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Abstract: This paper investigates the existence and uniqueness of mild solutions for a class
of fractional Langevin equations subject to multi-point closed boundary conditions. By applying
Krasnosel’skii fixed point theorem and the Banach contraction mapping principle, we establish
sufficient conditions which ensure existence and uniqueness. Furthermore, we analyze the Ulam-Hyers
stability and Ulam-Hyers-Rassias stability of the solutions within this framework. Illustrative examples
are provided to demonstrate the applicability of the main results and to verify the stated hypotheses.
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1. Introduction

Fractional differential equations (FDEs), owing to their capability to capture memory effects and
nonlocal characteristics of dynamical systems, have emerged as powerful tools to model complex
processes. Compared with classical integer-order models, fractional formulations exhibit greater
flexibility and accuracy, and have found wide applications in engineering and applied mathematics,
including the control theory, mechanical engineering, material science, behavioral science, heat
conduction, and signal processing [1-6]. Consequently, the study of FDEs is not only of significant
theoretical importance but also provides effective approaches to address practical problems.

As a fundamental stochastic dynamical model, the Langevin equation plays a crucial role in
bridging deterministic mechanics with random perturbations. Recent studies have further underscored
its theoretical significance in the analysis of complex systems and network dynamics. For instance,
references [7,8] demonstrated how the Langevin framework characterizes the collective behaviors of
fractional oscillators in random networks, capturing memory effects as well as the coupling between
dissipation and stochastic fluctuations. Beyond theoretical exploration, the concepts derived from the
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Langevin equation have also been translated into practical applications in mechanical engineering
fault diagnoses. Works such as references [9,10] revealed that generalized stochastic resonance
mechanisms, rooted in Langevin dynamics, can be effectively integrated with modern machine
learning approaches to achieve weak signal enhancement and intelligent diagnoses under complex
operating conditions. Overall, research on the Langevin equation not only advances the fundamental
understanding of stochastic dynamical systems but also provides solid theoretical support and
methodological innovation for engineering practice.

Fractional Langevin equations (FLEs), through the incorporation of nonlocal fractional derivatives,
provide an effective framework for characterizing memory effects and long-range dependence in
complex materials and media. Such a formulation plays a significant role in the dynamical analysis of
viscoelastic structures, fractal media, and heterogeneous environments [11]. Studies have shown that
Langevin models driven by fractional Brownian motion may exhibit spurious non-ergodicity and
aging phenomena under far from equilibrium conditions. These findings revealed the intrinsic
dynamical features of complex systems and challenged conventional assumptions of ergodicity [12].
Within this context, the systematic exploration of the existence and qualitative properties of solutions
to FLEs with initial or boundary conditions is of fundamental importance. Such research establishes
solid mathematical foundations for the analysis of complex dynamical phenomena and promotes the
further development of FDEs in modeling non-equilibrium processes. Recent contributions have
explored the qualitative properties of the (initial) boundary value problems (BVPs) associated with
FLEs, and related results continue to emerge. These include investigations on initial value problem
(IVP) [13], two-point BVP [14], BVPs for coupled systems [15-17], multipoint BVPs [18, 19], as
well as integral BVPs [20-23]. For example, El-Sayed et al. [13] considered the following IVP of the
nonlinear delayed FLE:

PP(D" + Dx(1) = f(t, x(¢(1), t€(0,T),
x(0) = xo,

where B,y € (0, 1), 2P and 2" denote the fractal fractional derivatives, 4 > 0 is a parameter, and ¢
represents the delay function. By applying the Schauder fixed point theorem (FPT) together with the
Banach contraction mapping principle (BCMP), the authors established the existence and uniqueness
of solutions, analyzed the continuous dependence of solutions with respect to the initial data and
parameters, and further verified the Ulam-Hyers (U-H) stability of the problem.

In [17], Almaghamsi et al. investigated a nonlinear coupled Langevin system under the Riemann-
Stieltjes integral boundary conditions. The system was expressed in the following form:

H ot ( B 1 2)xi(1) = filt, x1(0), x2(8),  1€0, 1), i = 1,2,
1
x(0)=0, x(1)= f x;(5)d(s),
0

where i,j = 1,2 with i # j, and 799 HGhioi¥ stand for the y-Hilfer fractional derivatives of
orders 0 < «;,3; < 1 and types 0 < 9;,0; < 1, respectively, with the constants A; € R. Applying the
Schauder FPT, the Leray-Schauder nonlinear alternative, as well as the BCMP, the authors established
the existence and uniqueness of solutions.

Closed boundary conditions (CBCs) hold an important position in the study of FDEs and related

physical modeling. Such conditions are not only indispensable in fluid problems but also are widely
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applied in gravitational effect modeling, radiation transfer under diffusion approximation, elastic
wavefield analyses on closed free surfaces, and radiation heat transfer simulations [24]. In recent
years, scholars have actively carried out qualitative analyses of FDEs with CBCs [24-28] and their
nonlocal forms [29-32]. For example, Ahmad et al. [24] introduced a nonlocal variant of CBCs and
investigated the following fractional integro-differential equation together with mixed nonlinearities:

CDe_p() + AI7_IJ x1(t, (1) = xa2t, $(1), 1 € (0,T), T >0,
¢(T) = 01¢(&) + 02T (&), TY'(T) = 6:19(§) + 6:T¢' (&), £ € (0,T),

where €24 denotes the right Caputo fractional derivative (CFD) of order a € (1, 2], the operators ff_
and .7 refer to the right and left Riemann-Liouville fractional integral operators of orders 3,y > 0,
respectively, with the functions yi,x, € C([0,7T] X R,R) and A,04,03,0;,0, € R. By employing
Krasnosel’skii FPT, the Leray-Schauder nonlinear alternative, and the BCMP, the authors established
existence and uniqueness results for the solutions of this problem.

More recently, Ahmad et al. [33] considered the nonlinear Caputo-type coupled fractional
differential system with a new class of coupled multi-point CBCs, namely

“DLd1(t) = x1 (1, 1(0), $a(1)), 1€(0,T), T >0,
DL (1) = xo(t, 41 (1), p2(1)), 1€ (0,T),

$1(T) = §<a,~¢z<§,-> + BT, TH,(T) = i(yi@(&-) + 5 THED),
$a(T) = fl (itr(E) + viTd (), TT) = fl (i1 (E) + 0T, (E)),

where 1 < g1, g < 2, C.@(’)‘+ denotes the CFD operator of order « € {q1, g2}, @i, Bi, Vi, 0, Wis Vis Pi» Wi € R,
&Ee€0,7),i=1,2,--- ,m, x1,x2 € C([0, T] X R2,R). The authors employed the Leray-Schauder FPT
together with the BCMP to establish the existence and uniqueness of solutions.
Motivated by previous studies, this paper investigates FLEs with multi-point CBCs and establishes
existence and stability results. More precisely, we focus on the following BVP:
CPE(CPe + Dx(0) = f(t,x(1), t€(0,T),

m

x(T) = Z:l (ai-x(é‘:i) + TbiC@(()l;_x(é‘:i))’ (1.1)
T2 x(T) = ; (cix(&) + TdC D, x(&)),

where 1 >0, 0 <@, < 1,with 1 <a+8< 2,9, and C.@éi are CFD operators, f € C([0, T]xR,R),

a;, b, ci,dieR, & €(0,T),i=1,2,--- ,m, with A = g1,8, — €128, # 0, where

1
T T+ 1)

€11

-T + Zm: (a; — ATh)E |+ T Zn: bi,
i=1 i=1

En = -1+ Z (Cli - /lTbl), Eyn = AT + Z (C,‘ - /1Td,),
i=1 i=1

ATt 1 m N m
. T Z (ci— ATd)E + T Z d..
i=1 i=1

= -T+
T(a+ 1) T(a+ 1)
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It should be emphasized that the multi-point CBCs studied in this work can be physically
interpreted as multi-location constraints in complex media or layered structures, where the parameters
may correspond to measurements or control conditions at different points. At the same time, they
possess independent mathematical significance as a nonlocal constraint, providing a unified and
flexible framework to analyze the existence, uniqueness, and stability of FLEs. The principal
innovations and contributions of the present study are outlined below:

e Generality of the model: we investigate FLE subject to multi-point CBCs, which represent a more
general and complex class of nonlocal BVPs.

e Analytical challenges: since Langevin equations are multi-term differential equations and the
multi-point CBCs are inherently nonlocal, the analysis of such problems becomes considerably
more difficult.

e Methodology and results: by utilizing Krasnosel’skii FPT and the BCMP, we establish the
existence and uniqueness of mild solutions and analyze the U-H stability and
Ulam-Hyers-Rassias (U-H-R) stability of the mild solutions.

e Extension of previous results: if the parameters in the multi-point CBCs take special values (e.g.,
m = 1), then the boundary conditions (BCs) of the BVP (1.1) reduce to

1
HT)= Y (@x(E)+ThE T, x(EN=arx(EN+Th “ Tg, x(&)),
i=1

1
T4, x(T)= ) (cix(&) + Td T, x(E))=c1x(EN+Td T, (&),
i=1

which corresponds to the BCs studied in [32]. Moreover, the multi-point CBCs considered in
this paper involve the fractional derivative %, which are more general than the BCs discussed
in [24, 33]. Furthermore, let m = 1. To consider the limiting case & — 0%, we interpret the
endpoint fractional derivative, whenever the corresponding right trace exists, as follows:

P x(0%) := lim g x(0).

Additionally, assume that the limiting boundary system remains nondegenerate, that is,

Ao # 0,
where
Ao = ‘9(1)1832 - 8(1)2821,
with
8(])1 = —m + Tb], 8(1)2 = —1 + al - /?.Tb],
/lTa+l
8(2)1 = m -T+Td,, 8g2 = AT + ¢y — ATd,.

Then, for & — 0F, the BCs of the BVP (1.1) reduce to the following:

1
x(T)= f}i_f{)‘+;(aix(§i)+TbiC 0. X(é))=a,x(0) + Th,“ Zg, x(0"),
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1
TCT5X(T)= Jim ) (cixé) + TdE T x(EN=erx(O)+Td “Zg x(0).
=

Hence, provided that the right trace exists and Ay # 0, the above endpoint-type CBCs are
recovered as a limiting special case of the multi-point CBCs considered in this paper, which
correspond to the BCs studied in [25-28]. Therefore, under the above trace and nondegeneracy
assumptions, the proposed multi-point CBCs include these endpoint-type conditions as limiting
special cases.

The remaining sections of this paper are organized as follows: Section 2 recalls the fundamental
definitions and properties of fractional calculus and introduces the theoretical tools required in this
study, namely Krasnosel’skii FPT and the BCMP; Section 3 establishes the existence and uniqueness
of mild solutions to the BVP (1.1) by applying the two FPTs presented in Section 2; Section 4 is
devoted to the analysis of U-H stability and U-H-R stability of the mild solutions; Section 5 presents
two concrete examples to indicate and validate the main results obtained in this work; and finally,
Section 6 provides a conclusion together with some perspectives for future research.

2. Preliminaries

This section reviews the basic definitions as well as the key properties of fractional calculus, along
with Krasnosel’skii FPT and the BCMP.

Definition 2.1. ([34]) For a function ¢ : [0, +c0)—R, the Riemann-Liouville fractional integral of
order ¢ (¢t > 0) is defined as follows:

1

IadO=55

!
f (t—5)"'9(s)ds, t>0,
0

where the expression on the right is pointwise well-defined on (0, +c0).

Definition 2.2. ([34]) For #(¢) € AC"[0, +0), the CFD of order ¢ (¢ > 0) is defined by the following:

1

C oyt _
Z6,.9(0) = (-0

!
f (t—5)"" 9V (s)ds, t>0,
0
where 1 = [¢]. In particular, 7 9(r) = 9™(1), t=n e N.

Lemma 2.1. ([34]) Let ¢ > 0 and n = [¢]. If 9(r) € AC"[0, T'], then

n—1
L Cop 9%9(0)
YR ROELOEDY) ot 0<i<T.
k=0
Lemma 2.2. ([34]) Let ¢,0 > 0; and J(¢) € C[0, T]; then,
L L L — F(Q) t+o—
(ﬂo_'_jog_'_ﬂ)(t) = (ﬂoigﬁ)(t), j0+l'g ! = mt e 1,
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Copt -1 _ F(Q) ——1
D 1° _—F(Q—L)tg , 0>,

and
“Ptr=0k=0,1,--,[(]-1.

In particular, Z; 1 = 0.

For the sake of completeness, we now recall two fundamental FPTs that will be frequently used in
the subsequent analysis: the Krasnosel’skii FPT and the BCMP.
Theorem 2.1. ([35]) Let y denote a Banach space, and let 2 be a nonempty, bounded, convex, and
closed subset. Let T and = be two operators defined on € that satisfy the following three properties:

(a) Tx+Eye Q,forall x,y € Q;
(b) Y is a completely continuous operator; and
(c) Eis a contraction mapping.

Then, there exists an element 8 € Q verifying 8 = TN + EN.

Theorem 2.2. ([35]) Let y be a Banach space and Q C y be a nonempty closed set, and let J : Q C
x — Q be a contraction, meaning that for a fixed 7 € [0, 1),

I3x = 3ylly < 7llx = yll,, Y x,yeQ.

Then, J possesses a unique fixed point in the set Q.
3. Main results

In the present section, we prove the existence and uniqueness of mild solutions to the BVP (1.1) via
Theorems 2.1 and 2.2, respectively. We begin by introducing the Banach space y = C[0, T'], equipped

with the norm
[lxllec = max |x(z)].
1€[0,T]

Lemma 3.1. Let f € C([0, T] X R,R). Consider the FLE
P D+ Dx(1) = f(t,x(1)), t€(0,T), (3.1)

subject to the multi-point closed BCs
x(T) = Zm: (@;x(&) + biT  Zg, x(&)), (3.2)
i=1
T D5, x(T) = Zm: (cix(&) + diT Dy, x(&)).
i=1
If a function x satisfies the BVP (3.1) and (3.2), then x satisfies the following integral equation:

1
x() =— X len [Ra(f(@, x(1)) + Ba(x(1))]
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—&1 [R1(f(t, x(2))) + T 1 (x(2))]}

@ 1
- ﬁx fem [R1 (6, 2(0) + 51 (x(D)] (3.3)
e [Ralf(t, 2(0) + Fo(x(D)])

= AIgx(t) + Iy P f(t, x(8)),

where A = 116 — €126 # 0,

Ri(f(t, x(0) = =I5, ft, x(0)]=1 + i} (a; = ATh).I5,” f(t, x(t)] =
+T Zm; bi Iy, f(t, X(1))li=,

Rao(f (1, x(1))) = AT I3 f(t, x(0)l=r + i} (c; = ATdy).Z5, " £t X)),
~T I ft.x(O))=r + T il &I f(t, X(O)l=¢.»

31(x(2)) = AI5 x(Oli=r — /12 (a; — AT b)) I3, x()|i=¢;»

B,(x(t)) = =T I5, x())i=1 — Z (¢; = ATd;) IG5, X(D)i=¢;-

i=1
Proof. Applying the operator foﬁ to Eq (3.1), we deduce via Lemma 2.1 that
CPgx(t) + Ax(1) + Ty = IL. f(t, X(D)). (3.4)

By acting the operator .#; on each side of Eq (3.4) and invoking Lemmas 2.1 and 2.2, we arrive at

x(f) = =& — AILx(t) - r(a—+1)50 + I f (1, x(1)). (3.5)

From Egs (3.4) and (3.5), it is clear that

1
i

X&) = =81 = AIEX(Olimg, — oo + TP L, X(0) e

+ T(a+1) 5
~ ¢~ a+
)C(T) =—C — /Lﬁoa x(t)lt:T - F(Z_,_])CO + f0+ f(t’ X(t))lt:T,

+

CPe x(&) = —AX(E) = o+ Ihf(t, x())li=z;»
€Yo X(T) = —AX(T) = &y + FL_f(t, x())li=r-

(3.6)

Substituting Eq (3.6) into Eq (3.2) results in a system of linear equations involving the unknown
coefficients ¢, and ¢,

{ enco + et = Ri(f (¢, x(1))) + I1(x(0)), (3.7)

£21Co + enti = Ro(f(t, x(2))) + To(x(2)).
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By solving the system of above equations, we derive the following:

1
Go=—+ {e22 [R1(F (1, x(0))+T1(x(1)] —£12 [Ra(f (1, x(0)+T2(x(D)]}

1
&= {en [Ra(f (1, x(0))+T2(x(D)] —£21 [R1(f (1, x(0)+T 1 (x()]} -
A

Substituting ¢, and ¢, into Eq (3.5) directly results in Eq (3.3). Thus, the lemma is proven.
Definition 3.1. A function x(¢) € y is called a mild solution of the BVP (3.1) and (3.2) if x(7) satisfies
the integral Eq (3.3) for every ¢ € [0, T].

Based on the integral Eq (3.3), we introduce the operator J : y — y defined as follows:

1
J(x(®) = {en [Ra(f (1, x()) + Ba(x(0)]

A
= &1 [Ri(f (@, x(0))) + T (x(0)]}

“ 1
- ﬁx {en [R1(f(t, x(1)) + T1(x(1))]

— e [Ra(f (1, x(1)) + To(x()]}
— AIEx(t) + IgP £ (1, x(D)).

It is evident that establishing the existence of a mild solution to the BVP (1.1) is equivalent to
showing that the operator J admits a fixed point.
Theorem 3.1. Suppose that A # 0, together with the following hypotheses:

(C1) feC(0,T] XR,R).
(C,) There exist functions p(1), g(¢) € C([0, T],R™) such that

|, ()] < p(®) + qOIx(D)], (7, x) € [0, T] xR,

q = Ir[l(?])g] g, p = H[lél%(] |p(¢t)]. Then, the BVP (1.1) admits at least one mild solution on [0, T],
t€[O0, tel0,

provided that
T+6q <1, (3.8)

where

1 S T < T
P S— P Y bl ———
! l"(a/+,8+1);|a d +F(ﬁ+1);| e D

1 - T o
A= —— N e — ATd)E* + 4|
2 F(a+ﬁ+1);|C £ F(ﬁ+1);| &

/lTa+'B+1 Tﬁ+1
+ + ,
Te+B8+1) T@+1)

A m
i~ /lTb, Y+
T+ 1) ; la g

@

Ta+1)

A3:
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1 m 2a+1
Ay = i — ATd|EY + ,
4 r(a+1);|C I
! A A " A A -
= + S + T —
S IAI(|811| 2+HE2|AY) |A|F(a+1)(|622| 1+E121A2) CEYES)
1 T AT
= — As+|er |A) + ——— As+lepr|Ag)+ ————.
T IAI(|811| atle211A3) |A|F(a+1)(|822| 3+lenlAy) Fa+ D
Proof. Let £ > 0 be such that
e>—>P
l-7-¢q

Define a closed, bounded subset as follows:
Q. ={xey:|xllo <&}

In turn, the operators Y, = : Q. — y are defined as follows:

1 "
Tx(@0) =-+ [en1 Ra(f (1, x(1)) = £ R (f (&, x(O)] + I f (1, (1)

- o e R x(0) = e RaF O],

1
2(x(n) =-+ [£1132(x(1)) = £21F1(x()] = 155, x(1)

a

- ATaD) (281 (x(1)—€12T2(x(D)] .

To establish Theorem 3.1 by means of Theorem 2.1, the proof is decomposed into the following
three steps.
Step 1. It is shown that Tx + Zy € Q, for all x,y € Q.. In fact, given that x,y € Q,, we can derive
Xl < &, IVllo < &, as well as |f(¢, x(1))| < p + g&. Then,

1R, xO)] =

D (@i = ATb). 73 it (D)l
i=1

+T Y by, (b (O, = Tt 30 ir | < Ai(ge + p),
i=1

Ra(F (6, D] = | Y (ci = ATd) I3 (b, X(Olimg, + T D i, fl8 (1)),
i=1 i=1

+ AT It x(O)ier — TILf(t, x(D)li=r| < As(ge + ),

1940 :‘ = A3 (@ = ATh). g x(Olmg, + AT x| < Ase,
i=1

B2 =| = Y (6 = AT I A D, = LT IOl < Ase
i=1

Networks and Heterogeneous Media Volume 21, Issue 6, 2084-2107.



2093

Furthermore, for any 7 € [0, T'], we have the following:

1
ICx(®)] = ‘ N [e11 Ra(f (1, x(1))) — 21 R1(f (2, x(1)))]

- m [22R1(f(1, (1)) — €12 Ra(f (1, x(1)))]
R 59
1 @
< m(lglllAz + lex|Ay) + mqé‘zzlAI + |e12|A,)
Trx+,8
T pen|
1
|Ey(t)| = ‘ - X [81132()7([)) - 82181()7([))]
" ATa 7 D e S0 ~ £03200)] - 1750
1 To
< [m(|811|A4+|821|A3) +m(|822|A3+|812|A4) (310)
AT®
Te+|”

Combining Eq (3.9) with Eq (3.10), one can obtain the following:
ITx(r) + Ey(@)]

1 T¢
< | —(le111Aa+Ea [A )+ —————(l&xlAs +Hler]A
_[|A|(|811| 2+E21]AY) |A|1ﬂ(a/_'_l)(|8zz| 1+HlenlAs)

Ta+,B 1 A A
I — +

TatfeD) |A|(|<911| atlea|Asz)

T AT

+ ———(lenlAs+HEn|Ay) +———

|A|F(a/+1)(|822| 3+e121A4) TatD)

=¢(ge + p) + 7&.

(ge+p) +

&

Therefore,
ITx + Eyllo < s(p +ge) + 1€ < &,

that is, Tx + ZEy € Q,, for any x,y € Q..

Step 2. We assert that Y is a completely continuous operator on .. To this end, let the sequence
{x,(t)} C Q, satisfy ||x, — x|l — 0,n — oco. By this joint continuity of f(¢, x(¢)) on the compact strip
[0, T] X [—&, €], it follows that f(-, x,(-)) = f(-, x(-)),n — co. Since f(z, x(7)) satisfies condition (C»),
then |f (¢, x,(1))| < p + ge. Define the following:

8’(5) = (p + qg)(t - S)K’ (t$ S) € [07 T] X [09 t], (K =a +ﬁ - 1’ﬁ - 1)

Then, F(s) is integrable on [0, ¢]. Hence, by the Lebesgue dominated convergence theorem, we
obtain the following:

1
lim Y5, (1) = —— lim [ Ra(f(t5,(0)) = 821K (FE % (0)]

Networks and Heterogeneous Media Volume 21, Issue 6, 2084-2107.
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m m [e2R 1 (f(t, x,(1))) — e Ra(f (1, x,(1)))]

+ lim A £ (1, x,(1)
1
= 7A lim [e11 R (f (2, x(1)) — &1 R1(f (2, x(1)))]
m hm [£22R 1 (f(2, x(2)) — €12 R2(f (1, x(1)))]
+ lim I £(1, x(1)
= T(x(1)).

Therefore, the operator Y is continuous on €,. On the other hand, it follows from Step 1 that T is
uniformly bounded on Q, for all x(r) € Q. and t € [0, T]. By the Arzela-Ascoli theorem, to establish
that Y is compact on €., one must further verify that T is equicontinuous on .. In fact, for any

x(t) € Q. and t1, 1, € [0, T], without loss of generality, suppose that 0 < #; < 1, < T’; then,

1Tx(22) = Lx(t))

1
== A [en Ra(f(t, x(1))) — e21 R (f (2, x(1)))]

AF( +1)
+ fowﬁf(l x(1)) |t ) 811%2(]00 x(1) = enRa(f @ X))

CZ

[822%1(f(f x(1))) — e Ra(f(t, x(2)))]

[e2 R (f (2, x(D)—£02 R (f (1, X(OD] =I5 (1, X(0)) |1=,

AH-H)
(ta _ zlx) | |A l |A ta+ﬁ t(z+,6’
- - + -
<A@+ 1)(822 1+ lenlAr) + Ta+B+D) (ge + p).

Given that % and *** are uniformly continuous on [0, T], it follows that
|'Tx(t;) — Tx(t))| = 0, ast — 1.

Therefore, Y is equicontinuous on €.

Step 3. We demonstrate that = is a contraction mapping on £,. In fact, given any x,y € €., we can

derive the following:

|2x(r) — Ey(@)]

102

1
= ‘—X [e11T2(x(1)) — £21 T 1 (x(2))] —m [£2231(x()—£12T2(x(1))]

1
— AIEHD + + [enT0(0) = o0 T1 0]

04

+—
Al(a + 1)

1 T¢ AT
—(lenlAsHenAs) +————(enlAsternlAs) + .
[|A|(|811| atlE21]Az) |A|F(cx+1)(|822| 3+|e121As) lﬂ(oﬁl)]”x )l

[£2231(0(0) — €2 32((0)] + 1.7, +}’(I)‘
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Consequently,
15x = Eylleo < 7llx = Yllo-

Hence, E is a contraction mapping. By virtue of Theorem 2.1, we deduce that the BVP (1.1)
possesses at least one mild solution on [0, T'].

Theorem 3.2. Assume that A # 0, and suppose the following conditions are satisfied:

(Cp) feC(0, T]XR,R).
(C3) There exists a constant L > 0, such that for all x,y e R and ¢ € [0, T],

lf (2, x) = f(#,y)] < Lix = yl.
If the inequality
T+¢L <1 (3.11)
holds, then the BVP (1.1) possesses a unique mild solution.

Proof. Let p > 0 and

Sw

> —_—
p= l-7-¢L’

where w = max [f(¢,0)|. Define the set
1€[0.T}

Q ={xey s <p},

where we can argue that 3Q, C Q,. For Vx € Q, and t € [0, T], by condition (C3), we obtain the
following:

£l < (2, x) = f(2,0)[ + £, 0)] < Llxleo + 0 < Lp + w.

Furthermore, we obtain the following:

13(x(0))|
1
= |- fen IR OV TN =221 [R1 (020 +3, )]
- m {e2 [R1(f(t, x(0)+T 1 (x(1))]

—s12 [Ra(f (1, X(O)+To(x()]} =I5, x(0)+75,7 f (2, x(0))

1
< —lenl [Ax(Lp + w)+Aup] +leal [A1(Lp + w)+Asp]}

|A]
T
+ m {|822| [Al(Lp+w)+A3p] +|812| [Az(Lp+a))+A4p]}
AT Ta/+ﬁ

T T Taagin PHe)
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< s(Lp+w) + 10 < p.

Consequently, 3, C €,. Now, we prove that J constitutes a contractive mapping on £2,. For
Vx,y € Q, it follows that

[32(1) — 3y(0)
1
= [ {en [Ro(FE )+ T2 (x()] = [R1(f(0, x(0)+ 31 (0]
t(I

CAl@+ 1) {en [R1(f (2, x(1)))+T1(x(1))]

—&12 [Ra(f (1, XON+To(x ()]} = AI5,x(1) + I3, £ (2, x(1))
1
+ — {en [Ra(f (@, y)+T2(0()] —&21 [R1(f (2, y(0))+T1(0(1))]}

A
t(l
A e RO+ 3100)]
—e1 [Ra(f (1, YO+ T2 (YD)} + AIL (1) — g £ (1, 3(2))
1

< Al [len [(AaLlly—leo+Adlly—xleo) +lE211(A1LIy—Xlloo+A3]ly—xXlle0)]

T AT@+ D) [l€22/(A1 Llly—xlloo+A3]ly—x]|co)

@ a+B

+ |e12| (A LI[y—Xl| o+ A4lly—X|oo) ]+ TarD =l + Ha+—MLIIy—xIIOO

= GL{[y=xlleo+7]ly—xl|co-
This implies that
13x(6) = Jy(Dlleo < (SL + T)|[y—=|co- (3.12)

On the basis of Eq (3.11), it can be inferred that J is a contraction operator. By using the BCMP,
one guarantees the uniqueness of the fixed point x € €, associated with the operator J. Consequently,
the BVP (1.1) exists for a unique mild solution on €,,.

4. Ulam stability analysis

This section is devoted to the investigation of the U-H and U-H-R stability of mild solutions to the
BVP (1.1). Throughout this section, we assume that A # 0. Let J : y — x be the operator defined in
Section 3, and let ¢(¢) : [0,7] — R*(R" = (0, +00)) be a non-decreasing function. For convenience,
we introduce the linear forcing operator B : y — y defined by the following:

1
(Bh)(®) = =—lenRa(h) = ex Ry ()] + TP h(t)

) m[%%l”’) —enRah)], hey. 1€[0.T],
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where R and ‘R, are the linear functions introduced in Lemma 3.1.

Definition 4.1. A function @ € y is called an e-perturbed mild solution of the BVP (1.1) if there exists
u € C([0,T],R) such that
llullo < &

and
w = Jw + Bu. 4.1

Definition 4.2. Let ¢ > 0, and let ¢(¢) : [0,7] — R* be non-decreasing continuous functions. A
function w € y is called an (g, p)-perturbed mild solution of the BVP (1.1) if there exists
v e C([0,T],R) such that

()] < ep(r), te€l0,T],

and
w = Jw + Bu. 4.2)

Definition 4.3. The BVP (1.1) is said to be U-H stable if there exists a constant ¢, > 0 such that, for
every € > 0 and every e-perturbed mild solution @ € y of the BVP (1.1), there exists a mild solution
z € y of the BVP (1.1) satisfying

Iz — @lle < cre.

Definition 4.4. Let ¢(r) : [0,T] — R*. The BVP (1.1) is said to be U-H-R stable with respect to ¢
if there exists a constant ¢y, > 0 such that, for every £ > 0 and every (&, ¢)-perturbed mild solution
w € y of the BVP (1.1), there exists a mild solution z € y of the BVP (1.1) satisfying

Iz — @llo < crpep(t), tel[0,T].

Next, we establish sufficient conditions for the U-H and U-H-R stability of the BVP (1.1).

Theorem 4.1. Suppose that (C;), (C3), and Eq (3.11) are satisfied. Let z € y be a mild solution of
the BVP (1.1), and let w € y be an e-perturbed mild solution of the BVP (1.1). Then, there exists a
constant ¢y > 0, such that for each & > 0,

lz - @lle < cye,

that is, the BVP (1.1) is U-H stable.

Proof. By Eq (4.1),
w=Jw+Bu, |ull-<e.

Since (Cy), (C3), and Equation (3.11) hold and z € y is a mild solution of BVP (1.1), it follows from
Theorem 3.2 that z is the unique mild solution of Problem (1.1), such that Jz = z. Then, by Eq (3.12),
we obtain

Iz — @llo = 113z = Jw — Bull < (6L + 7)llz — @lle + [|Butllo;
subsequently,
|| Butll

T—GLi0) 4.3)

”Z - w”oo S
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On the other hand, we have the following:

1Bul

< A|{|811| Z jci = ATd, |f0‘1+ﬂ|u<t>|]t:§i +T ) |di|%€|u<r)|]t:§i
i=1

+ AT I3 0| + 753, o) |

m

D la; = AT I3 lu(r)

i=1

+ |&ai]

e+ T Z (b7 Ju(o)

t=¢;

+ I (o)

N L ) a+p
T]} AT (@ +1){' 22'[2 la; = ATbi|-5,, |”(t)|'t=§i

i=1
]

e+ T ) 15, u(@)]
i=1

T Y A 0 e + 75 )
i=1

+len) [Z lc; = ATd .75 lu(r) &
i=1

AT I P mr + T-IE u()

=T

|} + 5 o)

| Ta Ta+,8
_ Ao+ A)+——— A+ I IR
|/\| (le11lAx+e211A1) AT + 1) (le22lA1+ler2|A2) F(a+,3+l)] ¢

=¢€.

It follows from Eq (4.3) that

ce
_ o S ———
==l < v

Let

S
T 1-GL+1)

Then, the BVP (1.1) is U-H stable. It has been demonstrated that Theorem 4.1 holds.

Theorem 4.2. Suppose that (Cy), (C3), and Eq (3.11) are satisfied. Let z € y be a mild solution of the
BVP (1.1), and let @ € y be an (g, ¢)-perturbed mild solution of the BVP (1.1), ¢ € C ([0, T],R"), and
there exists p, > 0 such that

IOt < pyp(), I3 0Dlir < pop(t), 1 € [0,T1. (4.4)
Then, there exists a constant ¢y, > 0 such that for each & > 0,
iz = @lleo < creep(n), 1€[0,T],

that is, the BVP (1.1) is U-H-R stable.
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Proof. By Eq (4.2),
w=Jw+ Bu, |v(t)| <ep(t), tel0,T].

Note that z € y is a mild solution of the BVP (1.1), and (C)), (C3), and Eq (3.11) are satisified; by
Theorem 3.2, we derive that z is a unique mild solution of the BVP (1.1) and Jz = z. This, combined
with Eq (3.12), it follows

lz — @l = I3z = Jw — Bulle < (6L + 7)l|z — @lle + [|BU|,

we can imply that

On the other hand, by using Eq (4.4), it can be obtained that

l|BUI oo

1 n ws m ,
Sm {|811| [Z |lci — /lei|f0++ |U(t)|‘t:§i +T ; ldil‘ﬂo+|v(t)|'z:§,-

i=1
y

+leal [Z ja; - ﬂTb,-|f0Tﬁ|v<r)|]t:g,. +T ) bl I3 (o)
i=1 i=1

S [P

+T Y A0 e + 73 000
i=1

+AT I (@)1 + T2 Ju(2)]

1=§;

+ 7Pl =2

D la=ATbil.75 (o)
i=1

t=T

+lenl [Z lci = ATd|Iy POz, + T Y 1T o0 =,
i=1 i=1

t=T

+AT I3 P lu(p)| =T

1 + T IV ()|

} + I (o)

1 m
atp
Sm {|811| [; lci — /’tTdiLfoJ:r lp(D)el t=¢;

e+ T ) ld1I0 |p()el
i=1

+AT I3 |p(1)el -1

=1 + T IL |p()él

+leal [Z la: = ATbAI el g, + T Y 175 el =,
i=1 i=1

m

D lai—aTbil.75 (el

i=1

+ I3 P lp(0)el

t=T 1=¢;

T(Z
NI
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+T ) bl (el
i=1

=t + T3P lp(t)el

|

+lenl [Z lc; = AT A I3 Plp(0)elliee, + T ) ldilI0, lp(D)e]
i=1 i=1

1=&;

=1 + TIV lp(Del|i=r =T

} + I3 Pl

+AT I3 P lp(Del
1 m m

< — |8 | |C,’ - /le,l +T |dz| + AT +T
{3 2

el [Z la; = AT + T ) byl + 1)
i=1 i=1
Ta, m m

le2] [Z la; = ATh{| + T ) Ibil + 1]
i=1 i=1

T AT@+ D

+le| [Z lci — ATd;| +T Z |di| + AT + T]

i=1 i=1

+ l}pwtp(t)e, te[0,T].
From Eq (4.5), we get the following:

Iz - @l

PR

I =(cL+7) {IAI

el [Z la; = AT + T ) byl + 1)
i=1 i=1

o] [Z la; = ATbi| + T ) Ibil + 1]

i=1 i=1

+enal [Z lci = AT + T > ldi + AT + T)

i=1 i=1

i=1

len] [Z lc; — AT d;| + TZ |di| + AT + T)
i=1

+ I
IAll'(a + 1)

+ l}p‘pgo(t)s, te[0,T].
Let

1 1 m m

== (=~ ATd| +T Y ||+ AT +T
Cle 1—(gL+T){|A| |811|[;|c | ;| | J
el (Z la; = ATb{| + T ) Ibil + 1]

i=1 i=1

T(l m m
|822|[ lai = ATbi| + T ) Ibil + 1)

i=1 i=1

+ -
IAIT(@ + 1)
el (Z e = ATdi| + T ) |dil + AT + T] + 1},%.

i=1 i=1
Thus, the BVP (1.1) is U-H-R stable. The theorem has been proven.
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S. Examples

Example 5.1. Letm = 3,7 = 1,a = ,,8— 10,/1— 0.1,a; = 0.111,a, = 0.132,a3 = 0.089,¢, =
4,62 2,63 = 4,b1 = 1,b2 = 1.2,b3 = 0 8 Cc1 = 0. 192,6‘2 = 0.169,C3 = 0213,d1 = 2,d2 = 18, and
d; = 2.2. Consider the following BVP:

C@gf(cggf +0.1)x(¢r) = f(t, x(1)), t € (0, 1),

3
X(l) = Z (a'x(gi) + b'C@ng(fl’)), (51)
“P90x(1) = Z (cix(é) + di€ D9 x(&)),

where

f(t.20) = 1+1+0.101
IXI

We choose the following:
p®) =1+t ¢ =0.101.

The condition (C) is satisfied. Furthermore, for any ¢ € [0, 1] and x € R,

0.101
Al <1+1t+0.101|x| = p(®) + q(1)|x(?)|.
1+ |x|

lft,x)<1+¢t+

Hence, condition (C) is satisfied. Besides, through calculation, we obtain the following:
en =

FarD +1) +Z(al ATh)E +TZb

1
= ———(-1+0.020278) + 3 ~ 1.903520,

I'(1.6)
/lTa+1 1 m m
= - T i~ /lel q T di
e+ T+ ;(C i Z‘
0.1 ~0.016629
- 1+ 0 64 5.093306
ra6) Tae 93306,

ep=-1+ Z (a;i — ATb;) = -1 +0.032 = -0.968000,

i=1

& = AT + Z (¢; — ATd;) = 0.1 + (=0.026) = 0.074000,
=1
Ta/+ﬁ

1 N T <
At = > |a= AT P T —
! F(cx+,8+1);|a Z +F(ﬁ+1);| e gD

_0.012882 .\ 1.771682 .\ 1
T TQ3) I'(1.7) ['(2.3)

~ 2.817987,
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and

Thus,

As

Ay

¢=

T =

1 = T
Ap= — = AT + ——— 1,
: F(Mﬁﬂ);m dilé, +F(B+l);|dl|ff

/lTa/+ﬂ+l T,B+l

TT@+g+D) T@E+D

0.010604 3.664573 0.1 1
= + + ~ 5.228430,

T(2.3) (1.7)  T(23)  TI(.7)
pl - AT®  0.002028 0.1

= = ATbi|&® = ~0.114187,

Ta+1) ; la et Fer D)~ T(6) TT(L6)

1 < 22T 0.001663 0.01

= —ATd | + - + ~ 0.013053,

T(a+1) Z lc £ Ta+l) T(1.6) TI(1.6)

L oo ot A D (el ool )+
_|A| E111A2T]E2114 |A|F(a+1) ENn|A1TIENR]AL F(a+,3+1)
5.269651 1
= 4792774 + + ~ 6.812913,
IAIC(1.6)  [(2.3)
a /lTlI

= —(len|A AN+ ——— (lexn|A A

IAI(|<911| 4+ le2|Az) + AlT(@ + 1)(|822| 3+ len|Ay) + Fat D

021 1

—0.119586 + 2021085 - 01 4236156,

IAIC(1L6) | T(1.6)

P = 2, q = 0101, |A| = |811822 - 8]282]| =5.071181.

T+ ¢q =0.924260 < 1,

that is, condition (3.8) holds. According to Theorem 3.1, it can be concluded that the BVP (5.1) has at
least one mild solution on [0, 1].

Example 5.2. Letm = 3,7 = l,a = %,,3 = 4

10°

0.020, d, = 0.025, and d3 = 0.022. Consider the following BVP:

where

CPUT(C P +0.05)x(r) = f(1,x(1)), 1 € (0,1),
3
x(1) = ;1 (@;x(&) + b Dy x(€)),

CPV3x(1) = il (cix(&) + di D x(E)),

+ +

f(t,x) = 0.082x + cos t.

Networks and Heterogeneous Media

A =0.05,a; = 0.010,a, = 0.015, a3
02,6 = 05,6 =0.8,b; = 0.010,b, = 0.015,b5 = 0.012,¢; = 0.012,¢, = 0.014,¢3 =

= 0.012,& =
0.011,d,

(5.2)
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We take L = 0.082; then, conditions (C;) and (C5) are met. By calculation, we get the following:

e +1) +Z(a, ATh)E +TZb

1
= — (=1 +0.024521) + 0.037 ~ —1.063710,

€11 =

I(15)
/lT(Hl 1 m m
= - T i~ /le, q T d,’
e+ T+ ;(C i ;
0.05 0.022790

= — - .067 = —0.
) + T(15) +0.06 0.850860,

e =-1+ ) (a - ATh;) = -1+ 003515 = ~0.964850,

i=1
€0 = AT + Z (c; — ATd;) = 0.05 + 0.03365 = 0.083650,
i=1
|A| = |811822 — 812821| = 0909937,
1 - T T
A= ————— —ATh)E P ———— N plf————
! F(a+ﬁ+l);|a < F(ﬁ+1);| & T@+8+1)
~0.016297 .\ 0.022599 L]
T2 r(1 7y T(2.2)

a'+ﬁ ﬂ /1Ta'+ﬂ+l T,6’+1
B2 = F(0z+ﬁ+1)zlcl ATdi; F(,B l)z|l|§ '« ,8+1)+F(,8+1)

_ 0.014714+0.040430+ 0.05 . 1
T T2 (1.7) 2.2 TI(1.7)

C T® 00122 :
Do ATbE] + ATT__ 0001226, 995 057802,

~ 0.947425,

~ 1.204068,

Az =
P T+ 1) Ta+1) Td5 @ T(15)
2Tt () 001 14() 0.0025
A i — ATd, = ~ (0.004107,
4= r(a+1)zlc S fe+ D~ Tas) TS
and
1 T« a+f
= m(|811|A2+|821|A1)+m(|«9zz|A1+|812|A2)+F(a+—ﬂ+l)
1.240995 1
= 2.294051 ~ 4.739985,
TIAL(5) T2
1 T AT®
= — A A _— A A _—
T= IAI(|811| 4+ le21|Az) + All(a 1 1)(|822| 3+ lenlAy) + Ta+ D
0.008798 0.05
= (0.058855 ~ 0.126179.
TIAL(5) T T(5)
Hence,

T+ ¢L =0.126179 + 4.739985 x 0.082 = 0.514858 < 1,
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that is, condition (3.11) is satisfied. Therefore, the BVP (5.2) has a unique mild solution on [0, 1].
Besides, we can easily obtain that Eq (5.2) is U-H stable. Next, we will prove that Eq (5.2) is U-H-R
stable. Let

et)y=t+1, t€[0,1],
and choose p, = 1.75; then, we obtain the following:

IB o1y < 1747929 < 1.750(0),
TP p(0))=1 < 1.32015 < 1.75¢(2).

By Theorem 4.2, we deduce that the BVP (5.2) is U-H-R stable.
6. Conclusions

In the present paper, we have investigated the existence, uniqueness, and U-H and U-H-R stability
of mild solutions to FLEs with multi-point CBCs. Illustrative examples were recomputed to verify
the stated hypotheses and to demonstrate the applicability of our main results. These findings provide
a useful reference for further studies on fractional Langevin systems. For future research, possible
directions include the analysis of coupled fractional Langevin systems subject to nonlocal multi-point
boundary conditions, and the study of higher-order systems such as triple fractional Langevin equations
under cyclic multi-point conditions.
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