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Abstract: Hepatitis B virus (HBV) infection can progress from acute infection to chronic liver
disease, posing a major public health concern. In this work, a mathematical model incorporating
immune response and vaccination is developed using susceptible, infected, chronic, and recovered
populations. Positivity and boundedness of solutions are established, and disease-free and endemic
equilibria are analyzed. The basic reproduction numbers and stability conditions are derived using
the next-generation matrix and Jacobian methods. Critical thresholds are obtained as T* = 0.2237
for immune response and I = 0.7466 for vaccination. Numerical simulations using the fourth-order
Runge—Kutta method demonstrate that enhanced immune response and vaccination can reduce HBV
infection and chronic cases. The findings provide quantitative evidence on the role of immune response
and vaccination in controlling HBV transmission and disease progression.
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1. Introduction

Hepatitis B virus (HBV) is a widespread infectious disease, contributing to a significant global
burden of liver-related morbidity and mortality. Around 296 million individuals worldwide are
affected by chronic Hepatitis B infections. Without proper treatment, the infection can lead to
life-threatening liver issues. One major complication is cirrhosis, which involves permanent liver
damage. It can also result in hepatocellular carcinoma, a type of liver cancer. Preventive measures
like vaccination and early treatment are essential for control [1]. As a result, HBV is responsible for
around 820,000 deaths annually, making it a leading cause of liver disease. Vaccination has proven to
be the most effective public health intervention for preventing HBV transmission and controlling the
disease [2, 3]. The World Health Organization has recommended universal HBV vaccination
since 1992, leading to its widespread inclusion in national immunization programs [4]. Countries that
have implemented routine vaccination have seen significant reductions in HBV prevalence,
particularly among children and young adults [5]. However, the long-term impact of vaccination on
reducing HBV-related liver disease at the population level requires further quantitative analysis. The
Hepatitis B vaccine is designed to protect against HBV by using a non-infected part of the virus
known as the surface antigen (HBsAg). This antigen is synthesized through recombinant DNA
technology, a technique that enables genetic manipulation. This involves introducing the gene that
encodes for HBsAg into mammalian cells or yeast [6-8]. These cells then produce the antigen, which
is used in the vaccine. The vaccine exhibits high efficacy, successfully preventing over 89 percent of
infections. Moreover, it plays a crucial role in reducing the risk of developing chronic HBV infections
and serious complications associated with the virus, such as liver cirrhosis and liver cancer [9]. The
standard vaccination schedule for the Hepatitis B vaccine consists of three doses:

e The first Hepatitis B vaccine dose is ideally given at birth or shortly thereafter.
e The second dose follows within one to two months of the initial shot.
e The third dose is administered six months following the initial vaccination.

In some cases, alternative vaccination schedules may be recommended for specific groups, such as
adults or individuals at higher risk of infection [10, 11]. The vaccine is recommended for all infants,
children, and adolescents, as well as adults who are at increased risk of HBV infection. This includes
healthcare workers, individuals with multiple sexual partners, and those with chronic liver
disease [12-14]. Mathematical modeling is a powerful tool for evaluating the long-term effects of
vaccination programs. By simulating the dynamics of disease transmission and progression, models
can estimate the potential reduction in chronic liver disease cases, cirrhosis, and liver cancer [15, 16].
This article develops a mathematical model to assess the impact of HBV vaccination on reducing liver
disease and mortality. By incorporating vaccination coverage, efficacy, and immunity into the model,
this research aims to provide critical insights into the broader public health benefits of vaccination and
offer evidence to inform future strategies for HBV control. Shulgin et al. [17] investigated a pulse
vaccination strategy within the susceptible, infected, recovered (SIR) epidemic model and
demonstrated its role in controlling disease transmission.

Gued;j et al. [18] investigated the dynamics of Hepatitis C virus (HCV) during interferon-based
therapies, focusing on essential parameters such as the production and clearance rates of the virus and
the depletion of infected cells. They noted complex viral behaviors, including the triphasic decline in
HCV RNA levels followed by rebounds in patients undergoing treatment with pegylated interferon
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and ribavirin. Furthermore, they explored innovative modeling strategies to analyze the effects of
direct-acting antiviral agents that rapidly reduce the wild-type virus but may contribute to the
emergence of drug-resistant strains. The study also emphasized the importance of in vitro systems for
improving the understanding of the virus lifecycle in dynamic modeling processes. Megala et al. [19]
developed a new epidemiological model for HBV that includes re-infection dynamics, demonstrating
globally asymptotic stability of the HBV-free equilibrium. They identified a transcritical bifurcation
and showed that the endemic equilibrium is globally stable. The model’s effectiveness was validated
through numerical simulations using the nonstandard finite difference method, highlighting the
importance of vaccination and prevention strategies in controlling HBV transmission.
Beddington [20] and DeAngelis [21] introduced the Beddington—-DeAngelis (BD) form of non-linear
incidence rate, expressed as

ES uly

Su» In) = .
fSu I (1 + 1Sy + y2ln)

(1.1)

This formulation combines the effects of both susceptible and infected individuals on the
transmission dynamics, allowing for a more comprehensive understanding of how interactions
between these groups influence the spread of disease. The BD incidence rate has been widely adopted
in subsequent epidemiological research due to its ability to capture the complexities of disease
transmission in real-world scenarios [22]. Kaddar [23,24] further advanced this field by introducing a
delayed model that incorporates the BD incidence rate. This model demonstrated significant values
for the inhibitory effects, indicating that delays in the response of susceptible individuals to infection
or control measures can have substantial impacts on the dynamics of disease spread. By framing the
model in this way, Kaddar highlighted the importance of considering time delays in epidemiological
models, which can lead to more accurate predictions and better-informed public health strategies.
They formulated the following system of equations:

dS y S DS yly

— =n-€eSy - ,

dt " 1+CL’15H+CUzIH

dly DS yly

— = —(e+ 0+ o)y, 1.2
dt 1+(ZISH+a21H (E O-)H ( )
R _ o1 — R

— = — €Ry.

i H H

The model parameters are defined as follows: = is the recruitment rate, @ is the transmission
coeflicient, and € represents the natural mortality rate. The parameter 6 indicates the rate at which
infected individuals receive treatment, while o~ accounts for mortality due to the disease. Although
Kaddar [23,24] explored the behavior of this model, the analysis did not differentiate between stages
of infection such as acute, chronic, or cirrhosis. Additionally, vaccination strategies were not included
in the framework.

Farhan et al. [25-27] developed and analyzed an HBV infection model incorporating
asymptomatic carriers, vaccination, and treatment effects, confirming global stability via Lyapunov
functions. They also used deep neural networks to enhance model accuracy and validate predictions
against benchmark data. Also, they developed a novel HBV model incorporating asymptomatic
carriers, vaccination, and treatment to analyze disease dynamics, stability, and control strategies using
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mathematical and numerical methods. They worked on a novel deep neural network framework using
Levenberg—Marquardt optimization to accurately model the susceptible, infected, vaccinated,
recovered (SIVR) epidemic with a saturated incidence rate. Lengiteng’i et al. [28] investigated the
impact of dual stigma and treatment and control strategies on humen immunodeficiency
virus—tuberculosis (HIV-TB) coinfection dynamics using a deterministic mathematical model. They
analyzed HIV-only, TB-only, and coinfection sub-models, using sensitivity analysis and numerical
simulations to identify effective treatment and stigma-reduction interventions. Yavuz et al. [29]
formulated an HBV transmission model incorporating vertical transmission and investigated its
positivity, disease-free equilibrium, and numerical dynamics. In a subsequent study, Yavuz et al. [30]
developed a fractional-order HBV model incorporating vertical transmission, migration, and memory
effects, supported by real USA data and parameter calibration. Naik et al. [31] developed a
fractional-order HCV model incorporating partial immunity and memory effects and analyzed its
global dynamics using the basic reproduction number and Lyapunov methods.

Kiemtore et al. [32] examined the impact of vaccination, treatment of chronic carriers, and media
awareness on vertically transmitted HBV. Their simulations showed that these combined control
measures can substantially reduce HBV prevalence over time. Mustapha et al. [33] investigated an
age-structured HBV transmission model exhibiting backward bifurcation and estimated its parameters
using real data from South Africa. They also identified sensitive parameters and showed that reducing
the progression of chronically infected children through treatment is crucial for HBV control.

Although these studies have incorporated different factors such as vertical transmission, age
structure, migration, memory effects, vaccination, and treatment, few studies have considered the
combined role of immune response and vaccination in the dynamics of HBV-related liver disease.
Motivated by this gap, the present work develops an HBV liver disease model incorporating the
Crowley—Martin (CM) incidence function [34], immune response, and vaccination. The CM
incidence function

S yly

Iy) = 1.3
FS e In) = s 0 + i) (13)

accounts for nonlinear effects associated with interactions between susceptible and infected
populations and has been widely used in epidemiological modeling [35—40]. The proposed model
further derives explicit threshold conditions for both immune response and vaccination and is
analyzed through positivity, boundedness, equilibrium analysis, reproduction numbers, local stability,
and numerical simulations.

This paper is organized into several sections, each addressing a specific aspect of the HB V-related
liver disease model. Section 2 presents the mathematical formulation of the model and describes the
assumptions underlying the system. In Section 3, the well-posedness of the model is established by
verifying the non-negativity and boundedness of the solutions. Section 4 investigates the immune
response model without vaccination, including the hepatitis-free and endemic equilibria, the basic
reproduction number, and their stability properties. Section 5 extends the analysis by incorporating
vaccination and examines the corresponding equilibria, reproduction number, and stability properties.
Section 6 derives the critical immune response and vaccination thresholds required for disease control.
Section 7 presents the numerical computation of the equilibrium points and numerical simulations to
illustrate the model dynamics under vaccination and non-vaccination scenarios. Finally, Section 8
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summarizes the main findings of the study, discusses the limitations, and outlines possible directions
for future work.

2. Model formulation

The dynamics of the HBV transmission system are governed by the following system of nonlinear
differential equations:

S aS7T
— = T +oR-k+D)S - (L+mS) 1 +mI)
dT aST
—_— = - T
i T QS egn &R
@.1)
% =—(k+0)R+TS+TI.

The initial conditions are given by
S0) =S8 >0, I(0)=1y=0, C0)=Cy =20, R(O) =Ry = 0.

The biological interpretation of the state variables and model parameters is provided in Table 1. A
schematic representation of the proposed HBV transmission model is presented in Figure 1.

Table 1. Interpretation of the variables and parameters of the HBV model.

Parameters Interpretation Units

S Number of susceptible individuals individuals

I Number of individuals with acute HBV infection individuals

C Number of individuals with chronic HBV infection individuals

R Number of recovered and immune individuals individuals

Tin Recruitment rate of susceptible individuals into the population individuals/year
@ HBV transmission rate person~!year™!
m Saturation parameter associated with the susceptible population person!

m Saturation parameter associated with the infected population person™!

o Transition rate from the recovered to the susceptible due to waning immunity year™!

r Vaccination rate of susceptible individuals year™!

3 Rate of progression from acute to chronic HBV infection year™!

K Natural mortality rate year™!

T Rate of treatment-induced recovery of infected individuals year™!

T Disease-induced mortality rate year™!

vy Additional progression rate due to repeated exposure year™!
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Figure 1. Flowchart of the HBV transmission model incorporating acute and chronic

infection.

3. Well-posedness

To ensure biological feasibility, we show that all state variables of system (2.1) remain non-negative
for all > 0, given non-negative initial conditions. Each equation in the system has non-negative inflow
terms and linear or nonlinear loss terms, ensuring that the solutions S(¢), Z(t), C(t), and R(t) cannot
become negative. Therefore, the model is positively invariant in the region RY. HBV model (2.1)

exhibits boundedness for all its solutions. By summing all the differential equations, we get:

%(S+I+C+R):I’in—K(S+I+C+R)—T(I+C).

Let
N@) =80+ 1)+ C) + R(),
then IN
E = rm—KN—T(I'i'C).
Clearly,
dN
T < ri, — kN,

which means that N() is bounded above. The solution of the inequality

Eﬁl’in—KN

implies that as t — oo, N(f) tends toward a finite upper bound:

N <
K
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Thus, the total HBV population N(z) is bounded by " as ¢t — oo, which means the model is
biologically realistic since the population cannot grow indefinitely.

\P:{(S,J,C,R)eRi:S+J+C+Rs@}. 3.1)
K
4. Immune response without vaccination

4.1. Hepatitis-free equilibrium E°

The hepatitis-free equilibrium (HFE) of system (2.1) corresponds to the state in which no infection
persists in the population, i.e.,
I =0, Cc=0.

In the absence of vaccination, we set I' = 0. Setting the right-hand sides of system (2.1) equal to
zero and solving under these conditions yields

so=ln  go_p

K
Hence, the HFE of the model is given by
EO — (SO, IO, CO, RO)
- (r— 0, 0, 0). @.1)
K

4.2. Basic reproduction number R
Ry 1s computed using the next-generation matrix (NGM) method of van den Driessche and
Watmough [41]. Evaluating the corresponding matrices at E°, we obtain
ariy,
9{0 = .
(K+771”m)(§+/<+T+T+7)

4.2)

The Jacobian matrix of E° without vaccination is

x __ @S 0 -
1 +mSo
CL’S()
J(EO): 0 m—(f+K+T+T+’}/) 0 0
0 E+y) —(k+ 1) 0
0 T 0 —(k+0)

The characteristic equation corresponding to the Jacobian J(E?) is

A+ A+k+1)A+K+0) =0.

Q’So
ﬂ—(m—(§+K+T+T+Y))

Thus, the eigenvalues are

QS()

A=« MbL=—-k+1), h=-K+o0), AYh=—T-—
1 K 2 (k+71) 3 (k+0) 4 1+77130

—(E+k+T+T1+y).
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Substituting the parameter values given in Table 2 into the Jacobian matrix evaluated at the HFE,
the corresponding eigenvalues are obtained as

A, = —0.08, A, = -0.48, Az = —0.09, A4 = 0.1437.

Since one eigenvalue is positive, E° without vaccination is unstable. This indicates that, in the
absence of vaccination, HBV infection can invade the population and persist over time.

4.3. Endemic equilibrium point E*

The endemic equilibrium point, denoted by E* = (S8*, 7%, C*, R"), represents the persistent
existence of HBV infection within the population, where all state variables attain strictly positive
values. This equilibrium describes a steady-state situation in which infection transmission, immune
response, recovery, and natural removal remain in balance. The endemic equilibrium exists only when
Ro > 1. For the immune response model without vaccination, we set I' = 0. At equilibrium, solving
the system yields the following relationships:

T Al *
R* = I C*:§+7F, S = (1 +m1")

Ck+o K+T T a—-An (1 + I

where A = £ + k + T + 7 + y. Substituting these expressions into the susceptible equation leads to a
quadratic equation for 7~ of the form

AT+ BI*+C =0,
where

oY
K+ 0o

A =Aqm¥Y, B=«An,+ Anqryn + Amp¥Y —a¥, C =«A-ary,+ Angry,, andV¥ = —A.

Hence, E* of the system is
Al + * + T
pro (AR Y L .
a—An(1+n,7%) K+T K+ 0

The Jacobian operator corresponding to system (2.1) at E* = (S, I*,C*, R*) without vaccination
(I' = 0) is given by

e al” B aS” 0 -
(1 +mSH2(1 + %) (1 +mSHA +npI)?
* al aS _A 0 0
J(E") = (1 +mSH( + 1) A +mS)A +npI7)? ;
0 E+y) —(k+ 1) 0
0 T 0 —(k+ 0)

where A = € + k+ Y + 7 + y. The computed eigenvalues at E* without vaccination are
A1 = -0.0842, A, = =0.09187, Az = =0.1117, Ay = —0.48.

Since all the eigenvalues corresponding to E* are negative, it is locally asymptotically stable (LAS).
This indicates that, in the absence of vaccination, HBV infection persists and approaches a stable
endemic state over time.
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5. Immune response with vaccination

0
vacc

5.1. Hepatitis-free equilibrium E
The HFE of system (2.1) corresponds to the state in which no infection persists in the population,
i.e.,

I =0, Cc=0.

Setting the right-hand sides of system (2.1) equal to zero and solving under these conditions,
we obtain

ESacc = (SSaCC’ Igacc’ Cgacc’ Rgacc)
— M’ .0, e ) (5.1
kk+T +0) kk+T +0)

5.2. Basic reproduction number Ri*

The basic reproduction number R;* is computed using the next-generation matrix (NGM) method
of van den Driessche and Watmough [41]. Evaluating the corresponding matrices at E° _, we obtain

vacc?

gvace _ ari,(k + o)
o E+k+T+T+Y) [k +T +0) + qri(c + 0)]

(5.2)

The Jacobian matrix is

( + r) aSeaCC 0
—(k -— o
I+ nngaCC
a/Seacc
J(Egacc) = 1+ 7’]189.&00 -A 0 0
0 E+y) —(k+71) 0
r T 0 —(k+0)

Substituting Eq (5.1) into the Jacobian of system (2.1), the computed eigenvalues with vaccination
are
A1 =-0.29, A, = -0.48, A3 = -0.08, A4 = 0.099.

Since one of the eigenvalues is positive, the vaccination HFE E?, . is unstable. This indicates

that the considered vaccination rate is insufficient to eradicate HBV infection. Therefore, a critical
vaccination threshold is subsequently determined to identify the vaccination rate required to achieve
disease elimination.

*
vacc

5.3. Endemic equilibrium point E
R*

vacc ) ’

The endemic equilibrium point of system (2.1), denoted by E, .. = (Si.ccr Lvacer Craces
represents the persistent existence of HBV infection within the population, where all state variables
attain strictly positive values. This equilibrium describes a steady-state situation in which infection

transmission, vaccination, immune response, recovery, and natural removal remain in balance. The
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endemic equilibrium exists only when Ri*““. At equilibrium, solving the system yields the following
relationships:

£ 3
R* 1—‘“S’vacc
vacc ’

K+ 0o

+TIiacc C* _ §+y

vacc ~

K+ T

St = Al + 772Ivacc)
Ve a = An(1 + oI

Substituting these expressions into the susceptible equation leads to a quadratic equation for 77,
of the form

*
IV&CC ° )
vacc

AL, ) +BI,  +C=0,

vacc vacc

where

A=AmmY, B=O0OAn+Amryn + AmY —-a¥, C=0A-ar,+ Anry,
T T
T A @=(k+D)-——.
K+0o K+0o
The endemic infected population 77, .. is given by the unique positive roots of the quadratic

equation, and the root is positive. Hence, E* of the system is

Al +n T + Is: .+
( Up) vacc) * é‘: p Y R o vacc vace |- (53)
T

¥ =

*

vace = | An (1 + T
The Jacobian matrix corresponding to system (2.1) at the endemic equilibrium point

vacc? vacc?
vacc) K+0o

E e = (Shacer Lvaces Craces Riuaee) With vaccination is given by
I* S*
_ (K + r) _ a vacc _ @ vacc
(1 +m VdCC) (1 + nzjwcc) (1 +m VdCC) (1 + UZIVJ.CC)
aIvacc asvacc
J(Evacc) N (1 + nlSvacc) (1 + UZIvacc) (1 + nlSvacc) (1 + nzjvacc)
0 &+
r T
5.4
0 o
0 0
—(k+ 1) 0
0 —(k+0) |

The computed eigenvalues of J(E?, ) with vaccination are

vacc

A7 = -0.4800, A3 = —0.2864, A3 = -0.0844 + 0.0052 .

Since A7, 47*¢ < 0 and Re (/l"dcc) < 0, all eigenvalues corresponding to J(E?,..) have negative
real parts. Therefore the endemic equlhbrlum E;,.. 1s locally asymptotically stable. This indicates
that vaccination reduces the infected and chronic populations while increasing the recovered
population. However, partial vaccination alone is not sufficient to completely eradicate HBV
infection, since the disease persists at an endemic level. Therefore, in the next section, the critical
immune response threshold and subsequently the critical vaccination threshold required for disease
eradication are determined.
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6. Threshold analysis

In this section, threshold conditions associated with immune response and vaccination are derived
to identify the critical levels required to ensure elimination of HBV disease from the population. These
threshold quantities provide meaningful epidemiological evidence of immune recovery and vaccination
in reducing disease transmission.

6.1. Critical immune response threshold

For the model without vaccination (I' = 0), with R, defined in Eq (4.2), the HFE becomes locally
asymptotically stable (LAS) when Ry, < 1. The critical immune response threshold is obtained by
imposing Ry = 1. Thus,

ATin 1 E+k+T+T+ ATin
= . K T =
k+mri)E+ck+YT+74+7) 4

K+ MFin .
Solving for the immune recovery parameter Y, we obtain the critical immune response threshold

ar;
T=—"——é—k—T—7.
K+ MTin

Therefore, T > T* implies Ry < 1, which guarantees disease elimination. Biologically, this
indicates that a sufficiently strong immune response can effectively suppress HBV across the
population. Using the values reported in Table 2, we obtain

T =0.2237.

Table 2. Parameter values used in numerical simulations.

Parameter Value Reference Parameter Value Reference
Tin 8 Assumed & 0.1 [19]

r 0, 0.2 Assumed 0% 0.05 Assumed
K 0.08 [22] T 0.08 [22]

n, T 04 [40] o 0.01 Assumed
7 0.15 Assumed a 0.35 Fitted

Hence, the critical immune response threshold is 1™ = 0.2237. This result indicates that the immune
recovery rate must exceed 0.2237 so as to eliminate HBV infection without the use of vaccination.

6.2. Critical vaccination threshold
Considering the model with vaccination, the reproduction number is given by

ari,(k + o)
Kk +T+0)+mrpk + )] E+xk+T+1+7y)

vacc __
mo -
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The HFE point becomes locally asymptotically stable (LAS) when Ri* < 1. The critical
vaccination threshold is obtained by setting R = 1. Hence,

arp(k+0) =k +T+0)+mri(k+ )| (E+k+T+T+7).
Solving for I', we obtain

ari(k + o) Mrin(k +0)

*_

CKEFK+THTHY) K

K—O.

Substituting the parameter values in Table 2, we obtain I = 0.7466. Hence, the critical vaccination
threshold is I = 0.7466. Therefore, I' > I'* implies R < 1, which guarantees eradication of
HBYV infection from the population. This analysis demonstrates that vaccination significantly enhances
disease control and reduces the persistence of HBV transmission. Table 3 presents the stability of the
hepatitis-free and endemic equilibria for different vaccination rates. For I' = 0.2 < I'" = 0.7466, the
HFE is unstable, while the endemic equilibrium is locally asymptotically stable. This indicates that the
considered vaccination rate is insufficient to eliminate HBV infection.

Table 3. Stability of hepatitis-free and endemic equilibria for different vaccination rates.

Vaccination rate HFE Endemic equilibrium
I'=0.2 <I™ =0.7466 Unstable Locally asymptotically stable
I'>I"=0.7466 Locally asymptotically stable No biologically feasible endemic equilibrium

7. Numerical computation of equilibrium points

Using the values in Table 2, the equilibrium points of the HBV liver disease model are computed
for both cases: Without vaccination and with vaccination. The initial conditions for the numerical
simulations are taken as S(0) = 100, 7(0)=6, C(0)=2, and R(0)=>5.The nonlinear system
of differential equations is solved numerically using the classical fourth-order Runge—Kutta (RK4)
method in MATLAB R2017b. The simulations are performed to analyze the dynamics of the model
and to verify the analytical results obtained in the previous sections. Table 4 presents a comparative
analysis of the endemic equilibrium E* in the presence and absence of vaccination.

Table 4. Comparison of endemic equilibrium values without and with vaccination.

Population Without vaccination With vaccination
Susceptible (S*) 88.4024 28.6161
Infected (1) 1.3233 0.8892

Chronic (C*) 0.4135 0.2779
Recovered (R*) 1.1763 64.3817

Case 1: Without vaccination (I' = 0). In the absence of vaccination, the HFE is given by
E° = (@,0,0,0).
K
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Using the parameter values listed in Table 2, we obtain
$° =100.

Hence, the HFE is
E° = (100, 0,0,0).

For the given parameter values, A = 0.71 and ¥ = —0.7011. The endemic infected population is
obtained from

e -B+ VB2 —4AC
B 2A ’

which yields
I =1.3233.

The corresponding equilibrium values are

S = 88.4024, C" =0.4135, R =1.1763.

Therefore, the endemic equilibrium without vaccination is given by

E* =(88.4024, 1.3233, 0.4135, 1.1763).

Case 2: With vaccination (I' = 0.2). In the presence of vaccination, the HFE is obtained using the
parameter values listed in Table 2. Thus, the HFE with vaccination is given by

EY . =(31.0345, 0, 0, 68.9655).
The endemic equilibrium with vaccination is denoted by E}, .. = (Siccr L vaces Craces Riace)- For the
given parameter values, the endemic equilibrium is

E,,.. = (28.6161, 0.8892, 0.2779, 64.3817).

vacc

Figure 2 illustrates the comparison of HBV dynamics without and with vaccination. In Figure 2(a),
corresponding to the case without vaccination, the infected and chronic populations persist at positive
levels, indicating the existence of a stable endemic equilibrium and continuous HBV transmission
within the population. The susceptible population remains high, while the recovered population stays
comparatively low. In Figure 2(b), vaccination is introduced with I' = 0.2. It is observed that the
infected and chronic populations decrease significantly, whereas the recovered population increases
considerably due to vaccination-induced immunity. Although the disease is not completely eradicated
since the reproduction number remains greater than unity, vaccination effectively suppresses HBV
transmission and reduces disease persistence in the population.
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HBV Dynamics Without Vaccination

HBV Dynamics With Vaccination
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Figure 2. Comparison of HBV dynamics without and with vaccination. The results
demonstrate that vaccination suppresses HBV transmission and reduces disease persistence
within the population.

Figure 3 presents the comparison of infected and chronic population dynamics with and without
vaccination. Figure 3(a) illustrates that the infected population decreases more rapidly in the presence
of vaccination compared to the case without vaccination. Although the infection persists at a low
endemic level, vaccination significantly suppresses HBV transmission within the population.
Figure 3(b) demonstrates the effect of vaccination on the chronic population. It is observed that the
chronic HBV population is substantially reduced under vaccination, indicating that vaccination not
only controls disease transmission but also lowers the long-term chronic infection burden. Overall,
the results confirm the effectiveness of vaccination in reducing HBV persistence and disease severity.
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Figure 3. Comparison of infected and chronic population dynamics with and without
vaccination. The vaccination significantly reduces HBV transmission and chronic infection
persistence within the population.
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Figure 4 illustrates the critical immune response threshold of the HBV model. The reproduction
number decreases as the immune response rate increases, indicating the important role of immune
recovery in controlling HBV transmission. The horizontal dashed line represents the threshold level
at Ry = 1, while the vertical dashed line corresponds to the critical immune response threshold 1™ =
0.2237. 1t is observed that when Y < T*, Ry remains greater than unity, and the infection persists
in the population. However, for T > T*, Ry becomes less than unity, leading to the elimination of
HBYV infection.

Critical Imnmune Response Threshold

R
1.6 I — RO=1
- 0.2237

Reproduction Number RO
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N ® o = N

o
o
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0 0.1 0.2 0.3 0.4 0.5
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Figure 4. Critical immune response threshold of the HBV model. The threshold value
T* = 0.2237 represents the critical immune response level required to reduce R, below unity
and achieve HBV elimination.
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Figure 5. Critical vaccination threshold of the HBV model. The threshold value I = 0.7466
represents the critical vaccination level required to reduce R*“ below unity and achieve HBV
eradication.

Figure 5 illustrates the critical vaccination threshold of the HBV model. The reproduction number
decreases gradually as the vaccination rate increases, demonstrating the effectiveness of vaccination
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in suppressing HBV transmission. The horizontal dashed line represents the threshold level Ri* = 1,
while the vertical dashed line indicates the critical vaccination threshold I = 0.7466. It is observed
that when I' < I'*, R, remains greater than unity, and the disease persists within the population.
However, for I' > I'*, Ry becomes less than unity, leading to the eradication of HBV infection.

Figure 6 illustrates the contour plot of the reproduction number R, with respect to the vaccination
rate I' and immune response rate Y. The red threshold curve represents Ry = 1, which separates the
disease persistence region from the disease eradication region. It is observed that lower vaccination
and immune response levels correspond to Ry > 1, indicating persistence of HBV infection. As both
the vaccination rate and immune response increase, the reproduction number decreases below unity,
leading to the elimination of HBV transmission within the population.
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Figure 6. Contour plot of R, versus vaccination rate I' and immune response rate Y. The red
curve (Ry = 1) separates disease persistence from eradication.

8. Conclusions

In this work, a mathematical model was developed to investigate HBV-related liver disease by
incorporating immune response and vaccination within a unified framework. The mathematical
analysis established the positivity and boundedness of the model solutions and identified the
hepatitis-free and endemic equilibria for both vaccination-free and vaccination scenarios. The basic
reproduction numbers were derived using the next-generation matrix method, and the local stability of
the equilibria was investigated through Jacobian eigenvalue analysis. The analysis further yielded
critical threshold values for the immune response and vaccination rates, given by ¥ = 0.2237 and
I = 0.7466, respectively. The critical immune response threshold indicates that an immune response
rate exceeding Y = 0.2237 can reduce HBV transmission below the epidemic threshold. Similarly,
the critical vaccination threshold I = 0.7466 indicates that the vaccination rate must exceed this
value to reduce HBV transmission below the epidemic threshold and achieve disease elimination in
the model. The numerical simulations further demonstrated that strengthening immune response and
increasing vaccination can reduce the infected and chronic populations. However, the model has some
limitations, including the use of assumed and fitted parameter values, a constant vaccination rate, and
the absence of age-dependent differences and variations in vaccination coverage. Future studies may

Networks and Heterogeneous Media Volume 21, Issue 5, 1987-2006.
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incorporate age structure, time-dependent vaccination, vaccine efficacy, and real epidemiological data.
Furthermore, optimal intervention strategies combining vaccination and immune response could be
investigated to identify more effective approaches for HBV control and elimination.

Use of Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The authors would like to express their heartfelt gratitude to Sri Ramakrishna Mission Vidyalaya
College of Arts and Science, United Institute of Technology and Kyrgyz-Turkish Manas University for
their constant support and for providing the necessary facilities and a conducive environment to carry
out this research successfully. Their encouragement and support have been invaluable throughout
this work.

Authors contribution

T. Megala: Conceptualization, model formulation, mathematical analysis, numerical simulations,
visualization, and writing—original draft. T. Nandha Gopal: Supervision, methodology, and critical
revision of the manuscript. Mehmet Yavuz: Mathematical analysis, validation, and interpretation of
results. M. Sivabalan: Numerical validation, visualization, and manuscript revision. M. Siva Pradeep:
Validation, literature review, and manuscript editing. All authors have read and approved the final
version of the manuscript.

Conflict of interest

The authors declare there is no conflict of interest.

References

1. World Health Organization, Global Health Sector Strategies on, respectively, HIV, Viral Hepatitis
and Sexually Transmitted Infections for the period 2022-2030, World Health Organization, 2022.

2. J. 1. Ott, G. A. Stevens, J. Groeger, S. T. Wiersma, Global epidemiology of Hepatitis B virus
infection: New estimates of age-specific HBsAg seroprevalence and endemicity, Vaccine, 30
(2012), 2212-2219. https://doi.org/10.1016/j.vaccine.2011.12.116

3. M. T. Hoang, O. F. Egbelowo, On the global asymptotic stability of a hepatitis B epidemic model
and its solutions by nonstandard numerical schemes, Bol. Soc. Mat. Mex., 26 (2020), 1113-1134.
https://doi.org/10.1007/s40590-020-00275-2

4. World Health Organization, Hepatitis B vaccines: WHO position paper—July 2017, Weekly
Epidemiological Record, 92 (2017), 369-392.

Networks and Heterogeneous Media Volume 21, Issue 5, 1987-2006.


https://dx.doi.org/https://doi.org/10.1016/j.vaccine.2011.12.116
https://dx.doi.org/https://doi.org/10.1007/s40590-020-00275-2

2004

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

A. Schweitzer, J. Horn, R. T. Mikolajczyk, G. Krause, J. J. Ott, Estimations of worldwide
prevalence of chronic hepatitis B virus infection: A systematic review of data published
between 1965 and 2013, The Lancet, 386 (2015), 1546-1555. https://doi.org/10.1016/S0140-
6736(15)61412-X

Q. T. Ain, Nonlinear stochastic cholera epidemic model under the influence of noise, J. Math.
Tech. Model., 1 (2024), 52-74.

P. Driessche, J. Watmough, Reproduction numbers and sub-threshold endemic equilibria
for compartmental models of disease transmission, Math. Biosci., 180 (2002), 29-48.
https://doi.org/10.1016/S0025-5564(02)00108-6

A. Din, Bifurcation analysis of a delayed stochastic HBV epidemic model:
Cell-to-cell  transmission, Chaos, Solitons  Fractals, 181  (2024), 114714.
https://doi.org/10.1016/j.chaos.2024.114714

World Health Organization, Hepatitis B vaccines: WHO position paper, July 2017-
Recommendations, Vaccine, 37 (2019), 223-225. https://doi.org/10.1016/j.vaccine.2017.07.046

L. Allen, An Introduction to Mathematical Biology, Pearson Prentice Hall, Upper Saddle River,
New Jersey, 2007.

B. Dubey, P. Dubey, U. S. Dubey, Dynamics of an SIR model with nonlinear incidence and
treatment rate, Appl. Appl. Math. (AAM), 10 (2015), 5.

K. Bruxvoort, J. Slezak, R. Huang, B. Ackerson, L. S. Sy, L. Qian, et al., Association of number
of doses with Hepatitis B vaccine series completion in US adults, JAMA Netw. Open, 3 (2020),
€2027577. https://doi.org/10.1001/jamanetworkopen.2020.27577

A. S. Lok, B. J. McMahon, Chronic Hepatitis B: Update 2009, Hepatology, 50 (2009), 661-662.
https://doi.org/10.1002/hep.23190

A. Sow, C. Diallo, H. Cherifi, Interplay between vaccines and treatment for dengue control: An
epidemic model, Plos one, 19 (2024), €0295025. https://doi.org/10.1371/journal.pone.0295025

S. T. Goldstein, F. Zhou, S. C. Hadler, B. P. Bell, E. E. Mast, H. S. Margolis, A mathematical
model to estimate global hepatitis B disease burden and vaccination impact, Int. J. Epidemiol., 34
(2005), 1329-13309. https://doi.org/10.1093/ije/dyi206

B. Dubey, A. Patra, P. Srivastava, U. S. Dubey, Modeling and analysis of an SEIR
model with different types of nonlinear treatment rates, J. Biol. Syst., 21 (2013), 1350023.
https://doi.org/10.1142/S021833901350023X

B. Shulgin, L. Stone, Z. Agur, Pulse vaccination strategy in the SIR epidemic model, Bull. Math.
Biol., 60 (1998), 1123—-1148. https://doi.org/10.1006/S0092-8240(98)90005-2

J. Guedj, L. Rong, H. Dahari, A. S. Perelson, A perspective on modelling Hepatitis
C virus infection, J. Viral Hepatitis, 17 (2010), 825-833. https://doi.org/10.1111/j.1365-
2893.2010.01348.x

T. Megala, T. Nandha Gopal, M. Siva Pradeep, M. Sivabalan, A. Yasotha, Dynamics of re-infection
in a Hepatitis B virus epidemic model with constant vaccination and preventive measures, J. Appl.
Math. Comput., 71 (2025), 5669-5695. https://doi.org/10.1007/s12190-025-02431-1

Networks and Heterogeneous Media Volume 21, Issue 5, 1987-2006.


https://dx.doi.org/https://doi.org/10.1016/S0140-6736(15)61412-X
https://dx.doi.org/https://doi.org/10.1016/S0140-6736(15)61412-X
https://dx.doi.org/https://doi.org/10.1016/S0025-5564(02)00108-6
https://dx.doi.org/https://doi.org/10.1016/j.chaos.2024.114714
https://dx.doi.org/https://doi.org/10.1016/j.vaccine.2017.07.046
https://dx.doi.org/https://doi.org/10.1001/jamanetworkopen.2020.27577
https://dx.doi.org/https://doi.org/10.1002/hep.23190
https://dx.doi.org/https://doi.org/10.1371/journal.pone.0295025
https://dx.doi.org/https://doi.org/10.1093/ije/dyi206
https://dx.doi.org/https://doi.org/10.1142/S021833901350023X
https://dx.doi.org/https://doi.org/10.1006/S0092-8240(98)90005-2
https://dx.doi.org/https://doi.org/10.1111/j.1365-2893.2010.01348.x
https://dx.doi.org/https://doi.org/10.1111/j.1365-2893.2010.01348.x
https://dx.doi.org/https://doi.org/10.1007/s12190-025-02431-1

2005

20

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

. J. R. Beddington, Mutual interference between parasites or predators and its effect on searching
efficiency, J. Anim. Ecol., 42 (1975), 331-340. https://doi.org/10.2307/3866

D. L. DeAngelis, R. A. Goldstein, R. V. O’Neill, A model for trophic interaction, Ecology, 56
(1975), 881-892. https://doi.org/10.2307/1936298

M. Gumus, K. Turk, Dynamical behavior of a hepatitis B epidemic model and its NSFD scheme,
J. Appl. Math. Comput., 70 (2024), 3767-3788. https://doi.org/10.1007/s12190-024-02103-6

A. Kaddar, Stability analysis in a delayed SIR epidemic model with a saturated incidence rate,
Nonlinear Anal.-Model. Control, 15 (2010), 299-306. https://doi.org/10.15388/NA.15.3.14325

A. Kaddar, On the dynamics of a delayed SIR epidemic model with a modified saturated incidence
rate, Electron. J. Differ. Equ. (EJDE), 2009 (2009), 1-7.

M. Farhan, Z. Ling, Z. Shah, S. Islam, M. H. Alshehri, E. Antonescu, A multi-layer neural network
approach for the stability analysis of the hepatitis B model, Comput. Biol. Chem., 113 (2024),
108256. https://doi.org/10.1016/j.compbiolchem.2024.108256

M. Farhan, Z. Shah, Z. Ling, K. Shah, T. Abdeljawad, S. Islam, et al., Global dynamics and
computational modeling for analyzing and controlling hepatitis B: A novel epidemic approach,
Plos One, 19 (2024), e0304375. https://doi.org/10.1371/journal.pone.0304375

M. Farhan, Waseem, A. Thaljaoui, M. U. Rahman, Data-driven investigation of an epidemic model
under saturated incidence rate using deep neural networks, J. Appl. Math. Comput., 71 (2025),
7983-8017. https://doi.org/10.1007/s12190-025-02639-1

L. Lengiteng’i, I. S. Mbalawata, L. Luboobi, S. S. Mirau, N. Nyerere, Mathematical model for
the control of HIV/TB coinfection incorporating dual stigma, Bull. Biomath., 4 (2026), 70-112.
https://doi.org/10.59292/bulletinbiomath. 1686572

M. Yavuz, N. B. Bayraktar, K. Akyiiz, F. N. Ozdemir, A new mathematical model for hepatitis-
B and the effect of vertical transmission in the model, FEN ve Miihendislik Bilimleri Dergisi, 7
(2025), 214-227. https://doi.org/10.47112/neufmbd.2025.87

M. Yavuz, K. Akyiiz, N. B. Bayraktar, F. N. Ozdemir, Hepatitis-B disease modelling of fractional
order and parameter calibration using real data from the USA, AIMS Biophys., 11 (2024), 378—402.
https://doi.org/10.3934/biophy.2024021

P. A. Naik, M. Yavuz, S. Qureshi, K. M. Owolabi, A. Soomro, A. H. Ganie, Memory impacts
in hepatitis C: A global analysis of a fractional-order model with an effective treatment, Comput.
Methods Programs Biomed., 254 (2024), 108306. https://doi.org/10.1016/j.cmpb.2024.108306

A. Kiemtore, W. O. Sawadogo, P. O. F. Ouédraogo, F. Agel, H. Alaa, K. S. Somda, et al.,
Mathematical modelling of the impact of vaccination, treatment and media awareness on the
hepatitis B epidemic in Burkina Faso, Math. Model. Numer. Simul. Appl., 4 (2024), 139-164.
https://doi.org/10.53391/mmnsa.1528691

U. T. Mustapha, Y. U. Ahmad, A. Yusuf, S. Qureshi, S. S. Musa, Transmission dynamics of an
age-structured hepatitis-B infection with differential infectivity, Bull. Biomath., 1 (2023), 124—
152. https://doi.org/10.59292/bulletinbiomath.2023007

Networks and Heterogeneous Media Volume 21, Issue 5, 1987-2006.


https://dx.doi.org/https://doi.org/10.2307/3866
https://dx.doi.org/https://doi.org/10.2307/1936298
https://dx.doi.org/https://doi.org/10.1007/s12190-024-02103-6
https://dx.doi.org/https://doi.org/10.15388/NA.15.3.14325
https://dx.doi.org/https://doi.org/10.1016/j.compbiolchem.2024.108256
https://dx.doi.org/https://doi.org/10.1371/journal.pone.0304375
https://dx.doi.org/https://doi.org/10.1007/s12190-025-02639-1
https://dx.doi.org/https://doi.org/10.59292/bulletinbiomath.1686572
https://dx.doi.org/https://doi.org/10.47112/neufmbd.2025.87
https://dx.doi.org/https://doi.org/10.3934/biophy.2024021
https://dx.doi.org/https://doi.org/10.1016/j.cmpb.2024.108306
https://dx.doi.org/https://doi.org/10.53391/mmnsa.1528691
https://dx.doi.org/https://doi.org/10.59292/bulletinbiomath.2023007

2006

34.

35.

36.

37.

38.

39.

40.

41.

P. H. Crowley, E. K. Martin, Functional responses and interference within and between
year classes of a dragonfly population, J. N. Am. Benthological Soc., 8 (1989), 211-221.
https://doi.org/10.2307/1467324

T. Megala, T. Nandha Gopal, M. Siva Pradeep, A. Yasotha, A diseased three-species harvesting
food web model with various response functions, Biol. Life Sci. Forum, 30 (2024), 17.
https://doi.org/10.3390/I0CAG2023-16876

T. Megala, T. Nandha Gopal, Y. Khan, M. Siva Pradeep, M. Sivabalan, A. Yasotha, Dynamical
behaviorism of hepatitis B epidemic model with Crowley-Martin perspective, Boletim da
Sociedade Paranaense de Matemdtica, 43 (2025), 1-17.

T. Megala, T. Nandha Gopal, M. Siva Pradeep, M. Sivabalan, A. Yasotha, Dynamical analysis
of a three-species diseased food web model with different functional responses, in International
Conference on Nonlinear Dynamics and Applications, Cham: Springer Nature Switzerland,

(2024), 235-252. https://doi.org/10.1007/978-3-031-69134-8_16

M. Thangavel, N. G. Thangaraj, S. P. Manickasundaram, Y. Arunachalam, An eco-
epidemiological model involving prey refuge and prey harvesting with Beddington—DeAngelis,
Crowley—Martin and Holling type II functional responses, Eng. Proc., 56 (2023), 325.
https://doi.org/10.3390/ASEC2023-15812

R. Geetha, M. Sivabalan, M. Yavuz, T. Megala, M. S. Pradeep, Biodiversity and ecosystem
stability in a four-species prey-predator food chain with meta-communities, AIMS Bioeng., 12
(2025), 530-555. https://doi.org/10.3934/bioeng.2025025

T. Megala, M. Siva Pradeep, M. Yavuz, T. Nandha Gopal, M. Sivabalan, A role of fear on
diseased food web model with multiple functional response, Phys. Biol., 22 (2025), 016004.
https://doi.org/10.1088/1478-3975/ad9261

P. Van den Driessche, J. Watmough, Further notes on the basic reproduction number, Math.
Epidemiol., Springer, Berlin, Heidelberg, (2008), 159-178. https://doi.org/10.1007/978-3-540-
78911-6_6

©2026 the Author(s), licensee AIMS Press. This

E% is an open access article distributed under the
@ AIMS PI’CSS terms of the Creative Commons Attribution License

(https://creativecommons.org/licenses/by/4.0)

Networks and Heterogeneous Media Volume 21, Issue 5, 1987-2006.


https://dx.doi.org/https://doi.org/10.2307/1467324
https://dx.doi.org/https://doi.org/10.3390/IOCAG2023-16876
https://dx.doi.org/https://doi.org/10.1007/978-3-031-69134-8_16
https://dx.doi.org/https://doi.org/10.3390/ASEC2023-15812
https://dx.doi.org/https://doi.org/10.3934/bioeng.2025025
https://dx.doi.org/https://doi.org/10.1088/1478-3975/ad9261
https://dx.doi.org/https://doi.org/10.1007/978-3-540-78911-6_6
https://dx.doi.org/https://doi.org/10.1007/978-3-540-78911-6_6
https://creativecommons.org/licenses/by/4.0

	Introduction
	Model formulation
	Well-posedness
	Immune response without vaccination
	Hepatitis-free equilibrium E0
	Basic reproduction number R0
	Endemic equilibrium point E*

	Immune response with vaccination
	Hepatitis-free equilibrium Evacc0
	Basic reproduction number R0vacc
	Endemic equilibrium point Evacc*

	Threshold analysis
	Critical immune response threshold
	Critical vaccination threshold

	Numerical computation of equilibrium points
	Conclusions

