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Abstract: In this study, we investigate the dynamics of a within-host model of hepatitis B virus (HBV)
and hepatitis C virus (HCV) coinfection with two distinct transmission pathways: virus-to-cell and
cell-to-cell transmission. The model incorporates both HBV-specific and HCV-specific humoral
immunity. Using the next-generation matrix method, we derive the basic reproduction numbers
for HBV mono-infection (R{), HCV mono-infection (‘ROC), and HBV/HCV coinfection (Ry =
max{Ry, RE}). We establish the fundamental qualitative properties of the model, identify eight
possible equilibrium points, and investigate their global stability. The stability analysis is carried
out using Lyapunov functions together with the Lyapunov-LaSalle invariance principle. The model
is further formulated as a nonlinear control system, where anti-HBV and anti-HCV therapies serve
as the control inputs. For each virus, two antiviral treatment strategies are considered: one that
reduces virus-to-cell transmission and another that reduces cell-to-cell transmission. The results
show that neglecting cell-to-cell transmission may underestimate the treatment effort required for
viral clearance, highlighting the importance of incorporating this transmission pathway to obtain more
realistic descriptions of within-host HBV/HCV dynamics. The optimal control problem is formulated
to maximize the population of uninfected hepatocytes while minimizing treatment costs. Numerical
simulations illustrate the theoretical results and demonstrate that the proposed control strategies can
reduce viral infections and increase the population of uninfected hepatocytes under the considered
parameter scenarios. Finally, sensitivity analysis of R and R§ identifies the parameters that have the
greatest influence on the basic reproduction numbers, providing insights into the model mechanisms
associated with viral persistence and clearance.
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1. Introduction

A report from the World Health Organization (WHO) provides a comprehensive and up-to-date
assessment of the global burden of hepatitis B and hepatitis C, which together account for more
than 95% of deaths related to viral hepatitis [1]. Viral hepatitis is now considered to be the second
leading infectious cause of death globally, causing about 1.3 million deaths each year, similar to the
mortality associated with tuberculosis. Of these deaths, hepatitis B accounts for approximately 83%,
while hepatitis C contributes about 17% [2]. Long-term infection with these viruses leads to serious
liver complications such as cirrhosis and hepatocellular carcinoma [2].

Hepatitis B and hepatitis C are caused by hepatitis B virus (HBV) and hepatitis C virus (HCV),
respectively. HBV is a DNA virus classified within the Hepadnaviridae family, and it replicates in the
nucleus of hepatocytes. By comparison, HCV 1s an RNA virus that belongs to the Flaviviridae family
and carries out its replication in the cytoplasm [3-5].

Coinfection with HBV and HCV is commonly observed in regions where both infections are
endemic [4, 6]. Clinical and epidemiological studies indicate that coinfected individuals are at
a higher risk of developing severe liver disease and are more likely to progress to hepatocellular
carcinoma than patients infected with either virus alone. In addition, partial immune suppression
may occur in coinfected patients. HBV/HCV coinfection can arise either through simultaneous
transmission (cotransmission), in which both viruses are acquired at the same time via shared exposure
routes such as contaminated blood transfusions, intravenous drug use, unsafe injection practices,
or organ transplantation, or through superinfection, where an individual with a pre-existing chronic
infection acquires the second virus [3, 4, 7].

When two viruses target the same cell population, their long-term coexistence may occur under
specific biological conditions. These conditions may include: (i) Superinfection, in which one virus can
infect cells already infected by another virus [8]; (ii) immune-mediated interactions, where cytotoxic
T lymphocytes (CTLs) or antibodies introduce regulatory feedback that may allow both viruses to
persist [9, 10]; (iii) viral saturation effects, where nonlinear infection mechanisms can reduce the
intensity of interviral competition [11]; (iv) overlapping and distinct target-cell populations, where
the viruses share some target-cell populations while also infecting distinct cell types [12, 13]; and (v)
two competing viruses interacting across two target-cell populations, where each virus can infect both
target-cell types, thereby creating cross-interactions that may permit viral coexistence [14]. These
mechanisms demonstrate that competition for common target cells does not necessarily result in
competitive exclusion and that viral coexistence can arise through interactions among transmission,
immune responses, and target-cell availability.

Antiviral therapy for HBV is typically initiated early and primarily involves nucleoside
analogues (NAs) and pegylated interferon (IFN-a). NAs suppress viral replication by inhibiting DNA
synthesis, whereas IFN-a can contribute to viral suppression and immune-mediated control of HBV
infection [15, 16]. In addition, IFN-« is a key component of innate immunity and is also used in the
treatment of HCV infection [17]. More recently, direct-acting antivirals (DAAs) have become central to
HCYV therapy by targeting specific stages of the viral life cycle. During therapy, the viral load declines,
leading to a corresponding reduction in viral replication within the liver [18]. For this reason, it is
crucial to study the optimization of treatment for hepatitis viruses. Several mathematical models have
discussed HBV treatment in [19, 20]. Additionally, HCV treatment has been discussed in [21, 22].
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Mathematical modeling has become an essential approach for investigating viral dynamics and
interactions within the host. These models help clarify the mechanisms governing infection at the
cellular level and provide valuable insights into disease progression. They are also useful for improving
antiviral therapies and vaccine strategies, as well as informing decisions on optimal treatment and
prevention approaches. Furthermore, such models assist in identifying the critical parameters needed
to interpret experimental findings and better understand biological systems. A number of studies have
developed within-host models for HBV infection; for instance, Nowak and colleagues [23] proposed a
foundational mathematical model describing HBV mono-infection:

hepatocytes production  natural death ~ HBYV infectious transmission

. — —
H = ¢ - 'oH - BHV ,
HBYV infectious transmission ~ natural death
Y= BHV - Y
HBV production  natural death
. — —
v= ey - "¢V

where H = H(t), Y = Y(¢t), and V = V (¢) represent, respectively, the densities of uninfected
hepatocytes, hepatocytes infected with HBV, and free HBV particles at time 7.

It is well established that the immune system combats viral infections through two main
pathways: humoral immunity and cell-mediated immunity. The cell-mediated response is driven
by cytotoxic T lymphocytes (CTLs), which target and destroy infected cells. In contrast, humoral
immunity is mediated by antibodies produced by B lymphocytes, which function to neutralize
circulating viral particles. The primary role of these antibodies is to block viral activity and prevent
further infection [24]. Early mathematical models based on ordinary differential equations (ODEs)
that incorporated both viral dynamics and the humoral immune response were proposed by
Murase et al. [25] and Wang and Zou [26]. These studies introduced a fundamental modeling
framework to represent how the humoral immune response interacts with HBV infection:

hepatocytes production  natural death ~ HBYV infectious transmission

. — — —

H= P - ¢H - BHV :
HBYV infectious transmission  natural death

. — —

¥ = BHV - sy,
HBV production  natural death ~ HBV neutralization

. — — —

v= Tov - T¢v - YAV |
Proliferation of HBV-specific antibodies  natural death

. ,—/\

A= DAV - A,

where A = A(r) represents the concentration of antibodies. The terms pAV and AA denote

the proliferation and death rates of antibodies, respectively, while YAV is the viral neutralization
rate constant due to antibodies. Building on these, several mathematical models have been
developed [27, 28] to describe HBV infection in the presence of antibody-mediated immune response.
Foko and Tadmon [29] developed a diffusive within-host HBV model incorporating viral capsids,
adaptive immunity, and exposed and productively infected hepatocytes, while Foko [30] investigated a
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delayed within-host HBV model that further accounts for viral capsids, exposed infected hepatocytes,
adaptive immune responses, and a general incidence rate.

Beyond the classical infection routes, it is widely recognized that viruses can also spread through
a mechanism known as cell-to-cell transmission [31, 32]. In this process, viral particles are passed
directly from an infected cell to adjacent susceptible cells through specialized contact structures called
virological synapses [33, 34]. Recent studies have examined the combined impact of both virus-to-cell
and direct cell-to-cell transmission pathways on overall viral dynamics [35, 36]. Motivated by these
findings, mathematical models have been developed [37, 38] to characterize HBV monoinfection while
explicitly accounting for cell-to-cell viral spread.

Several mathematical models have been proposed to better understand the dynamics of HCV
infection [39—41]. These models incorporate a variety of biological mechanisms, adaptive immune
responses [41-43], and cell-to-cell transmission [44—47]. In addition, more comprehensive multiscale
models have been developed that simultaneously account for virus-to-cell and cell-to-cell transmission,
as well as CTL and antibody-mediated immune response [48].

Antiviral treatment plays an important role in controlling HBV and HCV infections by suppressing
viral replication and reducing the viral burden in infected individuals. Accordingly, mathematical
models incorporating therapeutic interventions have been developed to evaluate treatment efficacy
and investigate strategies for controlling these infections. Sadki et al. [49] developed a mathematical
model of HCV dynamics that incorporates the effects of therapy, both modes of viral transmission,
and adaptive immune responses, while Yosyingyong et al. [SO] proposed a model for HBV dynamics
that includes the effects of therapy, time delay, intracellular HBV DNA-containing capsids, and
adaptive immunity.

A variety of mathematical models have been proposed to investigate the transmission co-dynamics
of HBV and HCV at the population level [51, 52]. However, mathematical models describing the
within-host co-dynamics of HBV and HCV have received much less attention. Within-host models of
HBV/HCV coinfection have recently been developed by Elaiw et al. [53, 54], respectively. The model
given in [53] considered HBV/HCYV coinfection with antibody-mediated immunity as follows:

hepatocytes production  natural death ~ HBV infectious transmission  HCV infectious transmission

y B C
H = 0} - oH - BsHV — BcHV ,
HBYV infectious transmission  natural death
Y B B
Y8 = BpHV )
HCV infectious transmission ~ natural death
Y C C
Y Y = ﬁCH V - 6C Y s
HBYV production  natural death ~ HBV neutralization
y B B BysB
VB = [0 B Y - ¢ B \% - Y BA \% .
HCV production  natural death  HCV neutralization
. — — —_—
VEe= 0:.YC - pcVE - ycACVE
Proliferation of HBV-specific antibodies ~ natural death
1 By/B B
AB = P BA V - /13A .
Proliferation of HCV-specific antibodies  natural death
: P, 7
AC = pcA Vv - /ch ,

where H = H(®),Y? = YB(),Y¢ = Y°@0),VE = VB(),VE = VE(1),A® = AB(¥), and A€ =
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A€ (1) denote the uninfected hepatocytes, hepatocytes infected with HBV, hepatocytes infected with
HCV, free HBV particles, free HCV particles, antibodies targeting HBV, and antibodies targeting HCV,
respectively, at time ¢.

The model presented in [54] considered HBV/HCV coinfection with CTL-mediated immunity.
Neither of these studies considered cell-to-cell transmission. Conversely, cell-to-cell transmission
has been incorporated into within-host models of HBV monoinfection [37, 38] and HCV
monoinfection [44-46], but its simultaneous role in HBV/HCV coinfection has not been
investigated. Thus, the present study extends these previous formulations by incorporating both
virus-to-cell and cell-to-cell transmission into a within-host HBV/HCV coinfection model with
antibody-mediated immunity.

For clarity, Table 1 summarizes the main differences between the previous within-host HBV/HCV
coinfection models in [53, 54] and the present study. The comparison in Table 1 demonstrates that
the mathematical contribution of the present study extends beyond the combination of previously
investigated biological mechanisms. In particular, the simultaneous inclusion of virus-to-cell
and cell-to-cell transmission leads to new threshold quantities, f%f and f&g, together with the
corresponding invasion conditions. Furthermore, unlike the models in [53, 54], the present study
formulates and analyzes a nonlinear optimal-control problem. Therefore, the present work provides
a mathematical assessment of how cell-to-cell transmission affects HBV/HCV coinfection dynamics
and treatment optimization.

Table 1. Comparison of the main features of [53, 54], and the present work.

Feature Ref. [53] Ref. [54] Present
study
HBV/HCYV coinfection Vv Vv Vv
Antibody-mediated immunity v X v
CTL-mediated immunity X v X
Virus-to-cell transmission v v v
Cell-to-cell transmission X X v
Both transmission modes X X v
New thresholds R5, RS X X v
Globally asymptotically stable of single-antibody coinfection equilibria X X v
Optimal control X X v

In this work, we develop a within-host model of HBV/HCV coinfection that incorporates
antibody-mediated immune responses and both virus-to-cell and cell-to-cell transmission. We
establish the non-negativity and boundedness of the solutions, derive the relevant threshold quantities,
determine all possible equilibria, and analyze their global stability. We further formulate a nonlinear
optimal-control problem, which was not considered in [53] or [54], to maximize the population of
uninfected hepatocytes while minimizing the treatment costs. Numerical simulations are conducted
to validate the theoretical findings, compare the effects of virus-to-cell and cell-to-cell transmission,
assess the impact of optimal treatment strategies on HBV/HCV co-dynamics, and demonstrate the
importance of accounting for cell-to-cell transmission in treatment design.
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2. Model formulation

This section presents a mathematical framework that captures the within-host dynamics of
coinfection with HBV and HCV with both virus-to-cell and cell-to-cell transmission. A diagram
illustrating these interactions is provided in Figure 1. The formulation of the model relies on the
following assumptions:

(A1) The model is composed of seven coupled state variables: uninfected hepatocytes (H), hepatocytes
infected with HBV (YB), hepatocytes infected with HCV (Y C), free HBV particles (VB), free HCV

particles (Vc), antibodies targeting HBV (AB), and antibodies targeting HCV (AC). Each variable
represents the density of its corresponding population.

(A2) Uninfected hepatocytes act as the primary target cells for infection by both viruses.

(A3) The population of uninfected hepatocytes is maintained through a constant recruitment rate ¢,
while natural cell death occurs at a rate of oH. These cells become infected with HBV and HCV
through virus-to-cell transmission at the rates of Sz HV? and ScHVC, respectively.

(A4) Infection by HBV is driven by interactions between infected cells and susceptible hepatocytes,
occurring through cell-to-cell transmission at a rate of azHY?.

(A5) Likewise, HCV transmission arises from contact between HCV-infected cells and healthy
hepatocytes, through cell-to-cell transmission at a rate of acHYC.

(A6) HBYV virions are produced by HB V-infected hepatocytes at a rate of #zY? and cleared at a rate of
¢pV®. Similarly, HCV virions are produced by HCV-infected hepatocytes at a rate of 6-Y¢ and
cleared at a rate of ¢ VC.

(A7) HBV-specific antibodies undergo virus-induced expansion in response to encounters with HBV
virions at a rate of pgpABV5, decay at a rate of A3A%, and contribute to viral neutralization at
a rate of ygABVB. The bilinear term ppABV? represents a virus—humoral immune interaction of
a predator-prey type and has been used in mathematical models of virus—immune dynamics (see,
e.g., [24]). Thus, the antibody compartment represents the amplification of a pre-existing
HBV-specific humoral response rather than the generation of antibodies from an initially
zero level.

(A8) Similarly, HCV-specific antibodies undergo virus-induced expansion in response to encounters
with HCV virions at a rate of pcA°VC, decay at a rate of AcA€, and contribute to viral
neutralization at a rate of ycA“VC. The term pcACVC likewise represents a virus—humoral
immune interaction of predator-prey type, consistent with formulations used in virus—immune
dynamics (see, e.g., [24]). Accordingly, AC represents an aggregate HCV-specific humoral
response that can be amplified in the presence of HCV rather than antibodies generated from
an initially zero level.

(A9) For mathematical tractability, HBV- and HCV-infected hepatocytes are represented by mutually
exclusive compartments in the present model. Thus, the model does not explicitly include a
compartment for hepatocytes simultaneously infected with both HBV and HCV. This assumption
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is adopted to focus on the competition between the two viruses for uninfected hepatocytes and to
investigate the effects of virus-to-cell and cell-to-cell transmission. Importantly, this assumption
does not imply that simultaneous HBV/HCV infection at the cellular level is biologically
impossible. Experimental studies (see e.g., [55, 56]) have demonstrated that HBV and HCV
can coexist within the same hepatocyte, while HCV replication may suppress HBV replication.
Therefore, the present formulation should be interpreted as an effective approximation of viral
competition and interference at the within-host population level. Incorporating a doubly infected
hepatocyte compartment and the corresponding intracellular interactions would provide a more
detailed description of HBV/HCV coinfection and is left for future investigation.

Based on assumptions (A1)—(A9), the corresponding system of equations describing the within-host
dynamics of HBV/HCV coinfection can be constructed as follows.

Free HBV (V)

HBV-infected
hepatocyte (Y2) HBV-specific
antibody (4%)

N PR N7
R l ) =t —--------- psABVE
[/ O ™=
,/'l BB B
Uninfected l(p S/ ysA"V aBHY»_”_“»— 4
hepatocytes (H) - P’
7 165)'8 ApAE
HCV-infected
@
C”},c hepatocyte () HCV-specific

e - _ antibody (A°)
©) | Tt DpcACVC
l 5.¥¢ l

AcAC

Free HCV (V)

PcVE l
YAV

Figure 1. The schematic diagram of the HBV/HCV coinfection dynamics within-host.

H=¢—-0H-BgHV® — ayHY? — BcHVC — acHYC,
Y2 = BgHVE + ayHY® — 65Y5,
Y€ = BcHVE + acHYC — 6.Y°€,
VP = 05Y" — ¢pV? —ypA°VE, @.1)
VE =0cYC — peVE — ycACVE,
AB = pgABVE — 1pA8,
A€ = pcACVE — AAS,

where (H, YB,YC, VB VC, AB, AC) = (H ), YE@®),Y (), VB(@®),VE(t),AB (1), A€ (z)) . All variables
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and parameters preserve the same biological meanings as introduced in the previous section. The units
assigned to the model variables are as follows: time () is measured in days; (H), (Y B), and (Y C)

represent cell concentrations (cells mm™); (VB) and (Vc) denote viral concentrations (viruses mm™);

and (AB) and (AC) represent antibody concentrations (ug mm~). The units associated with all model
parameters are listed in Table 3.

It is important to clarify the biological interpretation of the antibody compartments. Because the
antibody equations contain the factors A% and A€, respectively, an initially zero antibody population
remains zero. Thus, the present formulation describes the amplification and persistence of a
pre-existing humoral response rather than the generation of antibodies from an initially zero level.
Consequently, the antibody-positive equilibria considered below should be interpreted as states in
which a pre-existing humoral response is maintained or amplified in the presence of the corresponding
virus. A more detailed representation of de novo antibody production would require additional
immune-cell compartments and corresponding recruitment and differentiation mechanisms, which are
beyond the scope of the present model.

It is important to clarify the biological interpretation of the HCV-specific antibody compartment
A€. Unlike anti-HBs, which is a clinically established marker associated with protection against HBV,
anti-HCV antibodies do not generally indicate viral clearance or complete protective immunity, since
HCYV can persist despite substantial antibody responses. Nevertheless, neutralizing antibodies can
arise during HCV infection, and some broadly neutralizing antibodies have demonstrated the ability
to inhibit HCV infection and may contribute to partial protection against viral infection [57-59].
Therefore, A€ is interpreted in the present model as an aggregate HCV-specific humoral response rather
than a direct measure of sterilizing immunity or complete viral protection. Accordingly, an increase in
A€ in the numerical simulations should be interpreted as an enhanced modeled humoral response and
not necessarily as evidence of HCV clearance.

3. Fundamental qualitative properties

This section investigates the fundamental properties of system (2.1). In particular, we establish the
non-negativity and boundedness of the solutions of the system to ensure the biological feasibility and
well-posedness of the model.

Lemma 1. The solutions of system (2.1) are non-negative and bounded.

Proof. We have

H |=0= ¢ > 0,

Y? | yoo.msoves0= BsHV? > 0,
Y€ |iyezomsoves0= BcHVE > 0,
V8 |wezoyss0= 05Y" > 0,

VE vemoyesg= 0cYC > 0,

A |up=0)= 0,
A |aczo)= 0.
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Thus, according to Proposition B.7 of [60], the non-negative orthant R;O is positively invariant.
Hence, for every initial condition (H 0),YB(0),Y€(0),VE(),VE(0),A%(0),A° (O)) € R, the
corresponding solution remains in R;O for all > 0. Let us define

W H4yP 4 yC 4 2Bysy O ye, OnYs 5 OcYc

AC
205 20c 20pp5 20cpc

Then, using system (2.1), we obtain

5_BYB _ 5_CYc _ OB VB _ dcpc Ve 5373/13AB _ OcYcdc

AC
2 2 293 29C ZHBpB ZQCPC ’

VY=¢-0cH-

op Oc

Let 0 = min {o-, 3, 7,¢B,¢C,/13,/lc}. Since all model parameters are positive, o > 0. Therefore,

we have

0 0 o 0
H+YP4yCq 2ByB OC o OBYE pp OC¥C

AC
20p 20c 20ppp 20cpc |’

Y<op-o

=¢—-o%?.

By the comparison principle
Y@ <P e+ ¢ (I—e™).
%

Consequently,

Y (1) < max {‘P(O), g}

Let
A= max{‘I’(O), ?}
©

Since all state variables are non-negative and all their coefficients in ¥ are positive, we obtain 0 <
HO<AO0<YP0) <A 0<SY () <A0<VE@ < A 0<VE@) < 39A, 0 < AP (1) < FEEA,
and 0 < A€ (1) < %A. Hence, all components of the solution are bounded for ¢ > 0, and therefore,
the solution is globally defined.

Consequently, if the initial condition satisfies ¥ (0) < A, where A; = Z—j, then the set

T ={(H Y, v V2 VE AP AC) e R, : P < A,

is positively invariant with respect to system (2.1). Indeed, on the boundary ¥ = A,

‘P < ¢ — QA] =0.
Thus, trajectories cannot leave I' through the boundary (W = A;). Moreover, since I is closed and
bounded in R, it is compact.
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4. Equilibria

In this section, we establish the equilibrium points of system (2.1) and determine the conditions
for the existence of the equilibria. For any equilibrium point Z = (H, Y8 Y€, VB, VC,AB,AC), the
following equations hold:

0=¢—0cH-BsHV® —azHY® - BcHV® — acHY", (4.1)
0=BHV? + agHY? - 5575, (4.2)
0=BcHVE + acHYC —6.YC, 4.3)
0=65Y5—ppV® — yzABV5, (4.4)
0=06cY" —¢pcVE —ycAVE, (4.5)
0 = pgAPVE — 13A5, (4.6)
0 = pcAVE — AcAC. 4.7)

The system in Eqs (4.1)—(4.7) has the following equilibria:

e Infection-free equilibrium, =, = (H,, 0,0, 0, 0,0, 0), where Hy = ¢/0.

o
|

e HBV monoinfection equilibrium without a positive antibody response,
(Hy,YE,0,VE,0,0,0), where

Hy B oPp B B o0p B
H=— Y =——7"7—(R;-1), VV=——— (R, - 1),
1 %g ! Brlp + apdp ( 0 ) : Brlp + appp ( 0 )

where
_ Hy (B8 + appp)

Opdn
is the basic reproduction number for HBV monoinfection. It serves as the threshold quantity
determining whether HBV infection can be established in a susceptible host. Consequently, the
equilibrium =, exists whenever R{ > 1.

Ro

Let us write
HOIBBHB + Hyap

1 op
where R{, denotes the basic reproduction number for HBV monoinfection associated with the

virus-to-cell transmission mode, while R, denotes the basic reproduction number associated with
the cell-to-cell transmission mode.

B_ aB B _
Ro =Ry + R, =

[1]
)
|

e HCV monoinfection equilibrium without a positive antibody response,
(H,,0,Y5,0,V5,0,0), where

H() C O'¢C C C O'QC C

H = —, = - 1 . V = - 1 >
’ RS 2 Bebe + acde ( 0 ) > Bcbc + acoe ( 0 )

where

_ Hy (Bcbc + acoc)

sy\C
0 OcPc
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is the basic reproduction number for HCV monoinfection. It serves as the threshold quantity
determining whether HCV infection can be established in a susceptible host. Consequently, the
equilibrium =, exists whenever R§ > 1.
Let us write
HoBcbc N Hyac

Scoc éc
where R, denotes the basic reproduction number for HCV monoinfection associated with the

virus-to-cell transmission mode, while ‘ROCZ denotes the basic reproduction number associated
with the cell-to-cell transmission mode.

C_,mC c _
Ry =Ry + Ry, =

e HBV monoinfection equilibrium with a positive HBV-specific antibody response, Z; =
(Hs,Y%,0,V?,0,A%,0), where

A 2
H; = ‘ﬁ =, Vi=22 Af:@[p‘”yf—1].
o+ BV3 +agY; PB " ¥YB|1r®s

The component Y7 satisfies the quadratic equation

A(YP) +BYP+C=0, 4.8)
with
X: 630’3,
EZ Op (O’ + ﬁB/lB) - ¢CL’B,
PsB
~ A
¢ _Pls (4.9)
PB

Since A > 0 and C < 0, Eq (4.8) has two real roots, the positive one is

B+ VB —4AC

Yy = — :
’ 24
Positivity of H and A% requires
0

Po7b yb 5 4,

Apds
Define )

RE = L2 ys,
Appp -

Therefore, A% = ﬁ—i (%f - 1). Thus, R¥ determines the activation of the HB V-specific antibody
immunity in the absence of HCV infection.
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e HCV monoinfection equilibrium with a positive HCV-specific antibody response, Z4 =
(H4,0,Y5,0,VE,0,AS), where

A
Hy = ¢c5 c’ Vi = =, Af =
o+pcVy +ack, pc Yc

0
@[pccyf—l].
Acdc

The component Y satisfies the quadratic equation

A(rSY +Br +C=o, (4.10)
with
A= 5Ca’c,
— A
B—éc(0+ﬁc C)—(ﬁa’c,
Pc
_ A
¢ = PPl 4.11)
Pc

Since A > 0 and C < 0, Eq (4.10) has two real roots; the positive one is

o B+ VB _aAC

4 = — .

2A
Positivity of H, and Aff requires
6
pccyes 1.
Acpc
Define 0
RE = PCye,
Ac¢c

Therefore, A = % (?%IC — 1). Thus, R determines the activation of the HCV-specific antibody
immunity in the absence of HBV infection.

e HBV/HCV coexistence equilibrium with a positive HBV-specific antibody response and no
positive HCV-specific antibody response, Zs = (Hs, Y2, Y, VE, VE AL, 0), where

B
Hy —yn_ PollsVs ve = 2eye,

‘R_OC’ > 6 —agHs’ Oc
¢pop [%_OB B 1]
RG

Hs; = H, =

VB:VB:@’ AB =
: > ps > yp(6p — apHs)

CZHcH5(CYBY£+ﬁBV£+O') ) .
’ Scc Hs (asY? +B5VE + o)
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‘We note that Zs exists when,

Ry 5
—2>1, ——>1 and ¢ > 1.
Ry agHs Hs (apY? +B5VE + o)
We define two threshold parameters R% and R as:
- . O0gRC
RE = ¢ and RY = Eo
H; (a/BYf +,BBV£ + 0') apHy
Hence,
o iV . Hs(apY?+BsVE+o) (x2- 1)
: ap (f&g - 1)’ : 5C : ’
B B
A7 = dp0p [%_g ) 1] ve - OcHs (apY? + By V! +0')( s
')/BQ’BH5 (%g - 1) %g 6C¢C

. .. wB o
and then =5 exists if %—% >1,R%>1,and R% > 1.

e HBV/HCV coexistence equilibrium with a positive HCV-specific antibody response and no
positive HBV-specific antibody response, Z¢ = (He, Y2, Y<, VE, VE, 0, AS), where

Hy B_ P8 o IBCH6V6C
Ho=H =—, Y. ==V, Y =—"70-—,
0 : %(l); 6 93 6 6 6C - ach6
7R, L S R <. [%_g‘l]
" T pe” 7% ye(S¢ — acHe) | RE ’
Ju _ Gots (@cYE +BeVE +0) é |
‘ 6B¢B Hg (a’cY6C +ﬂCV6C +O') .
We note that Z¢ exists when
9%—§>1, %1 and ? > 1.
%O a’CH6 H(, (acYg +,BCV6C +0')
We define two threshold parameters RS and ?B\g as follows:
- ocRE
RS = ¢ and RS = o,
Hg (@cYE +BcVE + 0') acHy
Hence, we have
i Hg (e Y +BcVE + o) "G 1], 7¢ BVE
N o LT ee(R-)
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A€ — $cdc [%g 1] 5 OsHo(acYS +BeVE + o)
6 — ’

c
~ - - - 1 ’
YeacHg (‘Rg - 1) Ry o 0pdp ( 2 )
C ~
and then = exists if % > 1, RS > 1,and RS > 1.
0

e HBV/HCV coexistence equilibrium with positive HBV- and HCV-specific antibody responses,
Sy = (Hq, Y2, Y5, VB VE A2 AS), where

7:17>
H;VE H; VS A A
YE = ’834’ 7C — ’BC#, VP = 2B V7C =L (4.12)
0p — apH; 0c —acH; PB pPc
7] 6
ap = Sl S0n gy | g de Sy
Y5 | 98B Yc [ bcdc

and H; is a solution of the following

¢—%H—ﬁBQBV$H2 _BeacViHE 0 (4.13)
5B—C}!BH (SC—()’CH - '

where, % = o + BgV? + ﬁcV7C . Equation (4.13) yields

AH3>+ BH*+CH+ D

=0, 4.14)
(0p —agH) (6¢c — acH)
where
A= (% —BsVy —,3cV7C) apac,
B = 6cBpagV? + SpBeacVs — ¢agac — dpacx — Scapx,
C = ¢6BQ’C + ¢6Ca’3 + 0p0cH,
D = _¢536C~

We define a function G(H) = AH? + BH? + CH + D, then we obtain

G0) = —¢636(; <0,
G(5B) _ ﬁB“C‘%Vf (5C 53)

ap ap @c ap
(o) - @sBdcVy (65 e
Qc ac ap Qc ’
I}IimG(H):oo.

We first consider the nondegenerate case

Oc " 53.
ac ap
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It follows that,

o) ) ) )
—C>—B:>G(—B)>0andG(—C)<0,

ac ap ap ac
oc <@ :G(@)<OandG(6—c)>O.
ac ap ap ac

Hence, we have

o O op O,
G (min {—B, —C}) >0and G (max {—B, —C}) <0.
ap Qc ap Qc
Therefore, the cubic equation has exactly three positive roots as follows:
op 0.
H* € (0, min {—B, —C}) ,
ap Q¢
_ o O o O
H € |min {—B, —C} , max {—B, —C}) )
ap Q¢ ap Q¢

. 0 O
H € max{—B,—C},oo).
ap Qac

From Eq (4.12), we observe that the solution H leads to Y* < 0 or Y¢ < 0; moreover, H results
in Y2 < 0 and Y© < 0. Therefore, the only acceptable solution is H; = H*, which gives:

p_ BetV? o BeHiVE s A e de
’ 6B_a'BH7’ ! 6C_a'CH7’ ! ,DB, ! ,DC,
0 6
A?:@[ BpBYf—l], A$:@[ CpCYf—l].
¥ | 985 Yc | cdc
Hence, A% > 0 and AS > 0 when
0 6
BOByB 5 1, —LCyC s,
$plsp cAc
Now we consider the degenerate case
oc  Op
@c - ag
Let
oc _Op _
ac Bl ap P

thus 03 = apq and d¢ = acq and this reduces exactly to

(BsVZ + B VE) H?

F(H) = ¢ - xH - py

Then
FO)=¢>0, leim F(H) = —c0.
—)q_
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Since F(H) is continuous on (0, g), the intermediate value theorem guarantees the existence of at
least one H; € (0, g) such that F(H;) = 0. Then 63 —agH7; > 0 and ¢ — acH; > 0. It follows that

s BsHiV}

H,V¢
B = >0, YC ﬂC AL
op — agH;

=—>0.
! oc — acH;

Thus, the degenerate case does not invalidate the existence argument. The common threshold
_0c _bs
B ac B ap
is not itself an admissible equilibrium root because the infected-cell expressions are singular there,
but there exists at least one biologically admissible root in the interval (0, g).

Finally, as in the nondegenerate cases, the equilibrium =7 has strictly positive antibody responses

provided that
Ocpc

¢clc

OB
$pAp

Y2 > 1, Y< > 1.

Now, we define:

0 0
%g — BPB Yf, %g‘ — cPc Y7C.
¢plp ¢clc

Therefore, Z; exists when, RY > 1 and RS > 1.
5. Global stability

The analysis of stability plays a central role in the study of dynamical systems, since only
stable states can be detected in practical observations. In this section, we investigate the global
asymptotic stability of the system’s equilibrium points. This is achieved through the construction
of suitable Lyapunov functions [61] and the use of the Lyapunov-LaSalle asymptotic stability
theorem (L-LAST) [62]. Moreover, we employ the arithmetic mean-geometric mean (AM-GM)
inequality, which is given by

YUy + ...+ U, _
S )y < LT U >0, i=1,2,..n. (5.1)

n

Leta A;(H, Y®, Y€, VB VC AB AC) denote a candidate Lyapunov function, and let Q; represent the
largest invariant subset of

dA;
_ B C B C B C\ . J _ .
Qj—{(H,Y JYC, VB VC AB A ).—dt _0}, i=0,1,2,...7.

Define a function
Fv)=v-1-Inv,

which satisfies F(v) > 0, Yv > 0 and F(1) = 0.
Let x = (H, Y8 YC, VB, VC,AB,AC). We define the following subsets of " :

M ={xel:H>0Y">0,V">0,¥" VA% A > 0},
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y={xel:H>0,Y" >0,V >0,Y" VA% AC > 0},
:{x tH>0,Y" >0,V > 0,4 >0,v°, VE,AC 2 0},
Fy={xel:H>0Y">0,V">0A">0,Y" V* A% > 0},
[s={xel:H>0Y">0,Y">0,V*>0,V>0,4%> 0,4 2 0},
:{x LH>0,Y">0,Y">0,V5 >0,V > 0,4 > 0,4 > 0},

{xeF H>O,YB>O,YC>0,VB>0,VC>O,AC>0,AB>0}.

Theorem 1. If Ry = max {RE, RS} < 1, then Zy is GAS in T. If Ro > 1, then Zy is unstable.
Proof. Define

BsHy VB4 BcHy Ve 4 VBIBBHOAB n YcBcHy
o bc PBdB pcdhc

A€,

H
A() = H()F (F

)+YB+YC+
0

We note that, Ao > 0forall H,YB, Y, VB VC AB A€ > 0, and Ay(Z) = 0
We calculate along the solutions of model (2.1) as follows:

dA\o

H
= (1 °)[¢ oH — BgHV? — ayHY® — BcHVC — acHY ) + BgHV?® + ayHY® — 65V

IBBO

B

+BcHVE + acHYC = 60YC + |0Y" — ¢5V” - y5A V"]

H, H
4 Petlo |6cYC = ¢V = ycAVE] + vsBto |psAPVE - 1547 |
c PBPB
H
+ ’YC’BC 0 [pcACVC — /chC]
Pchc
H, Hy0 Hyf
_ (1 —ﬁo)(¢—aH)+(a/3H0+ﬁB 078 —6B)YB+(QCHO+'BC 07¢ —6C)YC
B C

_ AysPsHy AB AcycBcHy
Pr®B pchc

A€,

Using the equilibrium condition ¢ = o H), we get:

dNo  (H - H,)

A H A H
= —o———— +05(R{ — 1) ¥’ +5¢ (R§ - 1) ¥© - sYePstlo 5 Acycfetly \c.
dt H PBPs pPchc
Since Ry < 1, then d[’l\" < 0 for all H,YB,Y¢, A8, A > 0. In addition dAO = 0 when H = H,,

<
AB = AC =0, (‘Rg )YB = 0 and (‘Rg —~ l) Y¢ = 0. The solutions of system (2.1) converge to
Qo [63]. Each element of Q satisfies the condition H = H, and A = A€ = 0, and

(R§—1)¥* =0and (RS - 1)Y" =0. (5.2)
We have the following four cases:
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Case 1 Rf =1and R§ < I: Since RS < 1 from Eq (5.2) leads to Y = 0. Hence, Y© =
thlrd part of Eq (2.1) yields
0=Y"=pBcH,V" = V() =0, forall .
From first part of Eq (2.1), we have

0=¢—0Hy—BsHV? — ayH,Y?,
— 0 =BzH\V? + agH,Y5,
= VE=v2=0.

Hence, the set Q, reduces to {Zo).

Case 2 If Rf < 1 and RS = 1: Since Rf < 1 from Eq (5.2) leads to Y? = 0. Hence, Y* =

the second part of Eq (2.1) yields

0=Y®%=pH)V? = VB (1) = 0, forall .
From first part of Eq (2.1), we have

0=¢—0cHy—BcH)VE — acHyYC,
= 0 =BcH,VE + acH,YC,
= Vi=Y"=0.

Hence, the set Q, reduces to {Zo).

0, and the

(5.3)

(5.4)

0, and

(5.5)

(5.6)

Case 3 If R{ < 1and RS < 1: From Eq (5.2), we get Y? = Y© = 0, and then from Egs (5.3)—(5.6),

we get that Qy = {&}.
Case 4 If R} = 1and R§ = 1: From the first part of Eq (2.1), we have

0=¢—0cHy—BsH\V? — agH)Y? — BcHyVE — acHyYC,
— 0 =BH)V? + agHyY® + BcH)VE + acHyYE,
= VE=Yl=v=Y"=0.

Hence, the set Qy = {Zo).

Therefore in all cases, Qy = {Z} and applying L-LAST [62], it follows that =, is GAS.
To establish the instability of Z, if Ry > 1, we compute the Jacobian matrix as follows:

J] 1 —CZBH —acH _,BBH —,BcH 0 0
Jo In 0 BsH 0 0 0
J31 0 J33 0 BcH 0 0

J = 0 93 0 J44 0 —YB VB 0 5

0 0 Oc 0 Jss 0 —ycV©
0 0 0  ppAf 0 Jos 0
0 0 0 0 pcAC 0 J77

(5.7)
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where Ji; = = (0 +BV? + apY? + BeVE + acYC), Ty = BsVP + apY®, Iy = BeVE + acYC, Iy =
agH —6p, Jy3 = acH—6¢, Ju = —pp—ypA®, Jss = —pc—ycAC, Jos = ppVZ = Ap, and J77 = pcVE = Ac.
We compute the Jacobian matrix at = as follows:

-0 —agHj —acHy —pgHy —BcHy O 0
0 Q’BH() — 53 0 ﬁBH() 0 0 0
0 0 a’cHo - 6(; 0 ﬁcH() 0 0
J(Eo) = 0 93 O _¢B 0 0 O
0 0 Oc 0 —¢c 0 0
0 0 0 0 0 -Ap O
0 0 0 0 0 0 -Ac
and we calculate characteristic equation as follows:
(€ + )&+ AB)E + A0)G1(§)G2(E) =0,
where
Gi(é) = fz + ai§ + ao,
Go(&) = & + bi& + by,
a, = (53(1 - R&) + ¢B) ,
ap = 0ppp(l — RE),
by = (6c(1 = R) + ¢c).
by = dcpc(l — RS),
where ¢ is the eigenvalue. We have & = —0,& = —Ap, and& = —Ac. Since Ry, < Rf and

RS, < RS, then if RY < 1 and R < 1, then a; > 0,a0 > 0,b; > 0, and by > 0 and then Ej is locally
asymptotically stable. If Ry > 1, then R > 1 and/or ‘ROC > 1, then ay < 0 and/or by < 0, and G{(¢)
and/or G,(¢) has a positive root, and hence Z is unstable. O

Lemma 2. If R¥ < 1, then V! < V7.

Proof. Let R% < 1, then ’A’B—HBY B < 1 and hence
Bdp "~ 3

< /lB(]SB N —E+ VEZ —425 < AB¢B

YB
3 = — )
psOs 2A o
- /EZ _4AC < 2AApdp ;‘PBQBB,
PBYB

~ ~.2
. [2AAB¢B + 08B ) VAAC-B > 0.
©BOp

Using Eq (4.9), we obtain
40’36%/13¢B (ﬂBHB + CYB¢B)
PBQ%;

Hence, V} < V2. O

(vF-vE)=o0.
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Theorem 2. Suppose that ‘Rg > 1, %OC/‘ROB < 1and R? < 1, then B, is GAS in T;. If‘Rg/%g > 1,
then E, is unstable.

Proof. Let A be

B B
AI:HIF(5)+YBF( )+YC ﬁBHlVBF(V) yBctliye | Yoot

yE P5 vE bc Peds
H
N YcBcH, AC
Pcdc
We calculate dA‘ as follows:
dAl _ H1 B C
7_(1 H)[¢ oH - BpHV® — ayHY® - BcHVE - acHYC |

YB
(1 - —) [BsHV® + agHY? — 55Y2) + BcHVE + acHYC — 6.Y€

H V!
y ol (1 ~ —B) (057" — 35V — ysAPVP] + P g ye _ peve —yeacye)
o V bc
H H
o YoBsby o amys g ay YECHL L scye Zgoac), (5.8)
PPB pchc
Simplifying Eq (5.8), we get:
dA H Y8
d;l (1 - —1)(¢ oH) + agH, Y? + acH, YC — 55Y® — ﬁBHVBy—lB — azHY?
H,6 H\0 ,VE H
+65YP — 50YC +ﬁ3¢‘ Bys _ﬁ3¢1 CYPG B VY + YiPet sy
B B
N BcH 0c ye _ ﬂB?’BﬁBHlAB _ AcyeBcH, AC
bc PBPs pchc '

Using the equilibrium conditions for E;:

¢ =oH, +BgH\VE + agH\YE, BpH VE+agH YP = 65YF and 65YF = ¢pVE.

We get
H,0 Y?
|:C¥BH1+ﬁB 1YB _53] Y8 = [ﬁBHlvf-i'a/BHlYfg_(sBYf]ﬁ =0.
B 1
Then,
dA (1 Hl)(H H)+(1 Hl)(,BHVB+ H,Y?) ,BHVBHVBYF
— =(1-=|(cH, -0 - — @ - 7 VBYB
dr H) g T PR vEY B
YBVE  yuBsH A
— apHY? + 285H\VE + apgH, Y? — BpH VE——L 4 YEPBTL (5 _ T8 ) 48
sHYY +2B85H,V, B“ﬁB”YlBVB o L ps
AeyefeH H,6
——C)/Cﬁc IAC+(a’cH1+ﬁC 1C—éc)Yc- (5.9)
Pchc ¢c
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Then collecting terms of Eq (5.9), we get:

dA, (H - Hy)* 5 H, HV?YP YBVF 5 H, H
o o U L BH VB3 - - +agH YE|2 - =L - —
a ¢ H PtV H ~ HVFys  yPys| O H H,
H RS A H
+ V5B l(le_ V3B)AB+6C( 0 1) Ye — cYcBc LsC
g Ry pche
o+ aY? H,  HVPYP  YBVEY yuBeHi [ » o &
=—— — V(H-H)*+BgH V|3 - = - + vE_vE)A
L (H = H\Y + BoHy 1[ 7 EVITE v gy (v -vP)
RS Pl H
+5c(—3—1)YC—MAC~
R pcdc

Using inequality (5.1), we get:

H, HVPY? YPVP
3-— - <0.
H H,\VBys YBys

Since RS/RE < 1 and R < 1, then dA‘ < Oforall H Y2, YC VB AB A€ > 0. In addition, d;\t' =0
when H = H, Y® = Y5, VB = VB AP = " pe 0. and (RS /RE - 1) YC = 0 and (VF - VF) A% = 0.
The solutions of system (2.1) converge to Q, [63]. Each element of Q; satisfies the condition H = H,,
Y2 =Y} VB =VE A =0, and

%C
(—0 - 1) Y€ =0and (V- v¥)A® =0. (5.10)

We have four cases:
Case 1 If R§/RE < 1and VP < VZ: From Eq (5.10) leads to Y© = 0 and A® = 0. Then Y© = 0 and
the third Eq (2.1) implies
0=Y"=BcH V"= V° (@) =0, forall . (5.11)

Thus, the set Q, reduces to {Z,;}.

Case2 If RS/RE < 1 and VP = V?Z : Since V& = VP, then given V® = 0 and the fourth part of
Eq (2.1), we have

0= 65Y7 — ¢pVi — yAPVE,
= 0 = yA°V}E,
= A% =0. (5.12)

From Eqgs (5.11) and (5.12), we get Q, = {8}
Case 3 If R§/RE =1, and V} < V2: From the first part of Eq (2.1), we have

0=¢—0cH, - BgH\V} —apH Y} — BcHVE — acH, Y,
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= 0 =BcH,VE + acH, YC,
= Ve=Y‘=0. (5.13)
From Egs (5.11), we get Q, = {5}
Case 4 If RS/RE =1, and V# = VB : Then from Eqgs (5.12) and (5.13), we get Q; = {E;}.

Therefore, in all cases, Q; = {Z,} is GAS by applying L-LAST [62].
To prove the instability of when ‘Rg/ R§ > 1, we calculate characteristic equation at Z; as follows:

(?%OB - 1) 00ppp

+ A + Ap — Z1(&)Z =0, 5.14
(E+Ac)|E+ A e 16)Zy(&) (5.14)
where
Z\(&) = & + mE + wé + o,
Zy(&) = by + i€ + by,
_ —Hoap+ RE(REo + 65) + Riep
a; = ng s
—Ho%gﬁBQB + %g (—H()O'Q’B + (‘))%OB)2 oop + (—HQQ’B + %OB¢B (%OBO' + 53)))
a, = ,
(r2)
dg = 06pPp (%g - 1),
by = H, (Bbp + apdp)
OpPs '
by = (6¢c + ¢c) R§ — Hoac,
. Hoochc (Bl + apdp) (1 %g)
0 = T Bl
Opdn Ro

where £ is the eigenvalue. If ‘Rg/‘Rg > 1, then Z,(0) < 0 and ;imZz(f) = oo. Thus, Eq (5.14) has a

positive root and hence E; is unstable. m|
Lemma 3. If RS < 1, then VS < V£,

Proof. Let R¢ < 1, then ApciY € < 1 and hence
coc 4

< /lc(pc N -B+ V§2—4A\6\< /lc(ﬁc

YC
4 = — 1)
pclc 2A pclc
. 2AAcdhe + pcbcB
— B2 - 4AC < Adcc * pclch
pclc

R (2Zﬂc¢c +pcbcB

2
) AT 50,
pcbc
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Using Eq (4.11), we obtain

4acdgdcpe (Bebe + acoc)
pcbz

(Vi -v§)=o.
Hence, V§ < V. O

Theorem 3. Let ‘ROC > 1, ‘ROB/‘RS < 1 and ‘Rlc < 1, then 2, is GAS in I',. If‘Rg/‘Rg > 1, then =,

is unstable.

Proof. Consider

H H H IS
AZ:HZF(—)+YB YCF(—C) Pitha i | B ZVZCF(—C)
H, Y; ¢5 ¢c %

H H
+ V8P 2 4B YcBcH,

PP pPchc

A€,

dAz

We calculate as follows:

dA H
d—tz :( 2)[¢ oH — BgHV® — ayHY® — BcHVE — acHYC]
YC
+ BeHVE + azHY® — 55Y" + (1 - F) [,BCHVC +acHYC - 6CYC]
H H 1%
+ ﬁB 2 [GBYB _ ¢BVB _ )/BABVB] ﬁ; 2 (1 _ W) I:HCYC ¢Cvc _ ’)/CACVC:I
B C
H H
4 YoPH |psAPVE = 154" | + ycBehs |pcAVE = 2cA€]. (5.15)
PBPs pchc

Then, by simplifying Eq (5.15), we get:

dA H Y¢
7; = ( - —2)(¢ oH) + agHyY® + acHo YC — 63Y2 — 60YC — BcHVE == e
H,6 H,0 H)0, VS
— aHYE +60¥C + P8y | Belbbe o Pethbeye s | gy ye
2 2 bp bc bc Ve 2
H A 2 H
N YcBcH, (Vzc C)AC BYBBB 248,
bc pc PBPB

Using the equilibrium conditions for =,:

¢ = cHy + BcH Vs + acHyYs, BcHaVs + acHyYS = 6cYs, 0cYS = ¢cVs,

we get

H,6 H»6
[aCH2+'8C 2 C—5C]YC:[’BC 26c

3 YS +acH,Ys — 5CY2C] — =0,
C C

and we obtain
A H H,
=2 (1 - —2)(01712 —oH)+ (1 - E)(ﬁcsz + acH,YS)
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HVEYS YOvy c
H VCYC - acHY +ﬁcH2V + a’cHQY ﬁcHz YCVC +ﬁcH2V2

_BCZQ

H ApysBsH Ro
N YcBcH, (Vzc B Vf)AC _ AsYsPs 248 1 5, (_ _ 1) yB

¢c PePs RS

(H - Hy)’ c H, HVY; Y°V; c H, H
= L HVE3- 22 - racHY [2- 222 2

T TPV P T yeye T yoye | T et H H,

Ry YeBcH ApysPsH.
48l =2 — 1| yB 4 LEECT72 (YO _ yC) AC — ZBIBEB2 4B
B(%C ) ¢ (v -vi) P55

o+ acYs 5 c H, HVYS YCVZC Ry
=—|\—=|(H-H)"+BcH,V, |3 — — — +65(=2 —1]y?
( H )( 2"+ fetaVs H HVEye yfve| RS
H A H
+ YcBcH, (Vzc _ V4C)AC _ BYBPB 2A .
bc PBPs

Since RE/RS < 1 and R < 1, then dA2 <Oforall H Y2 YC,VE AB A€ > 0. In addition, dé\f =0
when H = Hy, Y€ = YS, V€ = V, AP = AC =0, (%B/%C 1)¥® = 0, and (V§ - V) A€ = 0. The
solutions of system (2.1) tend to Q, [63]. Each element of Q, satisfies the condition H = H,, Y€ = =Y, ¢
Ve =VE AP =0, and

R
(F—l)YB 0Oand (V§ - V§)AC =0. (5.16)
We have four cases:

Case 1 If RE/RS < 1, and V§ < VE : From Eq (5.16) leads to Y® = 0 and A€ = 0. Then Y? = 0

and the second part of Eq (2.1), it follows that

0=Y8=pH,V® = VE() = 0, forall . (5.17)
Hence, the set Q, reduces to {Z,}.

Case 2 If RE/RS < 1, and V§ = VE: Since V€ = V§, then VC = 0 and the fourth part of Eq (2.1),
we have

0=0cYy —pcVy —ycA“Vs,
= 0= ycA“VE,
— A° =0. (5.18)
From Eqgs (5.17) and (5.18), we get Q, = {5}
Case 3 If R}/RS =1, and V§ < VS : From the first part of Eq (2.1), we have

0=¢—0cH, - BsH,V® — agH,Y? — BcH, V5 — acH,Ys,
— 0 =BzH,V® + agH, Y5,
= VE=Y8=0. (5.19)

From Eq (5.17), we get Q, = {E,).
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Case 4 If RE/RS =1, and VS = VC : Then from Eqs (5.18) and (5.19) we get that Q, = {Z,}.

Therefore, in all cases, Q, = {E,}. Utilizing L-LAST, we conclude that =, is GAS.
To determine whether =, is unstable when ‘Rg / ‘Rg > 1, we calculate characteristic equation at =,
as follows:

(€ + Ap) [0c (Bede — opc (RS — 1)) + acdce + € (Bcbe + acho)| THET(E) = 0, (5.20)

where

T1(€) = @& + aré” + & + di,
To(é) = & + bi& + by,
as = R§,
a, = (%8)20' — Hpac + %OC(SC + %g(ﬁc,
2
a, = —HyBcOc + (‘Roc) opc — Hoac (0 + ¢c) + R dc (%30' + ¢c),
g = R§ochc — Ho (Bcbc + ache) = o6pdp (‘Roc - 1) ;
b = RS,
by = (6 + ¢B) ?%S — Hyasp,

- Ry
b() = %C(SB(]ﬁB(l - —0) .
0 %g‘

where £ is the eigenvalue. If ‘Rg/‘ROC > 1, then T»(0) < 0 and ;i_)rgTz(f) = oo. Thus, Eq (5.20) has a
positive root, and hence Z, is unstable. O
Theorem 4. Suppose that RY > 1 and RY < 1, then E; is GAS in T'5.

Proof. Define

H Y® H Ve H
As _H3F( ) YBF( )+YC ¢ Pty viF(—B)+ﬁC ye
H; ¢B+’)/BA V3

Y3 c
veBsH3 ABF AP )+ ?’CﬁCH3A
PB (¢B + ’)/BA:’I?) : AB PC¢C
We calculate dA3 as follows:

dh,

= :(1 H3)[¢ oH — BgHV® — agHY® — BeHVE — acHYC]

B
+ (1 - —) |BsHV® + apHY® = 55Y" | + BcHVE + acHYC = 5cY©

H %4
T L R K G O A e
B BAj ¢
AB
yBﬁBH3 1 _ 3 BABVB /lBAB + M CACVC —_ ﬂcAC . (521)
B p P
. (¢B +vs A§) A pche
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Then simplifying Eq (5.21), we get:

dA3 H3 B B YB B ﬁBHTsGB B
1——) H) + agH;Y? — 538 — HV” + agHY —+5Y + ——Y
I ( (¢ —oH) + agHs B (ﬁB ap ) 7B T8 03+ 75A?
H;0 VB H H H;6
_ BsH;3 BBYB_33+ Bz 3¢BBV£;+ Bz 3)/BBABV§3+(QCH3 +ﬁc e _ s\ ve
¢p +ypA; V ¢+ YA~ dp+YBA3 bc

__ysBsHids 5 YEBsHsds AB—yCﬁCH3/lCAC,

Ps (¢B +ypAS ) Ps (¢B + VBAg) ! pcéc

Using the equilibrium conditions for =j:

¢ = oHs + BgH3 VY + agH Yy, BpH3Vi + agHyYs = 6pY7,

A
0sYP = (05 +ysAl) VY, V§=2
pB’
we obtain
H;0 H;0 Y8
(QBH3 P ﬁB_HB) yh = (aBH3Y3B _ gyt 4 Lt 5) LS
¢p + YBAj ép + YBA; Y;
and
dA H;
d; (1 - —)(O'Ho, —oH) + (1 - —)(,BBH3V + agH;Y! )
s HV°Y? s Y°V5
_ﬁB 3V H3VBYB CL’BHY +2ﬁBH3V +CL’BH3Y ﬁBH3 YBVB
N Bcbc + acdc (H3 B Ochc ) e _ )’cﬂcHMcAc
bc Bcbc + acpc pcdc
o+ Yt o[, Hs HVPYE  yBVE
=—|———|(H - H3)" +BgH3V; |3 -
( H )( o)+ Bsts [ H  HyVEYP  YBVB
Oc + H3A
| Bcbic + acéc (H3—H5)YC—7C’8C e
éc pchc

Hence, if R5 < 1, then E5 does not exist, since V$ < 0 and Y$ < 0. In this case, we have

=BcHVE + acHY® - 6.Y€ <0,
VC = QcYC - ¢CVC - )/CACVC <0.

It folloes that:

. H . Oc + ) H

yo  Betye _ Bbevace (|, Ocbe e Pelye ey g goran ve, A€ vE s 0,
¢c ¢c Bcbc + acdc ¢c

This happens when H; < Wf;—t% = Hs. Then using inequality (5.1) and R < 1, we get % <0

for all H,Y2,Y¢, VB A€ > 0. Further, % = Owhen H = H;, Y? = Y2, V8 = V& A° = 0, and

Networks and Heterogeneous Media Volume 21, Issue 6, 2108-2179.



2134

(Hs — Hs) Y = 0. Furthermore, every trajectory of system (2.1) converges to Q; whose elements
satisfy VZ = VB Then V® = 0. Using the fourth part of Eq (2.1), gives

0=V2=0zY7 — ppVy — y3APVY = AP(r) = A%, forallt,
(Hs — Hs) Y© = 0. (5.22)
We have two cases:

Case 1 If H; < Hs: From Eq (5.22) leads to Y¢ = 0. Then Y = 0 and by using the third part of
Eq (2.1), implies
0=Y=BcHVE = VE (1) =0, forall . (5.23)

Hence, the set Q5 reduces to {Z;).
Case 2 If H; = Hs: From the first part of Eq (2.1), we have
0=¢—0cH;—BsH;VE — agHYE — BcH3VE — acHAYC,

— 0 = BcH;VE + acH;YE,
— Vi=Y=0. (5.24)

Hence, the set Q5 reduces to {Z;).
Therefore, Q3 = {Z3}. By applying L-LAST, we conclude that Z5 is GAS. O
Theorem 5. Let RS > 1 and RS < 1, then By is GAS inTy.
Proof. Define
H. H Ve
IBB 4 VB + ﬂC 4 Vc (_)

H\ 5 o (Y€
Ay =HF—|+Y" + Y4F >C + c'4 C
H4 Y4 ¢B ¢C + )/CA4 V4

H H A€
+ Y8Bs 4AB + YcPBcHy AfF (_c)
PsPs pc (¢c +ycAS ) Ay
We calculate dA“ as follows:

dA H
7;4 = (1 4)[¢ oH - BgHV® — agHY® — BcHVC — acHYC) + BzHV® + azHY"®

YC
Y G [,BCHVC +acHYC - 5CYC] Pells [HBYB ¢V - 7BABVB]
Ye b

H 4% H
o Pctls (1 - —) |6cYC — ¢cVE — yeAVE] + et |0sAPVE — 1A%

dc +ycAS ve PedB
H AY
L YPeHs [ |ocAVE — 2cA°). (5.25)
Pc (¢c +YcAS ) Ac

Then by simplifying Eq (5.25), we get:

dA H Y¢
7; (1——“)(¢ oH) + agH,Y? + acH,YC — 55Y8 — 6.Y€ - ,BCHVCYC
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c_4
¢5 dc + YA ¢c +ycAS  VE
BcHsdpe ~  BcHiye oo c AsysBsHi g AcycPcH,
g Ll yo PO pcyc_ AP~ .
¢c + YAy éc +ycAy PBPB yo% (¢C + 76144)
AcycBcH, AC
4
Pc (¢c + YCAE)

Using the equilibrium conditions for Zy:

H.,0 H.,0 H.,0 %%
—acHYf+6CY4C+BB O yp  PcHibc o BcHibc

¢ = 0Hy +BcHVE + acHYS, BcHLVE + acHYS = 6cY5,

bl
0cYS = (gc +ycAS) Vs, VE =5

b

pPc
we obtain
H.6 H.6 Y€
(aCH4 — 0+ ﬁc—”c) Y€ = (a/CH4Y4C —5cY + ﬁc—”cyf) — =0,
éc +YcA; éc +YcA; Y,
and
dA4 H4 H4
— = (1 - ﬁ)((rm —oH) + (1 - E)(ﬁcmvf + acH,YS)
HVCYS Yevs
— BcHVE H4V—fYC — acHYS +2BcHL VS + acH,YS — BcH VS voye
1 H H.0
_ AsYsPs 4 AB +(aBH4 +ﬁB 4Up —63) Y8
PBPB B
o +acYS ) c H, HVSYS yeve
= —|———2|(H-Hy)* +BcHVE |3 - —= - -
( H )( WPV |3 - H,VEYe  yfve
. 895+ BrOs ApysBrHs

H, - Hy) Y5 - AB.
s (Hs 2 yo:10))

Hence, if R$ < 1, then ¢ does not exist since V2 < 0 and Y2 < 0. In this case

Y8 = ByHVE + agHY® — 65Y2 <0,
VB = QBYB - ¢BVB - ’}/BABVB <0.

It follows that,

. H. + B0 o) H

yo 4 Pellye _ @dst Bty (H _ 80 ) y? ~ PEHYE ybyb ¢ for all Y5, 4B, V5 > 0.
o oy apdp + Bpos o

This happens when H, < —5%

cips = He. Then by using inequality (5.1) and RY < 1, we get

% < O for all H,Y2, Y°, V¢, A > 0. Further, % = 0 when H = H,, Y© = YC, V€

(H; — Hg) Y2 = AB = (. Furthermore, every trajectory of system (2.1) converges to Q4 such that its

elements satisfy V¢ = VE. Then V¢ = 0, by using the fifth part of Eq (2.1), we get
0=V =0cYy — Vi —ycAVE = A%(r) = A, forallt,
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(H, - He) Y? = 0. (5.26)
We have two cases :

Case 1 If H, < Hg: From Eq (5.26) leads to Y2 = 0. Then, Y? = 0. Through the second part of
Eq (2.1), we obtain

0=Y?=pBH,V? = VB() =0, forall . (5.27)

Hence, the set Q, reduces to {Z,).
Case 2 If Hy = Hg: From the first part of Eq (2.1), we have
0=¢—0cH,—BgH,V® — agH,Y? — BcH VS — acH,YS,
= 0 = BH,V® + agH,Y?,
= VE=Y2=0. (5.28)
Hence, the set Q, reduces to {Z,).
Consequently, Q; = {Z,}. By applying L-LAST, we find that Z4 is GAS. O
Theorem 6. Let R% > 1, 93\;3 > 1, RE/RS > 1 and RS < 1, then Es is GAS inTs.
Proof. Define
H Y8 Y¢ H VB
As = H5F( ) YBF( ) YCF( ) L VBF(—)
H;s 1)

YB Yc B+ ’)/BASB 5 VSB
| Bets VCI__(VC) vsBsHs ABI_—(A_B) L YcPcHs ¢
$c Vil ps (¢B + ’)’BAg)

> \aAf Pcc

We calculate =3 as

dAs

H
— :(1 5)[¢ oH — BgHV® — agHY® — BcHVE — acHYC]

YB YC
(1 - —) [ﬁBHV +apHY® - 6BYB] + (1 - Y—SC) [,BCHVC + acHYC - 6CYC]

BsHs Ve B B By/B
BB (1 - 2 [0pYE - ¢pVE - yARV
03+ 7oA VB [ B 0 Y8 ]
H 143 H AB
4 Pt (1 - —5C) [HCYC — V€ - yCACVC] 4+ YoPels (1 - —2) [pBABVB - /IBAB]
¢c v PB (¢B + VBAg) A
H
4 YePelts pcACVE — AcAC. (5.29)
pche
Then by simplifying Eq (5.29), we obtain
dA H B
dts (1 - —5) (¢ — oH) + apHsY? + acHsYC — 55Y" — (,BBHVB + apHY") Y—;
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Y¢ H<0
2 4 65cYE + —EE—E—EEYB
Y ¢B + 7BA5

Hs0 vE H H. Hs0
__BsHs BBYB_SB+ Ba 5¢BBV£+ Y888 SBABV51;+,BC s0c
¢p+ysA5  V®  ¢p+ypAS ép + vBA; bc
Hs6 1% H A H.

_ BcHs CYC Sc ,BCH5V5C + YcBe 5ACV5C _ BYBBBHS
¢c 4 ¢c PB (¢B + 73A§)
AsysBsHs 5 AcYcBcHs

5
PB (¢B + )/BAg) pC¢C

+ 052 = 6 = (BcHVE + acHY®)

YC

AB

A€,

Using the equilibrium conditions for Zs:

¢ = oHs + BeHsV? + agHsY? + BcHsVE + acHsYS,
Ap

BrHsVE + apHsY? = 65YE, 0pY7 = (g5 +ysAL)VE, VP =
pB’

BcHsVE + acHsYS = 6cYS,  0cYS = ¢c Vs,
we obtain

BcHs0c
c

Hs6,
(a’cHs —6c+ﬁc > C)YC
C

BrHs0p ) vE
¢p +vpAL

(%mﬁ+ ﬁ—&ﬁy—:a

Hs0 Y8
(a'BHS —op+ ((XBH5Y£ + MY? - 5BY§3) — =0,

¢5 + yBAL
and

dAs

Hs
— @——%dﬁﬂmﬂﬁ——ymmV+@my+&mv+%my)

ﬁHWHW@ HY? + 2B3HsV?E HsY? ﬂHWHW@ HYS
- — . + +a —

BL15 5H5VSBYB B BL15 BL15 ci1s H5VCYC C 5
YBVB YOVE yeBeHs Ac

+2BcHsVE + acHsYS ﬁHW — BcH. I @C )M
cl1s clis Bl15 5 cHsV. SYCVC b 5 e

Hs HVPY? YPV?
H HsvBy®? yBve

(v - v§)ac.

o+ agY? +acYC
% ; | (H — Hs)? + BgHsVE |3 -

Hs HVCYS  YCeve H
+,3cH5V5C[3— 5 5 5] YcBcHs

H  HsVEYc yeve bc

Hence, if %g < 1, then Z; does not exist, since Ag <0.
{C c_Ac) e c
A" =pc|V-——]A" <Oforall A~ > 0.
Pc
Thus, happens when V< < ¢ = V€. Then by using inequality (5.1) and RS < 1, we get 2 < 0 for
auHYBWWﬂvﬂAC>omead“_0wmnH Hs, Y8 =YB YC =YL, VB = VBVC V¢,

> dt

Networks and Heterogeneous Media Volume 21, Issue 6, 2108-2179.



2138

and (VC VC) A€ = 0. Additionally, every trajectory of system (2.1) tends to Qs where the elements
satisfy VZ = VB. Then V2 = 0. By the fourth part of Eq (2.1), we have

0=V?=03Y2 - ¢V - ypAPVE = AB(t) = AL, forallt,

(V€ -vE)ac =o. (5.30)
We have two cases:

Case 1 If V¢ < VS : From Eq (5.30) leads to A€ = 0. Hence, the set Qs reduces to {Es).
Case 2 If V§ = VS : From the five part of Eq (2.1), we have

0 =0cYS — ¢cVE — ycACVE,
= 0= ycA“VE,
— A = 0.

Hence, the set Qs reduces to {Z5).

Consequently, Qs = {E5). Based on L-LAST, we find that =5 is GAS.

o
Theorem 7. Let RS > 1, ‘Rg > 1,R$/RE > 1 and RE < 1, then B¢ is GAS in T,
Proof. Define
H Y8 H B
A¢ = HoF | — | + YEF (= | + YCF y Polleynp(V
H YB YE]" ¢ VB
H 142 H H A€
BcHg _ CF (_c) N Y8BB 6 45 YcBcHs AC (_c)
bc +ycAq Ve PBPs pc (¢c + VcAg) Ag
We calculate % as follows:
dA H,
d—; = ( 6) [¢ — oH — BgHV® — agHY® — BcHVE — acHYC]
Y? Y¢
+ (1 - ﬁ) [,BBHVB +agHY® - 6BYB] + (1 - W) [ﬁcHVC +acHYC - 6CYC]
BsHs Ve B B By/B
+ ¢B 1- W [HBY ¢BV —')/BA \% ]
H 143
¢C + yCA6 Vv
H H, AS
+ YePotls |0sAPV? - 15A] + ychcHs (1 - —g) |cACVE — 2cAC]. (5.31)
PsPs pc (¢’c + J’cAg) A
Then by simplifying Eq (5.31), we get:
dA H YB
dtﬁ (1 - —6)(¢ oH) + agHgY® + acHYC — 55Y5 — ,BBHVBﬁ —agHY?
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Ye BrHeOp

He0p V&
+%@—&W—&mﬂ%—wﬂﬁ+&ﬁ+ ys _ PefleOs 5 Vo

o OB VB
YsBsH 6ABVB BcHeOc ye _ BcHeOc ch_ac N BcHspc Ve
o dc + ycAS dc +vcAS VE  ¢e +ycAS o
YcBcHs cvc ABVB,BBH6AB __ AcycPcHs AC 4 AcycBcHs AC
pc +ycAS ° PsPs Pc (¢c + )’cAg) Pc (¢c + YCAg) °

Using the equilibrium conditions for Z:

+BpHVE +

+

¢ = oHg + BeHVE + agHsYE + BeHsVE + acH Y,
BsHeVE + agHsYP = 0Ye, 0pYe = Ve,
pl
BcHoVE + acHYe = 6cYe,  0cYE = (b +ycA§) V., Vi ==
Pc

we obtain

BsHs0p
B

BcHeOc ¥C

¢c +ycAS °

Hgb
(CZBH(, - (SB + IBB¢6 B) YB
B

BcHsbOc ) e
C
¢C + 7CA6

B
(aBH6Y£+ Y - 6BYB) =0,

(QcHﬁ —0c + (acH6YC

and
dA6

He
— (1 - —)(0'H6 —oH) + (1 - —)(ﬁBHﬁvB + agHYE + BeHVE + acHo Y )

HBB CyC

— BsHe V¢ W — agHY{ + 2BsHeVE + apHeY{ BCH6VCWC;C —acHY{

C C

+2BcHs Ve + acHgY¢ — BgHsVE

YPVE  yuBpHs VB _ Ap
° YCVC

Y2ve ¢5 PB
Hy HV'Y! Y'VE
H ~ HoVPY®  YBVE

)AB — BcHgVE ——=
(0' +apY? + acYf

H

yHJMH&m@F

Hy HVCYS YCVE H,
6 6 ] + YsBsHs (Vé; _ V;})AB‘

+BeHsVE 3 26 -
Pells [ H  HVEYe yove| — gg
Hence, if R < 1, then E; does not exist, since A} < 0.
B _ 5 4B\ B B
A” =ppg|V® = —]A” <Oforall A” > 0.
PB

This, happens when V} < /IB = V2. Then by using inequality (5.1) and RZ < 1, we get 2 < 0 for
auHYBwWﬂvaB>omeadM—0wmnH He, Y = YB YO =YC, VB = VBVC V¢,
and (VB %44 ) AP = 0. Additionally, every trajectory of system (2.1) converges to Q¢ with the elements
satisfying V¢ = V. Then VC = 0. The fifth equation of system (2.1) provides

0=V =0cYS — Ve —ycAVE = A1) = AS, for all .
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(Ve -vr)a® =o. (5.32)
We have two cases:
Case 1 If V& < VZ: From Eq (5.32) leads to A® = 0. Hence, the set Qg reduces to {Zg}.
Case 2 If V? = V2: From the fourth part of Eq (2.1), we have
0= 0pY7 — Ve — vpAPVE,
= 0 = yA®V},
= A% =0.

Hence, the set Q¢ reduces to {Z¢).

Consequently, Q¢ = {Z6}. Based on L-LAST, we find that Z¢ is GAS. O
Theorem 8. Let RY > 1 and R > 1, then Z; is GAS in I,
Proof. Define

H y® Ye H %
A= mF () w e (D) s ver (D) ¢ Bty (V-
H; Y7 YC ¢B + ’}/BAB Vf

BcH7 < (V_E) N YsBsH, APF (AZ) YcBcHr ACF (A_z)
$c + YA Vil ps (¢’B +YBA7 ) A pc (¢C +ycAS ) A3

We calculate = as:

dhs

H
- :(1 7)[¢> oH - BgHV? — agHY® — BcHVE — acHYC]

Y3 Y¢
(1 - —) [ﬁ HV® + agHY® - 6BYB] + (1 - Y—7C) [,BCHVC +acHYC - 6CYC]

BpH, vy B B By/B
m 1—W [GBY —¢BV —)’BA V]
H vy
A
C Ccilg

YsBsH7 (1 3 j) ABVE _ 1. AP
PB (¢B + 73A7B) [pB ’ ]

H A7
YcBcHr (1 _ _Z) [pcACVC _ /ICAC] _ (5.33)
Pc (¢c + )’cA7C) A

Then by simplifying Eq (5.33), we get:

dA H
T; (1——7)(¢ oH) + agH,Y? + acH,YC — §5Y"

Y3 Y¢
- ,BBHVBy—; — agHY? + 65Y5 — 5.YC - ,BCHVCY_7C — acHYS
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BsHi05 5 BsH10 ng_f L Petads s
¢ + ypAY ¢p+YsAE VP g+ ypAE T
H H-6 H,6 %3
Y8BB 7BABV7B+ BcH7 CCYc_ BcH; CCYC_7C
¢ + VA bc + ycAZ ¢c+ycA; V
H H A H
Bc 7¢CC 7c + YcBe 7CACV7C _ BYsBsH7 AB
¢C + )/CA7 bc + ’YCA7 PB (¢B + )/BAE)
AsysfsHr 5 AcYcBcHs
7
PB (¢B %Y ) pc (¢c + VcAf)
AcycBcH7 AC
g.
pc (¢>c + ycAS )

Using the equilibrium conditions for Eg:

+0cYS +

AC

¢ = oHy + BpH7V? + apgH,Y? + BeH7VE + acH,YS,

P
BeHA VY + agH Yy = 65YY,  0pYF = (g5 +y5A%) V2, V= p—z,
P
BeHFVE + acHrYE = 6cYS,  0cYS = (¢e +ycAS)VE,  vE =25,
7 7 7 7 7 7 p
C
we obtain
H+0 H+0 Y8
(aBH7 — 65+ ’83—733) Y5 = (aBH7Y£+ BsHy AN BY;?)_B =0,
ép + YBAZ ¢ + VA Y;
H6 H40 Y¢
(a/cH7 —oc+ Petibe CC)YC = (a/cH7Y7C + Pty CCY7C —5cY7C)—C =0,
bc + vcA; $c +ycA; Y;
and
dA H H
d—; = (1 - #)(am ~oH) + (1 - #)(,BBH7V5 + apHyY? + BeHy VS + acHy YY)
BYB B B B CY7C C C
—ﬁBHV ﬁ - Q’BHY7 + 2IBBH7V7 + Q’BH7Y7 —ﬂcHV W - acHY7 + 2ﬁcH7V7
B B Cy/C
B 7
+acH: Y5 — BsH7V; YfVB —BcHrVy Yeve
o+ apY? + acYs 5 H, HVPY7 YPVP
=- H—H;)" +BpH; V7|3 — — —
( H ( )+ Bt H  H,VBys YByB
H;, HVCYS  Yeve
+BcHVE 3 - = - —— 1.
H H,vEyc yeve

Utilizing inequality (5.1), we obtain 22 < 0 for all H, Y, Y, V5, V¢ > 0. Further, 22 = 0 when
H=H;, Y =Y2 Y =YS, VB = VB and V¢ = V£, Furthermore, every trajectory of system 2.1
leads to Q; Which has elements including VB =VyE and V€ = V&, Then V8 = V€ = 0. Thus, the fourth
and fifth parts of Eq (2.1), imply that

0=V?=03Y7 — ¢V? - ypAPVE = AP(1) = A%, forallt,
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0=V =0cYS —pcVS —ycASVSE = A1) = AS, forall ¢.

Therefore, Q; = {E5}. By utilizing L-LAST, we find that Z; is GAS. O
The criteria for the existence and global stability of the equilibrium points are summarized in
Table 2.

Table 2. Existence and global stability criteria for the system’s equilibria.

Equilibrium point Existence criteria Global stability criteria

Zo = (Hy,0,0,0,0,0,0) None RE < land R <1

E) = (H,,YE,0,VE 0,0,0) RE> 1 RE> 1, RS/RE <land RY < 1

B, = (H,,0,Y5,0,V£,0,0) R >1 RS > 1, RE/RS < land R < 1

B3 = (H3, Y2,0,V5,0,A48,0) RE > RE>1and RE< 1

B4 = (H4,0,Y5,0,VE,0,A49) RE>1 RE > 1and RS <1

Es = (Hs,YE,YC,VE,VE,AEL0)  RE>1,RE>1and RE/RS >1 RE>1,RE>1, RS <1and RE/RS > 1
B¢ = (He, YE,YE,VE,VE,0,A)  R{> 1L, RS> Tand RS/RE>1  RE>1,RE > 1, RE < 1and R/RE > 1
E7=(H7, Y2, YS, VB VE AR AS)  RE>Tand R > 1 RE > 1and RS > 1

6. HBV/HCYV co-infection model under the impact of antiviral treatments

In this section, we reformulate the HBV/HCV coinfection model by incorporating the efficacy of
therapeutic interventions in reducing viral transmission. Experimental studies have provided evidence
for cell-to-cell transmission in HBV and HCV [64, 65]. Consequently, this study investigates the
potential effects of interventions targeting two transmission routes: virus-to-cell transmission and
cell-to-cell transmission. The control variables are interpreted as mechanism-specific intervention
efficacies rather than as representations of particular approved drugs. They are defined as: 7, for
blocking HBV infection via virus-to-cell transmission, 7, for blocking HBV infection via cell-to-cell
transmission, 13 for blocking HCV infection via virus-to-cell transmission, and 74 for blocking HCV
infection via cell-to-cell transmission. Thus, the modified version of model (2.1) becomes:

H=¢—0H-(-mn@)BsHV® — (1 -1y (1) agHY"®
— (1 =3 () BHVE = (1 =14 (1) acHY,

Y8 = (1 - 0)BsHVE + (1 =1, (1)) agHY? - 6577,
Y€ = (1 =n3(0))BcHVE + (1 =y (1) acHYC = 6cY°€,
VB = 05Y8 — ¢pVE — ygABVE,

VE =0cYC — ¢peVE — ycACVE,

AB = ppABVE — 1A,

A€ = pcACVE — ACAC,

6.1)

where, n; (¢) € [0, 1].

6.1. Effect of cell-to-cell transmission on the HBV and HCV co-dynamics

In this subsecton, we evaluate the contribution of cell-to-cell transmission to HBV/HCV
co-dynamics by comparing model with and without cell-to-cell transmission. First, we assume that
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all p; (t),i = 1,..,4 are constant, and n = n; = 17, = 3 = 4. The model will become

H=¢—-0cH-1-npBgHVE -1 -n)agHY? — (1 =) BcHVE — (1 —n) acHYC,

YB =1 -n)BgHVE + (1 —n)azgHY? — 65Y5,

YO =1 =nBcHVE + (1 =) acHYC —6.Y€,

VB = 05Y8 — ¢pVE — ypABVE, (6.2)
VC = 6cYC — ¢peVE — ycACVE,

AP = ppABVE — 23AB,

A€ = pcACVE — QcAC.

Therefore, the basic reproduction number is derived using the same next-generation matrix
approach, with the substitutions Sz by (1 —n)Bp, ag by (1 —n)ag, Bc by (1 —1)Bc, and ac by
(1 = n) ac. Consequently, we obtain:

R, = p(FV_l) _ max{HD (1- 77)6(:;:53 +3393)’ Hy (1 - 77)5(:;;150 +,309c)}
= max {‘ROB, ‘ROC} .

We define the reproduction number associated with the combined cell-to-cell and virus-to-cell
transmission system (6.2) by %gomb , where

;ROB,comh () = Hy (1 —n) (appp + BpOs) _ (I = n) Hoap N (1 —n) HyBpOg

0P 05 0P
=Ry () + Re" (),
R Ceomb () Hy (1 —n) (acoc + Bcbc) _ad- n) Hyae N (1 —n) HoBcbc
o Scde 5c Scdc
=R+ Ry (),
where
X 1-n)H 1 —n) HyBzo0
Ri o) = B, R = LD
1-n)H, 1 —n) HyB:O,
%g,c ) = ( 7(75)C oac’ %g,v ) = ( Z)C(p;)ﬁc c_

Here, ‘Rg’v () and "Rg’v (n) is the reproduction number for the following HBV/HCV model with
only virus-to-cell transmission:

H=¢-cH-(1-npBsHV? = (1 -n)BcHVC,
Y8 =1 —n)BgHVE — 6575,
Y€ = =n)BcHVE = 6cY°,
VB = 05Y% — ¢ppVPB — y5APVE,
VE =0cYC — peVE — ycA“VE,
AR = pgABVE — 13A5,
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A€ = pcASVE — A-AC. (6.3)
We have

R () = RV () + R (),
= (1= RO + 1 - RF*(0),
= (=R (0).
RE () = Re™ () + Rg“ (),
= (1= RO + (1 - RG*(0),
= (1 =R (0).
We estimate that the efficacy of the drug n by ensuring that R>¥(0) < 1, RSV (0) < 1, and

‘Rg comb iy < 1, ‘ROC’“”"I’ () < 1, which ensures a stable for free equilibrium point of model in Egs (6.2)
and (6.3), respectively:

1
%B,comb( ) <] B,Fomb <n< 1, B,.comb = max 0, 11— — s
0 n Min n N nin %g,wmb (0)
1
RE" () <1 e= P <p<1, % =max]0,1- - ©4)
o Npin =71 N min %gﬂ’ (O)
And
1
;)%C,comb( ) < | — C,_comb < < 1, C,_comb = max 0’1 -,
0 )7 nmln 77 nmln %g’comb (0)
1
R <1l e=n <np<1, 15 =max{0,1 - : 6.5)
0 77 nmln )7 nmm %g’v (O)
We obtain
H, HyBg0 HyBgo
%g’wmb (0) _ Oa'B(bB " OﬁB B > OﬁB B — %g,v (0)’
63¢B 5B¢B 6B¢B
H HoBcbe  HoBch
%g,comb (0) — OQ'C¢C + OﬁC ¢ > OﬁC ¢ = %(()?,v (O) .

Ocdc Ochc OcPc

These results indicate that %g’v () < %OB’C‘”"]’ (n) and %g’v () < %OC’C”’"” (), demonstrating
that neglecting cell-to-cell transmission yields an underestimation of the basic reproduction number.
Furthermore, from Eqs (6.4) and (6.5), we observe that ni’ivn < ni’fn”mb and ngnvn < ni’fn"mb. This implies
that a treatment strategy based solely on virus-to-cell transmission may predict stability at lower
efficacy levels, whereas the combined transmission model may still remain unstable within the interval

B, B,comb c, C,comb
Moin <1 < Ty AN 7,0 <1 <70
Overall, these findings highlight that ignoring cell-to-cell transmission can result in underestimating
the antiviral efficacy required for viral clearance. Consequently, the model described by Eq (2.1),
which incorporates both transmission pathways, provides a more accurate representation of within-host
HBV/HCV co-dynamics than models considering only virus-to-cell transmission.
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6.2. The optimal control problem

Classical optimization theory has been widely used to develop control mechanisms for various
infectious diseases. Our goal is to minimize HBV/HCV coinfection in a community by maximizing
the population of uninfected hepatocytes through control variables that represent the efficiency of drug
therapy in blocking new infections of HBV and HCV, denoted by n; (), (), 13 (¢), and n4 (),
respectively. The problem is to maximize the objective functional

tf
Samand = [ [0S0+ 2o+ Zho Sl 6o
0
over the admissible controls, subject to model (6.1) and the following specified initial conditions:

H(0) = Hy, Y?(0) = Y2, YC(0) = Y§, VE(0) = V&,
VE(0) = VE, AB(0) = AE, A€ (0) =

The parameters A, A;, A3, and A4 are non-negative weighting coefficients reflecting the relative
benefits and costs associated with the treatment strategy. Our objective is to maximize the functional
defined in Eq (6.6) by increasing the population of uninfected hepatocytes. Accordingly, we aim to
determine an optimal control quadruple (7, 772, 73, 7}4) such that

J (@1, 12, 713, 71a) = max{J (11,172,713, 74) = (71,102,113, 74) € E}, (6.7)
where E is the control set defined by
E = {n = (n, 72,73, m4) : 7 measurable, 0 <, () < 1, 1€ |01, i = 1,2,3,4).

Pontryagin’s Maximum Principle [66] provides necessary conditions for an optimal control
problem. This principle converts Egs (6.1), (6.6), and (6.7) into a problem of maximizing an
Hamiltonian H , pointwisely with respect to 1y, 1,173, and 14 :

7

H = H - ( (r)+ R0+ (z)+ SEO)+ D i (6.8)

i=1

where f; is the right-hand side of the differential equation of i — th state variable. By applying
Pontryagin’s Maximum Principle [66] and the existence result for the optimal control from [67], we
obtain the following theorem.

Theorem 9. There exists an optimal control 77 = (§j1,72,13,74) and corresponding solution
H,YB YC VB VC AB and A€ , that maximizes J (m,1m2,m3,m4) over E. Furthermore, there exists
adjoint functions, x1, %y, %3, %4, X5, %c and x; satisfying the equations.

%1 =—1+oxu; + (1 =) (e —x2) BeV? + (1 = ) (1 — %2) ap¥”®
+ (1 = 773) (1 — #3) B VE + (1 = 71y) (¢1 — #3) ac YE,
%y = (1 = 2) (¢ — %2) agH + Opxy — O,

#3 = (1 = 7g) () — %3) acH + Scxnz — Ocxs,
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sy = (1= 10) (g — #2) BpH + %4 (¢B + )’BAB) — ppAxe,
#s = (1 = 13) (1 — #3) BcH + xs (¢c + Ycz‘ic) — pcAxs,
#6 = V' (yprs — ppre) + Apx,
#7 = VE (yers — pexs) + Acnr,
with the transversality conditions
wilt)=0,i=1,..7.

Moreover, the optimal control is given by

il = min(l,max 0, Ail(%l —2,) BsHVE ||, (6.9)
fin = min(l,max 0, Aiz (¢ —2y) agHY® ], (6.10)
i3 = min(l,max O,A%(%] —%3)BcHVE|], (6.11)
fis = min(l,max 0, A% (¢1 —%3) acHYC]|, (6.12)

is control of HBV/HCV model.

Proof. The existence of an optimal control follows from the sufficient conditions given by Fleming and
Rishel [67]. We verify the required assumptions as follows:

H, The admissible control set E is nonempty, and every control component is non-negative and
Lebesgue-integrable over the interval [0, #/].

H, The right-hand side of the controlled system (6.1) is bounded by a linear function of the state and
control variables. Consequently, the corresponding state system admits a solution. By definition,
each component right-hand side is continuous and can be expressed in the form:

X=AX+B(X), (6.13)

where X denotes the vector of state variables. Since the state and control variables H, Y5,
Y€, VB vC AB A€ n, n,, n3, and i, remain bounded on [0, tf] , the matrix A and the vector
B (X) are bounded. In particular, considering the control system (6.1) with initial conditions
Ho, Y2, Y5, VE, VE,Af, and A§, the state vector can be written as

H
YB
YC
X=| V8
VC
AB
AC
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The matrix A and the vector B (X) are defined in Eqgs (6.14) and (6.15), respectively:

- 0 0 0 0 0 0
0 -6 O 0 0 0 0
0 0 -6 O 0 0 0
A=l 0 6 0 —-¢p O 0 0o |, (6.14)
0 0 Oc 0 —-¢c O 0
0 0 0 0 0O -1 O
0 0 0 0 0 0 -Ac
and
¢—(1—m)BgHVE — (1 =) agHY® — (1 — 113) BcHVE = (1 — n4) acHY®
(1-n)BsHV? + (1 — ) agHY*®
(1=n3)BcHVE + (1 —ny) acHYC
B(X)=| —yzABVE . (6.15)
—ycACV®
pBABVB
pcACVC
Thus, the system (6.13) is a nonlinear, with bounded coefficients. Let
SX)=AX+BX). (6.16)

For any two state vectors X; and X;, the nonlinear part satisfies

IB(X,) - B(Xp)| =1~ =n)BsHV{ — (1 =m)agH Y] — (1 —n3) BcH VE
— (1 =ng) acH\Y{ + (1 =) BpH VY + (1 — ) agH,Ys
+ (1 = m3) BcHa VS + (1 = ng) acH, Y5 |
+1(1 =) BsH\VY + (1 =) agH\ YE — (1 = ny) BeHL VS
— (1 =) agH Y2+ (1 = 3) BcHi VY + (1 = ) acH\ Yy = (1 = 13) BcHL Vs
— (1 = ng) acH Y5 | +y5 |[-ATVE + ABVE| + ye |-ASVE + ASVE]|
+ps [APVE = AZVE| + pc |AT VY - AT VS|
<2|(d =n)BsHIVE + (1 = ) agH Y = (1 =) BsHa Vs — (1 = ) aHL Y|
+2|(1 = m3) BcHLVE + (1 = ng) acH YT = (1 = 3) BcHa Vs
— (1 - ng) acH Y5 | +y5 |[APVE — ABVE| + yc |ATV — ASVE|
+p5|ATVE — ABVE| + pc |ATVE — AS V|
<285 (1 =) [Hi||VE = V3| + 285 (1 =) |V3| |H) - Ha
+ 205 (1 — ) [HI| |V = Y| + 205 (1 — o) |Y2| |H, - Ha
+2Bc (1= m3) [H\| [V = VS| +2Bc (1 = 13) |V5 | |H\ — Ho
+2ac (1 —na) [Hi| Y] = Y5 |+ 2ac (1 = ) |Y5 | 1H; — Hol
v ya APV V| + 3 VI A7 - AZ] + e |ag] V€ - V5]
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+yc|[VI||AT = A3] + py |AT] VP = V2| + o | V2] AT - 7]
+ pe [AS] [VE = VE| + pe |VE| |AS - 48]

The boundedness of the system has been established in Appendix B. Using the established bounds
for each function, we obtain:

IB(X\) — B(Xo)| < My |Hy — Ho| + My |[YP = Y2| + M3 |Y{ — Y5 |+ My [V - V3|
+ Ms |V = V| + Mg |A — AS| + M7 |AT - AS),

where
20 26
My =285 (1= 11) 222 4 20 (1= 1) 2 4205 (1 =) &+ 280 (1 = ) 222,
Opo 0 0 0co
M = 205 (1= ) &,
%
) y
M5 =2ac (1 —n4) E’
26
M = (s + ps) 22252 08, (1) 2,
OBYBO [
20,
Ms = (ye + pe) 6cpc¢ +28c(1-np 2,
cYco Y
26
Me = (ys + pB) 5B¢,
BO
20,
M; = (yc + pc) 6C¢-
co

Therefore, we have

|B(X1) = B(Xo)| < MIIH, = Hol + |v = Y} + |v{ = Y|+ [V{ = V| + |v§ - S|
+|A% - AB| + |AT - AS).

where, M = max {M,, M,, M5, M,, M5, Mg, M7} is independent of the state variables. Since the
matrix A is bounded, the linear term AX is Lipschitz-continuous with respect to the state variables.
Therefore, combining this property with the Lipschitz continuity of B(X), we conclude that
S (X) 1s uniformly Lipschitz continuous. Therefore, since the control functions 7, 7,, 73, and
n4 are bounded and the state variables remain non-negative and bounded, the right-hand side of
the controlled system is continuous and uniformly Lipschitz continuous. Thus, by the standard
existence and uniqueness theorem for ODEs, the controlled system (6.1) admits a unique solution.

H; The control set E is convex and closed. Recall that a set E is convex if, for any 5, 5* € E and every
vel0,1],thenvnp+ (1 —v)n* € E.

Letn = (n1,m2,m3,m4) € E and n* = (77*[,77;,77’3‘,77:;) € E. For an arbitrary v € [0, 1], by the
definition of E, each control satisfies 0 < n;,n; < 1,i = 1,2,3,4. Thus,

O<vp+(-vn <v+(1-v)=1,i=1,2,3,4
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Hence, 0 <wpi+(1 —v)n; <1, i = 1,2,3,4, which implies that v+ (1 — v) " € E. Therefore, E
is convex. Furthermore, the control set E is closed by its definition. Consequently, E is a convex
and closed set.

H, The integrand of the objective functional, H () — AZI rﬁ (r) — A22 17% (r) — A; 17% (1) - ﬂni (7), 1s concave

with respect to the control variables on E. To establish this, we recall the a multivariable function
as G (xy, ..., x,) is concave if and only if the Hessian matrix

%G (x)
(9x,-(9x.,-

H(x) :(

is negative semidefinite. The Hessian matrix of G with respect to the control variables is given by

PGlx)  *Gx) PGk PG

o Omdm  Omdny  Imdns A, 0 0 0
PG PG PGk PG
H _ | 9mom 67]% Omons  Omons _ 0 —A2 0 0
M =| 20w oy #ow eow |= 0 0 -A; 0
On3dm  Onzom on? O304
FG(x) 0*G(x) Bszx) 9*G(x) 0 0 0 —Ay

an4on 4oy Onaons (')772

Since A; > 0,7 =1,2,3,4. Hence, H(n) is negative semidefinite, which implies that G is concave
with respect to 771,12, 173, and n4. Therefore, the integrand of the objective functional is concave
on E.

Hs There exist positive constants ki, k,, and a constant 4 > 1 such that the integrand of the objective
functional satisfies the required growth condition

/2
Lt Hy i, ma, i3, ma) < o =k ([ @+ [y 0] + s 07| + s 0]) 77 (6.17)
From Eq (6.6), we have
L(t, H,n1,m,n3,m4) = H (@) — —771 Ok —772 (- —173 (- —n4 (1.
Let A = min{A;, Ay, A3, A4}, then
Lt H f _ é 2 2 2 2
EUROUROESES (11 )+ &) + 73 (0 + 03 ().

Thus, by setting k, = g >0, k; = 4 > 0, we obtain

L (¢, H, 1, 12,13, 14) < k2 = k1 (1] (0) + 15 () + 173 (1) + 5 (8))

Hence, the required growth condition is satisfied Eq (6.17) by taking 4 =2 > 1.

Therefore, all the assumptions required for the existence of an optimal control are satisfied.
Consequently, an optimal control (77, 772, 3, 74) € E exists.
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The adjoint equations and transversality conditions can be obtained by using Pontryagin’s
Maximum Principle such that

H=H-(3r 0+ 2w+ 580+ S o)
+xi|p—oH-(1-m (r))ﬁBHvB (1 =12 () agHY® = (1 = 15 0) BeHVE = (1= 04 (1)) acHYC |

+ 22 [(1 =7 () BsHV® + (1 = 1y () asHY” = 657" |
+ 23 [(1 ns (MNBHV + (1 =14 () acHY = 5c Y€
[
|

+ x4 |0gY ¢BVB - ’)/BABV ] + X5 [@CY — ¢CVC - ’}/CACVC]

+ ¢ pBABVB — /lBAB:I + %7 [pcACVC — /chC] .
Then,
) oH B B
o= = —L+ox + (1 —m1) ey —2%2)BeV” + (1 —12) (1 — x2) Y
+ (1 =13) Gt —2#3) BeVE + (1 = mg) Gty — #3) ac Y,
) OH
1= —ovF = (1 = m2) (¢ —22) agH + Opxs — Opiy,
) OH
#3 = move = (1 —n4) (1 —23) acH + ¢z — Ocxs,
] OH
Ha = —orp = (I =m1) (e —22) BpH + 4 (¢B + )’BAB) — ppA®xs,
) OH c c
Hs == ove = (1 =13) (¢1 — %3) BcH + %5 ((bc +7ycA )—PCA %7,
) OH
Mo = T 9AB =V? (yB#a — ppre) + Apne,
] OH
#1=—oi = VE (yexs — pexa) + Acxr,

where x; (tf) =0,i=1,...,7. The optimal control 7};, 7}, 73, and 74 can be solved from the optimality
conditions,

OH 1

o =0= -Aim + (01 —x)BsHV’ =0 = 1 = T (21 — %) BsHV®,
1 1

OH 1

—0:—A2U2+(%1—%2)Q’BHY —0:7]2——(%1—%2)G’BHY

an A2

— =0= —Asns + (%1 —%3) BcHV =0:>773=—(%1—%3),3ch ,

o3 Az

oH . i .

—:0:>—A47]4+(%]—%3)QcHY :O:>7]4:—(%1—%3)(10HY .

ony Ay

By the bounds in E of the controls, it is easy to obtain 7}, #,,73, and 7, in the form of
Eqgs (6.9)-(6.12), respectively. O
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7. Numerical simulations

The global stability properties of the system’s equilibrium points are demonstrated through
numerical simulations. The parameter values used in the simulations are listed in Table 3. Some
of these parameters are adopted from existing studies on HBV-only and HCV-only infections for the
purpose of carrying out the simulations. To the best of our knowledge, there is currently no available
experimental or clinical dataset (such as measurements of HBV, HCV, or antibody levels) for patients
with HBV-HCYV coinfection.

The parameters B, ap, Bc, @c, pp, and pc are varied across the numerical scenarios to
illustrate different transmission and immune-response regimes. In particular, the relative magnitudes
of the cell-to-cell transmission coefficients ap, ac compared with the corresponding virus-to-cell
transmission coeflicients SBg, B¢ are selected for numerical purposes and are not intended to represent
experimentally estimated or patient-specific values. Accordingly, Scenarios 1-8 are illustrative
numerical experiments designed to demonstrate the theoretical stability results and to examine the
effects of different transmission and antibody response regimes, rather than clinical or predictive
scenarios. Parameter estimation using experimental or patient viral-load data would be an important
direction for future work.

Table 3. Model parameters.

Parameter Value Unit Source

¢ 10 cell mm™3 day‘1 [41, 68-70]
o 0.01 day™! (30, 39, 71, 72]
Bz Varied mm? virus~! day~! -

agp Varied mm? cells™! day~! -

Bc Varied mm? virus~! day~! -

ac Varied mm? cells™! day™! -

Op 0.0693 day~! [23, 69]

éc 0.14 day™! [73-75]

O 0.87 viruses cells™! day’1 [30, 76, 77]
o8 0.67 day~! [23,78, 79]
vB 0.01 mm? pg~! day™! [50, 80]

Oc 2.9 viruses cells™! day‘1 [39, 44, 49]
dc 6 day™! [39, 49, 81]
ve 0.006 mm? pug™! day™! (49, 82]

OB Varied mm? virus~! day~! -

Ap 0.15 day™! [49, 50, 80]
oc Varied mm? virus~! day~! -

Ac 0.01 day~! [73,75]

7.1. Stability analysis of the equilibrum

In this following subsection, we numerically validate the global stability results established in
Theorems 1-8. Specifically, we show that the solutions of system (2.1), starting from various initial
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conditions

corresponding to different stages of HBV/HCV coinfection, converge to one of the eight

equilibrium states. To this end, the system (2.1) is solved under multiple sets of initial conditions

as follows:

H(0) = 10 + 50k, Y%(0) = 0.5 + 2k,
Y€)= 0.1 + 2k, VZ0)=0.1+ 0.1k,
VEO0)=0.1+0.1k, AB0) =5+ 10k,
AS(0)=10+5k k=1,2,..,5.

Selecting the values of Bg, ag, Bc, ac, pp, and pc gives rise to the following scenarios:

Scenario 1

Scenario 2

Scenario 3

Scenario 4

Scenario 5

Stability of Ey: B = 0.000001, ap = B¢ = 0.00001, ¢ = 0.0001, and pg = pc = 0.001.
For these parameter values, we have R = 0.163 < 1 and RS = 0.749 < 1. Figure 2 shows
that the trajectories converge to the equilibrium Z, = (1000,0,0,0,0,0,0) for different
initial conditions. This indicates that both HBV and HCV are eliminated in this scenario.
These results confirm that 2, is GAS in accordance with Theorem 1.

Stability of E;: g = ap = 0.0001, B¢ = 0.00001, @¢ = 0.0001, and pp = pc = 0.001. For
these parameter values, we obtain Rf = 3.317 > 1, R¥ = 0.896 < 1, and hence R§ /R =
0.226 < 1. The equilibrium point E; exists with Z; = (301.5,100.794,0, 130.88, 0, 0, 0).
Figure 3 clearly shows that the trajectories converge to Z; for all initial values. This
indicates that HBV monoinfection without an active antibody response is established. This
result indicates that HBV outcompetes HCV under the assumed parameter regime. These
numerical results agrees with Theorem 2.

Stability of Z,: B = ap = 0.00001, B¢ = 0.0001,ac = 0.001, pp = 0.001, and
pc = 0.0001. This gives RS = 7.488 > 1, RS = 0.304 < 1, and then RE/RS =
0.044 < 1. Figure 4 shows that the trajectories converge to the equilibrium =, =
(133.545,0,61.89,0,29.913,0,0) for different initial conditions. HCV outcompetes HBV
under the assumed parameter regime. These results confirm that, =, is GAS in accordance
with Theorem 3.

Stability of Z5: B = ap = 0.0001, B¢ = 0.00001, ac = 0.0001, pp = 0.01, and
pc = 0.001. This yields R? = 5491 > 1 and R} = 0.893 < 1. Figure 5 shows
that the trajectories converge to the equilibrium 25 = (560.455, 63.426, 0, 15, 0,300.873, 0)
for different initial conditions. Consequently, an HBV monoinfection accompanied by a
stimulated HBV-specific antibody response is established. Although the model includes
an HBV-specific antibody response, HBV suppresses HCV growth and reduces the
establishment of HCV infection. These results confirm that, =3 is G.A.S in accordance
with Theorem 4.

Stability of Z4: Let 83 = ap = 0.00001, B¢ = 0.0001,ac = 0.001, pp = 0.001 ,
and pc = 0.005. The values of RE and RS are computed as R = 14.853 > 1 and
R$ = 0.326 < 1. Figure 6 shows that the trajectories converge to the equilibrium =, =
(139.546,0,61.461,0, 2,0, 13853.077) for different initial conditions. Consequently, HCV
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Scenario 6

Scenario 7

Scenario 8

monoinfection accompanied by an elevated HCV-specific humoral response is established
under the assumed parameter regime. The large value of A€ should be interpreted as
an enhanced modeled humoral response rather than as evidence of complete protective
immunity or HCV clearance. In this scenario, HCV remains present despite the elevated
A€, illustrating that the modeled humoral response does not necessarily eliminate the virus.
HCYV also suppresses HBV growth and inhibits the establishment of HBV infection. This
numerical result is consistent with Theorem 5.

Stability of Zs: S = 0.001, ap = B = 0.0001, ac = 0.001, pp = 0.02, and pc =
0.0001. Then, we calculate R} = 3.882 > 1, ‘Rf = 5.189, V& = 25.63 < V& = 100, and
R§/ "Rg =2.695 > 1. Figure 7 shows that the trajectories converge to the equilibrium Zs =
(133.545,17.903,53.028,7.5,25.63, 140.674, 0) for different initial conditions. As a result,
HBV/HCV coinfection is established, with only the HBV-specific antibody response being
stimulated. In this case, the activity of HBV-specific antibodies reduces HBV replication,
thereby allowing the two viruses to coexist.

Stability of Z¢: B = 00025, ap = 0.00045,8 = 0.004, a¢c = 0.001, pg = 0.001, and
pc = 0.0025. We compute RS = 3.83 > 1, ‘?\g =1.565 > 1, V2 = 138.45 < V¥ = 150, and
RE/RE = 1.874 > 1. Figure 8 shows that the trajectories converge to the equilibrium Z¢ =
(89.462,74.172,28.323,96.312,4, 0, 2422.418) for different initial conditions. As a result,
HBV/HCYV coinfection is established, with only the HCV-specific antibody response being
stimulated. In this case, the activity of HCV-specific antibodies reduces HCV replication,
thereby allowing the two viruses to coexist.

Stability of Z;: Bz = 0.001, ap = 0.0001, B¢ = 0.001, ac = 0.002, pp = 0.01, and pc =
0.001. This selection yields R% = 1.333 > 1 and R§ = 2.853 > 1. Figure 9 shows that the
trajectories lead to the equilibrium Z; = (64.533,15.402,59.018, 15, 10,22.334, 1852.544)
for different initial conditions. In this scenario, HBV/HCYV coinfection is established for all
considered initial conditions. Both HBV-specific and HCV-specific antibody responses are
activated, and their combined activity permits the coexistence of the two viruses.

To further assess the local stability of the equilibrium points, we evaluate the Jacobian matrix
J = JH,YB YC, VB V€ AB AC) corresponding to system (2.1), as given in Eq (5.7). At each
equilibrium point, the eigenvalues &;, j = 1,2,...,7, of the Jacobian matrix are computed. An
equilibrium point is locally asymptotically stable if Re(&;) < 0, j = 1,2,...,7. The parameter values
Bs, @, Bc, ac, pp, and pc are selected according to Scenarios 1-8, and the corresponding non-negative
equilibrium points and their eigenvalues are evaluated. Table 4 summarizes the non-negative equilibria,
the real parts of their eigenvalues, and the corresponding stability classifications. The numerical
eigenvalue calculations are consistent with the analytical local stability result established for =, and
the analytical local instability results established for Z, and Z,. Moreover, for the equilibria covered by
Theorems 1-8, the established global asymptotic stability results also imply local asymptotic stability.

Therefore,

the Jacobian-based calculations in Table 4 are presented as a supplementary numerical

verification of the analytical results and, where applicable, as a check of the stability behavior under
the parameter regimes considered in the numerical simulations.
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Figure 2. Solutions of system (2.1) tend to Z;, = (1000,0,0,0,0,0,0) for different initial
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Table 4. Local stability of non-negative equilibria Z;, i = 0, 1, ..., 7.

The equilibria Re(¢)), j=1,2,...,7 Stability
Zy = (1000,0,0,0,0,0,0,0,0) (-0.150,-0.010,-0.010, —-0.684, —0.045, —6.005, —0.035) Stable
Zy = (1000,0,0,0,0,0,0,0,0) (-0.150,-0.010,-0.010, -0.778,0.138, —6.005, —0.035) Unstable
1 =(301.5,100.794,0, 130.881,0, 0, 0) (=0.019,-0.010,-6.001, -0.108, -0.710, -0.016, —0.016) Stable
Ey = (1000,0,0,0,0,0,0,0,0) (=0.150,-0.010, -0.010, —-6.042,0.902, —0.684, —0.045) Unstable
Zp =(133.545,0,61.890,0,29.913,0,0) (-0.150,-0.007, -0.672, —0.066, —6.007, —0.037, —0.037) Stable
Zp = (1000,0,0,0,0,0,0,0,0) (-0.150,-0.010,-0.010, -0.778,0.138, —6.005, —0.035) Unstable
Z1 = (301.500, 100.794, 0, 130.881, 0,0, 0) (-0.010, 1.159,-6.001, -0.108, -0.710, -0.016, —0.016) Unstable
23 = (560.455,63.426,0, 15,0,300.873,0) (-0.010,-6.003, -0.081, —3.566,-0.110, -0.017, =0.017) Stable
= (1000,0,0,0,0,0,0,0,0) (=0.15,-0.01,-0.01, -6.042,0.902, -0.684, —0.045) Unstable
Ep =(133.545,0,61.89,0,29.913,0,0) (=0.150,0.14, -0.672, —-0.066, —6.007, —0.037, -0.037) Unstable
4 =(139.546,0,61.461,0,2,0, 13853.077) (=0.15,-0.009, -0.066, —0.036, —0.036, —0.672, —89.11) Stable
Zy = (1000,0,0,0,0,0,0,0,0) (-0.150,-0.010,-0.010, -6.042,0.902, -1.316, 0.677) Unstable
Z = (49.553,137.150,0, 178.09,0,0,0) (-0.010,3.412,-6.002, -0.088, -0.754,-0.091, —0.091) Unstable
=, =(133.545,0,61.890,0,29.913,0,0) (=0.150,-0.007, -0.822,0.096, —6.007, =0.037, —0.037) Unstable
=3 = (377.632,89.808,0,7.500,0,974.770, 0) (=0.010,-6.018,0.255, -10.308, —0.088, —0.040, —0.040) Unstable
Es = (133.545,17.903,53.028,7.500, 25.630, 140.674, 0) (-=0.007,-0.043,-0.043, -0.044, -0.044, -2.032, -6.007) Stable
Zp = (1000,0,0,0,0,0,0,0,0) (=0.150,-0.010,-0.010, —7.404,2.264, -0.847,0.558) Unstable
Z; =(89.462,131.391,0,170.612,0,0,0) (-0.010,0.021,-6.170,0.119,-0.703, -0.054, —0.054) Unstable
) = (47.727,0,68.019,0, 32.876,0, 0) (=0.150,0.072, -0.686, —-0.032, -6.095, -0.103, —0.103) Unstable
=3 =(94.049,130.729, 0, 150, 0, 8.823, 0) (-0.010,-6.178,0.132,-0.772,-0.017,-0.051, -0.051) Unstable
Z4 = (111.804,0,63.443,0,4,0,6665.981) (=0.150,-0.705,0.016, —46.015, —0.009, —0.045, —0.045) Unstable
Ze = (89.462,74.172,28.323,96.312,4,0,2422.418) (-0.054, -0.004, —0.004, —0.054, —0.054, —-0.702, -=20.578) Stable
Zp = (1000,0,0,0,0,0,0,0,0) (-0.150,-0.010,-0.010, -6.037,1.897, -1.316,0.677) Unstable
= = (49.553,137.150,0, 178.090, 0, 0, 0) (-0.010, 88.895, —6.002, -0.038, -0.754, -0.091, -0.091) Unstable
=) =(56.376,0,67.402,0,32.578,0,0) (-0.150,0.023, -0.742,0.009, -6.028, —0.088, —0.088) Unstable
=3 = (282.904,103.477,0, 15.000, 0, 533.167, 0) (=0.010,-6.125,0.551, -5.908, —0.046, —0.062, —0.062) Unstable
4 =(65.124,0,66.777,0, 10,0, 2227.549) (-0.150,-0.752,0.019, -19.368, -0.007, -0.077, -0.077) Unstable
Es5 = (56.376,13.283,60.827, 15,29.400, 10.042, 0) (0.019, -0.008, -0.008, —0.088, —0.088, —0.819, —6.028) Unstable
7 = (64.533,15.402,59.018, 15, 10,22.334, 1852.544) (=0.007,-0.016,-0.016,-0.077,-0.077, -0.924, -17.120) Stable

7.2. Numerical simulations of optimal control

The impact of the optimal control is demonstrated through numerical simulations. Using the
parameter values presented in Table 3, together with those defined in Scenario 8, Figures 10 and 11
illustrates that the equilibrium point =5 shifts to =y when the control is applied, thereby satisfying the
objective function. This analysis was carried out using the forward-backward sweep method [83, 84].
The fourth-order Runge—Kutta (RK4) method is first used to solve the state system forward in time.
The adjoint system is then solved backward in time using the transversality conditions and the
computed state trajectories. The control functions are subsequently updated according to the control
characterization in Egs (6.9)—(6.12). To enhance numerical stability and convergence, an optional
relaxation step is used, in which the updated control is defined as a convex combination of the newly
computed and previous control functions, as follows:

n= (1 _ wrelaX) nold + wrelax T’new,

where w™* € (0, 1] is the relaxation parameter. Using the initial condition specified at the beginning of
this section, together with the parameter values A; = 50, A, = 50, A3 = 30, and A4 = 50, we compute
the solution over the time interval [0, 500]. The relaxation parameter is chosen as w"* = (.3, and the
convergence tolerance is taken to be 1076,
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Figure 10. The compartment (uninfected hepatocytes, HBV-infected cells, HCV-infected
cells, Free HBV particles, Free HCV particles, HBV-specific antibodies, and HCV-specific
antibodies), with and without optimal control, are illustrated over the time interval [0, S00]
using the forward-backward sweep method.
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Figure 10(a) illustrates that the population of uninfected hepatocytes is higher in the presence of
control compared with the case without control. From Figure 10(b),(c), it can be seen that the numbers
of HBV-infected and HCV-infected hepatocytes under control decreases and approaches zero, while
in the absence of control, they stabilize at approximately 15.37 and 59.21, respectively. This indicates
that appropriate therapeutic intervention can significantly reduce the number of infected hepatocytes.

The effect of therapy is also evident in Figure 10(d),(e), where the populations of HBV and
HCYV virions diminish to zero under control. In contrast, without control, they persist at levels of
approximately 14.99 and 10.16, respectively. This highlights the role of treatment in suppressing
viral replication. Additionally, the impact of control on HBV-specific and HCV-specific antibodies is
demonstrated in Figure 10(f),(g). With control, the levels of these antibodies decrease to zero, whereas
without control they approach 22.21 and 1817.71, respectively.
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Figure 11. The controls state 7; (¢), 77, (¢), 773 (¢) , and 74 (7).

The four optimal controls 7y, 72, 7j3, and 74, which correspond to blocking new infections of HBV
and HCV, are illustrated in Figure 11. The four curves describe the drug administration schedule
over the treatment period. The control functions are initially set to zero, to provide an initial guess
for the forward-backward sweep algorithm. This initial choice represents the uncontrolled situation
and does not imply that the optimal intervention is zero at the beginning of the simulation. The
control functions are subsequently updated iteratively based on the state and adjoint trajectories
until the convergence criterion is satisfied. Based on the numerical results obtained using the
forward-backward sweep method, the objective functional was evaluated from the computed state
and control trajectories, with the integral approximated using the trapezoidal rule. The value of the
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objective functional without control is Jy = 442170.67, whereas its value under the optimal control
strategy is J* = 412616.51. Thus, the optimal control strategy results in an approximate reduction of
6.684% in the objective functional.

7.3. Parameter sensitivity analysis

Sensitivity analysis is a fundamental technique in biological modeling, as it provides insight into
how variations in the model parameters influence system behavior, thereby improving understanding
of the model structure. It is particularly effective for determining the parameters that most strongly
govern the dynamics of the system. Several methods exist for investigating parameter influence in
biological systems, including direct differentiation, Latin hypercube sampling (LHS), and approaches
based on system linearization followed by solution of the resulting equations [85].

In this work, a derivative-based sensitivity analysis is used for system (2.1). Sensitivities are
computed analytically using partial derivatives with respect to the model parameters. The analysis
focuses on the threshold quantities R and R, as they play a key role in identifying the stability of

the disease-free equilibrium Z. We define the normalized forward sensitivity index as

Ri 0‘?\6 a

AN, =—— =, i=B,C, 7.1
da R : 7.1)

where « represents a model parameter. The resulting sensitivity indices for R and "ROC, computed
using Eq (7.1), are summarized in Table 5 and illustrated in Figure 12.

Table 5. Sensitivity index of R{ and R.

Parameter « Sensitivity index A? 0 Parameter « Sensitivity index A?j 0
1) 1 1) 1

Bs 0.114927 Be 0.0461049

Op 0.114927 Oc 0.0461049

ap 0.885073 ac 0.953895

o5 —-0.114927 dc -0.0461049

o -1 o -1

Op -1 oc -1

0.5+

indices for RS

Parameters Parameters
(a) Sensitivity analysis of R (b) Sensitivity analysis of RS

Figure 12. Forward sensitivity analysis of the parameters on R{ and R§.
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The present sensitivity analysis is intended to quantify the direct relative influence of individual
parameters on the threshold quantities R§ and R§. Since these threshold quantities have explicit
analytical expressions, the normalized forward sensitivity indices can be obtained directly by
differentiation, providing a transparent interpretation of how each parameter affects viral invasion.
Thus, the sensitivity analysis complements the analytical threshold and stability results established
in this study. A global uncertainty analysis, such as LHS combined with partial rank correlation
coefficients (LHS/PRCC), could provide additional information about the parameter uncertainty and
its effects on the full model dynamics or equilibrium levels; however, such an analysis is beyond the
scope of the present study.

B
7.3.1. Sensitivity indices A,

The computed sensitivity indices yield the following observations:

e The parameters ¢, Bg, 05, and ap all have positive sensitivity indices, indicating that increasing
their values leads to higher R{ and thus enhances the potential for HBV invasion. Among these, ¢
has the strongest positive effect, followed by az, while S and 63 has a relatively smaller impact.
For instance, a 10% increase in ¢ leads to an approximate 10% rise in ‘R, whereas a similar
increase in ap results in about 8.85%. In comparison, 8z and 6z produces a smaller effect of
approximately 1.149%.

e Conversely, the parameters ¢p, o, and dp have negative sensitivity indices, implying that
increasing these parameters reduces R and suppresses the potential for HBV invasion. Among
them, o and 0 exert the strongest negative influence, while ¢ has a comparatively weaker effect.
For example, a 10% increase in o~ and & leads to an approximate 10% decrease in R, whereas
a similar increase in ¢ results in a reduction of about 1.149%.

C
7.3.2. Sensitivity indices A"

The computed sensitivity indices yield the following observations:

e The parameters ¢, B¢, O¢, and a¢ all have positive sensitivity indices, indicating that increasing
their values leads to higher R§ and thus enhances the potential for HCV invasion. Among these, ¢
has the strongest positive effect, followed by @, while B¢ and 6 have relatively smaller impacts.
For instance, a 10% increase in ¢ leads to an approximate 10% rise in ‘ROC, whereas a similar
increase in a¢ results in about 9.54%. In comparison, B¢ and - produces a smaller effects of
approximately 0.461%.

e Conversely, the parameters ¢c, o, and dc have negative sensitivity indices, implying that
increasing these parameters reduces ?%g and suppresses the potential for HCV invasion. Among
them, o and . exert the strongest negative influence, while ¢ has a comparatively weaker effect.
For example, a 10% increase in o and d¢ leads to an approximate 10% decrease in %OC, whereas
a similar increase in ¢¢ results in a reduction of about 0.461%.
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8. Discussion

HBV and HCV primarily infect hepatocytes and can lead to severe liver complications, such as
cirrhosis and hepatocellular carcinoma. Numerous studies have reported HBV/HCV coinfection in
clinical settings. To enhance treatment approaches for such coinfections, mathematical models have
been developed to better understand the interactions among HBV, HCV, and the host immune response.
These models provide a framework for investigating disease progression and evaluating potential
therapeutic strategies. In this study, we propose a coinfection model to investigate the within-host
dynamics of HBV and HCV, incorporating both virus-to-cell and cell-to-cell transmission pathways,
as well as virus-specific humoral responses. We analyzed the fundamental qualitative properties of
the model and identified eight possible equilibria whose existence and stability are characterized by
threshold parameters. The main findings can be summarized as follows:

The disease-free equilibrium =, always exists for all parameter values. It is GAS once Rf < 1
and ‘Rg < 1. Under these conditions, both HBV and HCV are eliminated from the modeled host
population. Thus, parameter regimes satisfying these threshold conditions are associated with
viral clearance in the model.

The HBV monoinfection equilibrium point without a positive antibody response =, exists when
RE > 1. Itis GAS if Rf > 1, RS/RE < 1 and R¥ < 1. Under these conditions, HBV persists
whereas HCV is eliminated, without a positive HBV-specific antibody response. The relative
values of the reproduction thresholds indicate that, within the model, the persistence of HBV can
lead to the exclusion of HCV under these parameter conditions.

The HCV monoinfection equilibrium point without a positive antibody response =, exists when
RS > 1. Itis GAS if RS > 1, RE/RS < 1, and RS < 1. Under these conditions, HCV persists
whereas HBV is eliminated, without a positive HCV-specific antibody response. Similarly, the
threshold conditions indicate that the persistence of HCV can lead to exclusion of HBV under
these parameter conditions.

The HBV monoinfection equilibrium point with a positive HBV-specific antibody response, =3
exists when R¥ > 1. It is GAS if R¥ > 1 and RZ < 1. Under these conditions, HBV persists
together with a positive modeled HBV-specific humoral response, while HCV is eliminated.

The HCV monoinfection equilibrium point with a positive HCV-specific antibody response, 24
exists when RE > 1. It is GAS if R > 1 and RS < 1. Under these conditions, HCV persists
together with a positive modeled HCV-specific humoral response, while HBV is eliminated. The
HCV-specific antibody compartment should be interpreted as an aggregate humoral response
rather than as evidence of complete protective immunity.

The HBV/HCV coexistence equilibrium with a positive HBV-specific antibody response and no
positive HCV-specific antibody response, Zs exists when R% > 1, RE > 1, and RE/RS > 1.1t
is GAS under the condition that R% > 1, RS > 1, RE/R > 1, and RS < 1. Thus, both viruses
persist, with a positive modeled HB V-specific humoral response.

The HBV/HCV coexistence equilibrium with a positive HCV-specific antibody response and no
positive HBV-specific antibody response, Z¢ exists if RS > 1, RS > 1 and R§/RE > 1. Itis
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GAS under the condition that RS > 1, f&g > 1, R§/RE > 1 and RY < 1. Thus, both viruses
persist, with a positive modeled HCV-specific humoral response.

e The HBV/HCV coexistence equilibrium with positive HBV- and HCV-specific antibody
responses, =7, exists and is GAS when RY > 1 and R{ > 1. This equilibrium represents
persistent coinfection in the presence of positive modeled humoral responses against both viruses.

From a biological perspective, the threshold quantities describe different aspects of viral invasion,
persistence, competition, and modeled humoral responses. The basic reproduction numbers R and
RS determine whether HBV or HCV can invade a virus-free hepatocyte population. The thresholds
R%and R characterize the persistence of the corresponding virus in the presence of the competing
infection, whereas %g and ‘Rg are associated with the emergence of coexistence states. The thresholds
R?%and RS determine whether a positive modeled virus-specific humoral response can be maintained.
Accordingly, the different equilibria distinguish between competitive exclusion, in which one virus
persists while the other is eliminated, and coexistence, in which both viruses persist under the
corresponding threshold conditions. These interpretations are specific to the mechanisms included in
the present within-host model and should not be regarded as direct evidence of biological suppression
of one virus by the other.

The inclusion of both virus-to-cell and cell-to-cell transmission provides an additional mechanistic
feature of the model. These pathways offer alternative routes for maintaining infection and therefore
can influence the persistence conditions and the treatment effort required for viral clearance. In contrast
to models that consider only virus-to-cell transmission or single-virus dynamics, the present framework
allows HBV and HCV to compete for uninfected hepatocytes while simultaneously accounting for two
transmission pathways and virus-specific modeled humoral responses. This provides a qualitative
framework for examining how transmission mechanisms and viral competition may jointly shape
HBV/HCYV coinfection dynamics.

We also investigated the HBV/HCV coinfection model under antiviral treatment by incorporating
four control functions: 7, to inhibit HBV infection through virus-to-cell transmission, 7, to inhibit
HBYV infection through cell-to-cell transmission, 73 to inhibit HCV infection through virus-to-cell
transmission, and 7, to inhibit HCV infection through cell-to-cell transmission. First, we investigated
the effect of cell-to-cell transmission on HBV/HCV coinfection dynamics. The results indicate
that neglecting cell-to-cell transmission may underestimate the treatment effort required to achieve
viral clearance. Thus, incorporating both transmission pathways provides a more comprehensive
representation of within-host HBV/HCV dynamics than models considering only virus-to-cell
transmission. We then formulated an optimal control problem to determine treatment strategies that
increase the population of uninfected hepatocytes while accounting for treatment costs.

An important limitation of the present model is the assumption that HBV- and HCV-infected
hepatocytes are mutually exclusive. This assumption provides a mathematically tractable framework
for studying the interaction between the two viruses through their competition for uninfected
hepatocytes. However, experimental studies have shown that HBV and HCV can coexist within the
same hepatocyte and that HCV replication may suppress HBV replication [55, 56]. Thus, the present
model should be viewed as an effective approximation of viral competition and interference rather than
a complete representation of cellular coinfection. Future work could incorporate a doubly infected
hepatocyte compartment and explicit intracellular HBV-HCV interactions to provide a more detailed
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description of coinfection dynamics.

Another limitation concerns the availability of experimental or clinical data for HBV/HCV
coinfection. The values of the cell-to-cell transmission coeflicients a g, @, relative to the corresponding
virus-to-cell transmission coefficients Sg, B¢, were selected for illustrative numerical investigations
of different transmission regimes. Therefore, the parameter sets used in Scenarios 1-8 should be
interpreted as illustrative rather than patient-specific or predictive. Future studies incorporating
experimental measurements or patient viral-load data could provide parameter estimates and enable
model calibration and validation, thereby improving the predictive capability of the model.

Several additional limitations of the present model should also be acknowledged. First, the
model does not explicitly incorporate intracellular HBV dynamics, such as intracellular delays or
the covalently closed circular DNA (cccDNA) compartment, which plays an important role in HBV
persistence. Second, the antiviral treatment terms are assumed to affect viral transmission only
and do not explicitly account for treatment effects on viral production or the death rate of infected
hepatocytes. Third, infection is described using bilinear mass-action incidence, which may not fully
capture saturation effects at high viral or infected cell densities. Fourth, the recruitment of uninfected
hepatocytes is assumed to be constant, and therefore possible feedback mechanisms associated with
liver regeneration are not represented. Fifth, the model does not include CTL-mediated killing of
infected hepatocytes, although cellular immune responses play an important role in the control of
HBYV and HCV infections. Finally, the optimal control formulation is deterministic and open-loop and
does not explicitly incorporate treatment adherence, pharmacokinetic/pharmacodynamic constraints,
or other clinically relevant treatment limitations. Addressing these biological and clinical factors
in future extensions could provide a more comprehensive representation of HBV/HCV coinfection
dynamics and treatment.

9. Conclusions

Mathematical models provide useful frameworks for investigating the complex dynamics of
infectious diseases and evaluating potential intervention strategies. In this paper, we developed
an optimal control model for HBV/HCV coinfection that incorporates humoral immunity and
cell-to-cell transmission. The model consists of seven differential equations describing the interactions
among uninfected hepatocytes, HBV-infected cells, HCV-infected cells, free HBV particles, free
HCV particles, HBV-specific antibodies, and HCV-specific antibodies. We first established the
non-negativity and boundedness of the model solutions. Subsequently, we identified the equilibria
and established their existence conditions in terms of ten threshold parameters. The global asymptotic
stability of the equilibria was established by constructing suitable Lyapunov functions and applying
the Lyapunov-LaSalle invariance principle.

We also investigated the role of cell-to-cell transmission and demonstrated that this transmission
mechanism can substantially influence the infection dynamics and the conditions for infection
persistence. Numerical simulations were performed to illustrate the theoretical results, and the
numerical observations were consistent with the analytical stability results. Sensitivity analysis was
further conducted to examine the effects of model parameters on the basic reproduction numbers, R
and R§.

Finally, an optimal control problem was formulated to determine four time-dependent control
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functions aimed at increasing the population of uninfected hepatocytes while reducing viral
transmission and accounting for treatment costs. The four controls represent the effectiveness of
therapeutic interventions in reducing HBV and HCV transmission through the virus-to-cell and
cell-to-cell pathways. The resulting optimality system was solved numerically using the fourth-order
Runge-Kutta method. The numerical results demonstrate that the proposed control strategy can reduce
viral infection and increase the population of uninfected hepatocytes under the considered parameter
scenarios. Overall, the model provides a mathematical framework for examining the combined effects
of cell-to-cell transmission, humoral immunity, and therapeutic intervention in HBV/HCV coinfection.
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A. Basic reproduction numbers

The basic reproduction numbers for HBV monoinfection, HCV monoinfection, and HBV/HCV
co-infection are derived using the next-generation matrix approach of [86].

A.1. The basic reprodution number for HBV monoinfection
The HBV monoinfection model is given by:
H=¢—0H-BgHV® —azHY?,
Y8 = BgHV® + ayHY? — 5575,
VB = 0Y8 — ¢ppVP — ypABVE,

AB = ppABVE — 15A5. (A.1)
The infection-free equilibrium of system (A.1) is given is Zy = (H,,0,0,0), where Hy = ¢/o.
Define
Fr = ,BBHVB+aBHYB Ve = 6BYB
B 0 C BT —05YE + g VB 4 yAPVE

Linearization of the system around the infection-free equilibrium produces the Jacobian matrices

7_~B:[QBHO IBBHO]’ (VB:[ op O ]

0 0 -0 ¢p
The basic reprodution number for HBV monoinfection is given by:
1\ _ Ho (Bs0s + apds)
RE =p(FeV35') = :
0 P( BVp ) 555

A.2. The basic reprodution number for HCV monoinfection
The HCV monoinfection model is given by:
H=¢—0H-BcHVC —acHYC,
Y€ = BcHVE + acHYC = 6.Y°€,
VE = 6cYC — ¢pcVE —ycACVE,
A€ = pcASVE — AcAC. (A.2)

The infection-free equilibrium of system (A.2) is given is &y = (H,, 0,0, 0), where Hy = ¢/o. Let
us define
. [ BcHVE + acHYC ] Voo [ 5cY€ ]
<" 0 © T —OcYC + peVE + yACVE
Linearization of the system around the infection-free equilibrium produces the Jacobian matrices

acHy BcHy V. = oc O
0 0 |” "7 -6 ¢c |

The basic reprodution number for HCV monoinfection is given by:

H + Bc6
;Roc _ p(TC(Vél) _ Ho (Olcgﬁcc(pc Bc c).

Tc=[
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A.3. The basic reprodution number for HBV/HCV coinfection

Similarly, the basic reproduction number for the HBV/HCV co-infection model (2.1) can be
obtained as the spectral radius of the next-generation matrix, namely p (%(Vg : ), where

agHy 0 pBgHy O 66 0 0 O

_ 0 a’cH() 0 ,BcHo _ 0 5(; 0 0
Fosl o 0 0o o "™V _5 0 4 0
o 0 0 0 0 -6c 0 ¢c

The basic reproduction number for the HBV/HCV co-infection model is given by:

Hy (apdp + BpOp) Ho(acdc + Bcbc)
OpPp ’ dchc

%o:p(%(val):max{ }:max{‘Rg,‘Rg}.

B. Non-negativity and boundedness of the solutions of system (6.1)

We investigate the fundamental properties of system (6.1). In particular, we establish the
non-negativity and boundedness of its solutions.

Lemma 4. The solutions of system (6.1) are non-negative and bounded.

Proof. We have that

H |=0)= ¢ > 0,

Y2 |woo.ms0ves0meoan= (1 — 71 () BgHV® > 0,
Y€ |yezomsovesomeoin= (1 =173 ) BcHVE > 0,
V| wezoyes0= 05Y" > 0,

VE |we=oyeso= 0cYC >0,

AP | ap_0)= 0,

A€ ucz)= 0.

This ensures that (H(t),YB 0),YC @), VE@®),VE@®),AB (1), AC (l)) € Rl, for all r > 0 when

(H (0), Y% (0), Y€ (0), VE(0), VE (0), A% (0), A€ (0)) € R
Let us define

@=H+YB+YC+6—BVB+6_CVC+ 6BYBAB+ ocyc

AC
20p 20c 20ppp 20cpc

Then
@ — ¢ —oH — 5_BYB _ 6_CYC . 5B¢B VB _ 5C¢C Vc _ 5373/13143 _ 5C7C/1CAC,
2 2 293 20c 293p3 29cpc
19 0 0 0
<p—k|H+YE+YC 4 2By 0C o, OBYE 45, OCYC 4ol g @,

203 20c¢ 20pp5 20cpc
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where « = min{O', ‘523,% ¢B,¢C,/IB,/1C} Thus, 0 < O@) < %if ®0) < ¢ for t+ > 0. Since

H,YB Y€, VB V€, AB and A€ are all non-negative, then 0 < H (1), Y2 (£),Y¢ (r) < ¢ ,0<VEB(p) < 2693’?,
0< Ve < 3L, 0< AP < 32220 < A (1) < FLLif H(0) + Y7 (0) + Y€ ) + VB (0) +

269Cc Ve (0) + 2‘5:23 AB ) + 2‘59”: A€ (0) s f. This estabhshes that the solutions remain bounded. O
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