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Abstract: We present a dynamic analysis of the Gnedenko repairable system with multiple working
vacations, which is comprised of N operating units and one warm standby unit. The system
dynamics are governed by partial differential equations with integral boundary conditions. By
applying the Cy—semigroup theory, we establish the well-posedness of the system and the strong
convergence of the time-dependent solution to its steady-state solution. Numerical examples illustrate
the effect of key parameters on time-dependnet reliability indices, providing practical insights into the
system performance.
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problem; T-DRI: Time-dependnet reliability indices.

1. Introduction

The working vacation (WV) policy has become a widely adopetd operational strategy in queueing
and reliability modeling over recent decades. Servi and Finn [1] first introduced this concept in
the classical M/M/1 queue, where the server continues to provide service at a reduced rate during
vacation periods rather than completely halting operations. This policy finds numerous practical
applications. In the energy sector, power stations can operate some generating units at reduced capacity
during low-demand periods, thereby conserving energy and reducing equipment wear while enabling
rapid responses to peak loads. Similarly, escalators in shopping malls and subway stations can run
at lower speeds during off-peak hours, saving energy and extending service life, and immediately
resume normal speed when passengers arrive. These advantages have motivated extensive research
on WV queueing and reliability systems. For steady-state performance, M/G/1 queues with multiple
or single WV and vacation interruption were analyzed in [2—4], while WV were incorporated into
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cold standby repairable systems [5] and machine repair problems with two failure modes [6]. From
a dynamic-analysis perspective, M/G/1 single WV models were studied in [7, 8], and k/n(G) retrial
systems with multiple working vacations (MW V) were examined in [9].

Standby repairable systems constitute a fundamental class of reliability models in which redundant
units are maintained to enhance the system availability and operational continuity. In recent years,
numerous studies have continued to address the reliability modeling and analysis of such systems from
various perspectives [10—13]. Within this broad class, the Gnedenko system occupies holds particular
significance as one of the most fundamental configurations. In its classical form, it is comprises of N
operating units connected in series, one warm standby unit, and a single repairman. The system only
remains operational if all N operating units are functioning. When an operating unit fails, the warm
standby unit immediately replaces it, and the failed unit is sent for repair. If another unit fails before
the repair is completed, then the system is inoperative. Gnedenko [14] first studied this system and
derived the reliability function and several limit theorems.

Subramanian [15] extended the analysis by assuming that, upon system failure, the remaining
operating units have failure rates equal to those of the standby units, and obtained the system
availability. Cao [16] further investigated the stochastic behavior of the Gnedenko system using
Takacs’ method [17] and Markov renewal processes, deriving explicit expressions for steady-state
availability and failure frequency. Classical Gnedenko systems assume the repairman is always
available. In practice, repairmen may take vacations or attend to other duties, causing repair
delays [18]. To model this, Liu and Kasim [19] developed a Gnedenko system with MWYV,
where the repairman continues servicing failed units at a reduced rate during vacations. Using the
supplementary variable technique (SVT) and the generalized Markov process theory, the authors
established this model and derived explicit steady-state formulas for important reliability indices.
Nevertheless, the dynamic properties of this system—existence, uniqueness, and asymptotic stability
of the time-dependent solution (T-DS)—were left unresolved.

Dynamic analyses are important both theoretically and practically. The existence and uniqueness of
the T-DS ensure that the system is well-posed and that all time-dependent reliability indices (T-DRI) are
uniquely defined for all + > 0. The Steady-state solution (S-SS) depends on the T-DS, which clearly
reflects the system’s operational trend. Asymptotic convergence to the S-SS further guarantees that
long-term reliability and availability are well defined, meaning the S-SS can reliably approximate the
system’s behavior over sufficiently long periods. These properties are particularly significant for the
Gnedenko system with MWV because the vacation and standby mechanisms lead to complex dynamic
evolution that cannot be inferred from the steady-state analysis alone.

The system under investigation consists of N operating units, one warm standby unit, and a single
repairman who operates under the MWV discipline. At time zero, all N units are new and functional,
and the repairman commences a WV. If an operating unit fails, then the standby unit immediately
replaces it, and the failed unit becomes a standby after repair. A system breakdown occurs when two
units are simultaneously in the failed state; at that instant, all remaining N — 1 operating units cease
to be subject to failure. During a WV, any failed unit is repaired at a reduced rate. Upon completion
of a vacation, if any failed unit exists, then the repairman switches to the normal busy period and
repairs at the full rate; if no failed units are present, then he immediately begins the next WV. Should a
failure occur after the vacation has ended, the repairman enters the normal busy period without delay.
This cycle repeats indefinitely. The system evolution is governed by a system of partial differential
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equations with integral boundary conditions, which we analyze in detail in the subsequent sections.
As in [19], the new Gnedenko system Based on the SVT takes the following form:

dH?(t) 0 * 1 * 1
=~V + W) H() + fo H (1, X)B1 (x)dx + j; H\(t, x)Ba(x)dx, (1.1a)
o0H 11 (t,x) OH 11 (t, x) .
+ = —(NA; + Bi(x) + O)H\ (1, x), (1.1b)
ot ox
2 2
aHla(tt’ M, aHla(;’ Y B + O)HA(t, x) + NAH\ (1, ), (1.1¢c)
1 1
aHza(tt’ M, 0Hf9(;’ D L (N Ay + BaGo)HAE x) + BHL (1, %), (1.1d)
2 2
Ot x)  OH (X Bo(0OH(E, X) + OHA(t, x) + N HL(1, %), (1.1e)
ot ox
H{(1,0) = (N4, + 1)H(t) + f Hi(t, x)B1(x)dx, (1.1f)
0
Hi(t,0) = 0, (1.1g)
H,(1,0) = f ) H;5(t, x)Ba(x)dx, (1.1h)
0
HZ(1,0) = 0, (1.11)

H)0)=1, H{0,x)=0, H{(0,x)=0, Hy0,x)=0, H;0,x)=0, x€(0,0), (L1j

where (7, x) € [0, 00) X [0, o). The notations used in the model are summarized in Table 1.

Table 1. Notations used in the mathematical model.

Symbol Description

H?(t) The probability that the system is functioning in regular efficiency at time ¢, and the repairman is on the
WV.

H{ (t, x)dx  The probability that there are j failed units in the system, the repairman is on the WV, and the consumed
repair time exists in (x, x + Ax), j = 1,2.

Hé(t, x)dx  The probability that there are j failed units in the system, the repairman is in a normal busy period, and the
consumed repair time exists in (x, x + Ax), j = 1,2.

A1 The failure rate of the active unit.

Ay The failure rate of the standby unit.

6 The parameter of the exponential distribution of the repairman’s WV period.

Bi1(x) The repair rate of a unit on the WV, satisfying 8;(x) > 0 and fom B1(x)dx = co.

Ba(x) The repair rate of a unit during the normal busy period, satisfying S>(x) > 0 and fow B2(x)dx = co.

The steady-state reliability of the above Gnedenko system with MW Vs has been analyzed, whereas
its dynamic behavior remains unexplored. Motivated by this gap, this paper conducts a rigorous
dynamic analysis of the system. For the dynamic analysis, we employ the theory of Cy—semigroups of
linear operators, a powerful functional-analytic tool. Gupur’s monograph [20] was among the first to
apply this theory to queueing and reliability models and provides a detailed introduction to the relevant
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ideas and methods. Inspired by this line of research, many authors have contributed to the dynamic
analysis of various queueing models [21-23]. Similar methods have also been applied to reliability
models [24-27].

The overall solution procedure and the main contributions of this paper are summarized as follows:

e We formulate the system as an abstract Cauchy problem (ACP) and establish its well-posedness
by means of the Cy—semigroup theory, which guarantees the existence and uniqueness of a
non-negative T-DS;

e Through spectral analysis, we demonstrate that the T-DS strongly converges to its S-SS, thereby
providing a rigorous theoretical foundation for the long-run behavior of the system;

e We verify this convergence numerically and examine the sensitivity of T-DRI to various system
parameters, offering practical insights for system design and maintenance.

The remainder of this paper is organized as follows: Section 2 transforms the original system into
an ACP and establishes its well-posedness; Section 3 demonstrates that the T-DS strongly converges
to its S-SS; Section 4 presents numerical examples that illustrate the influence of various parameters
on the system performance and numerically validate that the T-DRI tend to fixed values as time tends
to infinity; a summary of the results and the recommended future research directions are provided
in Section 5.

2. Well-posedness of the system

In this section, we demonstrate the well-posedness of the system based on the Cy—semigroup theory
by first converting the model to an ACP. For completeness, we briefly recall this notion. Let X be a
Banach space and A be a linear operator on X. An ACP consists of the evolution equation

du(t)
dt

together with the initial condition u(0) = u,. This framework recasts the original system of partial
differential equations with integral boundary conditions into a single operator equation on a suitably
chosen state space. It allows the well-posedness, existence, uniqueness, and asymptotic behavior of
the solution to be analyzed within the theory of Cy—semigroups. In our setting, the state space, the
operator, and the initial value are chosen as follows.

Take the state space as below:

= Au(t), t>0,

H e R x L'[0, 00) x L'[0, 00) x L'[0, 00) x L'[0, c0),

2 2 )
IHI = [H + X 3 11H llpi0,.0) < 00
i=1 j=1

X=H

Obviously, X is a Banach space. The operators and their domains are defined as follows:

M ¢ L1[0,00),i,j = 1,2
D) =1H € X| H/(x)(i, j = 1,2) are absolutely continuous

and fulfil H(0) = [~ TH(x)dx
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where
e* 0
(NAL + )™ 0 Bi(x)
I'= O 0 O .
0 0 B
0O O
Define, for H € D(),
HY —(NA; + ) HY
H} api H} (x)
A H? [ (x) = ai, Hi(x)|,
HZ1 a | Hzl(x)
H; ar) \H3(x)

where

d d
a=-——- (NG +Bi(x0)+0), aip=-———(Bi(x)+0),

dx
d d
=~ (N + Ba(x), axn = I — Ba(x),
X x
and define, for H € X,
Y (0 ;
H| 0 O Hl(x)
G|H?|[(x)=[0 N, O Hi(x)|,
H% g 0 O H%(x)
H? 0 N, 0)\H2(x)
HY [ HI(t 01 (x)dx + [ HA(t, x)Ba(x)dx
H| 0
K H? |(x) = 0 , D(®)=D) =X.
H, 0
H; 0

Then, the original Eq (1.1) can be reformulated as an ACP on X as follows:

MO = A+ 6+ K)H (D), Vi€ (0,0), o
H(0) = (1,0,0,0,0), '
where we first get the following main result.
Theorem 2.1. If M; = sup Bi(x) < oo,i = 1,2, then A + ® + K generates a positive contraction
x€[0,00)
Co—semigroup 7 (7).
Proof. First, we estimate ||(£1 — W)~!||. With (¢ — WH = Z, VZ € X, we get the following:
(€+ N, + L)H) = Z), (2.2a)
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dH,|(x) 1 1
—— ==L+ NA + fi(0) + OH|(x) + Z{ (x), (2.2b)
dH}(x) 2 2

e = —({+ B1(x) + OH{(x) + Z;(x), (2.2¢)
dH,(x) 1 1

T = =+ N + Bl () + Z3(x), (2.2d)
dH?

ﬁ”:—w+m@m&@+@ux (2.2e)
H{(0) = (NA; + L)H] + f " BB, (2.2f)

0
H{(0) =0, (2.2g)
H,(0) = f " HA B0 (2.2h)
0

HX(0) = 0. (2.21)

By solving Egs (2.2a)—(2.2¢e), we have the following:

1
=— 7 2.3
TSI ENL A LT (2.32)
Hll (x) = e fo“'(€+Nﬁl+9+,31(u))dU(H11 ) + f le (e 5 (€+N A +6+51 ()dv do), (2.3b)
0
Hf( X)=e o (€+6+p1(w)dv f le( S)e J5 (€+6+p1 (w)dv d, (2.3¢)
0
Hi(x) = e b ENuBMdy (gl ) 4 f Zi(s)ek CNArpM g gy (2.3d)
0
H2(x) = e h B0y f Z2()eh CHhwdvg e (2.3¢)
0

By combining Egs (2.2f) and (2.2h) with Eq (2.3a), and using the conditions of the Theorem, we
deduce the following:

|1H;(0)| S(N/11+/12)|H?I+f Br(x0)IH; (x0)ldx
0

< NA + Ay
1€+ NA + Ay

1H,(0)] < f Bo(0)H3 (0)ldx < Mol|H; |11 0,00)- (2.4b)
0

\Z}] + MylH |1 0,009, (2.4a)

Using
kB o g cccx i=1.2,

and the Fubini theorem, we estimate (assume ¢ > 0) the following:
1

an HHZ]z”Ll[O,oo)a (2.5a)

00 X
2 —(C+6 2 (+0)s
I 0. < f e (0 f Z3 ()l dgdx =
0 0
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IH L1000 = fo"” e Lx |Z§(§)|e€§e_fs‘xﬁzw))dvdgdx < fom e x ﬁx 1Z3(s)le" dsdx
= fo ) 1Z3(5)les f ) e Pdxdg = %IIZ§IIL1[O,M>. (2.5b)
¢
Similarly,
IH {2000y <IH{(0)] f i e N0
0

00 X x
+ f o~ (N +0)x f |le (¢)|e NS = I Biwndv dedx
0 0

|H](0)] 1 1
+ 7 .
_f-}-N/ll'i‘@ 5+N/11+9” 1||L1[()’ )
NA + A, - M, 2
121+ 1Z 0.
(é’ +NA; +60) (€ + N + A,) (C+6)(¢+Na +6)

+——||Z o) 2.6
f+N/11+0” 1||L1[o, ) (2.6a)

Iz()|+ 1
“C+NAy (+NA

1 1
1H [l j0,00) < 122 112110,60)

||Z Lt 0.00) + 57— ||Zé||L1[o,oo)- (2.6b)

1
_€(£’+N/l) {+NA,
By combining Eqs (2.5) and (2.6) with Eq (2.3a) and using the following inequalities:

C+2NA + Ay - 1 1 - 1 M+N/ll+£< 1
(C+NAE+NAUL+) €=M’ €+NAy, €-M’ €C€+NA) ¢{-M’

where M = max{M;, M,}, we deduce, for £ > M,

2 2
A =1HD + > I 0.0

j=1 k=1
C+2NA + A 1 M;+¢+NA +6
< 220+ ————1Z} L0 + 1
€+ NADE+NA + ) C+NA +6 +O)(+NA +6)
1 M, +NA + ¢
x || Z? o+ —||1Z! o F—— o
IZ1 1121 10,00) an Nﬁlll > 1210,00) (TN 1Z31110.00) 2.7)
+2NA + Ay 70 1 ) M+ NA + €
Z+ ———1Z{Itj000) + ———11ZlI1110.0)
(€+ NA)L + NAy + ) £+ NA, {({+ NAy)
M+NA +¢ )
+—I|Z ot —————||1Z o
s + <o 12 s

: {-M (000"
Equation (2.7) shows that when £ > M, we have the following:

1
—-M

I -W"' X - DA, |I(eI-W7| < 7
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Next, show that D() is dense in X. Let

Hij € C}[0, e), and there exist ¢;; > 0, }

F ={H(x) = (H),H|(x), H{(x), Hy(x), H} :
{ (0= (Hy, H (0, HyGo, H3 (), Ha(0) such that H!(x) = 0, i, j = 1,2, Yx € [0,¢; ]

Then, F is dense in X (i.e., F= X). If we assume F c D(), then

DAY cX=>FcDA)cX=>X=FcDWcX=X

= D) = D) = X,

that is, D() is dense in X. The following proves that F ¢ D() holds. .
Take any H = (HY, H|, H},H,, H>) € F; then, there exists ¢;; > 0 such that H!(x)=0,i,j=1,2,
for Vx € [0, ¢; ;). Therefore, when x € [0, g], there is H,] (x) =0, where 0 < g < .milnz{ci, ;1. Define
L,]=1,

FU0) =(HY, f{,(0), f{,(0), f3,(0), f3,(0))
=(H?, (NA, + 2)H? + f H{(x)B:1(x)dx, 0, f H;(x)B>(x)dx, 0),
q q
FUG) =(HY, £, (0, [0, f2(0, £, (x00),

where
FLO1 =22 xe[0,q)

1 H l: 1’2,
H; (%), x € [g, )

fi(,]l (x) = {

ZIQ(X) = H,'Z(x), Yx € [0, OO), i=1,2.

It is not hard to demonstrate that f¢ € D(2). Furthermore,
lH - fI =f \H}(x) = f{,(0)ldx + f \Hy(x) = 3, (0)ldx
0 0

4 X 4 X
- f F4,O)I(1 = Z)dx + f F,O)I(1 - 2)dx
0 q 0 q
=20, + 1,0 - 0. g0,

This indicates that F ¢ DY) (i.e., D() is dense in X). Thus, by the previous two steps and the
Hiller-Yosida theorem (see [20, Theorem 1.68]), it follows that 2 generates a Cy—semigroup.

We can easily check that ® and ! are bounded linear operators. Thus, by the perturbation theorem
of the Cy—semigroup (see [20, Theorem 1.80]), it follows that A + ® + K generates a Cy—semigroup
T (t). Clearly, A + ® also generates a Cp—semigroup &(f), and we will use this in the next section.

Lastly, we verify that A + ® + K is a dispersive operator. With YH € D(), let’s take

[H)1" [H](0]" [H(0]" [Hy(0)]* [Hi(X)T)

w(x)=( H? ) H}(X) ’ H%(X) ’ H;(x) ’ H%(X)
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where
(HOT = H), H)>0
‘ 0, H'<0’
: H/(x), H'(x)>0
[Hlj(x)]+ — l(x) 1‘(x) , l,] — 1, 2
0, H/(x)<0

Let W;; = {x € [0, oo)|HJ(x) >0}and R; ; = {x € [0, oo)|H](x) <0}, i,j=1,2, Then,

© dH!(x) [H (x)]* dH! (x) [H! (0] dH!(x) [H](x)]
f : ! dx = f ! L dx + f
0 W, R,

dx  H!(x) w dX HI(%) g dx Hf(x) 2.8)
dH/ (x) < d[H! ()] : . '
:f L —dx = f ———dx=-[H/ O], i,j=1,2,
Wi, dx 0 dx !
which is used here as H,] e L'[0, 0) = Hij(oo) =0,i,j=1,2.
For H € D() and @, by using Eqgs (2.2f)—(2.21), (2.8), and
> 2 i H@ i
f Bi()H; (x)dx < f Bi(0)[H; (x)]"dx, f H\(X)——— Hi) ———dx < f [H(x)]"dx,
0
[H?(x0)]* .
fo H!(x) 20 dx < fo [H!()]*dx, i = 1,2,
we estimate
(N+ 6 +K)H, @)
— (N, + L)[HY] + Tdx + f ) B2(X)[Hy(x)]*dx
0
+ [H{(0)]" = (N4, +6) f [H, ()] dx - f Bi(0)[H{ ()] dx + [H{(0)]*
0 0
-0 f [H?(x)]"dx — f Bi(XO)[H(x)]Tdx + NA, f [H!(x)]*dx + [Hy(O)]*
’ ° 5 (2.9)

—N/hf [HQ(X)de—f Bz(X)[Hzl(X)]+dX+9f [H{ (0] dx + [H3(0)]*
0 0 0

- f ) Ba(X)[H(x)]"dx + 6 f ) [H;(x)]*dx + N4, f ) [H,(x)]*dx

S([1'17;0]+
<0.

-1 f Bi(x)[H| (x)]*dx + f ﬁz(x)[Hz(x)]+dx)

Equation (2.9) shows that A + ® + K is a dispersive operator. By employing the results from
Steps 1 and 2, along with Eq (2.9) and [20, Theorem 1.79], we deduce that the operator A + ® + &
generates a positive contraction Co—semigroup. Subsequently, appealing to the uniqueness property of
the Cy—semigroup, we confirm that this semigroup is indeed 7 (). O
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Remark 2.1. Similarly to the estimate for Eq (2.9), we get
(A + O®)H, @) <0.

Thus, by Phillips theorem (see [20, Theorem 1.79]), &(¢) is a positive contraction Cy—semigroup.
Obviously,

G* € R x L*[0, 00) X L*[0, 00) X L*[0, 00) X L*[0, c0),
X* ={G* IG™|ll = sup {|G?*|, ||G}*”L°°[O,c>o)a ”G%*”L""[O,oo)a

* *
IG2 l(0.00y 1G2 ||Loo[o,m>}

and the adjoint space of X is a Banach space. Introduce the following cone in X:

9 = {H . X' H(x) = (H°, H!(x), H*(x), H\(x), HX(x)) }

HY > 0,H!(x) > 0,i,j = 1,2,Vx € [0, o)

Then, by Theorem 2.1, we have 7 (1)%) C 9). .
For H € D(‘)I) NY, take G*(x) = ||H||(1,1,1,1,1), hence G* € X*. Furthermore, by using HI.J €
L'[0, ) = H/(0) = 0, i, j = 1,2, we have the following:

(U + G+ KH, G*)

:{—<Nﬂl+ﬂz)H?+ f H (0B (x)dx + f Hé(x)ﬁz(x)dx}an
0 0

©  JH!
+ f { _ dl(x) — (N4 +Bi(x) + 9)H}(x)}IIHIIdx
0 X

00 2
N f (- D ) + M) + NAH (o) I dx
0 X
© dH!
N f (~ 20 WA, + o) + 01 o ki
0 X
00 2
+ f { - dh;z(x) — Bo(X)H5(x) + 6H  (x) + N/llHé(x)}llH lldx
0 X

=— (NA; + LIH|H] + (N4, + L) HIH) + |1 H]| f Bi(x)H; (x)dx
0
—\HI| f Bi(x)H (x)dx + ||H| f Ba(x)H;(x)dx — | H| f Ba(X)H3 (x)dx
0 0 0
=0.
Based on this equation, A + ® + K is a conservative operator (see [28]) for

O(H) = {G* e X*

(H,G*) = |IHIP = IG"I> }.

Owing to H(0) € DU*) Y, it follows from the Fattorini theorem (see [28]) that 77(¢) is an
isometric operator for D(U?). This leads to the following result.
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Theorem 2.2. The operator 7 (¢) is isometric for the initial value H(0) of System (2.1), i.e.,
1T (OHO)| = [HO)||, V1€ [0, o).
Finally, we get the well-posedness of System (2.1) as follows.
Theorem 2.3. If M; = sup Bi(x) < oo, i = 1,2, then there exists a unique positive T-DS H(t, x) for

x€[0,00)

the System (2.1) such that
|H(, )l =1, Vi€ [0,00).

Proof. Due to H(0) € D(U?)(N 92, we know that A + & + | generates a unique Cy—semigroup by
Theorem 2.1. Then, from the well-posedness of the ACP (see [20, Theorem 1.81]), it follows that
System (2.1) has a unique positive T-DS H(¢, x) and could be represented as follows:

H(t,x) =7 (t)H(0), Vt € [0, 00).
As can be seen from this equation and Theorem 2.2,

IH @I = 17 @OHO) = [[HO) =1, Vi€ [0,00).

O
3. The asymptotic behavior of the T-DS
This section examines the asymptotic behavior of the system. We begin with the
following proposition.
proposition 3.1. Let H(¢, x) = (E(f)@)(x) be the solution to the following
BO = U+ G)H(1), Vi€ (0,00), G
H(0) = w(x).
Then,
,w.l Oe—(N/11+/12)t
H; (t — x,0) o~ (NA1+0)x- 5 Br@wdv
H{(t - x, O)e_gx‘foxﬁl(”)d”(l — e Nx) , x <t
e—N/hx—fOxﬁz(v)dv[Hzl (t —x, 0) + 9H11 (t —x, O) fox e—QZ—fOZ(ﬁl(U)—ﬁz(v))dvdZ]
H(t,x) = @ e Nt
@ (x = 1) o~ (NA1+6)~ I Biwdv
RPN g (= 1) + @ (- 1)(1 - M) x>,
e NULLBON e, (x = 1) + Gy (x— 1) [ e [ Br=Baedv g
T2
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where

Ty =(1 — e M) [OH! (¢ — x, 0)e b A f ¢y Br 2N g,

0

+ N HL(1 = x, 0)e™ b P20,

i X
— _ Ao~ S Bawydy —0(t—x)— [ pa(v)dv -6l Xl,l(ﬁl(v)—ﬁz(v))dv
Ty =wya(x — e + Be e

x—t

X [@12(x = 1) + @1 (x = ))(1 — e ML 4 N2y (x = e b2

X
(1 = M1y 4 g, | (x — peNArHoE=0-[ pardv f o0 (BB dv

x—t

% (e—N/lll _ e—N/h)C)dl’

H{(t - x,0) and H)(t — x,0) are determined by Egs (1.1f) and (1.1h), respectively.

Proof. Since H(t, x) is a solution of System (3.1), we have the following:

dH(t
dlt( ) _ —(NA; + L)H) (1),
OH|(1,x) OH|(t,x) i
+ = —=(NA; +B1(x) + O)H (1, x),
ot Ox
OH(t,x)  OH:(1,x) 2 1
+ = —(B1(x) + O)H;(t,x) + NAH,(t, x),
ot Ox
OH(t, OHl(,
2 (&, x) + 26 %) = —(NA, +,82(x))H5(t, x) + GHll(t, X),
ot 0x
OHA(t, OH (1,
(6,0 + 26 _ —Bo(X)H3(t, x) + OH?(t, x) + NA H) (¢, x),
ot Ox
H{(1,0) = (NA; + )H{(1) + fo Hi(t, )1 (x)dx,
Hi(1,0) = 0,

H,(1,0) = f H3(t, x)By(x)dx,
0
H3(1,0) = 0,
HY0) = @19, H/(0,x) =@ j(x), i,j=1,2.

(3.2a)
(3.2b)
(3.2¢)
(3.2d)

(3.2e)

(3.2f)
(3.2g)
(3.2h)

(3.21)
(3.2))

If we define ¢ = x — 7 and G/(r) = H/(t,t + ¢), i,j = 1,2, then Eqs (3.2b)=(3.2¢) will become

the following:

Networks and Heterogeneous Media

dG}(t) 1
7 —(NA| + Bi(s + 1) + )G (1),
dG%(l‘) 2 1
- = —(Bi(s + D)+ OGi(1) + N, G, (1),
dG;(t) 1 1
o= —(NA; + Ba(s + )Gy (t) + 6G(2),
2
d(j;t(t) = —Ba(s + 1)G5(t) + 0GI(t) + N, GA(1).

(3.3)
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In the case where ¢ < 0 (ie., x < 1), integrating Eq (3.3) from —¢ to t and applyi_ng G{ (—=¢) =
Hl/(-¢,6—¢) = H/(-¢,0) = H/(t-x,0), i,j=1,2, G{(z=¢) = H{z-¢,2-¢+¢) = H{(z-¢,2), ] =
1,2, Gi(z—¢)=Hy(z-s,2— ¢ +¢) = Hy(z— ¢,2), Eqs (3.2g) and (3.2i) give the following:

H(t, x) =H!( — x, 0)e” V1+0xly Aredv (3.4a)

!
X X X S+ |
Hi(t,x) =H}(t - x, O)e‘g’c_f0 Bindy . N/lle_ex_fo By f Gi(n)ee("“”fo By qp

=<

X
=N e~ h Ao f H!(z - g,2)e"h Prodtg,
0

! X . .
=N Iy Brw)dv f H11 (—¢, 0)e N+t o Br)dv+6z+ [ p1(v)dv dz
0

=H!(t - x,0)e " h BNv(] _ gNhix) (3.4b)
Hzl(t, x) =H21(t ~x, O)e—Nﬂlx—fox,Bz(y)dy + Qe—N/hx—fOXﬁz(Y)dy
‘ .
Xf G}(n)eNfll(77+S‘)+f05+nﬁz(y)d)’dn

(Y
:H21 (t - x, O)e—N/llx—fOx,Bg(u)dv I He—N/llx—fO*'ﬁz(u)du

N f ) H!(z - g, )N ierh @i,
_ H% (to_ x,0) o~ Nix- 5 Baw)dv + Qe Nhx- I B)dv

% fx Hll(—s‘, ())e—f)z—foz(ﬂl(v)—ﬁz(v))duarZ

0
:e_N/ll)‘_foxﬁzw)""v[H21 (t—x,0)+ 9H11(t -x,0) fx e‘ez—foz(ﬁl(v)—ﬁz(v))dvdz], (3.4¢)
0
H2(t, x) =H2(t — x,0)e™ b 2000 1 o=l o0y f t [6G30) + NGy apleh " #0% ayy
=<
- x 00 £80 4 e B0 [Clagie - 6) 4 NAGYe - el PO
0
R o f"[ngz(Z C )+ NUH (= ¢ D)l ks Brv g,
0
. I; B2w)dv fx {HH}(—g, O)e_ez—f(fﬁl(u)dua _ e—N/hz) " N/l]e—m.z—fo‘"ﬂz(u)du
0
x| Hi=5.0) + 0H} (=, 0) f Z e Gt gy | Gy
0
=1 - e_NA'x)[HH 1t — x,0)e” lo Bardv f ) e b BrrPrNdv g,
0
L NAHL - x, O)e—fo”ﬁz@)ffv]. (3.4d)
By solving Eq (3.2b), we have the following:

HY (1) =H(0)e N1+ = g o= N+, (3.5)
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In the case where ¢ > O(namely x > 7), integrating Eq (3.3) from 0 to 7 and applying the relation
G/(0) = H/(0,¢) = @, j(¢) = w; j(x — 1), i, j = 1,2, we have the following:
H!(t,x) = @1 1(x — e Vo[ prwods, (3.6a)

!
t t 'y
Hf(l, x) = G%(O)e—et—fo Bis+v)dv N/lle_&_](‘) Bi(s+v)dv f G}(y)egy+f0 B (§+v)dvdy
0

_ G+t G+t 4 L[Sty
=oty @y a(x — t)e_et_fs‘ Br@dz N/lle_at_fs‘ B1(2)dz f G}(y)eeﬁff ﬁl(z)dzdy
0

=2 12(x = t)e“)"fxx—rﬁ'@dZ +N. /lle‘gf‘fi,ﬁl(z)dz f i H(1-¢1) 209 g
X e fxl_,ﬁl(z)dz !
= w(x — t)e—et—ff_,ﬂn(z)dz + NAy@ 1 (x — t)e—9t—f:_,,31(z)dz fx o~ N=x+0) g
—t
= efﬁt*fi,ﬂl(v)du[wl,z(x — )+ @ — (1 — e Ny, x .

t
t 't 'y
H21 (l, X) — Gé(O)e‘Nﬂl"fo Ba2(s+v)du + ge—N/llt—fo Ba(s+v)dv f G%(y)eN/llerfO ,Bz(g+v)dvdy
0

G+t c+ ! c+y
S 1 (x — e VA 7 pa@de | g,~Nu= [ paydz f G (y)e 57 Baaydz dy
0

X
l: _ _ "X _ _ X _
S+y wz,l(x _ t)e NAjt Lf,ﬂz(z)dz + Be Nt fX[’BZ(Z)de H} (l ~c, l)eN/h(l S‘)dl
x—t

x el Prz

X
X !
= e VL PO ) (x = 1) + 0w (x — 1) f ¢ = BrFaddvgy (3 60)
x—t

t )
H3(t, x) = G3(0)e™ h P25t . o= f palssundy f [0G3() + N GY()]eh 26+ gy
0

+1 S+t t S+y
=y a(r— e b POy f [0G0) + NGy (y)lek % dy
0

S o = 1)e P g o [ a0 f [0H} (I = 5, 1) + NA H) (I = 5, D]
x—t

x el-iP2 g

X
X X 1
= @yo(x — e hdPr Wy go [ Brdv=6-0 f o S BI@-prw)du=0l

x—t
X [@12(x = ) + @11 (x = D1 = e NN+ NAyary 1 (x — e hePowd
- X
X (1 =M 4 0wy (x - e S Pa)dv—(N A +6)(1=x) f o= BB

x—t

x et (e NIl _ g=Nhixvy g (3.6d)

Equations (3.4)—(3.6) show that the conclusion of this proposition is justified. O
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For any g € X, define two operators as follows:

0, x€[0,1)

P)(x) = , 3.7
(@one {<8<z)ﬂ)(x>, x € [1,00) -7
OO (x) = {(S(t)ﬂ)(x)’ *€10.2) : (3.7b)

0, X € [t, 00)

Evidently, E()9 = Q)¢ + O@)?, VI € X.
Theorem 3.1. 1If B;(x) (i = 1,2) is Lipschitz continuous and there are g; and ,[i to make 0 < ,@ <

Bi(x) < E < oo (i = 1,2), then O(¢) is a compact operator in X.

Proof. Similar results to those obtained using Corollary 1.37 in [20] can be obtained with ease.
Similarly, one only needs to verify conditions analogous to those in Corollary 1.37 of [20], specifically
Condition (2). In the case of @w € D(A), by Proposition 3.1 H(t, x) = (E()@)(x), x € [0, 1) is a solution
of System (3.1). Thus, for x € [0,1), g € [0,7), x + g € [0, 1), we have the following:

2 2 "
» f \H!(t, x + g) — H/(t, x)|dx
0

i=1 j=1

!
X+g X
= f |H} ([ -x-g, O)e—(N/ll+9)(X+g)—f() Bir(w)dv _ Hll ([ - x, O)e—(Nﬂ1+6)x—J(‘) B1(w)dv dx
0

t
X+g X
+ f |[H(t — x — g,0)e 09k " Adu(] _ =NUG0y _ gl x, 0)e0*h Ao
0

X (1 — e Ny

t
X+g
dx + f |e-1\ul(x+g)—f0 POt — x — g,0) + 0H|(t — x — g,0)
0
X+g -
o f o0 b BB g
0
X .
_ e_N,llx—fO ﬁz(u)dU[Hzl (l_ —x, O) + GHll (l, —x, O) f e—ez—fo“(ﬁl(v)_ﬁz(v))dudz]|dx
0

' X+
+ f |9H} (t -x-g, O)e_ J(-))H-Eﬁz(l/)dv(l _ e—N/ll(x+g)) f 8 e—9z—foz(ﬂl(v)—ﬂz(v))dvdz
0 0
+ N/l]H%(l‘ -Xx—-g, O)e_ J(;X+gﬁ2(v)dv(1 _ e—N/h(x+g))
— 9H11(t —x,0)e” fo"ﬁz(v)dv(l — e~Nhixy f o0 [y Br)~paw)dv dz
0
— N/llel(t _ x’ O)e_fo"[h(l/)dv(l _ e—N/11X)|dx

!
< f |H11(t —x-g, O)||e—(N/ll+9)(x+g)—£ Bi(wydy e—(N11+9)x—fO Biwdv| g
0

!
+ f |HI(1 - x — §,0) — HI(1 — x,0)|e” M0k Arordu g
0

dx

!
X+g X
+ f |H% (t—x— g,O)He‘H(“g)_fo ,li’l(v)dU(l _ e—N/l|(x+g)) _ e—ex—fo ﬁ|(v)dv(1 _ e—N/l]X)
0
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!
+ f |H|(t - x—g,0)— H{(t - x, 0)|e_9x_fd Piwidv(p _ pNAxy g x
0

'
X+g X
+ f |Hé(l‘ -x-g, 0)||e—N/l|(x+g)— o Bo)du _ e—N/hx—fO Baw)dv| 1
0

t
+ f |Hi(r — x — ,0) — Hi(1 — x,0)|e MU=k Balidv g
0
! X+g X+g Z
+6 f | H11 (t—-x-g, 0)” e~ N (xtg)- I pa(wydv f o JB1@)-B2w)dv dz
0 0

X
— e—N/hx—fOXﬁz(U)dvf e—Oz—f(;(ﬂl(U)—ﬂz(v))dvdz|dx
0

! X z
+6 f |H!(t — x - g,0) = H! (1 — x, 0)e VA=l o f el BrOBNY g (3.8)
0 0

Now, separately estimate each term of the above equation. From Eq (3.2f) and Theorem 2.1, it
follows that

|H11(t -x-g, 0)| < max{N4; + /lz,ﬁ_l}“H?(t -X- g)| + f |H12(t -Xx-g, q)|dq]
0

3.9)
< max{NA; + b, Bi}llE(F — x — @)w(-)llx < max{Na;, + A, B }l|@llx.
Estimate the first, third, and seventh terms of Eq (3.8) using Eq (3.9) as follow:
!
f |H11(t —x-g, 0)||e—(1v/11+9)(x+g)—f0"”gﬂ1(u)du _ e—(N/11+9)x—fOXﬁ1(v)dv|dx
0
!
< max{NA, + /12,,3_1}||w||xf |ef(N/11+9)(x+g)ff0x+gﬂ1(v)dv _ ef(N/llJrf))xfj(;Yﬁl(v)dvldx
0
— 0, as|g|— 0, uniformly for @.
!
f |H11(t —x-g 0)||e—9(x+g)—f0x+gﬁ|(v)dv(1 _ e—N/ll(x+g)) _ e—ex—fo"ﬂl(u)dua _ e_W‘x)|dx
0
!
< max{Na; + A, Bi}llwllx f et h () NGy
0
— el vy e"“”‘)|dx — 0, as |gl— 0, uniformlyfor . (3.10)

! b X+g .
gf |H11 (t—x-g, O)||6—N/11(x+g)— b Bawydy f e % b Brw)-p2)dv g
0 0

" X v
_ N [§ Br(w)dv f o0 Jy Br@)~paw)dv dz| dx
0

_ ! . X+g .
< Omax{N4, + /12,,81}”@'”Xf |€_Nll(x+g)_ o g'BZ(”)d“f e 0 b BrorPrndv g,
0 0
_ o Nlx= [T Br(w)dv fx Y (U)_ﬁZ(U))dUdz|dx
0
— 0, as |g| >0, uniformlyfor .
From Eq (3.2f) and Proposition 3.1, and applying the new integral variables t — x — g — g = y and
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t—x—gq =y, we know the following:

|Hi(t ~ x~ g.0) ~ H{(t ~ x,0)|
<(NA; + L)|H)(t - x - g) — HY(t - x)|

+| j; Hi(t = x = & q)Bi(q)dq - fo Hi(t — x,9)B1(q)dq|

<(NA, + /12)|w-1O||e—(N/11+/lz)(t—x—g) _ e—(N/11+/12)(I—X)|

f—x—g

+‘f Hit-x-gt—x—g—y)Bit—x—g—ydy
0
f—X

- Hf(t—x,t—x—y)ﬁl(t—x—y)dy‘
0

o0 q
t—x—g

+ @ 1(61 — 4+ X+ g)e L ,+x+gﬂ1(v)dv O(t—x— g)(l —N/Il(t—x—g))]dq

- f Bi(@wi2(q —t+ x)e” [ 1o 1010~
t—x

+ w1 l(q -1+ x)e fq H—rﬂl(u)du o(t— x)(l —N/l](l—x))]dq . (311)

In the following, we will meticulously evaluate each term in Eq (3.11). By employing the
relationships g —t+ x+ g =y, g — t + x =y, along with the Lipschitz continuity of 5;(x) (without loss
of generality, and assuming the Lipschitz constant to be 1), we can estimate the third term in Eq (3.11).

0 q
‘ f Bi@[@12(g — 1 + x + g)e” lirmrsg P00
t—x—g

+ @, 1(6] —f+ x4+ g)e fq ,+x+gﬂ1(v)dv O(t—x— g)(l —N/Il(t—x—g))]dq

_ f ﬁl(‘])[wl,z(q — i+ x)e” L‘i,,ﬂﬁl(U)du—H(t—x)
—x

+ W l(q —t+ x)e fq H_rﬁl(ll)dl} 61— X)(l —N/l](l‘—x))]dq‘

Y+H—X—g
- (v)dv—6(t-x—g)
snwl,znmo,w){|g| sup ¢ b At

0,00
e (3.12)
+Br sup le [ pwdv-t-x-g) _ - [ ﬁl(v>du—9(r—x>|}
Y€[0,00)
_ Y+1—X—g (v _ o
+ ”leHLl[O,oo){lgl sup e f‘ B1(v)dv—6(t—x g)(l —e N (t—x g))
ye[0,00)
+ B, sup | o f);"”"‘”"m(u)du—eu—x—g)(l N9y
ye[0,00)

B e_ J"-.yH—XﬁI(U)dU—@(I—X)(l _ e—N/ll(t—x))|}
— 0, as |gl— 0, uniformlyfor .
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By combining Eq (3.9), Proposition 3.1, and the Lipschitz continuity of 5;(x), our estimation of the
second term in Eq (3.11) is as follows:

1—x—g
f Bit—x—g—yH{({t—-x-gt—x—g-ydy
0

[—X
—f ,81(t—x—y)le(t—x,t—x—y)dy‘
0
I—X

—_ J— 1=X—g=y
<Bi max{N, + A, Bl f ¢ B (] N gy

t—x—g
f—X
— =x—g-y
+Iglmax{Na; + A, Bi}llwllx f =Xy T BOMY(] N g,
0

A

1—x
—_ —_ —x—g-y
+ B max(NA; + 42, Bl f )
0

T—Xx—y .
— e )y By _ e V=) gy

— 0, as |g|— 0, uniformlyfor . (3.13)
The combination of Eqgs (3.11)—(3.13) gives the following:
|H{(t—x-g,00—H{(t—x,000 >0, as |gl—0, uniformlyfor . (3.14)

The above means that the second, fourth, and eighth terms in Eq (3.8) satisfy the following:

!
f |HL(t = x — g,0) = H(1 — x,0)|e” WA+l Aroddv g
0
— 0, as |g|— 0, uniformlyfor w,

! .
f |HL(t — x — g,0) = H\(t — x, 0)|e™ b A (] — =Ny gy
0

(3.15)
— 0, as |g|— 0, uniformlyfor w,
! X -
9 f | H(t-x-g0) - H\(¢-x, 0)| o~ N[ Baw)dv f ¢~ 0l Br@=B2Ndv g 1
0 0
— 0, as |g|— 0, uniformlyfor .
Similarly, from Eq (3.2h) and Theorem 2.1, it follows that
|H(t = x - g,0)| < B> f |H3(t - x = 8, @)|dg < BlIE(t - x - ©)w()lIx < Ballwllx. (3.16)
0
Use Eq (3.16) to estimate the fifth term of Eq (3.8) as follows:
! .
0
(3.17)

dx

t
J— X+g X
< Bollwllx f |e—N/1.(x+g)—f0 Br(v)du _ e—wlx—fo Br(v)dv
0

— 0, as |g| >0, uniformlyfor .
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From Eq (3.2h) and Proposition 3.1 and applying the new integral variables t — x — g — g = y and
t—x—gq =y, we get the following:

|Hy(t — x — h,0) — Hy(t — x,0)|
<| f H(t - x - 8,9)B(q)dg - f H3(t - x,q)B2(q)dq]
0 0
[—x—g
S‘f Hy(t—x—g,t—x—g—y)Bat —x—g—y)dy
0
f—X
- f Hy(t = x,1 = x = y)Bo(t — x —y)dy'
0
- - d -1 dv—6(t—x—g—q)
t—x—g

q /
X f e ffr’(ﬁl(U)_'BZ(U))dv_el[wl,z(q —t+x+g —w(g-t+x+g)

(4
X (1 = e NWEaH=2=N g1 4 Ny (g —t + x + g)e -toxrg P2V
X (1= e N9Y 4 07 (g — 1+ x + g)e it eg B @)U+ (N +0)(1=x—g=q)

q
« f ¢ o1 BN01 oNE _ pNarx) dl} dg
q—1+x+g
- [ Biofosta- i+ i Lo g Lo
t_

q
X f e fq-f(ﬁ‘(“)‘ﬁZ(U))dU_al[whz(q —t+x) - @(g -+ x)
q—t+x

X (1 = e VUL 4 Ny (q — £+ x)e” hrmPO0(] — N0
L2(v)du+(NA+60)(t—x—q)

y
+ 0w (g — 1t + x)e Jar+x
q /
y f o fq_m(ﬁl(u)—ﬁz(u))du—el(e_mlz _ e—N/llx)dl}dq'_ (3.18)
q—t+x

Below, we evaluate each term in Eq (3.18). Setting ¢ — ¢+ x+ g =y and ¢ — ¢ + x = y, and using the
Lipschitz continuity of 8,(x), we find that the second term in Eq (3.18) satisfies the following:

f ﬁ2(61){w22(61 1+ x+ g)e PO 1 g Ly PO 50
t—x—g

q !
X f &I PO g (g~ 1+ x+ @)~ @i (g =1+ x+g)
q—t+x+g

x (1 - e—N/l1(l—q+t—x—g))]dl + NLwa(g—t+x+ g)e—L‘{HHgﬁQ(u)du

x (1 = e N30y 4 9oy, Hg—t+x+ge = [ B AVHN A +6)(1=x~8~q)

q
« f ¢ Mg BB VAL _ Ny dl} dg
q—t+x+g

f ﬁz<q>{w22(q = 14 e ke POW o o000
t

—X
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q 1
q—t+x

X (1 = e NN gl 4 NAyary (g — ¢+ x)e” O8] _ N

— q —X—
+0m1.(g — 1+ X)e fq L Br)AUH(N A +60)(1—x—)

q 1
« f - L_’+X(ﬂ1(U)—ﬁz(v))dv—gl(e—N/lll — e—Wlx)dl}dq'
q—t+x

_(yHmx—g d
<llwaallioellgl sup e b A

Y€[0,00)

+ﬂ_2 sup e ﬁvwﬂigﬂz(v)dv e ﬁ”ﬁxﬁz(v)dv }
ye[0,00)
Y+ —x—g 00 y+i—X—g "
+ 6|g| sup e‘fy Ba(v)du+8y f f e fw_x_g_,(ﬁl(U)—,Bz(v))dv—el
yel0.00) 0 Jy

X [@120) = @1, 0)(1 = e M dldy + 68, f o £ty
0
y+i—x—g . o
« f o N BB (1 = e MUY
y

_ V+HI—X ! y+l_x _ 1 _ -~
o I vy f ¢ P BB
!

yH-x—g
X (1 = e VN dlldy + NA @ llowllgl sup e b A0
y€[0,00)

JE— _ yH—x—g
x (1 — e N9y L B sup |€ J; Badv (| _ o=NAi(=3-9)y
Ye[0,00)

yHI—X
e J; ﬁz(v)dv(l — NG dy|}

_ [ _ Y e VH=X—g _ -
+6lg| sup e f} Br(v)dv (N/11+6)yf |w11(y)|f e fy(,Bl(u) Ba(v))du—6l
0 y

Y€[0,00)

— [ _ (g _
x (¢-NAl —e_N’“x)dldy+9,82f e R
0

y+i—x—g 1 Y+H—X
y f o OBl il ary gy [ a0 0
y

X fyﬂ_x e fyl(ﬁl (U)—ﬁZ(U))dU—Hl(e—N/lll _ e—N/11X)dl|dy
¥
— 0, as |g| >0, uniformlyfor . (3.19)

Using Eqgs (3.9) and (3.10), Proposition 3.1, and the Lipschitz continuity of 5,(x), we calculate the
first term in Eq (3.18) as follows:

—x—g
‘f Hy(t-x—-gt—x—g—y)Pa(t—x—g—ydy
0
f—X
—f H(t — x,t = x — y)Ba(t — x — y)dy
0
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f—X ey
<Omax{NA; + A, B }l@llxB: f (1 — e NUl=x=g=2)) o I pawydv

t—x—g

f—Xx—g—y _ . .
X f ¢ bR g2y 1 N B B2
0

f—X —x—g—y _
X f (1 — e N33~ 777 B0y gy, 4 glol max{N A, + Ao, B1 | llx
t

—X—g
f—X

ey 1—X—8=y .
% (1 — e NAl=v=g=3)y o= |77 B f etk Br-Bndv g, gy,
0 0

f—x .
+ N/11|g|ﬁ2||w||xf (1- e—N/h(t—x—g—y))e—fo ¢ ﬁz(v)dudy
0
_ [t .
+§max{NA, + A2, B1) @l f |(1 = eV HEmxE ) [ pr
0

f—X—Y

[—X—g—y _ ,
X f e—QZ—f(;(ﬁl(U)—ﬁz(U))dvdZ —(1- e—N/ll(t—x—y))e—fo * B2(v)dv
0

[—X—y . - -
x f eI BB ey 1 N |lexBa
0

=X —X—=g-y 1—x—y
x f |(1 — e Ny o= [T By (] g Ny [y By g,
0

-0

, aslg| — 0, uniformly forw. (3.20)
By combining Eqs (3.18)—(3.20), we derive the following:
|Hy(t—x—g,0)— Hy(t—x,0)| > 0, as |g]— 0, uniformlyfor . (3.21)

From this equation, the sixth term of Eq (3.8) can be estimated as follows:

!
f |HL(t — x — g,0) — H(t — x, 0)|e Nx—b 220y 0,
0
as |g| = 0, uniformly for w. (3.22)

By combining Eqgs (3.10) and (3.15) with Eqs (3.17) and (3.22), it follows that, for x € [0,7), g €
[0,1), x+ g €[0,1),

2 2

13
Z Z f \H/(t, x + ) = H/(t, x)ldx = 0, as |g| — 0, uniformly for . (3.23)
0

i=1 j=1

In the case where g € (—1,0), x € [0,7), then H' (1, x + g) = H¥(t,x+g) =0, i = 1,2, forx+ g < 0
given

2 2
Z Z f \H!(t,x + g) — H (1, x)|dx
0

i=1 j=1

:ft |H11(t,x+g) - H{(t, x)|dx+ f_g |H11(t, x)|dx
. 0
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+ f t |HI(t, x + g) — Hi(t,x)|dx + f N |H3(t, x)|dx
-g 0
! —
+ f |H§(t, xX+g)— Hzl(t, x)|dx + f ’ |H§(t, x)|dx
-g 0

+ f t |H3(t, x + g) — H(t,x)|dx + f N |\H(t, x)|dx.
-g 0

(3.24)

For x € [0,7), g € (-1,0), and x + g € [0, 1), following the approach in Eq (3.23), we estimate the

first term in Eq (3.24) as follows:

!
f |Hi(t, x + &) — H{(t,x)|dx
-8

X+g

!
< f |H11 (t -x-g, O)||e—(N/11+9)(x+g)— o Biwdv _ e—(N/11+9)x—f0 B1(v)dv
-8

dx

t
+ f |HI(1 — x — §,0) — HI(1 - x,0)|e" M0k froxdu g
-8

Use Eq (3.9) to estimate the first term of Eq (3.25) as follows:
!
f | H11 (t-x—g, 0)” o~ NA+6)(x+g)— I prwydv _ o~ NA1+6)x— f(fﬁl(u)du| dx
-8

f
< max{N1, + /129ﬁ_1}”wlle |e—(1\ml+9)(x+g>—f0”gﬁ1<u)du _ e—(ml+9)x—f0‘ﬁl(u)du|dx
-8
— 0, as |g|— 0, uniformlyfor .
Estimate the second term in Eq (3.25) with Eq (3.14) as follows:
t
f |Hi(t - x—g,0)— H{(t - x, 0)|e—““1+">x—fo Py g
-8
— 0, as |g| >0, uniformlyfor .

Thus, from Eqgs (3.26) and (3.27), we get the following:

!
f |H11(t, xX+g) - Hll(t, x)|dx — 0, as |g|—> 0, uniformlyfor .
-8

(3.25)

(3.26)

(3.27)

(3.28)

As in the proof of Eq (3.28), we estimate the third, fifth, and seventh terms in Eq (3.24) as follows:

f
f |H12(t, xX+g) — le(t, x)|dx — 0, as |g|— 0, uniformlyfor ww,
-8

!
f |H%(t, xX+g) — H;(t, x)|dx — 0, as |g|— 0, uniformlyfor ww,
-8

f
f |H§(t, xX+g) — H%(t, x)|dx — 0, as |g|— 0, uniformlyfor .
-8

(3.29)
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From Proposition 3.1 and Eqs (3.9) and (3.16), we obtain the following:

-8 . -8 .
f | (1, x)|dx < max{NA, + b, B}l f ¢ N i
0 0

— 0, as |g|— 0, uniformlyfor w, (3.30)

-8 _ -8 x
f |H (2, 2)|dx < max(NA, + 42,81l f e b PO (] — NI g
0 0

— 0, as |g|— 0, uniformlyfor w, (3.31)

dx

—g » X
f |H21(t, x)|dx < f |H21(l — X, O)e—N/le—fO Bo()dv
0 0

_g X X Z
+6 f |H (1 = x, 0)e™V b=l Aoty f b BBy ) g
0 0

—_— _g X —_—
<Bllwllx f e NIk ROy - g max(N A, + A, Billwlix
0

_g "X X r4
% f e~ NAx= [ Bw)dv f e 0T b BIBaDdv g g
0 0

—0, as |g| — 0, uniformlyfor w, (3.32)

e » ) -
f |H§(t, x)|dx 59[ |H} (- x, O)e‘fo ,Bz(l/)dll(l _ e—N/llX)f o b B Bow)dv
0 0 0
¢ )
X e_gzdz|dx + N, f |H§(t — x,0)e b A2V _ e_N/lIX)|dx
0
_ —8 x X
<omax(NAy + Ao Billol [ e Koo - et [T
0

0

. -8 "
X e~ f(f(ﬂl(v)—ﬂz(U))dvdde + Nﬂlﬁ_zllwnxf e—fo Ba(v)dv
0
X (1 —e™%dx — 0, as |g|— 0, uniformlyfor . (3.33)
By combining Eqs(3.25)—(3.33), we deduce, for x € [0,1), g € (-£,0), x + g € [0,1),

2 2 "
> f \H/(t,x + &) — H/(t, x)ldx = 0, as g/ -0, uniformly for . (3.34)
0

i=1 j=1
The conclusion of this theorem follows from Eqs (3.23) and (3.34). O
Theorem 3.2. SupposeE and@ such that 0 < ,[i < Bilx) < E <o (i=1,2) and,[i +ﬁ_2 > ,8_2; then,
Q(¢) satisfies
QD @lx Se‘(’“‘””’lwl,ol + e_&t{||wl,l||L1[O,w) + ||W1,2||L1[0,oo)}

+ e 2{|[@ 1 llL1g0.00) + 12211110000}

panm (36 0
+ ¢ BB ﬁZ)t{_—”wl,l”Ll[O,m) +t = ||w1,2||L1[0,oo)}' (3.35)

27 P1 27 P1
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Proof. For Vw € X, by Eq (3.7a), H(t, x) = (E(H)®w)(x), x € [t, o), and the value of H(z, x) at x > ¢ in
Proposition 3.1, we estimate the following:

QM@

:|€_(Ml+/12)lw1,0|+f |w_1’1(x_t)e—(N/11+9)t—fx_[ﬁ1(v)dv
t

dx + f |w1’2(x -1
t

% e[ v | oy (x— t)e_gt‘fx-fﬁl(v)dv(l - e_N/l‘t)|dx + f |w271(x — f)e NI
t

- X X
w e S0 4 o (e NIl By f o=+~ [ (B By g g

—t
e x X ! X A
+ f |w2,2( x—1te” [, Ba(w)dv + e 0=~ I, Bow)dv f o 0= [ Br@)-B2(v))dv
t x—t
X [@2(x = 1) + @y 1 (x — 1)(1 — e NN T ]

+ Ny (x — e JePrdo(| — Nty 4 goz (3 — p)e N0 0= [ frwidy

X
!
o f e OIS BOB2 0N (=N _ NI g
x—t
1ol M 4 gup e—(N/l|+9)t—fxt,5'1(U)de |@y 1 (x — 1)ldx
t

x€[0,00)

+ sup e‘et_f)?—t'g‘(”)d”f |@) 2(x — t)ldx + sup eIl By (] _ pmNiity
t

x€[0,00) x€[0,00)

Xf | 1(x — f)ldx + sup e‘mlt_f»xrm(v)d”f |y (x — 1)|dx
t t

x€[0,00)

X 0 X !
+6 sup e—N/ht—fx,tﬁz(v)dv f |@ 1 (x = 1) f e—H(Z—HI)—fX,,(ﬁl(v)—ﬁz(v))dvdldx
t x—t

x€[0,00)

+ sup e‘fx—rﬁZ(“)d“f |@y2(x — )ldx + 6 sup e‘fx—rm(”)d”f | 2(x — 1)
t t

x€[0,00) x€[0,00)

X / X 00
X e~ f e L BU-Bdv g1y 4 g sup e~ [ ibardy f |1 (x — 1)
x—t 1

x€[0,00)
X
{ X
) f o - I _t(ﬂl(v)—ﬂz(u))dU(l _ e—N/ll(l—x+t)) dldx + NA, sup e [, Ba(w)dv
e

x€[0,00)

x€[0,00)

t
x (1- e‘mlt)f |y (x = Dldx + 6 sup e ﬁ—rBZ(”)d”f |@ 1 (x — 1)|eNH+OED)
t t

X y

% f e—ez—fH(ﬂl(u)—ﬁz(u))dule—zv/lll _ e—N/llx|dldx
x—t
<|@ gle” NN 4 pm (VOB f |@ 11 (x = B)ldx + e @B f | 2(x — 1)|dx
t t
+ e_(gﬂi)t(l - e_N/m) f | 1(x —t)|ldx + e_(N’llJr’BZ)tf |1 (x — t)|dx
t t

00 X y
+ 96_(N/11+B—2)t f |TD'1’1(X _ t)l f e—@(l—x+t)—fx7,(ﬁ1 (v)—ﬁz(v))dvdldx + e—&t
t x—t
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00 00 X '
X f |@n(x — 1)ldx + Qe P2t f | 2 (x — 1) 0= f e L Br BN g1
t t xX—t
00 X /
+ 06_'3—2t f |W1’1(x _ l,)le—H(l‘—x) f e_gl_fx—r(ﬁl(v)_ﬁZ(U))dU(l _ e—N/ll(l—x+t))dldx
t x—t
+Ne (1 - e_mlt)f @21 (x = Dldx + Ge_ﬁztf |1 (x = p)]e” MO
t t
X
% f e—@l—fxl_t(ﬂl(u)—ﬂz(u))dvle—N/lll — e N dldx
x—t
T O, f a1, (idy + &~ OB f ja1.20)ldy
0 0
-0 -N2 ~(N2
4 e OBI(] N f a1, (ldy + ¢~ f 2,1 ()ldy
0 0
00 Y+t J 00
+ Qe_(N’lH'Bi)t f |1D'1,1 (y)l f 6—9(1—}’)—fy B (U)—,BZ(U))dUdldy + e_ﬁit f |?D'2,2(y)|dy
0 y 0

00 Y+t /
+ 98_&t f |wl’2(y)|69y f e_el_J;, (ﬂl(U)—ﬁz(U))dUdldy
0

y
o] Y+t /
T ge f @11l f oI F BB (g _ N9y g1
0 y

+ N1 - eV f (@21 (5)ldy + 6 f (@1 ()l
0 0

Y+t
o f o BB N NG g1
y

:e—(NAIMZ)zleOl + e—(9+@)t —(0+B1)1

||W1,1||L1[0,oo) +e ll 2l [0,00)

—(NA _ _
+[(1 = N e M 4 N2 e ™2l [l 0,00y + € 22 122l 1 0.00)

00 Y+t J
+ Ge- (N f P——— f ¢ [ BB g1
0 y
o y+1 . / y
et f P—— f ¢ D[ BB | _ NI g1
0 y
00 Y+t l
+ Qe—@t f |w11()7)| f 6—9(l—y)—fy(ﬂl(v)—ﬁz(v))dvle—N/ll(l—y) _ e—N/lltldldy
0 y

oo Y+t "
+ 0P f |10 f o0~ [ B1@)~Bow)dv didy
0 y

—(NA 42 . .
<e” Ny o1+ e Py 1|l j0.00) + € BV @12l L10.0) + € ﬁzt||wz,1||L1[o,oo)
Y+t

0 1
+ e Bl@lluio.e + 302 f @) | Ve B g gy
0

y
00 y+1 "
+ Qe_ﬁit f |7D'1,2(y)| f 6—9(l—y)— fv B1(W)=B2(v))dv dl dy
0 y

<e” U+t gy o] + e_@[{||wl,1||L'[0,m) + @12l 000} + € 22 {ll@ai I [0,00)
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30 0
il + — ||w1,2||mo,w)}. (3.36)
2 — Pl 2 — Pl

+ ”wZ,ZHLl[Q,OO)} + e_(ﬂ1+ﬁ2—/32)t{

Equation (3.36) shows that the conclusion of this theorem is true. O

By applying Theorems 3.1 and 3.2, we arrive at the following conclusion: if 8 + 8, > 3>, then it
can be deduced that
1E@®) — 0@l = QDI — 0, as t— co.

Consequently, based on the definition of a quasi-compact Cp—semigroup and Theorem 3.1, we can
draw the subsequent conclusion.

Theorem 3.3. If 8;(x) (i = 1,2) is Lipschitz continuous and satisfies the conditions of Theorem 3.2,
then &(7) 1s a quasi-compact Cp—semigroup on X.

Clearly, & : X — R’ is a bounded linear operator, and thus & is a compact operator on X, and we
can use the perturbation theory of the quasi-compact Cy— semigroups and Theorem 3.3 to obtain the
following result.

Corollary 3.1. If Bi(x) (i = 1,2) is Lipschitz continuous and fulfils the conditions of Theorem 3.2,
then 7 (¢) is a quasi-compact Cyp—semigroup on X.

Lemma 3.1. If 8;(x) (i = 1,2) is Lipschitz continuous and fulfils the conditions of Theorem 3.2, then
0 is an eigenvalue of A + ® + K with a geometric multiplicity of 1.

Proof. Taking the equation (A + ® + ])H = 0 into account, it is equivalent to the following:

(N4, + )HY = f ) H{(x)B1(x)dx + f ) H, (x)B2(x)dx, (3.37a)
0 0

dH!(x) 1

= WA+ Bi() + OH, (), (3.37b)
dH}(x) ) |

- = ~(B1(x) + OH(x) + N H, (), (3.37¢)
dH,(x) | 1

—— = ~(NA + B(0)Hy (x) + OH, (), (3.37d)
dH% (x) 2 2 1

1r = P0H () + 6H{(x) + N4 H, (x), (3.37e)
H{(0) = (NA; + 1,)H) + f ) Hi(x)B1(x)dx, (3.37f)

0
H(0) = 0, (3.37g)
H,(0) = f " BB (0dx, (3.37h)
0

H3(0) = 0. (3.37i)

Solving Egs (3.37b) and (3.37f), we get the following:
HI(x) = ay e Vol oy, (3.382)

HA(x) = aype” b PO o Ny, o0 iy f H!(g)esth B ge (3.38b)
0
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i X
Hé(x) — az,le_mlx_fd Bawydv Ge_w”‘_fo Ba(v)dv f HI (g)eN/1|g+f0§'32(u)dvdg’
0

H2(x) = aype™ b P00 4 g b o f [0H(5) + N Hy()]eh 2 g,
0

From Eqgs (3.37g) and (3.38b), we have the following:
o = HH0) = 0 = H30) = Naye "6 [ i ggn-Comongg
0
Substituting Eq (3.38a) into the above equation yields the following:
Hf( x) =a; NA, o0 Jy Brwidy f * o~ Ni+0)s- I Brw)dv+bs+ [5 Bi(w)dv de
0

X
:aMN/lle_ex_fO Bi(w)dv f e—N/llgdg
0
:al’]e—ﬁx—foxm(v)dv(l _ e Nixy,

Then, from Eqs (3.37f), (3.38a), and (3.40), we get the following:
ayy =H}(0) = (N, + A)H) + f H}(x)B1(x)dx
0
:(N/ll +/12)H(1) +a1’1f ﬁ](X)e_gx_foX’Bl(v)dv(l _ e—N/hX)dx
0

= a1 - f Br(x)e b A (] — NNy = (N2, + A HY
0

(NA, + )H°
1= [ Bi(x)e b Awiv(] — e=Nux)dx

= |a1,1| < 00,

= ay =

Substituting Eq (3.40) into Eqgs (3.38a) and (3.40), we can deduce the following:

(N, + Ay)e"Nu+o)x s Brwydv H?
1 - J(;ooﬁl(x)e—ex—gﬁl(v)dv(l _ e—N/llx)dx,

Hi(x) =

(N + Ap)e” b Brodv(q — g=Naie) 0

H}(x) =—— —— :
1= [ Bi(x)e™ b A0 (] — g-Nlx)gx

respectively. From Eqs (3.371) and (3.38d), we obtain the following:
azp = H3(0) = 0

= Hi(x) = ¢~ h 220 f [0H2(s) + N H()leh -0 dg
0
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=0~ b P20 f H2(G)eh 20 ge 1 N e b P f H.(g)eh P g (3.44)
0 0

From Egs (3.38c) and (3.42)—(3.44), we have the following:

fox e 05=Jy BIOIBANdV( | _ p=NAI§) ey Brlv)dv

H2(x) =0(NA; + A,)H? - _
2 - [T SRR e Nasyag

tay e foxﬁz(u)dU(l — eNuixy

INGRES fof 0] B1-B2NdY g o= Jy By

+ON (N, + A,)HY 2 = - (3.45)
I TR T e visyag
From Egs (3.37h), (3.38c¢), and (3.45), we gain the following:
i =HY0) = [ B,
0
~ Bo(x)e o Bydv (¥ 5~ fo“(ﬂ.(m—ﬂz(v»dv(l — e NS dedx
—O(NA, + /IZ)H?fO ’ _ b i
L= [7 Bi(x)e =k Arwx(] — o-Nax)y
+ax, (1 - f Bo(x)e Nk B gy L gN A (N A, + )H)
0
y foooﬁz(X)e_fdyﬁZ(”ﬂ” fox e Nus fog e‘gn‘fon(ﬁl(l’)‘ﬁZ(U))dud?]dS‘dx
1= [ Bi(x)e b Awxv(] — e=Ntix)dy
1
= ay = O(NA; + A,)H®
fo"" Bo(x)e b Prvrdv fox e 05—k BIOBNdv (| _ p-NAI§) ey
5 - _ + 0N, H)
L= [ Bi(x)e =k Arwxv(] — e=Nax)gx
00 X X n
Bo(x)e™ b Prdv [* g=Nis < == [ Br@)~-P2)dv g gl
X (NA; + /12)[0 ’ f() f() s (346)

L= [ Bi(x)e b AW (] — e=Nlx)dx

= |612,1| < 00,

Substituting Eq (3.45) into Eqs (3.38¢c) and (3.45), and combining with Eq (3.42), we get the
following:

_O(NA, + Ay)HOe Ny By
B Baxye Ml bawite g
fooo:BZ(x)e_ by P fox e‘eg‘foc(ﬁl(v)—&(v))dv(l — e NS dedx
[ L= [ Bi(x)e b AW (] — e=Ntx)dy
o . . )
NA, fo ,Bz(x)e_fo B(v)dv fo e—mli fog o1 J B1@W)—B2(v))dv dndsdx
1= [7 Bi(0)e b BOd (] _ o-Nix)dy

Hj(x)

Networks and Heterogeneous Media Volume 21, Issue 6, 2246-2285.



2274

e~ N[ ow)dv fox o5 o BrW)-B2w)dv g ¢

+0(NA, + ,)H) (3.47)

L= [2 (e hmex() — e-Nusyag”

. Oe_ J;)x,Bz(v)dv J(;x e—@g—kg(ﬁ](v)—ﬁz(v))dv(l _ e—N/llg)dg
H2(x) =6(N A, + ) H

1= [ Bi(e)e kBt (] — e-Nus)dg
e~ b B2y fox e~ Nus foc e~k Br) B2 g g

+ONA (N, + Ap)H? _ :
1- fo Bi (S‘)e_eg_fo Py _ o=NAi) e

G(N/ll + /lz)H?e—Eﬁz(v)dU(l _ e—N/hx)
+ X
fooo Ba(x)e™ dix= [ o)y g o
[fooo Baer b fox 05— BIOB00du (] _ omNAS)ddlx
L= [ Bi@e b P01 — e Niydx
+ e f()oo ﬁz(X)e_ fOXﬁZ(v)dv fOx e Nhs J(;g e‘%—f{'(ﬂl(v)—Bz(u))dudndS‘dx
- foooﬁl(x)e*"x*fo PO _ g-Nax)

(3.48)

Therefore, from Eqs (3.42), (3.43), (3.47), and (3.48), we can estimate the following:

|H|| =|H}| + ”H]l”Ll[O,oo) + ||H12||L1[0,oo) + ”Hé”Ll[O,oo) + ||H§||L1[o,oo)
(N4, + A5) fo‘x’ o~ NA+0x= [T Ai)dv g

1= [ Bi(x)e b Aroxv(q — e-Nax)dx
(NA; + ) [ ek Axdv(] — Ny

’ 1 - foooﬁl(x)e_ex_foxﬁl(v)dv(l — e~Nux)dx

0 0
S|H1|+ |H1|

|HY|

+O(NA; + Ay)|HY)| f o~ NOx= [ fawidv g
0

fooo Br(y)e Iy Brwydv foy e—gg_foc(ﬂl(u)—ﬁz(v))dv(l _ €_N’llg)d§dy

Iy By Mk PO (1 — [ By (e h PO(L — M)
fo * Br(y)e Iy Brwydv Oy o-Nuis fog o0 [} B1@)~B2@)dv dndgdy

foooﬁz(x)e_m‘x_foxﬁ““)d“dx(1 - foooﬂl(x)e‘e"‘fdx"”l(”)d”(l — e~Nux)dx)

X ONA, (N2 + 1) HY| f T
0

LN+ ) 7 e N Bl (¥ gt [y Br0pad g g
L= [ Bi(x)e b AOMy(] — e=Naix) g
. ONA, + o) fo ® o Jo Baw)dv fox 05~ BB (| _ p-NS) gl
1= [ Bi(x)e @b Awxv(] — e=Ntiydy

Y|

0
1l
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QN/ll(N/ll +/12)f e foﬁz(v)dvf -NAis fg e—ﬁn—fo"(ﬂl(v)—ﬁz(v))dvdndgdx
L= [ Bi(x)e b AW (] — e=Nlx)dx

0
1

+O(NA, + )H| f e b Pt
0

(o6} ¥ y s
x (1 - e—N/hx)f ﬁz(y)e_fd Bz(v)dvf e—9§—f0 (ﬁl(v)—ﬁz(v))dv(l _ e_N/hg)dg‘dydx
0

0
1

X x 00 X
Iy Balx)e Mk B (1 — [ B (x)e b AW — N dx)
1

+ X (Se] X
7 Ba(x)ye Ml Bdug (1 — [ By (x)e= b AWM (] - e=NAx)dx)
X GN/ll(N/h + /lz)lH?lf e fox.Bz(U)dU(l _ e—N/h)C)f ﬁZ(y)e_ foy,Bz(v)dv
0 0

'y
y f SN fe_en- B @500 gy
0 0

(NA + ) [ e b prondvgy
A L= [ Biwe b ey
| 200N+ o) [ e ki pon [ gt B g
1= [ Bixe sk Aoy
H(N/ll +A) [ e BP0 gy [7 gy (e KA ¥ ot BB 00 gy
fo Bo(x)e N foﬂz(v)dvdx(l f B (x)e~0* foﬂl(y)dydx)
GN/ll(N/ll +/12)f e foﬁz(v)dvf —N/hgf —on- [ B1(w) oM g e
= [ Bixe b gy
j(;oo o= b Bdv gy fo Br(y)e Jo B2)dv foy e-Nus fo o0 [} B1@)~B2@)dv dndedy
Jy Baxye Mk g (1 — [y (x)e b A0 )

—+

X ONA,(NA, + /lz))IH?I

<(1 (N2, + A) f o0l Brdv gy
< 1 fo ﬁl(x)e —Ox— fo,Bl(v)dvdx
30(N/11 + ) [T ek [ g ts BN g
1_f0 Bi(x)e b= [T Bi)dv g o
20(NA; + 2y) [} e by Bwdv g e B mwa gy .
memwﬁmmvfmmwmeﬂ'

<00,

The above equation shows that 0 is an eigenvalue of A + ® + K with a geometric multiplicity of 1,
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as follows from Eqs (3.42), (3.43), (3.47), and (3.48). |

Lemma 3.2. The adjoint operator of A + ® + K is (A + G + K)*, it has the following form:
A+ 6+K)G =©+FG, VG € D),
where
DG (x) = BIG (%) + B,G'(0), TG (x) = B3G™(0) + B4sG™ (%),

46, @) vist and G (0)=¢,i,j=1,2 } D(F) = X7,

D(S) = {G* e x°| i

—(N/ll'i'/lz)
L—p
B, = L —Bix)+6) :
L — (Ba(x) + NAy)
&~ B2(%)
0 0 Ni+4 0 0 O
Bi(x) 0 0
B=| 0 B 0 By =0 0 :
Bix)y O O O 0
0 0 0 B(x) O 0
00 O
0 Na, 6
B4: 0 O 0 .
0 NA
0

in which b = NA; + B1(x) + 0, £ in D(9) is a constant unrelated to i and ;.
Lemma 3.3. 0 is the eigenvalue of (A + ® + K)* with a geometric multiplicity of 1.

Proof. Consider (A + ® + K)'G*"=(H+ F)'G" =0, 1.e.,

— (NA; + )G + (NA; + )G (0) = 0, (3.49a)
i

dGC‘lx(x) = (N4, +B1(x) + )G} (x) - B1(x)GY" = NA,G? (x) — G (%), (3.49b)

@—(ﬁ()w)cz*( -~ Gl'(0) - 6G3" 3.49
pramal LG 1 () = Bi1(0G; (0) - 6G; (%), (3.49¢)

4Gy () _ (NA; + G (x) - GY - NA,GY 3.49d
o = N+ B2(0))Gy () = Br(0Gy 1G5 (%), (3.49d)

463 _ g )G () - Br(0GL O 3.49
o P0G, 2(0G, (0), (3.4%)

Gl (00) = G2 (00) = G} (00) = GZ (0) = . (3.49f)
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Solving Eqgs (3.49a)—(3.49f) leads to the following:
Gl (0) =GY", (3.50a)
G (x) =by e WA+ KA@My _ (N0 [ iy f B@GY + NG )
0
+ 6G) (v)]e” N+l Brisds gy, (3.50D)

GY'(x) =by g b (oM e i prende f [B1W)GL (0) + G2 ))e ™K A9%5qy,  (3.50¢)
0

G%*(x) :b2’leN/llx+f0Xﬁ2(u)du _ eN/llx+f0""ﬂ2(y)du f [ﬂ2(U)G(1)* n N/lng*(v)]
0
x e~ Nhv=fy B&)s gy, (3.50d)

G (x) =byeh PO _ oly Pawiy f Bo()GL (0)e b P25 gy, (3.50e)
0

Simultaneously multiply both sides of Eq (3.50b) by e~ ™A+ gimyltaneously multiply
both sides of Eq (3.50c) by e b A@d  gimultancously multiply both sides of Eq (3.50d) by
e‘N’“x‘fdyﬁz(”)d”, simultaneously multiply both sides of Eq (3.50e) by e~ fojm(”)d”; then, by taking the
limit at x — oo and using Eq (3.49f), we get the following:

by = f [ﬂl(u)G?*+NAIG%*(u)+eG;*(u)]e—Wl+9>v-fo“ﬁl<§>d9du, (3.51a)
0

by, = f [B1)GL(0) + 6GE (v)]e " h A5 gy, (3.51b)
0

byy = f [ﬁz(u)G‘f*+Nﬂng*(u)]e-Nﬂ'"-fo"ﬁz@Mcdu, (3.51¢)
0

bys = f Bo()GL (0)e b A5 gy, (3.51d)
0

By substituting Eqgs (3.51a)—(3.51d) into Egs (3.50b)—(3.50e), respectively, and noting that 8;(x) >
0, fooo Bi(x)dx = oo, i = 1,2, we can deduce the following:

G\ (x) =eNU+0v+ iy f [BI)GY” + N4, GY () + 6GL (v)]e V0=l s gy, (3.52a)
G (@) =e"rh o f [B1@)G}(©0) + 0G5 @)]e b A5 qy, (3.52b)
GY' (x) =eMth B0 f [B@)G" + NA,GE (w)]e N vh B6s gy, (3.52¢)

G e zemwduf )G (0™ k2 5ty

—e foxﬁz(v)dvGé*(o)( e fouﬂz(c)ds'r:) = GL(0). (3.52d)

Let x = 0; by substituting Eq (3.52d) into Eq (3.52c), we get the following:

Gy (0) = f [B2)GY" + NA,GY (0)]e™Muv=h 24645 gy,
0
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GV fi Bawe b 9y G [ Baupe b sy
1-NA, fo"o e—N/llv—fOUﬁz(C)dch j(‘)‘x’lgz(v)e—N/llu—fouﬁz(g)dgdv
= G =G (3.53)

0*
1

= G0 =

Then, by substituting Eq (3.53) into Eq (3.52b) and (3.52c¢), and using Eq (3.50a), we have the
following:

G2 (x) = 'l Arwrav f ) [0G" + B ()G Je =k B&Ms gy = GO, (3.54)

Gl (x) = Nk By f ) [Bo@)GY" + NA,GY e Nvh B04s gy, = GV (3.55)
Furthermore, by substituting Eqs (3.54) and (3.55) into Eq (3.52a), we get the following:

G\ (x) = N0 | Arw)du GO* f ) [B1(v) + NA, + fle”NatOv=f Bxds gy, — GO*. (3.56)

By combining Eqs (3.50a) and (3.53)—(3.56), we have the following:
NG NIl = max {IG 1, G} llz=10.0), IGT 1z510.000> 1GS Nlz10.00)5 1G5 Ilisjo.00)} = 1G] [ < 00, (3.57)

Thus, 0 is an eigenvalue of (A + ® + K)* with a geometric multiplicity of 1, by Eqs (3.50a)
and (3.53)—(3.57). O

Based on Lemmas 3.1 and 3.3, Theorem 2.1, Corollary 3.1, and [20, Theorem 1.90], we now state
the main results of this section.
Theorem 3.4. If B;(x) (i = 1,2) is Lipschitz continuous and satisfies the conditions of Theorem 3.2,
then there exists a positive projection operator P and a positive constant 0 > 0,N > 0 to make the
following:
|7°(t) - P|| < Ne™®,

in which P = 5L fr(fl — A - 6 — K)7'dt, T is a circle with an adequately tiny radius of 0 as its centre.

2mi

Theorem 2.1, Lemma 3.1, Corollary 3.1, and [20, Theorem 1.88] yield the following:
o+ 6+ K) NiR ={0}.

Thus, every nonzero point on the imaginary axis lies in p(UA + ® + &), and by [20, Theorem 1.96],
we obtain the following:
Theorem 3.5. In the case where S;(x) (i = 1,2) is Lipschitz continuous and satisfies the conditions
of Theorem 3.2, then the T-DS H(, x) of System (1.11) strongly converges to its S-SS H(x), i.e.,

tlim H(t, x) = (H(0),G")H(x),

where H(x) is the eigenvector belonging to 0 (by Lemma 3.1), H(0) is the original value of
System (2.1), and G™ is the eigenvector of (A + ® + K)* belonging to 0 (by Lemma 3.3).
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4. Numerical examples

In this section, an example of a power system is taken to further validate the availability of the
paper’s results. Assume that the power system consists of three identical generators connected in series,
jointly supplying power to the grid. In order to enhance the system’s reliability and its ability to respond
to sudden failures, the system is also equipped with a standby generator, which can quickly replace any
faulty generator to minimize the power outage time. These generators are typically installed in power
plants or substations and are connected to the grid via transmission lines. When two generators fail,
the power system becomes inoperable. The remaining two generators do not experience any further
faults. In turn, the Repairman immediately repairs the faulty units in turn. Meanwhile, it is assumed
that the repairman follows the MWV strategy.

Let 4, A, represent the failure rates of the working generator and standby generator, respectively. 5;
and 3, represent the repair rates of the generators during the WV and normal busy period, respectively.
The repairman’s vacation time is exponentially distributed with parameter 6. Assume that the initial
parameter values are 4; = 0.02i (i = 1,2),5; = 0.2i (i = 1,2),0 = 0.04, and N = 3. Then, the impacts
of the variations in each parameter on the system’s T-DRI are discussed.

1y 0.04
\ —)\i=0.03*i - )\i=0.031*i /\i=0.034*i

0.035

————————————————— 0.005

_/\i=0.03*i - - /\i=l].032*i )\i=0.l]34*i
0.84
0
0 50 100 150 200 0 50 100 150 200
Time(t) Time(t)
(a) ()
0.09 1
e A =0.03%1 = A =0.032%i A=0.034%i
0.08 | L.esttSTIS TSy 0.9 i i i

_/\i=[l.03"i - )\i=0.032*i )\i=0.034*i 1

0 50 100 150 200 250 300 0 200 400 600 800 1000 1200
Time(t) Time(t)

(© (d

Figure 1. T-DRI for various values of A4;(i = 1,2). (a) Availability for various A;,(i = 1,2);
(b) Failure frequency for various 4;(i = 1,2); (c) Renewal frequency for various 4;(i = 1, 2);
(d) Reliability for various 4;(i = 1, 2).

As shown in Figure 1, the (a) and (d) indicate that as the parameter A; (i = 1,2) increases, the
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system’s availability and reliability actually decrease. However, in Figure 1 (b) and (c), the system’s
failure frequency and renewal frequency increase with the rise of A; (i = 1,2).

It is obvious from Figure 2 that as B; (i = 1,2) increases, the range of increase in
availability (Figure 2(a)) decreases. Compared to 5; = 0.3, 0.4i (i = 1,2), wheng; = 0.2i (i = 1,2), the
decrease in availability (Figure 2(a)) is more pronounced. Figure 3 illustrates that the range of increase
in the system’s availability (Figure 3(a)), renewal frequency (Figure 3(c)) and reliability (Figure 3(d)),
as well as the range of decrease in failure frequency (Figure 3(b)) all increase as 6 increases. Moreover,
it can be observed that € has little impact on the system’s reliability.

\ —ﬂiZO.Z*i - ﬁiﬂ)J*i ,[ii:0.4"‘i
2 | A essamasmpeanmgeas
0005 ‘_,Hi=[l.2*i — — B03% B0.4%
0.85 0
0 50 100 150 0 50 100 150
Time(t) Time(t)
(a) (b)
0.12 1§
0o \ —— B0 — — 03 B04%
0.1
0.08
Ex- 0.06
0.04
0.02
‘_,Bi=l].2*i — = B03% B0.4%
l)0 50 100 150 0 50 100 150 200 250 300
Time(t) Time(t)
©) (d)
Figure 2. T-DRI for various values of 8;(i = 1, 2). (a) Availability for various S8;(i = 1,2); (b)
Failure frequency for various B;(i = 1,2); (c) Renewal frequency for various B;(i = 1, 2); (d)

Reliability for various B;(i = 1, 2).
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Figure 3. T-DRI for various values of 6. (a) Availability for various 6; (b) Failure frequency
for various 6; (c) Renewal frequency for various 6; (d) Reliability for various 6.

Figure 4 (a) and (b) show that the availability and reliability of the system decrease as N increases.
On the contrary, the failure frequency and renewal frequency of the system in Figure 4 (b) and (d)
increase with N, and the curve relating to the reliability reaches its fixed value earlier at N=5. The
mean time to first failure (MTTFF) is defined as the expected time elapsed before the first system
failure occurs. As shown in Figure 5, the MTTFF decreases with the increase of A;.

More importantly, the numerical results in this Section are intended to verify the theoretical
convergence established in Section 3, namely that the T-DS converges to its S-SS. As shown in
Figures 1-4, the failure frequency and renewal frequency increase with time and eventually converge
to fixed values, whereas the availability and reliability decrease over time and also approach their
respective steady-state values after a sufficiently long period. In particular, the reliability tends to 0
as t — oo under different parameter settings. These observations not only confirm that the T-DRI
converge to their steady-state counterparts but also reveal the sensitivity of these transient indices to
the system parameters.
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Figure 4. T-DRI for various values of N. (a) Availability for various /N; (b) Failure frequency
for various N; (c) Renewal frequency for various N; (d) Reliability for various N.

—0.03 — — A =0.032 A,=0.034

Figure 5. MTTFF with different A;.

5. Conclusions

In this paper, we have performed a comprehensive dynamic analysis of the Gnedenko repairable
system with MW Vs, based on the corrected model established in our previous work [19]. Using the
theory of Cy—semigroups, we proved the well-posedness of the system and demonstrated the strong
convergence of the T-DS to its S-SS. Our results provide a rigorous mathematical foundation for the
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system’s dynamic behavior.

It is also worth noting that the models studied by Yunus and Haji [29] and Hoxur et al. [30] are
special cases of the one discussed here. As mentioned in [19], their conclusion that no S-SS exist was
based on an incorrect model formulation. In contrast, this study proves the existence of S-SS, thereby
correcting their result. This highlights the importance of accurate modeling in reliability analyses and
the value of the framework introduced in [19].

In addition, through specific numerical examples, we verified that the T-DRI of the system gradually
converge to their steady-state values and discussed, in detail, the influence of each parameter on the
reliability indices of the system. As future research directions, one may investigate whether the T-DS
of the model exponentially converges to its S-SS, and explore the asymptotic expansion of the T-DS in
greater depth.
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