa Fa+3 −Fa+2

Fa+2 Fa+2 Fa − Fa+1 0
Fa+3 −Fa+3 0 Fa + Fa+1

 .
LetA denote the ambient algebra generated by 1, σ1, σ2, σ3, and let X ∈ A. For a fixed Fibonacci

Pauli–Cartan number Fa, define the left- and right-multiplication operators by

ζL
Fa

(X) = FaX, ζR
Fa

(X) = XFa.

The matrices displayed above are the matrix representations of these operators with respect to the
chosen basis.

For all X,Y ∈ A and λ ∈ R, the left- and right-multiplication operators satisfy

ζL
Fa

(X + Y) = ζL
Fa

(X) + ζL
Fa

(Y),

ζR
Fa

(X + Y) = ζR
Fa

(X) + ζR
Fa

(Y),

and
ζL
Fa

(λX) = λζL
Fa

(X), ζR
Fa

(λX) = λζR
Fa

(X).

Hence, both operators are R-linear. Moreover, associativity of the ambient algebra gives

ζL
Fa
◦ ζR
Fb
= ζR

Fb
◦ ζL
Fa
.

Indeed, for every X ∈ A,
Fa(XFb) = (FaX)Fb.

The left-multiplication operators satisfy

ζL
FaFb
= ζL

Fa
◦ ζL
Fb
,

whereas the right-multiplication operators satisfy

ζR
FaFb
= ζR

Fb
◦ ζR
Fa
.

Consequently, at the matrix level,
AL
FaFb
= AL

Fa
AL
Fb
,

while
AR
FaFb
= AR

Fb
AR
Fa
.

Thus, the left multiplication gives a matrix representation, whereas the right multiplication has the
corresponding anti-representation property. In particular, no claim is made that these representations are
surjective onto the full matrix algebra M4×4(R).

Remark 35. The formulas developed in this paper may provide useful tools for further investigations
involving recurrence-based algebraic systems and their matrix and geometric representations. In
particular, the matrix representations enable Fibonacci–Cartan numbers to be studied by means of
standard linear algebraic techniques, while the polar and exponential forms, together with the De
Moivre-type formulas, facilitate the computation of powers and roots. Moreover, the parabolic rotation
formulas may be useful in the geometric analysis of transformations associated with lightlike directions.
These results may also serve as a basis for extending this framework to other recursive sequences and
related Cartan-type number systems.
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7. An application of Chebyshev polynomials to Fibonacci Cartan powers

Chebyshev polynomials provide a natural polynomial framework for multiple-angle identities and
therefore fit naturally with the De Moivre–type structure developed for Fibonacci–Cartan numbers.
Direct connections between Fibonacci and Chebyshev polynomials have been established through
connection formulas and generating-function methods [37, 38]. In particular, finite products involving
Chebyshev polynomials of the second kind and Fibonacci polynomials were investigated in [39], while
generalized Chebyshev polynomials and their connections with classical polynomial sequences were
studied in [40]. Related recurrence- and matrix-based approaches include augmented Pascal-type
matrix constructions with connections to Fibonacci matrices [41] and Euler–Seidel matrix methods for
recurrence-based sequences [42].

Motivated by these connections, we express the powers of Fibonacci–Cartan numbers in terms
of Chebyshev polynomials. This provides an alternative polynomial formulation of the hyperbolic
multiple-angle functions occurring in the De Moivre–type formula established above. Recall that the
Chebyshev polynomials of the first kind Tm(x) and the second kind Um(x) are defined by

T0(x) = 1, T1(x) = x,

Tm+1(x) = 2xTm(x) − Tm−1(x), m ≥ 1,

and
U0(x) = 1, U1(x) = 2x,

Um+1(x) = 2xUm(x) − Um−1(x), m ≥ 1.

For x = coshφ, the corresponding hyperbolic identities are

Tm(coshφ) = cosh(mφ)

and
sinh(mφ) = sinhφUm−1(coshφ), m ≥ 1.

To avoid confusion between the Chebyshev polynomial Um and the unit Cartan vector used in the
preceding sections, we denote the latter by

Ûn =
Fn+1i + Fn+2 j + Fn+3k

∥UPn∥
.

Then
Û 2

n = 1.

Theorem 36. Let
Pn = Fn + Fn+1i + Fn+2 j + Fn+3k, n ≥ 0,

be a spacelike Fibonacci–Cartan number with polar representation

Pn = ∥Pn∥
(
sinhφ + Ûn coshφ

)
.

Define

ηn =
Fn

∥Pn∥
= sinhφ
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and
ξn =

∥UPn∥

∥Pn∥
= coshφ.

Then, for every positive integer m,

P m
n =


∥Pn∥

m
[
ηnUm−1(ξn) + ÛnTm(ξn)

]
, m is odd,

∥Pn∥
m
[
Tm(ξn) + ÛnηnUm−1(ξn)

]
, m is even.

Proof. From the De Moivre–type formula established above, if m is odd, then

P m
n = ∥Pn∥

m
(
sinh(mφ) + Ûn cosh(mφ)

)
.

Using
Tm(coshφ) = cosh(mφ)

and
sinh(mφ) = sinhφUm−1(coshφ),

together with
ηn = sinhφ, ξn = coshφ,

we obtain
cosh(mφ) = Tm(ξn)

and
sinh(mφ) = ηnUm−1(ξn).

Therefore,
P m

n = ∥Pn∥
m
[
ηnUm−1(ξn) + ÛnTm(ξn)

]
.

If m is even, the De Moivre–type formula gives

P m
n = ∥Pn∥

m
(
cosh(mφ) + Ûn sinh(mφ)

)
.

Applying the same Chebyshev identities yields

P m
n = ∥Pn∥

m
[
Tm(ξn) + ÛnηnUm−1(ξn)

]
.

Hence, the stated representation holds for both parity cases. □

Corollary 37. The scalar and vector parts of P m
n admit explicit representations in terms of Chebyshev

polynomials. If m is odd, then
S (P m

n ) = ∥Pn∥
mηnUm−1(ξn)

and
V(P m

n ) = ∥Pn∥
mÛnTm(ξn).

If m is even, then
S (P m

n ) = ∥Pn∥
mTm(ξn)

and
V(P m

n ) = ∥Pn∥
mÛnηnUm−1(ξn).
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Example 38. Consider

P3 = 2 + 3i + 5 j + 8k.

From the previous computations,

∥P3∥ =
√

85, ∥UP3∥ =
√

89.

Therefore,

η3 =
2
√

85
, ξ3 =

√
89
√

85
,

and

Û3 =
3i + 5 j + 8k
√

89
.

For m = 2, the even case of the preceding theorem gives

P2
3 = 85

[
T2(ξ3) + Û3η3U1(ξ3)

]
.

Since

T2(x) = 2x2 − 1, U1(x) = 2x,

we have

T2(ξ3) = 2
(
89
85

)
− 1 =

93
85

and

η3U1(ξ3) =
2
√

85

2
√

89
√

85

 = 4
√

89
85

.

Consequently,

P2
3 = 85

93
85
+

3i + 5 j + 8k
√

89

4
√

89
85


= 93 + 12i + 20 j + 32k.

Thus, the Chebyshev representation reproduces the power of the Fibonacci–Cartan number directly
from its polar data.

The preceding results show that the Chebyshev representation is not an independent structure
imposed on Fibonacci–Cartan numbers. Rather, it provides a polynomial reformulation of their De
Moivre–type power structure. In particular, the hyperbolic multiple-angle terms appearing in powers
of Fibonacci–Cartan numbers can be evaluated through the recurrence relations of the Chebyshev
polynomials. This establishes a direct computational connection between Fibonacci–Cartan numbers
and the classical theory of Chebyshev polynomials.
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8. Conclusions

In this work, we established a comprehensive algebraic and geometric framework for
Fibonacci–Cartan and Fibonacci Pauli–Cartan numbers. Their structural properties were characterized
through conjugation, norm, causal classification, and matrix representations, revealing a natural
interpretation in pseudo–Euclidean geometry. The derivation of polar and exponential forms enabled
the extension of classical identities such as De Moivre’s formula to this generalized setting. Building on
this De Moivre–type power structure, we obtained a Chebyshev polynomial representation of
Fibonacci–Cartan powers in terms of the first- and second-kind Chebyshev polynomials. This
representation yielded explicit polynomial expressions for the scalar and vector parts of P m

n and
provides a direct connection between Fibonacci–Cartan numbers and the recurrence structure of
Chebyshev polynomials. Moreover, the introduction of generating functions, Binet–type formulas, and
summation identities provided a coherent analytic foundation for these sequences. The geometric
analysis of rotations in lightlike directions highlighted the distinctive behavior of parabolic
transformations, which reduced to linear motions in the Cartan space.

This study also has some limitations that indicate possible directions for further research. The
analysis is restricted to Fibonacci-based Cartan and Pauli–Cartan structures, and therefore the extent
to which the proposed framework can be transferred to other recurrence sequences remains to be
investigated. Moreover, this work mainly focuses on algebraic, matrix, and geometric properties,
whereas analytical and computational aspects have not been considered in detail.

Finally, although the connection with Chebyshev polynomials provides a concrete theoretical
application of the developed framework, its potential use in specific applied or computational models
remains to be investigated. These limitations suggest several natural directions for extending this
study. These results contribute to the interaction between Fibonacci theory and non–Euclidean algebraic
structures, while the Chebyshev representation further connects the proposed framework with the
theory of special polynomials. This opens potential directions for further research in geometric algebra,
recurrence-based polynomial systems, mathematical physics, and generalized number systems.
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