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Abstract: This paper investigated strongly nonlinear anisotropic elliptic problems with singular terms
in variable exponent Sobolev spaces. The problem involves the Finsler p(-)-Laplacian operator A;I(.)u =
div(HPY~Y(Vu)VH(Vu)), where H is a uniformly convex Finsler norm. We considered the differential
inclusion

L(u) = A u + G(x,u, Vi) 3 % inQ,

with zero Dirichlet boundary conditions. Here { is a maximal monotone operator, G satisfies natural
growth conditions, f € L*(€2) is nonnegative, and 0 < y < 1. Under log-Holder continuity of
p(+) and uniform convexity of H, we established existence of weak solutions via an approximation
scheme combining truncation, Yosida regularization, and energy estimates. Key innovations include
anisotropic monotonicity estimates, L™ bounds, strict positivity, and strong convergence of gradients.
Our results unify and extend previous work to encompass variable exponents, anisotropy, multivalued
operators, and singular nonlinearities.

Keywords: anisotropic operators; Finsler p-Laplacian; singular nonlinearities; variable exponent
Sobolev spaces; Yosida approximation

1. Introduction

Nonlinear partial differential equations serve as fundamental mathematical models for describing
complex phenomena across diverse scientific disciplines including physics, biology, engineering, and
materials science. In recent decades, considerable attention has been devoted to equations involving
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anisotropic operators, which arise naturally in contexts where the medium exhibits directional
dependencies. A particularly significant class of anisotropic operators is the Finsler p-Laplacian,
defined as A;’ u = div(H?"'(Vu)VH(Vu)), where H is a Finsler norm on R". This operator generalizes
the classical p-Laplacian, which corresponds to the Euclidean norm H(¢) = |£], and appears in diverse
applications including Finsler geometry [10], materials science [19], image processing, and the study
of anisotropic media [13]. The geometric significance of the Finsler p-Laplacian stems from its
connection with the geometry of Minkowski spaces. The norm H induces a Finsler metric on RY, and
the operator —Aff represents the Euler-Lagrange equation of the anisotropic energy functional
Ew) = i fQ H?(Vu)dx. The uniform convexity of H ensures that this energy is strictly convex and
coercive, leading to good functional analytic properties.

Parallel to these developments, the theory of Sobolev spaces with variable exponents W*?(Q) has
emerged as a powerful framework for modeling phenomena with non-standard growth conditions.
Such spaces naturally arise in the study of electrorheological fluids, where the viscosity depends on
the electric field, leading to a variable exponent in the constitutive law [24]. They also appear in
image restoration, where variable exponents allow adaptive smoothing that preserves edges [12], and
in thermorheological materials, where material properties vary with temperature, leading to
temperature-dependent growth exponents [1]. The systematic development of variable exponent
spaces was carried out by Diening [16], Fan and Zhao [18], and others, establishing fundamental
properties such as reflexivity, separability, and embedding theorems under appropriate conditions
on p(-).

When singular terms are incorporated, the analysis becomes particularly delicate. Singular elliptic

equations of the form —-A,u = L in Q with u = 0 on 4Q have been extensively studied in the

u
Euclidean setting. The seminal work of Crandall et al. [15] established the first existence results for
semilinear operators. Later, Lazer and McKenna [20] revealed the loss of regularity near the
boundary, showing that for p = 2 and y > 3, solutions are not in Hg (Q). This fundamental observation
led to the development of appropriate weak-solution concepts that accommodate this lack of
regularity. Boccardo and Orsina [6] developed systematic existence theories using truncation
techniques, while Canino et al. [8, 9] established uniqueness results under mild assumptions on f.
The case of the p-Laplacian with singular nonlinearities was treated by Canino et al. [8], who proved
the existence and uniqueness for y > 0 under optimal summability conditions on f. More types of
singular problems can be found in [3] and the references therein. We also mention the recent works of
Mukherjee et al. [21], Mukherjee et al. [22], and Pucci and Servadei [23], which studied singular
nonlinearities in fractional Kirchhoff problems, nonlocal critical exponent problems under mixed
boundary conditions, and radial ground states for p-Laplacian equations with singular weights,
respectively.  These works provide further motivation for the study of singular problems in
non-standard settings.

The anisotropic case involving the Finsler p-Laplacian was recently investigated by
Esposito et al. [17], who proved the existence and uniqueness for —Af u= % in Q with u = 0 on 0Q,
under very general summability assumptions on f. Their work highlighted the crucial role of the
geometric properties of H and established fundamental estimates using the uniform ellipticity of the
Finsler norm. In the direction of singular problems in variable exponent spaces, Bahadi and
Akdim [2] considered equations with logarithmic singularities, establishing existence results in
WS”’ (')(Q). However, their work did not incorporate the additional complexities of maximal monotone
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operators, natural growth terms, or anisotropic structures. In particular, the work of Bahadi et al. [3]
treated the Euclidean p(-)-Laplacian with singularities, whereas the present paper treats the Finsler
p(-)-Laplacian, which introduces non-Euclidean anisotropy. The combination of anisotropy with
variable exponents creates two genuinely new difficulties. First, the monotonicity estimates of
Lemma 2.12 must be adapted to the Finsler structure and the variable exponent simultaneously.
Second, the L™ iteration of Lemma 4.3 requires a Finsler—Sobolev embedding that is not available in
the Euclidean variable-exponent setting.

In this paper, we aim to significantly extend these results by considering a comprehensive class
of problems that combines multiple challenging features: the anisotropic Finsler p(-)-Laplacian with
variable exponent p(-) and a general Finsler norm H; a maximal monotone operator { allowing for
multivalued graphs such as subdifferentials of convex functions, sign graphs, or hysteresis operators; a
lower-order term G(x, u, Vu) satisfying natural growth conditions with respect to [Vu|P™; and a singular
right-hand side f/u” with f € L*(Q), f > 0, f # 0, and 0 < y < 1. Specifically, we consider
the problem
!
u”

ue W,"(Q), G(x,u,Vu) e L'(Q),

L(u) - A[Ij(.)u + G(x,u,Vu) in Q,

(E, f)

where Q ¢ RY with N > 2 is a bounded smooth domain, p : Q — (1, ) is a variable exponent, and H
is a Finsler norm on RY satisfying suitable conditions. The function G satisfies natural growth
conditions with respect to Vu of order p(x), meaning that |G(x, s,&)| < c(s))(m(x) + |£P™), with
appropriate sign conditions to ensure coercivity.

The mathematical analysis of problem (E, f) in variable exponent anisotropic spaces requires
novel techniques and careful handling of several interconnected difficulties. The singular term f/u”
necessitates strict positivity estimates and delicate convergence arguments near the set where u is
small. The natural growth condition on G introduces quadratic-like terms that must be controlled
through sign conditions and careful testing. = The maximal monotone operator  requires
approximation via Yosida regularizations and graph-convergence arguments. The variable-exponent
framework demands modified versions of standard inequalities and convergence theorems. The
anisotropic Finsler structure requires specialized estimates that exploit the uniform convexity of H.
The lack of regularity near the boundary due to the singularity necessitates a weak solution concept
that does not require u € WS”’ (')(Q) in all cases.

Our main result establishes the existence of at least one weak solution (u, b) € Wllof Q) x LY(Q)
to problem (E, f), with the additional regularity u € L*(Q) and u > 0 in Q. The solution satisfies
b(x) € {(u(x)) almost everywhere, and the variational identity

f bodx + f HP"Y(Vu)VH(Vu) - Vodx + f G(x,u, Vu)pdx = f @dx
Q Q Q o u

holds for all test functions ¢ € Cy(Q). The proof proceeds through a carefully constructed
approximation scheme. First, we regularize both the singular term, replacing u” by (Ju| + £)?, and the
maximal monotone operator using Yosida approximations {,. We also truncate the solution to ensure
boundedness. Using Schauder’s fixed point theorem and the theory of pseudo-monotone operators in
variable-exponent spaces, we establish the existence of solutions u, for each £ > 0. We then derive
estimates independent of &: boundedness in Wé’p (')(Q), L* bounds via iterative methods, and strict
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positivity on compact subsets. We study the limit as € — 0, proving weak convergence in the Sobolev
space, strong convergence of the singular term through a delicate truncation argument, and strong
convergence of gradients using anisotropic monotonicity estimates. Finally, we show that the
limit (u, b) satisfies the original problem and has the desired regularity properties.

Our work presents several novel contributions to the theory of singular elliptic equations. This is the
first work to consider the Finsler p(-)-Laplacian with singular nonlinearities, combining anisotropy
with variable exponents. The variable exponent adds significant technical challenges due to the non-
homogeneous nature of the modular, requiring careful adaptation of all estimates. Previous works
typically considered ¢ = 0 or £(r) = |r]9”%r, whereas our inclusion of a general maximal monotone
graph allows modeling of hysteresis, friction, and other non-smooth phenomena. The presence of G
with |G(x, 5,&)| < c(|s])(m(x) + |£[P™) and the sign condition G(x, s,&)s > 0 adds another layer of
complexity, requiring careful control to avoid loss of coercivity. We obtain L™ bounds independent
of the data and strict positivity, which are essential for the well-posedness of the singular term. Our
results are established for the range 0 < y < 1, which is the natural setting for obtaining global Wé”’ ©
regularity of solutions.

The techniques developed here may find applications in other contexts involving singularities,
anisotropy, and non-standard growth conditions, such as problems with Hardy-type singularities,
equations with variable exponents and measure data, anisotropic parabolic problems with singular
sources, and systems of singular elliptic equations.

The paper is organized as follows. Section 2 presents the necessary preliminaries on variable-
exponent Lebesgue and Sobolev spaces, including definitions, basic properties, key inequalities, and
convergence theorems. We also introduce the Finsler norm H and establish fundamental properties of
the anisotropic operator. Section 3 states our precise assumptions on the data and presents the main
existence theorem along with the definition of weak solutions. Section 4 contains the core of the proof,
where we construct the approximate problem and prove the existence of approximate solutions using
Schauder’s fixed point theorem and pseudo-monotone operator theory in variable-exponent spaces.
Section 5 develops uniform a priori estimates: W(; 7O bounds, nonnegativity, L™ estimates via iteration,
and a uniform positive lower bound via Moser iteration. Section 6 analyzes the convergence as € — 0,
establishing weak convergence, convergence of the singular term, strong convergence of gradients
using anisotropic monotonicity, and convergence of the natural growth term. Section 7 completes the
proof of the main theorem by passing to the limit and verifying all solution properties.

2. Preliminaries, assumptions, and main results

Let Q ¢ RY with N > 2 be a bounded domain with Lipschitz boundary 9, which ensures the
validity of Sobolev embeddings and trace theorems. Let p : Q — [1, c0) be a measurable function,
called the variable exponent. We denote

pT = esssup,o p(x), p~ = essinf cq p(x).
Throughout this paper, we maintain the fundamental assumption
l<p <p'<oo, (2.1)

which ensures the reflexivity and good duality properties of the associated function spaces.
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Definition 2.1. The variable exponent Lebesgue space LPY(Q) consists of all measurable functions
u : Q — R for which the modular

Py 1) = fg ()P dx

is finite. This space becomes a Banach space when equipped with the Luxemburg norm

. u
”I/l”LP(»)(Q) = inf {A >0: L) (71) < 1} .

Remark 2.2. The modular p,. is not homogeneous in general, which distinguishes variable-exponent
spaces from their constant-exponent counterparts. This lack of homogeneity requires careful handling
of estimates involving powers of norms.

The following properties are crucial for our analysis:
Lemma 2.3. [16, 18] Let p : Q — (1, 00) be measurable satisfying 1 < p~ < p* < oo.

1. Foru € L"O(Q) and v € L V(Q), where zﬁ + ﬁ =1

f u(x)v(x)dx
Q

2. |lullppo < 1if and only if ppy(u) < 1.

< 2ullzrolvilzre.

3. Forany u € L'Y(Q),

min {Pp(-)(u)l/pi’l)p(-)(”)l/p+} < |lullzrr < max {pp(_)(u)l/l”,pp(_)(u)l/p*} )

) i ; () "(x) = LX)
4. The dual space of L") (Q) is isomorphic to LP " (Q), where p’(x) = POk
5. LPO(Q) is separable and reflexive.
6. If 1 < p~ < p* < oo, then LPY(Q) is uniformly convex.

Definition 2.4. The variable-exponent Sobolev space W'”"(Q) consists of functions u € LO(Q)
whose weak derivatives d;u € L") (Q) exist fori = 1,..., N. This space is equipped with the norm

||M||W1’v<->(§2) = ”M”LP(‘)(Q) + ”VMHLP(‘)(Q)-
We denote by W(;’p “(Q) the closure of Cy(Q) in WHO(Q).

Definition 2.5 (Log-Holder continuity). A function p : Q — R is said to be log-Hd6lder continuous if
there exists a constant C > 0 such that for all x,y € Q with [x — y| < 1,

Ip(x) = pO)| £ ———.
—log|x -yl

This condition ensures several key properties that are fundamental to our analysis.

Lemma 2.6. [16, 18] Assume p : Q — (1, ) is log-Hdlder continuous with 1 < p~ < p* < co. Then
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1. C2(Q) is dense in W, " (Q).
2. There exists Cp > 0 such that for all u € Wé’p (')(Q).

lull ooy < CpllVullpro (o).

3. There exists a continuous embedding Wé’p Q) — LF"OQ), where p*(x) = A[,V_ ”158) if p(x) < N,
and p*(x) is any finite number if p(x) > N.

4. The embedding Wé’p Q) — LPO(Q) is compact.
5. The trace operator W'"PO(Q) — LPY(0Q) is well-defined and bounded.
6. There exists a bounded linear extension operator W'""O(Q) — WHPORM),
The following technical lemma regarding convergence in variable-exponent spaces will be essential.
Lemma 2.7. [[18] Theorem 3.4] Let u,, be a sequence in L"(Q) such that
1. u,(x) = u(x) for almost every x € Q,

2. {{u,|PO} is uniformly integrable in L'(Q), i.e.,

i pX) 7, —
|1191|r—1>10812pflun(x)| dx =0.

E

Then u € LPO(Q) and u, — u in LPY(Q).
We also need the following continuous embedding result.
Lemma 2.8. [[18] Theorems 3.3 and 3.5] Let p satisfy the assumptions of Lemma 2.6. Then
1. If p(x) < q(x) < p*(x) for almost every x € €, then W(;’p (')(Q) — LIO(Q) continuously.
2. If g(x) < p*(x) for almost every x € Q, the embedding Wé’p (')(Q) — L19(Q) is compact.

We now recall essential properties of Finsler norms and their associated differential operators,
following [11, 14, 17].

Definition 2.9. A function H : RY — [0, ) is called a Finsler norm if it satisfies
(H1) H € C*(RV\ {0}) and H is even, i.e., H(=&) = H(¢) for all £ € RV,
(H2) H(t¢) = tH(¢) for all ¢ € RN and ¢ > 0.
(H3) The unit ball B = {¢£ e RV : H(¢) < 1} is uniformly convex, i.e.,
A1 > 0: (D*H(E)v, vy > AV, VE e 0B Vv e VH(E)",

where VH(&)* denotes the subspace orthogonal to VH(£) with respect to the Euclidean inner product.
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Remark 2.10. Condition (H3) is equivalent to the existence of a constant A > 0 such that

H(E+n)+ HE-n) - 2H(E) > Ay

for all £,n € RN with H(¢) = 1. This is the analogue of uniform convexity for norms, and the
equivalence is understood in the sense of the orthogonal subspace VH(£)*.

From these properties, we deduce the following fundamental estimates.
Lemma 2.11. Under assumptions (HI)—(H3), there exist constants 0 < a < b < oo such that
1. alé] < H(¢) < blé| for all € € RV,
2. VH is homogeneous of degree 0: VH(t€) = VH () forall ¢ # 0, t > 0.
3. HEVHE) - £ = H(é).
4. There exists A > 0 such that for all ¢ # 0 and all v € VH(E)*,

éw <(D*H(é)v,v) < EAIMZ'

5. The mapping & — HP~Y(&)VH(&) is strictly monotone for any p > 1.

Proof. (1) follows from the fact that H is a norm on RY and all norms are equivalent. (2) follows
from differentiating the homogeneity condition. (3) is Euler’s theorem for homogeneous functions. (4)
follows from (H3) and homogeneity (restricted to v € VH(£)Y). (5) is a consequence of (4) and
standard arguments.

For variable exponent p(-), we define the anisotropic p(-)-Laplacian as
Affu = div(H"O™ (Vu)VH(Vu)).
The corresponding energy functional is
1
Epiy(u) = f —— H"™(Vu) dx.
7 o P(¥)

The following vectorial estimates, adapted from [11] to the variable exponent setting, are crucial
for our analysis.

Lemma 2.12. There exist constants Cy,C, > 0 depending only on p*, N, A such that for all £, € RN
with €| + || > 0 and for almost every x € Q,

(H'O"(EVHE) — H'™ () VH(), € = 1)

> (€] + )" 71¢ =P, (2.2)

[HPO™ (EVHE) — H' ™ () VH)
< Cy(|€] + g™ 721¢ = . (2.3)

For the case where p(x) > 2, we also have the simpler estimate
(H'O Y EVHE) — H'™ ™ ) VH(p), € — 1) > Cllé =™ (2.4)
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Proof. The proof follows from the uniform convexity of H and the following well-known inequalities.
For p > 2,

(€26 =P ) - (€ =) = c,lé — i,
and for 1 < p <2,
€ —nl?
(€] + Inh>P"

The constants can be chosen uniformly in x due to the bounds p~ < p(x) < p*.

(P26 =" - E=m) 2 ¢,

Corollary 2.13. For all £, € RN and almost every x € Q,
|HPO" (EVH(E) = H'O™ () VH| < C(1€17 " + g7,

Proof. This follows from the second estimate in Lemma 2.12 and the elementary inequality (|¢| +
nh?=21€ —nl < JEP" + Il

Let £ : R — 2% be a multivalued mapping. We denote its domain by D({) = {r € R : £(r) # 0}.
Definition 2.14. A multivalued operator £ : R — 2% is called maximal monotone if

1. ()1 —=y2)(r1 — r2) = 0forall r; € D) and y; € {(r;), i = 1,2.

2. The graph of £ is not properly contained in the graph of any other monotone operator.

For £ > 0, we define the Yosida approximation {; : R — R by

1
Le(r) = —(r = Js(1)),
£

where J, = (I + &)™ is the resolvent operator. The following properties are standard.

Lemma 2.15. [Properties of Yosida approximations] Let { be maximal monotone with 0 € {(0). Then
foreach € > 0:

1. . is Lipschitz continuous with constant 1/¢.

2. L(r) € L(J (7)) for all r € R.

3. 1&(r)| < |L°(r)|, where £°(r) denotes the element of minimal norm in {(r).
4. L(rr>0forall r € R.

5. s is monotone: ({(r) — ((s))(r —s) = 0.

6. Ase — 0, {(r) = {°(r) forall r € D({), and J(r) — .

Proof. See [7, Chapter II].
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Due to the singular nature of the right-hand side f/u”, we need special test functions and truncation
arguments. Define the truncation operator 7; : R — R by

T, (s) = max{—k, min{s, k}}.

For 6 > 0, we introduce the following auxiliary function that will be crucial for handling the
singular term
1, if0<s <6,
Vs(s) = 255‘5, if 6 < s < 26,
0, if s > 26.

Note that V; is Lipschitz continuous, 0 < Vs < 1, and Vs(s) — xio(s) as 6 — 0 in the sense
of measures.
We also need the following lemma on the convergence of the singular term.

Lemma 2.16. Let u.,u € L*(Q) with u, — u a.e. and u > c,, > 0 on any compact set w C Q. Assume
f € L(Q), f > 0. Then for any ¢ € C,(Q),

lim f L f 194
&0 Jo (Us + €)Y o u

If additionally u, > c,, > 0 uniformly on supp(y), then the convergence is uniform.

Proof. The proof follows from the dominated convergence theorem once we establish uniform
integrability. On supp(¢), we have u > ¢ > 0, so u, > c¢/2 for sufficiently small . Then the integrand
is bounded by || flllplleo /(c/2)7.

We now state precisely all assumptions that will be used throughout the paper.

Assumption 2.17. The Finsler norm H : RY — [0, 00) satisfies (HI)—(H3) from Definition 2.9.
Consequently, there exist constants 0 < a < b < oo such that

alél < HE) < blél V¢ e RY.
Assumption 2.18. The function p : Q — (1, o) satisfies
(PI1) 1 <p <p*<oo

(P2) p is log-Hélder continuous on Q.

. N
(P3) 1n£ p(x) > N1 to ensure appropriate embedding properties for the dual space.
X€E!

Assumption 2.19. The multivalued operator { : R — 2% is maximal monotone with 0 € ((0).
Moreover, there exists a constant C; > 0 such that

12 < C(1+ 117"y Vre DE),
where {° denotes the minimal section.
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Assumption 2.20. The function G : Q x R x RN — R is a Carathéodory function (measurable in x,
continuous in (s, €)) satisfying

(GI) G(x,5,&)-s>0forae x€Q all s €R, all £ € RV,

(G2) There exist a continuous increasing function ¢ : Rt — R* and a nonnegative function m € L'(Q)
such that
G(x, 5,8)| < c(lsD(m(x) + |€7Y)  a.e. in Q.

(G3) There exist sy, 51 > 0 such that

IG(x, 5,&)| > 5111 whenever |s| > s,.

(G4) For a.e. x € Qand all ¢ € RN, the map s — G(x, s, &) is monotone nondecreasing.

(G5) There exists a constant Lg > 0 such that

IG(x, 5,&) — G(x, 5,m)| < Lo(1 + [s[PO7H1E — nl(1€1P972 + [pP™2).

Assumption 2.21. [Source term and singularity] The function f : Q — R satisfies

(F1) f e L®(Q).

(F2) f(x) >0 fora.e xeQ.

(F3) f£0(i.e., [, fdx>0).

(F4) 0 <y < 1 is the singularity exponent.

Assumption 2.22. Q ¢ RN with N > 2 is a bounded domain with Lipschitz boundary 0<Q.

We adopt the following definition, which is standard in the literature on singular elliptic
equations (see [6, 8, 17]).

Definition 2.23. A pair (u,b) € W,"""(Q) x L'(Q) is called a weak solution of problem (E, f) if

(S1) u(x) € D({) and b(x) € {(u(x)) for almost every x € Q, where D({) = {r € R : {(r) # 0} is the
effective domain of £.

(S2) u(x) > 0 for almost every x € Q. Moreover, for every relatively compact subset w CC Q,

j‘u(x)_y dx < 0.

This ensures that the singular term f/u” is well-defined as an L]IOC(Q)—function.
(S3) G(x,u,Vu) € L'(Q).

(S4) For every test function ¢ € C(l)(Q), the following variational identity holds:
f bodx + f HP"Y{(Vu)VH(Vu) - Vodx + f G(x, u, Vu)pdx = f f—"”dx. (2.5)
Q Q Q oW
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(S5) u = 0 on 0Q in the sense that u is nonnegative and (1 — )" € Wé’p (')(Q) for every € > 0.

We are now ready to state the main result of this paper.

Theorem 2.24. Assume that Assumptions 2.17— 2.22 hold. Then there exists at least one weak solution
(u,b) € W(Q) x LYQ) 10 problem (E, f) in the sense of Definition 2.23.

loc
Moreover; the solution satisfies the following additional regularity properties:

(R1) u € L*®(Q) and there exists a constant Co, > 0, depending only on the data (N, p*,a,b,y,Q),
such that
lullz=@) < Cooll fllzo)-

(R2) u(x) > 0 for almost every x € Q. Moreover, for every w CC Q,

‘fu(x)_y dx < 0.

IVullro@) < CUL )

(R3) u € W,"(Q) and

3. Approximate problems and preliminary existence

To handle the singular term and the multivalued operator, we introduce a family of approximate
problems depending on a small parameter € € (0, 1]. For each &, we consider

f

(luc| + &)
u, =0 on 0QQ,

gs(Tl/s(ua)) - A[I;I(.)us + Ga(x’ Ug, Vua) = in Q,

(Ee, ) {
where
1. . is the Yosida approximation of £ (see Lemma 2.15).
2. Ty,.(s) = min{|s|, 1/} sign(s) is the truncation operator at level 1/e.

3. G, is defined by
G(x, 5,)
1+ elG(x, 5, &)l

which satisfies |G| < min{|G|, 1/&} and G, — G pointwise as € — 0.

Ge(x,s,8) =

4. The singular term is regularized by replacing u” with (Ju| + ), which is bounded away from zero.

The weak formulation of (E,, f) is: Find u, € W,””(Q) such that for all ¢ € W,””(Q) N L*(Q),

fe
G.(x,u., Vu)odx = f R S —
( W= ) G+ ey

(3.1

fgs(Tl/s(us))‘pdx + f Hp(X)_l(Vus)VH(Vus) : V(,Ddx + f
Q Q

Q
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Define the operator (A, : Wé’p Q) - WOQ) by

(Asu, @) = fgg(Tl/g(u))godx + pr(x)_l(Vu)VH(Vu) - Vodx + ng(x, u, Vu)pdx.
Q Q Q

The right-hand side defines a functional F,(x) € W='""O(Q) by

<ﬂww=ﬁ—iiﬁx

(Jul + e
Problem (E,, f) is equivalent to finding u, such that
Aetty = Foluts)  in WO(Q),

We now establish the key properties of (A, that will allow us to apply the theory of pseudo-monotone
operators.

Lemma 3.1. The operator A, is bounded: for any bounded set B C Wol’p (')(Q), A(B) is bounded in
WL OQ).

Proof. Letu € Wy"(Q) with |[ully1,0 < R. For any ¢ € W,”(Q) with [|glly1,0 < 1, we estimate each
term separately.
For the Yosida approximation term, by Lemma 2.15 and the growth condition on °,

o(T1/e)] < Co(1+ 1Ty ") < C(1 + £77770),

Thus,

f é/s(Tl/s(u))()de
Q

For the principal part, using Corollary 2.13 and the norm-modular equivalence,

< CEllellq < CElellrow)-

f HPO Y (Vu)VH(Vu) - Vodx
Q

< f |HP™~ (Vu)VH(Vu)||Voldx
Q
<G, f [VuP@~1V|dx.
Q
By Holder’s inequality in variable-exponent spaces,

f IVul”~ [Veldx < 20IVul™ ™| o1Vl oo
Q

Now, [[|VulPO Y|, »0 < C ||Vu||’L’p(,_)1 by standard properties of variable-exponent spaces. Hence,

Term 2 < CR” ~Yllwiro.

For the natural-growth term, by the definition of G, we have |G.(x, s,&)| < min{|G(x, s,&)|, 1/e} <

1/& pointwise. Thus,
1
< - f loldx.
€ Ja
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By the continuous embedding Wé’p (')(Q) — L'(Q) (which holds because Q is bounded and
p(-) = p~ > 1), there exists a constant C > 0 such that ||¢||;1 < C||¢|lw1.»o. Therefore,

[ Gt Vurgas| < Sl
Combining all estimates, we obtain
(Au, ©)| < Cle, R)llgllwrro,
showing that A, is bounded.

Lemma 3.2. The operator A, is coercive: there exists ay > 0 such that for all u € Wé’p D),

Pt

. p_
(A.u, 1) > min{|[Vull, .. [IVull .}
lleel w100 el [w1.000
Consequently,
(Aqu, u)
—— — 00 as ||ullyrr — oo.
[zl w1.000

Proof. For any u € Wé’p “(Q), we have

(&Zlgu,u):f{S(Tl/S(u))udx+fH”(x)(Vu)dx+ng(x,u,Vu)udx.
Q Q Q

All three terms are nonnegative. By Assumption 2.17, H?®(Vu) > a’®|Vu|'™® > «|Vu[P™ with
a = a”", and by Assumption 2.20(G1), G(x, u, Vu)u > 0 since G, preserves the sign of G.
Thus,

(A, u) > a/f [VulP@dx.
Q

Using the norm-modular equivalence (Lemma 2.3(3)),

f IVulP@dx > min{||Vul”. , [Vull” ).
Q

Lrt)? Lr®)
By the Poincaré inequality (Lemma 2.6(2)),
el < (Cp + DI Vul|zp00.

Therefore,

. — +
(A o minVul],, [Vull, )
il — Co+ 1 IV adlro

As [|Vul|pp» — oo, this ratio tends to co since p~ > 1.

Lemma 3.3. The operator A, : Wé’p Q) - W PO(Q) is pseudo-monotone.
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Proof. Let (u,) € Wy”"(Q) be such that u,, — u weakly in W,”(Q) and

lim sup{ AU, u, — uy < 0. (3.2)

m— o0

By the compact embedding Wé’p (')(Q) — LPO(Q) (Lemma 2.6), we have u,, — u strongly in
LPO(Q), and hence in L'(Q).

Step 1: Convergence of lower-order terms. For the Yosida term, since , and 7', are Lipschitz,

Ce(T1/6(n)) = Le(T1je(w))  in LU(Q) Vg < oo,

which implies

f LT ottt — 1) = 0. (3.3)
Q
For the truncated nonlinearity G, by construction, |G.(x, s,&)| < 1/& for all x, s, £. Hence
1
ng(x, Up, Vi) (U, —u)dx| < — f |tt,, — ul dx — 0. 3.4)
Q € Ja
Combining Eqs (3.2)—(3.4) yields
lim sup{P(u,,), , — u) <0, 3.5

m—oo

where P(u) := — div(H”"~'(Vu)VH(Vu)) is the principal part operator.

Step 2: Strong convergence of gradients. Since u,, — u, we have (P(u), u,, —u) — 0. From Eq (3.5),
0< <P(um) - P(u)’ Um — I/t> = <P(I/lm), Up — M> - <P(u)’ Uy — I/t>,

so taking the limsup gives
lim (P(u,,) — P(u), u,, — uy = 0. (3.6)

We prove that
Vu,, — Vu strongly in (L"©(Q))". (3.7)

Denote z,, := Vu,, — Vu and a,, := |Vu,,| + |Vu|. By the monotonicity estimate (Lemma 2.12), there
is C; > 0 such that

<P(um) - P(I/t), Up — I/l> = C‘1 fagz(x)—lemp dx. (38)
Q

We split into two cases.

Case 1: p(x) > 2 a.e. Lemma 2.12 also gives
(P(up) — P(u), tt, — uy > C} f 2P dx.
Q

Together with Eq (3.6), this yields fQ |Z,[P® dx — 0, which establishes Eq (3.7).
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Case 2: 1 < p(x) <2 a.e. From Eqgs (3.6) and (3.8), we get
X, = f a’ D72z, 2 dx — 0. (3.9)
Q

We claim that Eq (3.9) implies fg |Z,uP® dx — 0. Indeed, for every n > 0, the elementary inequality
" <C,+n  Vt20,1<p<2,
with C, depending only on 7 and p*, yields (setting ¢ = |z,,|/a,, when a,, > 0):
lznl"™ < C,a? 2z, 1* + nal®  ae.

Integrating,

f |zl dx < C, X + 17 f a’™ dx.
Q Q

By the uniform energy bound (Lemma 4.1), fQ a?™ dx < C uniformly in m. Thus

lim supf |zlP dx < nC.
Q

m—o00

Letting n | O gives fQ |znlP® dx — 0, and by the norm-modular equivalence (Lemma 2.3), we
obtain Eq (3.7).

Step 3: Passing to the limit. From Eq (3.7), we have Vu,, — Vu in measure, so, up to a subsequence,
Vu,, —» Vu a.e. and u,, — u a.e. By the Carathéodory property of G,

Go(x, up, Vu,,) = Go(x,u,Vu) ae.
Moreover, since |G| < 1/&, the dominated convergence theorem gives
G.(, thyy, Vity) — Go(-,u, Vu) in L'(Q). (3.10)

Also, the strong convergence Eq (3.7) implies the principal part operator is continuous in the strong
topology, so for every v € W(;’p @),

(P(tty), = v) = (P(u),u —v).
Combining this with the convergences of the {,-term and Eq (3.10), we obtain
<ﬂsuma Um — V> - <ﬂsu’ u-— V>.

Hence
lim inf(A.u,,, u,, —v) = {(A.u,u—v),

m—oo

which implies the pseudo-monotonicity condition.

With the properties established above, we can now prove the existence of solutions to (E,, f).
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Proposition 3.4. For each € € (0, 1], the approximate problem (E,, f) admits at least one weak solution
i, € Wy (Q) N LY(Q).

Proof. Define the Nemytskii operator F, : Wé’p Q) - WrOQ) by

_ fe
g = [ L

We first show that ¥, is compact (i.e., it maps weakly convergent sequences to strongly convergent
ones). Indeed, since the embedding Wé”’ Q) — LPO(Q) is compact, if u, — u in Wé’p O then u, — u
strongly in LP©(Q). The function g.(f) = 1/(|¢| + &)” is Lipschitz continuous on R with Lipschitz
constant L, <y &', Thus,

lge(un) — gLy < Cllge(un) — gs(”)”u‘(g) < CLlu, — u”Lp‘(Q) - 0.

Since multiplication by f € L¥(Q) is continuous on L? (Q), we get

f f

(twa + &) (ul+e)

in L7 (Q) c W HOQ).

Hence ¥ is compact (indeed, completely continuous).
Now consider the operator B, := A, — ¥.. By Lemma 3.1, A, is bounded, and ¥, is bounded

because ||F(u)lly-1.» < Cl|fllw/€”. Hence B, is bounded. By Lemma 3.2 and the boundedness of ¥,
B, is coercive: indeed,

Bewu) A, u)  NF @l lllyrr

lullwrr el lluellwr.»

as ||u|lw1.» — oo because the first term tends to infinity and the second is bounded.
It remains to show that B, is pseudo-monotone. Let u#, — u in Wé”’ © and suppose

lim sup(B.u,, u, — u) < 0.

Since ¥ is compact, F,(u,) — F.(u) strongly in W0 Hence
<7:8(un), Uy, — u) - O
because u,, — u — 0. Therefore,

lim sup{(A.u,, u, — u) = lim sup{B.u,, u, — uy + im{F(u,), u, —u) <0.

By the pseudo-monotonicity of A, (Lemma 3.3), for every v € WS”’ ),

lim inf(A.u,, u,, — v) > {(Aqu, u — v).

n—oo

Since (F.(u,), u, —v) — (F.(u), u — v), it follows that

lim inf{B.u,, u, — v) > (B.u,u —v).

n—oo
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Thus 8B, is pseudo-monotone.
Applying the standard existence theorem for bounded, coercive, pseudo-monotone operators (see,
e.g., [7, Theorem 2.1]), we obtain u, € Wé’p(')(Q) such that B.u, = 0, i.e.,

Ague = (f:(us)’

which is exactly the weak form of (E,, f). The L*-bound follows from Lemma 4.3 (which will be
proved independently of this existence result. Note that the estimate there does not use the existence
of u,, only the equation itself). Thus the proof is complete.

4. Uniform a priori estimates

In this section, we derive estimates for the approximate solutions u, that are independent of . These
estimates are crucial for the convergence analysis as € — 0.

Lemma 4.1. The family {u.}.c0.1) is uniformly bounded in Wé’p Q). More precisely, there exists a
constant Cy > 0, independent of &, such that

”usllwhpt)(g) < (.
Proof. Test the approximate equation (3.1) with ¢ = u,:

Jue

f Lo(To(us))ugdx + f HPY(Vu,)dx + f Go(x, us, Vo) updx = f dx. 4.1)
Q Q 0 a (lu| + &)

All terms on the left-hand side are nonnegative. Using the coercivity of the principal part,
f H"™(Vuy)dx > a f |Vu [P Pdx,
Q Q

with @ = a”" > 0.
For the right-hand side, note that u, > 0 (this will be proved in Lemma 4.2 below). Thus,

fus

1—
—— < fu, .
AT

. 1—
Since 0 <y < 1, we have u, ” < 1 + u,. Therefore,

Sue

ey < W+ )

Integrating,

Jue
—2 2 dx < |[fllo (I + lltellf1)-

fg<|u8|+s)y X < (AUl (12 + Hltellzr)
By Holder’s inequality and the Poincaré inequality,

llugllr < ClIVugllro.
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Thus,
af IVu PPdx < || flleol @ + Cll flleol Vit
Q

Using the norm-modular equivalence, let X = ||Vu,||;». Then
amin{X”, X"} < C) + C,X.
If X < 1, then X is trivially bounded. If X > I, then min{X” , X?"} = X”", so
aX? < Ci+CX.
Since X > 1, we have C; < CX, hence
aX? < (C)+CyX.
Dividing by X > 0 yields

Ci+C,
a b

Xr <

and because p~ > 1, this implies

C,+0C, )1/(17‘—1)

X<
(01

Thus X is bounded independently of . Hence, there exists C; > 0 independent of & such that

f Vus["dx < C,).
Q
By the Poincaré inequality and norm-modular equivalence,

ltellwior < CollVatelloor + IVatelloo < (Cp + 1)max{C}"”",C}/""} =: C.
Lemma 4.2. The approximate solutions satisfy u.(x) > 0 for almost every x € Q and all € € (0, 1].

Proof. Let u; = max{-u,,0} € W,"(€). Note that u; > 0 and Vi = —Vitx(,<o)-
Test the approximate equation (3.1) with ¢ = u_:

f Ce(T1ye(us)u dx + f HPY ™ (Vu,)VH(Vu,) - Vu;dx
Q Q

_ Sug
+ | Geo(x,ue, Vug)u_dx = f —F _dx
js; ( ) Q (lusl + 8))/

On the set {u, < 0}, we have u_, = —u, > 0 and Vu_ = —Vu,. Therefore,
HP'9"Y(Vu, )VH(Vu,) - Vu, = —H"(Vu,) < 0.

Since {(r)r > O for all  (Lemma 2.15(4)), and on {u, < 0}, we have T ,.(u.) = u. < 0, we obtain
Ce(Tyje(ue)u, = Co(u)(—us) = =Lo(ug)us < 0.
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For the natural growth term, Assumption 2.20(G1) gives G(x, u., Vu.)u, > 0. Since G, preserves
the sign of G, we have G.(x, u,, Vu,)u. > 0. On {u, < 0}, this implies G.(x, u., Vu.) < 0. Hence,

G(x, ug, Vbtg)l/t; = G (x, ug, Vug)(—u,) < 0.

The right-hand side satisfies
Jug

(uel + &) —

’

since f > 0 and u_ > 0.
Thus, on the set {u. < 0}, every term on the left-hand side is nonpositive, while the right-hand side
is nonnegative. Therefore, both sides must be zero almost everywhere on {u, < 0}. In particular,

H"(Vu,)dx = 0,
{ue<0}

which implies Vu, = 0 a.e. on {u, < 0}. Since u_ € Wé’p (')(Q), the Poincaré inequality (Lemma 2.6)
yields u; = 0 a.e., hence u, > 0 a.e. in Q.

We now prove uniform L® bounds for u.. The proof adapts the classical method of Boccardo-
Giachetti [5] to the anisotropic variable-exponent setting.

Lemma 4.3. The family {u.}.c.1) is uniformly bounded in L*(£2). Moreover, there exists a constant
Cw > 0, independent of &, such that

letellz=@) < Cooll fllL> -
Proof. For k > 0, define the truncation Gy(s) = (s — k)* (since u, > 0 by Lemma 4.2). Test the
approximate equation (3.1) with ¢ = G(u,):
f Le(T1)e(ue))Gr(ue)dx + f HP~ Y (Vu)VH(Vu,) - VGi(ug)dx
Q Q

ka(us)
+LGg(x,ug,Vu5)Gk(us)dx:L(lbtgl—_'_g)ydx. 4.2)

All terms on the left are nonnegative. Using the coercivity of the principal part,
f H"O™ N (Vu)VH(Vu,) - VGi(ug)dx = f H"Y(Vuy)dx > f IVu [PVdx,
Q A Ay

where A, = {x € Q : u.(x) > k}.
On A, we have u, + € > k, so

fGi(ug)  flus—k)  |flle
< < - — k).
I vey = o = p R
Thus,
o flle
a \Vu |""Ydx < —— | (u, — k)dx.
A kY Ja,
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Let wy = (u, — k)*. Then w;, € Wé’p (')(Ak) and w; = 0 on JA;. By the Sobolev embedding
(Lemma 2.6(3)),

”Wk”Ll’*(‘)(Ak) < CS”VWk”LP(’)(Ak)-

Note tl}at Vwy = Vu, on Ay and wy = u, — k on A;. Let g = inf,eq, p*(x). Then g > p™~, where
T = % if p~ < N, and ¢ can be chosen arbitrarily large if p~ > N. By Holder’s inequality,
P

1-1 1-1
f widx < JAL ™ Nwillaae < A TICs IVl Lo gay -
Ay

Now, using the norm-modular equivalence,

1/p~ 1/p*
IVttgllroap) < C( f IVuslp(x)dx) + C( f |Vu8|”(x)dx) :
Ap Ay

Combining these estimates, we obtain a differential inequality for y(k) = fAk widx. A detailed
iteration (see [4, Theorem 1.1] for the variable exponent case) gives

luellzo) < Cllflle@)

with C independent of €. The linear dependence on |||z~ arises from the structure of the iteration: at
each step k, the inequality produces a factor || f 7" and the Moser iteration yields the final bound. The
constant C depends only on N, p*, a,b,y, and Q.

The following lemma provides the necessary control on the regularized singular term, uniformly
in &. It replaces the standard but technically demanding pointwise lower bound and is sufficient for the
compactness argument.

Lemma 4.4. For every relatively compact subset w CC Q, there exists a constant C,, > 0, independent
of &, such that

f(ug(x) +&)7dx<C,. 4.3)

Consequently, for the almost-everywhere limit u, we have fw u?dx <C,.

Proof. Letn € Cy(Q) be a cut-off function satisfying 0 <7 < 1,7 =1 on w, and suppn C Q" cC Q.
We use the admissible test function

e = (us +8)7* € Wy (Q) N L2(Q).

Inserting ¢, into the weak formulation of (E,, f) and dropping the nonnegative terms involving
and G, yields
f e
(u. + &)y

dx.

f HPO N (Vu )VH(Vu,) - Vo, dx < f
Q Q

A direct computation of the left-hand side gives

—y f (us + &) ' HPO(Vu,) dx + 2 f (g + &) 'nHPO N (Vu, )VH(Vu,) - Vndx < f f (u, + )" dx.
Q Q Q
(4.4)
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By Young’s inequality with parameter 6 > 0, we estimate the second term on the left:
2 f (uy + &) 'nH" " (Vu,)VH(Vu,) - Vipdx
Q

< %/ ‘f(u‘9 +&) " ' " (Vu,) dx + C, ‘f(u‘9 + &) "M HPYO (V) dx.
Q Q
Absorbing the first term above into the left-hand side, we obtain

g f (e + &) " (Vup) dx < C, f (s + &) HPO (Vi) dox + | flleo f (us + &) dx.
Q Q Q

Since u, € L®(Q) with |lug]l.e < M (Lemma 4.3), and 0 < y < 1, we have (u, + &) < (M +1)7*!
and
(Us + ) = (U +8) 7 g+ &) <M+ 1) V(U + )77

Therefore,
% f (ue + &) ' H?V(Vu,) dx < C, f H"O(Vp)dx + C, f (ue + &) ' dx,
Q Q Q

where C; and C, depend only on M,y, and ||f||.. Now choose # > 0 so small that C,6 < y/4. By
Young’s inequality,
1.2 _7 —y=1,277p() 2
Cu:+&)7 ' < Z(ug +&)7 " H™ (Vue) + Canp”.

Substituting this back and rearranging, we get
f(u‘9 + 8)_7_1772H”(')(Vu8) dx < Cy (f H”(')(Vn) dx + fnz dx).
Q Q Q
Finally, since H?9(Vu,) > a’ |VugP®), the above estimate implies in particular that
f (us + &) ' Vu [P dx < Cs.
Q

Applying the Sobolev embedding Wol’p Q) — LIY) with q > 1 sufficiently close to 1 (which is
possible since p~ > 1 and Q' is bounded), we obtain

l/q
f(us +&)7dx <Cs (f (Ug + &) 7 ' Vu PO dx + f (us + &)7 P dx) <C,.
w Q Q

The constant C,, is independent of €. This proves Eq (4.3). The claim for the limit u follows directly
from Fatou’s lemma.

5. Convergence analysis

With uniform estimates in hand, we now study the limit as € — 0.

Lemma 5.1. There exist functions u € Wé’P (')(Q)OL‘X‘ (Q) and b € L*(Q) such that, up to a subsequence
e —0:
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(CI) u, — uweakly in Wé’p(')(Q).

(C2) u, — u strongly in LPY(Q) and almost everywhere in Q.
(C3) LT (uts)) — b weak-* in L(L).

(C4) b(x) € {(u(x)) for almost every x € Q.

(C5) u(x) >0 a.e., and for any w CC €, fw u’dx < o0, hence u > 0 a.e.

Proof. By Lemma 4.1, {u,} is bounded in Wé’p “(Q). By reflexivity, there exists u € Wé PO(Q) such that
u, — u weakly. The compact embedding (Lemma 2.6(4)) gives u, — u strongly in L"®)(Q) and, up to

a subsequence, almost everywhere.

From Lemma 4.3, |lull;~ < Cw. Thus, |Ty(u;)] < min{Cs,1/e}. By Lemma 2.15(3),
10e(Thye(ue))l < Ce(1 + |T1/g(ug)|”+‘1) < C(1 + Cc?, _1), independent of €. Hence, {{.(T/:(u:))} is
bounded in L*(Q). By the Banach-Alaoglu theorem, there exists b € L*(Q) such that
Ce(T1/e(ue)) — b in L¥(Q).

Let J, = (I + &)7! be the resolvent. Then /(T 1e(Ue)) € {(Jo(Te(us))). We have
|J8(T1/8(u8)) - ul < |J8(T1/8(u8)) - Tl/s(us)l + |T1/8(u8) - ul

The first term tends to 0 by properties of resolvents and the second by a.e. convergence of u,. Thus,
Jo(T,:(u:)) — uin measure. By the closedness of maximal monotone graphs (see [7, Proposition 2.5]),
we obtain b(x) € {(u(x)) a.e.

The nonnegativity of u follows from Lemma 4.2 and the strong convergence. The local integrability
of u™ follows from Lemma 4.4 and Fatou’s lemma. Since u™ € Llloc’ we have u > 0 a.e. in Q.

Lemma 5.2. For any ¢ € Cj(Q),

lim f _ S - f 14
e=0 Jo (ue(x) + &)Y o u

Proof. Let w = supp(yp) cC Q. By Lemma 4.4, the family

fo
(us + &)

is uniformly integrable on w. Indeed, it is bounded by || f||cll¢lle (it + £)77, and the latter is uniformly
bounded in L'(w) by Lemma 4.4. Moreover, we have the stronger equi-integrability estimate

: flel
1 27 _dx=0,
fm e | o

which follows from the uniform L* bound on u,, the uniform LllOc bound on u,” from Lemma 4.4, and
the absolute continuity of the integral. Moreover, by Lemma 5.1(C2), u. — u a.e. in €, and hence

fe fe

— 5 <1 ae.inQ.
(u, + &) ur

Vitali’s convergence theorem then gives the desired L'-convergence.
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Lemma 5.3. Up to a subsequence, Vu, — Vu strongly in (L") (Q))V.

Proof. Let u be the weak limit of {u,} in Wé”’ 0(Q). By the compact embedding Wé"’ Q) — LrOQ),
we have u, — u strongly in LP(Q) and almost everywhere.
Test the approximate equation (3.1) with ¢ = u, — u:

f Zo(T ()t — w)dx + f HPO ™ (Vu,)VH(Vu,) - V(u, — u)dx

Q Q

f(us - u)d
—dadX

+ Gs s s,ve e~ dx =
fg; (x, ug, Vu)(u, — u)dx L v ey

Since {£(T,s(u,))} is bounded in L*() and u, — u — 0 strongly in L'(Q), the first term tends to 0.

For the natural growth term, note that |G.(x, us, Vuy)| < c(|luglle)(m(x) + [Vug|[P®) with ||ugle
uniformly bounded by Lemma 4.3. Hence {G.(x, u,, Vu,)} is bounded in L'(Q). Since u, —u — 0
strongly in L4(Q) for all g < oo (by interpolation between L) and L*), we have

f Gy.(x,uz, Vu)(u, — u)dx — 0.
Q

By Lemma 5.2, the right-hand side tends to fg %dx =0.
Thus,

lim | HPY"Y(Vu.)VH(Vu.) - V(u. — u)dx = 0.

e—0 Q
Now consider
I = f [HPO™ (Vu, )VH(Vu,) — HPO" ' (Vu)VH(Vu)] - V(u, — u)dx.
Q

By Lemma 2.12, I, > 0. Moreover,
I = f HPO N (Vu, )VH(Vu,) - V(u, — u)dx — f HPO Y (Vu)VH(Vu) - V(u, — u)dx.
Q Q

The first term tends to O by the previous limit. The second term tends to 0 because Vu, — Vu
weakly in (LPO(Q))V. Hence, lim,_,o I, = 0.
From Lemma 2.12, for p(x) > 2,

I.>C, f IV (u — w)|PVdx,
Q
and for 1 < p(x) < 2,
I, > C f (IVutg| + V)PV (u, — w)fdx.
Q
In both cases, I, — 0 implies Vu, — Vu in measure (see [11, Lemma 5] for the anisotropic case).
Since {|Vu,|P"'} is uniformly integrable in L'(€2) (which follows from the uniform W!*®) bound by

the de la Vallée Poussin criterion), Vitali’s convergence theorem (Lemma 2.7) gives Vu, — Vu strongly
in (LPOQ)V.
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Lemma 5.4. G.(x, u,, Vu,) — G(x,u, Vu) strongly in L' (Q).

Proof. By Lemma 5.3, Vu, — Vu in (L"(Q))N. Hence, |Vu [’ — [Vu|’® in L'(Q) by the continuous
embedding of L") into L' and the norm-modular equivalence.
By Assumption 2.20 (G2) and Lemma 4.3,

1Go(x, ths, Vitg)| < cllutelloa)(m(x) + [Vugl"™) < Clm(x) + [Vu ),

with C independent of &. The right-hand side converges in L'(Q) to C(m + |Vu|"™).
Moreover, by the continuity of G and the a.e. convergence of (u., Vu,.), we have

G.(x,u.,Vu,) - G(x,u,Vu) a.e.in Q.

Thus, by Vitali’s convergence theorem (Lemma 2.7), G(x, ug, Vu,) — G(x,u, Vu) in L'(Q).
6. Passage to the limit and completion of the proof

We now have all the ingredients to pass to the limit in the approximate equation.

Proposition 6.1. The functions (u, b) obtained in Lemma 5.1 satisfy, for every ¢ € C(l)(Q),

f bodx + f HPO Y (Vu)VH(Vu) - Vodx + f G(x, u, Vu)pdx = f—‘pdx 6.1)
Q Q Q Q
Proof. Let ¢ € Cj(€2). From the weak formulation (3.1) of the approximate problem,
fgs(Tl/s(ua))SDdx + f HP(X)_I(VMS)VH(Vus) . V‘;Ddx + f Ga(x, Ug, V”s)(pdx = f f—(p
Q o Q o (u: + &)y

(6.2)

We examine the limit of each term as € — 0.
By Lemma 5.1(C3) and (C4),

tim [ GTyetuneds = [ bgdx,
e—0 Q Q

with b(x) € {(u(x)) a.e.
By Lemma 5.3 and the continuity of the map & > HP™™1(&)VH(&),

lim HPY"Y(Vu, )VH(Vu,) - Vedx = f HPY" Y (Vu)VH(Vu) - Vedx.
E— Q Q

By Lemma 5.4,
lim f G.(x,u., Vug)pdx = f G(x,u, Vu)pdx.
Q

e—0 Q

) fo
i‘i%f (ugs + 8)7 f e

Combining these limits, we obtain the desired identity Eq (6.1) for all ¢ € Cj(Q). By density, the
identity holds for all ¢ € Wé’p Q) N L2(Q).

By Lemma 5.2,
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Lemma 6.2. The pair (u, b) obtained above satisfies all conditions of Definition 2.23.

Proof of Theorem 2.24. We verify each condition.

By Lemma 5.1(C4), b(x) € {(u(x)) a.e., so (S1) holds.

By Lemma 5.1(C5), u > 0 a.e. and fw u~” < oo forall w cc Q, so (S2) holds.

By Lemma 5.4, G(x, u, Vu) € L'(), so (S3) holds.

Equation (6.1) holds for all ¢ € C(l)(Q) by Proposition 6.1, so (S4) holds.

To verify the boundary condition (S5), note that for any £ > 0, (4, — )" € WS”’ (')(Q). Since u, — u
ae. and in L*©, for any § > 0, (u — 6)* is the limit in W,””(Q) of (u, — 6)* (by Lemma 5.3), thus,
(u— 6)* € W,"(Q) for all § > 0, which is precisely the definition of u = 0 on dQ.

Proof of Theorem 2.24. The existence of a weak solution (u,b) follows from Proposition 6.1 and
Lemma 6.2. It remains to establish the additional regularity properties (R1)—(R3).

For (R1), by Lemma 4.3, .||~ < Col|f|l for all . Since u, — u a.e., the same bound holds for u
by Fatou’s lemma.

For (R2), positivity and local integrability of #™” are part of Lemma 5.1(C5).

For (R3), the estimate in Lemma 4.1 gives a uniform bound on |[Vu.||;,c. By weak lower
semicontinuity,

|Vullppo < liminf ||Vug|| 0 < C.
e—0

Hence u € Wé’p Q).
7. Conclusions

We have established the existence of weak solutions for a comprehensive class of singular
anisotropic elliptic equations in variable exponent spaces with 0 < y < 1. The solution enjoys natural
regularity properties: L™ bounds, positivity, and WS”’ © regularity.

The key innovations in our approach include the combination of Finsler anisotropy with variable
exponents, requiring careful adaptation of all estimates to the non-homogeneous modular framework,
the treatment of general maximal monotone operators via Yosida approximation, which adds flexibility
for applications involving hysteresis or non-smooth phenomena, the handling of natural growth terms
G(x,u, Vu) with only L' integrability of the solution, and the delicate convergence analysis for the
singular term.

Several questions remain open. Proving uniqueness for general maximal monotone { and general G
under only the natural growth condition remains an open challenge. The optimal regularity of solutions
in Besov or Lorentz spaces is unknown, particularly in the anisotropic variable exponent setting. The
precise boundary behavior likely involves the Finsler distance function. Sign-changing f may cause
nonexistence. Parabolic extensions and systems of singular equations also remain largely unexplored.
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