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Abstract: In this paper, we consider a semilinear reaction—diffusion equation with a mixed
local-nonlocal spatial operator and a time integral operator. The equation involves the mixed
local-nonlocal Laplacian operator £ = —A + (=A)*? and the Riemann—Liouville fractional integral
operator Iél;y. Our main goal is to characterize the large-time asymptotic behavior of global
mild solutions.
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1. Introduction

Anomalous diffusion processes in heterogeneous media have been widely studied in mathematics
and physics [1-3]. In this paper, we study the Cauchy problem for a semilinear delay reaction—diffusion
equation with a mixed local-nonlocal spatial operator and nonlinear memory:

{ Au(x, 1) + P Lu(x, 1) = -7 (ulP DYu(x, 1), x e RN, 1> 0, (D)

ol
u(x,0) = up(x) >0, x € RV,

where p > 1,8 > 0,0 < h € L[0,+), and uy € (L' N CYIRY), Cy(RY) is the space of
continuous functions on RY vanishing at infinity. The mixed local-nonlocal Laplacian operator is
given by £ = —A + (—=A)*'2. This operator appears naturally in applied sciences and probability theory.
It describes the superposition of different types of stochastic processes, such as classical random walks
and Lévy flights. Here, (—A)%/? denotes the fractional Laplacian of order 0 < @ < 2, and 1(1);7 is the
Riemann—Liouville fractional integral operator defined by

1
(1 -7y)

Iy, f(t) = fo (t—7)7f(0)dr, VfeL(0,T)(1<gq< o), (1.2)
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the nonlinear memory term

Ié|;y(lu|”_1)=g1—y(1)*|u|”_l(t)=f081—y(I—T)|u|”_1(T,X)dT (1.3)

is a term with convolution kernel g,_,(r). Here, the Gelfand—Shilov function g,(f) = 7 HI(y) €
L;,.(0,+00) (y > 0) is nonincreasing and satisfies the convolution semigroup property g, * gs = ga-p,
where * denotes convolution in time. The gamma function is defined by I'(e) = f0+m 17" 'e~'dt. Because

the limit lirrll s.” = T(1 — y)d(s) exists in the distributional sense [4], Iélzy(lulp‘l)u reduces to the local
’y—)

term |u”~'u as y — 1. Thus, the convolution kernel g;_, is weakly singular.
In a recent paper, Kirane et al. [5] considered the Cauchy problem of the reaction—diffusion equation
driven by both the classical and anomalous diffusion

{ Ou(x,t) + P Lu(x,t) = —h(Hu?, x e RN, > 0, (1.4)

u(x,0) = up(x) >0, x € RV,

They showed that the nonlinear term determines the large—time asymptotics when 1 < p <
1 + a/(N(B + 1)), whereas the diffusion effects governed by A and (—A)*/? dominate when p >
1+ a/(N@B + 1)). The critical exponent is p. = 1 + a@/(N(B + 1)). The cases @ =2 and 0 < @ < 2
correspond to local diffusion and nonlocal diffusion, respectively. Compared with Brownian motion,
which corresponds to @ = 2, symmetric a—stable processes with 0 < @ < 2 exhibit jumps in any time
interval. Motivated by applications such as semiconductor growth [6], the asymptotic properties of
solutions involving local and nonlocal operators have attracted considerable attention.

For 8 = 0 and A(¢) = 1, Fino and Karch [7] proved that the critical Fujita exponent for the large time
behavior of the fractional operator (-A)*'? is pr = 1 + a/N.

Fino and Kirane [8] investigated the spatiotemporally nonlinear parabolic equation

{ Ou(x, 1) + (=N u(x,t) = Il_y(lulp‘lu), xeRN >0, (1.5)

(0]]3
u(x,0) = up(x), x € RY,

where p>1,0<a <2,0 <y <1, and uy € Co(R"). The nonlocal operator (—A)*/? is defined by

{ (=A)u(x) = F(E°F @)(@)(x), Yu € DI(=A)""), (L6)

D((-A)"?) = H*(RY) = {u € LXRY)||€1F () € LXRY)}

Here, ¥ denotes the Fourier transform, and ! denotes its inverse.
For the initial value problem (IVP) of the semilinear reaction—diffusion equation with mixed
local-nonlocal spatial operator £ = —A + (—=A)%/?

= uP N
{a,u(x,r)+£u(x,t) u’, xeRY,1>0, (1.7)

I/l(x, 0) = MO(X), X € RN,

many results have been given.
For the purely local spatial differential operator £ = -—A, Fujita [9], Hayakawa [10], and
Kobayashi et al. [11] established that Eq (1.7) has the Fujita phenomenon: (a) If 1 < p < 1+2/N, every
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solution of Eq (1.7) blows up in finite time with u, # 0; (b) if p > 1+2/N, there exists a global-in—time
solution of Eq (1.7) for sufficiently small u, and the critical Fujita exponentis p = 1 + 2/N.

For the nonlocal spatial operator £ = (—A)%?, Sugitani [12] and Fino et al. [13] proved that the
critical Fujita exponent of Eq (1.7) is p = 1 + a/N. This indicates that the IVP with £ = —A + (—=A)%/?
has the same critical behavior as the IVP with £ = (—A)*/2.

In arecent and closely related article, Kumar and Torebek [14] discussed the Fujita critical exponent
for equations u,(x, 1) + L, pu(x,t) = |ul’ + f(x), where with the mixed local-nonlocal operator £L,;, =
—aA + b(—A)*? with a, b € R,. They obtained that the critical exponent is determined by the nonlocal
component of the operator and, as a result, coincides with that of the fractional Laplacian.

The operator (—A)*'? is a positive definite self-adjoint operator on L>(RY). It generates a strongly
continuous semigroup T(7) = ¢~ on L2A(RN); see [15] or [16, Theorem 4.9]:

TOMO=Pdﬂ*ww=j;PAx—%ﬂ%0WW, (1.8)

R

where * denotes convolution in RY. Here, P,(t) is the heat kernel associated with 9, + (—A)*/?, that is,
the fundamental solution of the fractional diffusion equation

O + (=A)*?u(x, 1) = 0.

It is defined via the Fourier transform by
P.()(x) = Po(x,1) = (21)" 2 f eI g, (1.9)
RN

Lemma 1. [16] The fractional heat kernel P,(t)(0 < a < 2) has the following properties.
(i) Py € C*(R* xRY), P,(f) > 0,Vx € RN, ¥t > 0.

(ii) Po(x,1) € L' n L*(RY), f Py(x,t)dx = 1,Yt > 0.

R
(iii) Similarity: P,(x,t) = t NP, (xt71/% 1).
(iv)Vve L'(RM), 1 <r<g< oo, ¥t >0,

N

_N1_1
1P, () * V|, < Ct =2, (1.10)
(v)V1 < g < oo, VE> 0,
_E(l_l)_L
IVP,(0)ll, < Ct """ a, (1.11)

The mixed local-nonlocal operator £ = —A + (=A)%/? generates a strongly continuous contractive
semigroup S (¢) = e7£ on L*(RY), and

S(Duo = Eq(t) * up = fRN Eo(x =y, Duo(y)dy, (1.12)

where E (1) = P,(t) = P,(¢) is the heat kernel associated with d, + .£; that is, the fundamental solution
of d,u + Lu = 0, and P,(x, t) is the Gaussian heat kernel of the operator 9, — A, that is:

_ 2

Py(1)(x) = Py(x,t) = (47Tt)_%€ ar, (1.13)
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Using the semigroup S () = ¢4 or equivalently the fundamental solution E,(#), Kirane et al. [35,
Lemma 7] gave the solution of the Cauchy problem

u(x,t) + P Lu(x,t) =0, xeRY,t> 0,
N (1.14)
u(x,0) = up(x), x e R
as
+1 +1
1) = E,(—— - , Yt=s5>0. 1.15
u(r) (ﬁ+1 ,3+1)*u(s) s (1.15)
Lemma 2. [17] The mixed local-nonlocal heat kernel E(t) has the following properties.
(i) E, € C°(R* xRY), E,(t) > 0,Yx € RN, Vt > 0.
(ii) f Eo(x,t)dx = 1Yt > 0.
RN
(iii) Yt > 0,7 > 0,E,(t) * E, (1) = E,(t + 7).
(iv)Vv e L'(RY), 1 <r < g < oo, Vt >0,
IEa(0) * vll, < Cmin {73070, 77202, (1.16)
(v) V1 < g <00, Vt >0,
IVE,()ll, < Cmin {20707z a9}, (1.17)
(vi) Let g € L'(R"), and M, = f g(x)dx. Then,
RN
lim ||E,(t) * g — M,E,(®)|l; = 0. (1.18)
t—+00
(vii) Let g, xg € L'(R"), and M, = f g(x)dx. Then,
RN
IEo() + § = MyEo(ll; < Cmin{e2, 1« }llxglly, Ve > 0. (1.19)

The kernels in Eqgs (1.2) and (1.3) are singular in time. Consequently, the nonlinear memory term
in Eq (1.1) is singular, and the weak singularity makes the mild—solution framework more convenient.
We therefore consider mild solutions of the IVP in Eq (1.1).

Definition 1. Let uy € Co(RY), @ € (0,2, 8>0,0<y <1, p> 1, h:[0,+0) — (0,+00),h €
L}OC[O, +00), and T > 0. We say that u € C([0, T], Co(R™)) is a mild solution of the IVP in Eq (1.1) if u
satisfies the following integral equation fort € [0, T]:

Z,B+l ! l,8+l S,B+1 | :
— i -
u(t) = Ea(ﬁ —) * o~ fo h(S)Ea(ﬁ 1 m) * Ly (ul”™uls))ds. (1.20)

The rest of this paper is organized as follows. Section 2 presents the main results. Section 3 proves
the global existence result. Section 4 is devoted to the proof of the asymptotic behavior. Throughout
this paper, || - [|,(1 < g < +00) denotes the usual L4(RN)-norm, and a < b means that there exists a
constant C > 0 such that a < Cb.
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2. Main results

In this section, we state the main results concerning the existence, uniqueness, and asymptotic
behavior of solutions to the problem in Eq (1.1), where 0 < @« < 2,8 > 0, and 0 < y < 1.
First, following the arguments in [8, 18], we obtain the global existence, uniqueness, and regularity
of mild solutions.

Theorem 1. (Global existence) Let 0 < ug € (L' N CYRY), @ € (0,2),>0,0<y <1, and0<he
L*[0, +00). Assume that p > max {1 + «(2 —y)/(N(B + 1)), 1/y}. Denote py := N(B+ 1)(p—1)/(a(2—-
Y- If luoll», is sufficiently small, then the Cauchy problem in Eq (1.1) has a unique non—-negative global
mild solution u € C([O, o), (L' N Co)(RN)). Moreover, for every O < a < T < oo, the mild solution
satisfies u € H'(a, T; L*(RN)) N L*(a, T; H*(RN)). In particular, we have u € Hlloc((O, 00); L2 (RM)) N
L2 ((0, 00); H*(RM)). The equation holds in L*(RN) for almost everywhere (a.e.) t > 0.

loc

For a non—negative nontrivial global mild solution u(x, ) of the Cauchy problem in Eq (1.1), we
denote by

M(t) = f u(x,t)dx
RN

the mass associated with Eq (1.1), and we set M., = lim,_,,, M(¢), provided that the limit exists. The
following result is conditional on the existence of a non—-negative global mild solution.

Theorem 2. (Asymptotic behavior) Assume that the Cauchy problem in Eq (1.1) has a nonnegative
nontrivial global mild solution u(x,t). Let 0 < h(t) € L*[0, +0), 0 < up € (L' N Cg")(RN ). If

P> max{l CCab ) 1}, fm h(t)dt < +oo, @2.1)
NB+1) vy 1
then M, > 0. Moreover, Vq € [1, +0), we have
DI () = Mou | = 0.2 > +c0). 2
B+ 171

3. Global existence

Theorem 1 establishes the global existence of mild solutions to the IVP in Eq (1.1). In this section,
we prove Theorem 1.
Proof of Theorem 1. We divide the proof into several parts.
I. Local existence.

Letuy € C7° (RM), and T > 0. Define the Banach space

Xr = {u € L0, 7), CF R llul < 2lluoll .
where Yu € Xr,

Il =1l - ||c§(RN) = sup -(x), Il -l =1l - ”L“((O,T),C?(RN)) = ess sup sup -(x, 7).
xeRN te(0,T) xeRN
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For u € X7 and ¢t € [0, T], define the map

+1 B+1

tﬂ , £ s
Pw)(®) = Enlgm) # o = fo MOE(G—T - ﬁ—>*[0|s (7" yuds.

+1

A.® : X; — Xr. Let u € X7. Using the properties of fundamental solution E,(x, f) associated with the
operator 0, + £ given in Lemma 2, we have

+1
1@l < NEa(G) * ol
+ il f ||Ea( ) | 1oy Qudl”™ Yua(9)|llodls
+1
< | Aﬁ ) # ttolls + s f gy (™ Yue() kol
< uolles + Clllull f gy " losdls
( - )—y p—1
< luolleo + Cllluel|| lu(DIIS drds

o T(1—9)

lluolloo +

|||u|||pf s'7Vds.
1ﬁ(l— Y) 0

Because [||u]l| < 2||1pl|c, We have

[P (Dleo < lluollo + 727727 |luo 12,

I'G-»

Choose T > 0 sufficiently small so that CT2‘72P||u0||fo_1/l"(3 —v) < 1, 50 || P(u)(D)lle < 2||tt0]]cos
and [||®)|| < 2|luoll. Because S (¢) is a strongly continuous semigroup on Cg"(RN ), hence we have
D(u) € Xr.

B. ® is contractive for p > 2 and has Holder continuity for 1 < p < 2.

Yu,v € Xr, we have

1D()(1) = POl
l’8+1 SB+1 el 1
f MOIE 5 fm)*[("s (ul?~ Y = 1o (W17~ Y llodls
< Clihlls f gy, Qual”™ "y = o, Y (WP~ Wleods, 3.1)
as

Iyl = 1 Y (WP v

= Iy, (") - v) + [y (P = 1, (P D,

0ls Ols
1=y p-1 p-1
12 ul”™ = 1 (P Wl
1 -1 1 -1 -1
< ||I()|Sy(|u|p )”oo”u - v”oo + ||I()|Sy(|u|p - |v|p )”oo”v”oo
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We then have the estimate of the integral

f Mgy (P~ = I Y (WP~ Wlleodls
0

Sf||101|57(|u|p_1)llooll(u - v)(s)lIoods+flllélsy(|u|"‘l = WP Dllelv(s)lleds,

and furthermore,
f gys” Quel”™ e = I Y (WP~ W]lodls
0
<l = VI f 11557 (P~ lleods + f gy (el = Dl lv(8)lloodls
0 0

4 — )Y
< llue - vlllf %IIM(S)IIZO_Ides

’ fo . (r(:) St = DOl ds.

For p > 2, ‘Ial‘”‘1 - |b|”‘1| < Cy(lalP? + |bIP~?)la — bl, and thus,

' (s—1)77 ] B
f f T = 1™ = D@ Ivs)lsdrds

< Cp(lllulllP2 + |IwlIIP 2)|||v(s)||||||u—vlllf f F(l— )d Tds.

Using the Holder inequality, and putting Eqs (3.2) and (3.3) into Eq (3.1),

A

5 B T r(s-1
[IP@w) — dWIII < CAllll”™" + [IIVIIIP l)lllu—vlllf ———dtds
0

C(p)

T2 27 ug|| e = vl
rG-y) el Mllee — Wil

Choosing T > 0 small enough such that C(p)T2‘72f*’||u()||£’f<,_1 /T(3 —v) < 1/2, we have

1
IDCw) = Wl < Sl = Vil

(3.2)

(3.3)

so @ is contractive. By the Banach fixed—point theorem, there exists a mild solution u €

L>((0,T), L*(RY)) such that Eq (1.20) holds true.
Forl<p<2, ‘lalf"l - |b|l"1‘ < Cyla - bP'; thus,

! S _ -y
fo %H(W-l —~ P @llel V() lodd s

<G, fo 0 (Fs(l f)_)u(u—v)(r>||f;1||v(s>||mdms
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1 (s—T)y
< Clivilllllee = vilIP~ ffr(l—y)

Cp)

< T>72 —vlIP.
< 1=y 2l =l
Equations (3.1) and (3.3) imply that
C(p)T*”
0@ - eIl < %[ﬂnuon&“nm—wn+2||uo|||||u—v|||f’—‘]

C(p, lluoll) _
& 2- 77| = v|||P 1
I'G-v)

The nonlinear term only yields the Holder continuity with exponent p — 1 € (0, 1) rather than
Lipschitz continuity. This sublinear estimate fails to satisfy the linear contraction condition, which
implies that the Banach fixed—point theorem cannot be directly applied here. To overcome this
difficulty, we adopt a classical framework: the Schauder fixed—point theorem for solution existence
and the Bihari nonlinear Gronwall inequality for solution uniqueness.

II. Uniqueness.
If u,v € X7 are two mild solutions of Eq (1.1) for some 7" > 0, then from Eq (1.20) we have

+1

t tB+1
lu@®) = vl < fh(S)IIEa(ﬁ ,3+1) [Ié|s7(|u|"‘l)u 0|s S ]lledss

IA

Clihll f 1 ™ e = I (P~ leuds. (3.4)

To estimate the last integral, we divide it into two parts similar to Eq (3.2). For u,v € Xr, we
consider the first integral in Eq (3.2),

IA

! S _ -y
f 1157 G Dl = n@lods < [ [ S @l ) = wollodrds
0 0 0

Il -7y)

-1 i3 N
lﬂllilll_p ) fo (s = 1) u(s) — v(s)llodrds
-1 -1t
% i s 7 Nu(s) = v(s)llods. (3.5)

For the second integral in Eq (3.2), we also study two cases: p>2and 1 < p < 2.
Now, for p > 2, 'lall”‘1 - |b|”‘1' < Cy(lalP™? + |b|P~?)|a — b], and thus,

flll Y™ = P Dlleolv($)lloods

S(s—-1)7 . .
—fo , T(- )II(IMI” = WP )@l V(S)leodTd s

_ -
< C,(lllP™ + [Pl f f (m Sk R4 ) = v(o)ldrds
- o2 luoll

=) ; f) (s = ) u(t) = v(7)||odtds
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-1
Cp2” lluoll%

f (s = D) u(t) — v(0)||dsdt
0 T

I'(l-7)
p=l
= % 0 (t = $)' 7 lu(s) = v(s)llodls.

Substituting Eqgs (3.5) and (3.6) into Eq (3.4), we have

lu@® = vOlle < ClIAll 2 ol lu(s) — v(s)lleod
u -y 00 < o ) ulLs) — vis)|leds
re-vy Jo
Cp27|[uoll%!

r'2-vy
< C f max{s' 7, (t — )7} u(s) — v(s)||ds.
0

+Cl|Allo f(t — )7 |lu(s) = v(s)llods
0

Uniqueness then follows from a weighted Gronwall inequality.
Similarly, for 1 < p < 2, ‘lalp’l - |b|1’*1| < Cyla - bP!, thus

t !
f I (™ = el ($)llodls < € f (t = ) lu(s) = V(S| ds.
0 0

Substituting Eqgs (3.5) and (3.8) into Eq (3.4), we have

20 NuwollP™t (1
lu(t) =v(Ollw < Cllhllo—=m—— | s 7llu(s) — v(s)llds
@) —v(®) 2=y Js (s) = v(s)

+Cf(t—S)l_yllu(S)—V(S)IlledS
0

Aluol|
-y

+C f (= ) luCs) — ()| ds
0

A

< (Al

f ' 7 luCs) = v(s)IIZ s
0

IA

Cf max{s'™, (t — s) 7 }|ju(s) — v(s)llfo_la’s.
0

(3.6)

(3.7)

(3.8)

(3.9)

Uniqueness then follows from a weighted Bihari—type nonlinear Gronwall inequality with p — 1 €

O, 1).
II1. The maximal time interval of solution.

By uniqueness of the local solution, the maximal interval of existence is of the form [0, T'y,,x), Where

Tinax = sup {T > O|The mild solution u € L*((0, T), L”(RN))} < 400,

L

From the continuity of the semigroup S (r) = e+, we have

u € C([0, Tra), L (R™)).

(3.10)
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IV. Regularity.
For 0 < ug € (L' N CP)(RY), we repeat the fixed—point argument in the space

Xry = {u e L. T), L' 0 CER™)| lllulll < 2uollos il < 2l
instead of X7, where || - |lo,1 = I| - [lLo(0.7)..'®Y))- Using the estimate
@Il < M@ @)l
in the contraction mapping argument, we obtain a unique solution in X7 ;. Therefore,
u € C([0, Trnax), (L' N Co)(RM)). (3.11)

Let the forcing term in Eq (1.1) be denoted by F(f) = —h(t)Iélzy(lulp’l)u(t). For any T > 0, we obtain

!
157G Dl < € [ =9 uCsz s < Ci.
0

and [|[F(0)|l; < Crllu(®)ll,. Because u(r) € (L' N Co)RM), [lu(®)Il; < llu(®)|lil|u(?)llw. Then, we have
F(f) € L™(0,T; L*(RY)) c L*(0, T; L*(RM)).

We consider the equation d,u + #* Lu = F(t). For any a > 0, ## is bounded from above and below on
the interval [a, T]. Because £ is a non—negative, self—adjoint operator and forms a sectorial operator
family, using L?—maximal regularity or energy estimate, we obtain

u(t) € H'(a, T; L*(RV)) N L*(a, T; D(L)).

Because 0 < « < 2 with equivalent norms, H> C H?, so we obtain D(£) = H?. This implies that
u(t) € H'(a, T; L*(RY)) N L*(a, T; H*(RY)). By the arbitrariness of a and T, it follows that
u(t) € HY (0, 00; LA(RM)) N L2 (0, 00; HA(RM)).

loc loc

V. Global existence.

By definition, u is global if Ty,,x = +00. If T, < +00, then u blows up in finite time; in this case,
one usually has [[u(?)llc,rv) — o0 as t = Trax.

Set po = N(B+ 1)(p — 1)/(a(2 — y)). The condition p > max{1/y, 1 + a2 —y)/(N(B + 1))} implies
po > 1. Choose g > p such that

2-y 1 N@B+1 1
y_1 _N@B+D _

. (3.12)
p-1 p aq p-1
Then,
N
q> ;(,8+ D(p-1). (3.13)
Define
N 1 1 2 - N
bi=—~(——-)B+1)= 2Ty —@B+1). (3.14)
a po ¢ -1 aq
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From Egs (3.12) and (3.14), we observe that

2 - N N
pb=pl=—L - =@+ D]<1, 2-y-(p-Db=—(@+D(p-1) =0.
p-1 aq aq

(3.15)

Using the properties of fundamental solution E,(x,) to the operator d, + L given in Lemma 2,

Eq (3.14), and py > 1, one obtains

+1

lﬁ . N1 1 _Nc1_ 1
sup | Eo(5——=) #olly < Csup” min{r* 0P, G g,
>0 ,8 +1 >0
N1 L ((N_Ny_1
= Csuptb @ (7 ‘f)(ﬂﬂ)mm{t(“ 25 qxﬁ”),l}lluollpo

>0
NNyl
< Cmax{sup, sup }min{t(“ 26 q)(ﬂ+1),1}|
>1 te0,1)

= Clluollp, := 1 < +o0.

luoll o

Set
X:= {u € Li2((0, 00); LIR™M) : ullx := ess sup £ llu(@)llzs < oo}.
>0
Then, (X, || - |lx) is a Banach space. For a fixed ¢ > 0, define
Xs:={ueX:|lulx <6}.

We equip X5 with the metric
dx(u,v) = |lu—vllx.

Because X is a closed subset of the Banach space X, (X, dx) is complete. For the map

+1 ! +1 S+1
= — )k uy — ) [ (!
O(u)(1) = Ea(ﬁ+ 1) Uo fo h(S)E“(,B+1 Br 1) [y, (ul”ulds, ¥t > 0,
from Eq (3.16), we derive
+1
PP, < tb”Ea(l[m)*MOHq
! l,B+1 sﬁ+1 B -
+ th”j(;h(S)Ea(m_m)*[l&sy(lulp Duldsll,

! l,8+1 +1
b I-y -1
< 0+ lhllet fo VoG = ) Uow Gl il

B

Using the estimate (1.16) of E,(x,?) given in Lemma 2(iv), we obtain

(B B+1 _
B+1 /;+ ) [y, (P~ u(s)1ll,

< Cmin{(#! - T (P - P

IEa(

1) _ B
WY (P ()Ml -
By Minkowski’s integral inequality and the positivity of the kernel, we have

g (D)l < Iy e oMMl = 1 QeI Dl

q
-

(3.16)

(3.17)

(3.18)
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= 1@ @llu@)ll) s )]l

and u € X implies that

oP st
I'(l-1y)

Because 0 < y < 1, and pb < 1 (see Eq (3.15)), the improper integral

||Ié|?(|“|p_l)u(S)II% < 6”Ié|;7(7—(p—1)b) b =

S
f (s =) 77 P Vbgr.
0

f (s =) P Vdr = B(1 —y,1 - (p - 1)b)s' 7P~ 1P
0

converges, and B(1 — vy, 1 — (p — 1)b) is a beta function; thus,

51’
I (ufP™! < B(1 -y, 1= (p— b)s'-y-p-bbb
1o, (ul” DuCs)llgsp < -y (1-y,1=(p—1b)s
57 o
= T _y)B(l —y, 1= (p—Db)s' 777, (3.19)

Putting Eqgs (3.18) and (3.19) into Eq (3.17), we have

OOy — 7
< Cs't ft min{(tﬁJrl = P RED (B A'B“)‘%(f"l)}sl—y—pbds
0

! !
SC(Sptbmin{ f (P! = Py R D glorrbg f (zﬁ“—sﬂ“)—%(ﬂ—”sl-y—!’bds}, (3.20)
0 0
as,
ft(tﬁ” _ Sﬂ+1)—2ﬂq(p—1)s1—y—pbds
0

1
t2—7—pb—§vq(p—l)(ﬂ+l)f (1 _yB+l)—%(p—l)yl—7—pbdy
0
1
= ,3 " 1t2—7—pb—zﬂq(p—1)(ﬂ+1)B(1 -Np-1)/Q2q),2-v—-pb)/(B+1)),

!
N
f(tﬁﬂ _ Sﬂ+l)—a—q(p—l)sl—y—pbds
0

1
— IZ—Y—Pb—(Z(P—l)(ﬁ+1)f (1 _yB+1)—aﬂq(p—1)yl—y—pbdy
0
| SV
= B 1t2 y=pb=-2(p 1)(,8+1)B(1 —N(p-1/(ag),2 -y - pb)/(B+ 1)).

Because 0 <y < 1, and pb < 1 (see Eq (3.15)), for ¢ > max{N(p — 1)/2, N(B + 1)(p — 1)/a}, beta
functions B(1 — N(p - 1)/(2¢), (2 —y — pb)/(B + 1)) and B(1 - N(p — 1)/(aq), (2 -y — pb)/(B + 1))
converge; using the second identity in Eq (3.15), Eq (3.20) becomes

. b N b N (e
thICD(u)(t)Ilq < I]+C5ptb —_— {tz y=pb=3,(p 1)(/3+1)’t2 y=pb=3a(p 1)(ﬁ+l)}
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N . L_LyNe,
n -+ CoP A7V 55 =B pip (G- D 5w, 1}

7+ C8” min ({25 VED 1} <4 o, (3.21)

this yields
Pl D)), < 1+ C.

Choosing 6 > 0 sufficiently small and then taking ||u||,, sufficiently small so that n + Cé” < 6, we
obtain ®(X5) C Xj;.
Similarly, for p > 2, using

lal’~'a = BIP~'B] < C,(lal"™" + 161" )la - bl,

one can prove, in the same way, that @ is a strict contraction on X, provided that ¢ is sufficiently small.
Hence, by the Banach fixed point theorem, ® has a unique fixed—point u € X, which is a mild solution
of Eq (1.1).
For 1 < p <2, using
jal’~" = bI"™! < Cpla — b,

the Schauder fixed—point theorem for solution existence and the Bihari nonlinear Gronwall inequality
for solution uniqueness holds.

We now prove that u € C([0, o), (L' N Cy(R")). First, for T > 0 sufficiently small, we have
u € C(0,T], (L' N Cy)(RY)). Indeed, for any T > 0, there exists a unique solution in

Uz = {u e L0, T), LY®")| sup Lllu)l, < 6}.
1€(0,T)

Let ii be the local solution of Eq (1.20). Because uy € (L' N Cy)(RY), and thus, uy € LI(RY) for
g > max{N(p — 1)/2,N(B + 1)(p — 1)/a}, we obtain it € C([0, Tray), LYRY)). For T > 0 sufficiently
small, it follows that sup,. 7, 1 lliE()ll, < 6, and uniqueness of the local solution implies that u = i on
[0, T] so that u € C([0, T], (L' N Cy)(RV)).

Now, by a bootstrap method, iterating a finite number of times (refer to [8] for details), we can also
prove that u € C([T, ), (L' N Cy)(RY)). Combining the above two steps, we obtain u € C([0, o), (L' N
Co)®RY)).

VI. Non-negativity of mild solutions.

The following energy argument is justified on every interval [a, T], a > 0 by the regularity obtained

in Step I'V:

u(t) € H'(a, T; L*(RV)) N L*(a, T; H*(RY)). (3.22)

Passing to the limit as a — 0 gives the result on [0, T').

Let T > 0. If u(x,t) is a mild solution of Eq (1.1) on [0, T') with the regularity in Eq (3.22), and
up > 0, then u(x, t) > 0 for a.e. x € RV and for all ¢ € [0, T).

We now prove the non—negativity of the mild solution. Let u™ = max{u,0} and v~ = — min{u, 0}.
Then, u = u* —u", utu” = (AuH)u™ =0, and

f [(-A)Y*u™udx < 0. (3.23)
RN
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Because u(t) € H'(a, T; L>(R")), and the map ¢ — u~(¢) also belongs to H'(a, T; L*(R")), we have
: dll "I = —(u(0), u (1)), fi 1€[0,7)
57 = —(u,(t), u , for a.e. ,T).
u(t) € H*(RN)) implies that (Lu(t), u~(¢)) makes sense, and
f U dx = P(Auyudx — f PI(-A)"*ulu"dx
RN RN RN

f ()1, (ul”™"yuudx. (3.24)
RN

Using Eq (3.23) and substituting u, = u; — u; and Au = Au™ — Au™ into Eq (3.24), we obtain
—f uu dx > - f P(Au ) u dx + PI(-A)"*u ludx
RV RV RV

+ f h(n)ly, (™)) dx,
RN

1d f w)ldx < f (Au)u~dx — 1 f [(-A)?u Ju"dx
2 dt RN

0] f (P~ )?dx, (3.25)
as,

f (Au)u"dx = — f Vu|?dx < 0, (3.26)

RN RN
f o QulP (™) *dx = 0. (3.27)

RN
Using the self-adjoint property of (—A)*'?, we have
f [(=A?u luwdx = | [(-A)*u1*dx > 0. (3.28)
RN RN

Putting Eqgs (3.26)—(3.28) into Eq (3.25), we obtain

1d

el - 20y < .
30t ) [u (x,0)]°dx <0, (3.29)

as uy > 0, Eq (3.29) implies that

f [t (x,)]*dx < f [ty (X)]*dx = 0, V¢ > 0.
RV RV

We therefore have u~(x, #) = 0; thatis, u = u* > 0 for a.e. x € RN, ¥Vt € [0, T).

This completes the proof of Theorem 1. O
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4. Asymptotic behavior of mild solutions

In this section, we prove Theorem 2.

Lemma 3. (Comparison principle for mild solutions) Let T > 0 and u(x, t), v(x,t) be mild solutions
of Eq (1.1) with initial data uy and v, respectively. If 0 < uy < vy, then 0 < u(x,t) < v(x,1t) for a.e.
x € RN and for all t € [0, T).

Proof. Let w(x, t) = v(x, t) — u(x, t). By the non—negativity of mild solutions established in Theorem 1,
we have u(x,1) > 0,v(x,t) > 0 for a.e. x € RY, ¥t € [0,T). Because u and v are mild solutions on

[0, T'), Definition 1 implies that |||z« o, r)xzy) < +00, [[Vl[z=(j0,r)xry) < +00; thatis, Q := ||M||€;E[O’T)XRN) +
||V||Z;E[O,T)XRN) < +00. Thus, u(x, ) > 0 and v(x, ) > 0 imply that [v|"~! — [u|P~! = v»~! —uP~!. Moreover,
because u(x, ) > 0, and v(x, 1) > 0, we have
ow(x, 1) + PLw(x, 1) + h(t)léljy(vf’*l)w = —h(t)u(t)léljy(v”’l —uPh, @.1)
w(x,0) = vo(x) — up(x) > 0, x € RV, ’

Because w(x, 0) = vo(x) — up(x) > 0, it remains to show that w > 0. Define

v -l ()

T—utrn) v(x, 1) # u(x, 1),

b(x,1) = Vf’t)—u(;f)z (x, ) i (x, 1) 42)
(p— Dul=(x,1), v(x,1) = u(x,1).

Thus, b > 0, and v"~' — u”~! = bw. Hence
Ow + P Lw + a(x, Hw + h(@Oul: Y (bw) = 0,

[V]]3

where a(x, 1) = h(t)I; (v")(x, 1) 2 0.
Let w* = max{w, 0}, and w~ = —min{w, 0}. Then, w = w* — w™, and

wrw™ = (AwHw =0, ((-A)*wHw <0 a.e. xeRY.

Arguing as in the proof of Theorem 1, we obtain

_ 1d _ 2 _
- __ . <0.
fN ww dx = tllw @ll5, fN Lw-wdx<0

Moreover, the local zero-order term satisfies

f alx, )ww dx = — f a(x, H)(w™)?dx < 0.
RN RN

1—y

For the memory term fRN h(tu(x, t)10| C(bw)(x, )w™ (x, 1)dx, because w = w* —w™, we have

I, (bw) = 1,7 (bw*) = I (bw"),

and because I, 7 (bw*) > 0, I;;”(bw") > 0, thus we have I (bw) > —I,,” (bw"), and

f h(u(x, DI (bw)(x, Hw™ (x, dx > - f h(u(x, DIy (bw™)(x, Hw™ (x, Ddx.
RN N

R
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Then we have
lill "0l < h(tyu(x, )1 (bw ) (x, Hw ™ (x, 1)d
2dtw 5 < » u(x, D1y, " (bw™)(x, Hw™ (x, H)dx.
On the finite time interval [0, T'], the mild solutions u, v are bounded; that is,

. p-1 p-1
Q L ||M||L°°([O,T)><RN) + ||V||L°°([O,T)><RN) < to0.

Casel. p>2.
The function b(x, ) given in Eq (4.2) is bounded; that is, 0 < b(x,f) < Cr for some constant
Cr > 0. Hence,

Ié|;y(bw_)(x, N <Cr f (t—s)7"w (x, s)ds,
0

1d !
S—Iw™ @3 < Cr f w(x, 1) f (t =)W (x, 5)dsdx,
Zdt RN 0

and using the Cauchy—Schwarz inequality, we have
f w(x, Ow(x, s)dx < [lw™ (D)12[w™ (92,
RN

d !
d—llw_(t)H% < Crlw™ @l f (t = 9)77[w(9)llds.
! 0

Setting Y (1) = supy.,, [lw(s)ll2, one gets
d !
d—tllw‘(t)lli < CrY* (1) f (t—5)7ds = Cri' 7Y ().
0

!
Integrating with respect to ¢, |[w™ (t)ll% <Cr f sTYY?(s)ds. Taking the supremum with respect to f,
0

!
Y1) < Cr f sTYY2(s)ds,
0

as w=(0) = 0, and Gronwall’s inequality yields Y*(f) = 0. We therefore have w™(r) = 0,0 <t < T,
which implies that v —u = w = w* > 0; that is, u < v for a.e. x € RY, ¥Vt € [0, T).
Case2. 1 <p<?2.

Because the derivative of the map r — r”~! is singular near r = 0, namely, (p — 1)r’? — +o0 as
r — 07, the function b(x, r) may be unbounded. We therefore use a regularization argument. Define
fo(r) = (r + €)P~'. We consider the regularized equation

Outte + 1° Lug + a(x, ue = —h(Oucly” (folue)).

By solving the corresponding regularized problems with the same initial data and using the
continuous dependence of mild solutions on the regularized nonlinearities, we obtain u, — u and
ve — v uniformly strongly in C([0, T]; LIZOC(RN )). Because f/(r) = (p—1)(r+ €)"~2 is bounded on every
finite interval, the argument in Case 1 applies and gives u, < v,. Passing to the limit € — 0, we obtain

u<vforae. xeRN,Vte[0,7). O
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Lemma 4. (Decay of the mass) Let u(x,t) be a non—negative, nontrivial, global, mild solution of the
Cauchy problem in Eq (1.1). Then, the mass M(t) := fRN u(x, t)dx of Eq (1.1) is nonincreasing and the
limit M, := lim M(t) exists.

t—+0co

Proof. Because u(x,?) is a non—negative nontrivial global mild solution of the Cauchy problem in
Eq (1.1), it satisfies the integral equation (1.20). Hence,

l’8+1
M) = f u(x, t)dx—f a(ﬁ ) * updx

f f h)Eo(5 # oy P Yu(s)]d sdx. (4.3)
RV ﬁ

By Fubini’s theorem,

+1
f a(tﬁ )*uodx = f f Ea( )(x Vuo(y)dydx
RN ﬁ RN N
+1
fR dy f )(x Vg(y)dx
f uo(y)dy f )(x)dx

Using Lemma 2(ii), namely fRN E,(x,t)dx =1 for all t > 0, we obtain

tﬁ+1 PB+1
fRN Ea(ﬁ?)(x)a’x =1, fR Q(IB ) * updx = fRN uy(x)dx. “4.4)
By Fubini’s theorem again,
f fh(S)Ea( +1 ﬁ+ 1) Ols (WP Yudsdx
f f h(s)Ea( ﬁ ) Iélsy(u”‘l)udxds
Sﬁ+1
f s [ s f GrT " gD ) @ Oy

s\ ool 4 tﬁ+1 S,B+1 J
f(S) Sf 0|S(u )u(y)yfRN a(ﬁH IBH)(x—y) x.

! _ N
Because LN a(ﬁ+1 B+ 1)()c yydx =1, Yy €e R", we have
f f H)Eo(5 ) Iy (P~ ud sdx
RN ﬁ
- f h(s)ds f o @™ Hu(y)dy
= f f h($)Iy ("™ Yu(x, s)doxds. 4.5)
0 RN
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Substituting Eqs (4.4) and (4.5) into Eq (4.3) we have

M(t):f u(x,t)dx=f uo(X)dx—ff h(s)IéI?(up_l)u(x, s)dxds, (4.6)
RN RV 0 Jr¥

and,

d _
M'(r) = % fN u(x,Ndx = — fN h(t)Iélty(u”_l)udx <0.
R R

Thus, M’(¢) < 0, and hence, M(¢) is nonincreasing. Because M(f) > 0, the limit lim M(¢) exists.
1

—+00

We denote it by M, = lim M(¢) > 0. Under additional assumptions, we will show that M., > 0. O

t—+00

Proof of Theorem 2. Because u(x,t) > 0 is a global, mild solution of the Cauchy problem in Eq (1.1),
from Eq (4.6), we have

Oﬁf u(x,t)dx:f uo(X)dX—ff h(s)lélgy(up_l)u(x,s)dxds. “4.7)
RN RN 0 JrVY

For 0 < uy € L'(RY), Eq (4.7) implies that
0< f u(x, dx < f uop(x)dx = |luoll 1 gyy < +00,Vt >0,
RV RV

and thus, u(x, 1) € L*([0, +o0), L'(R")), and
+00
f fh(t)l(l)l;y(u”_l)u(x, dxdt < fuo(x)dx = luoll 1 gy < +oo.
0 JRV RN
On the other hand, because u(x, t) > 0 is a global mild solution, Eq (1.20) implies that

+1

0 <u(t) < Ey

) * ug, Yt > 0.
B+1

Choose p; = 1 +a(l —y)/(N(B+ 1)). Since p > 1 + a2 — y)/(N(B + 1)), we have p; < p and
pr<l+a/(NB+1))<1+2/(N@B+1)). By Lemma 2(iv) with ¢ = p and r = p/p;, we obtain

+1

udllp < NEo(5—) * uoll?
(@l < B ) *
- Y (p-D(B+1 ~Np-n(B+1
< Cmin {20V DYy s PEDED 12 ol
= H(t, p,a,B, up). (4.8)

For a fixed € € (0, 1], let u® = u®(x, t) denote the solution of the IVP in Eq (1.1) with initial datum
euy. The comparison principle implies that 0 < u®(x, f) < u(x,t), Vx € RN, ¢ > 0, and hence,

M, > M = lim u®(x, t)dx,

t—+00 RN

and
+00
M, = sf Mo(X)dx—f fh(t)]&l;y(luslp_l)ug(x,t)dxdt
RV 0 RV
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= & wdx -~ [ ROy, (U1~ (x, Hdxdt |- (4.9)
R¥ € Jo RN |

Applying Eq (4.8) to u®, we obtain

@Il < H(t, p, @, B, eup) = e"H(t, p, @, B, uo). (4.10)

A direct calculation gives

! f ) f ()1, (1P~ s (x, t)dxdt

= —f ()f U =97 [u®(x, )17 uf(x, H)dxdsdt
I'(1-v) ’ ’

< L The [ ()II”‘lll (o), dsdt
< F(l— ) I Nl @)l d sdt,

and using Eq (4.10), we obtain

f f ()1, (1P~ Y (x, t)dxdt

< gl f hOH?(t, p, @, B, uo) (z— S TH'T (s, p, @, B, uo)dsdt. 4.11)
0

Because the function H(t, p, @, 3, uy) is defined in Eq (4.8), we compute the following integrals
directly: fot(t — §)YH(s, p,a, B, up)ds. First, we use the beta function B(a,) = fol 11 — 1P 1dt to
calculate the following two integrals:

!
f(t_ §) Vs 2P g
0
1
= t1—7—1§](p1—1)(ﬁ+1)f(1_T)—VT—1§(p1—l)(ﬁ+l)dT
0

N
= (TERENENB(L 1= S (py = DB+ 1)),

!
N
f(t_s)—ys—(,@l—l)(ml)ds
0

1
y—fi(m—l)(ﬁmf(1_7)—yT—£<p1—1)w+1)dT
0

N
= T PTNENB(L —y L= —(pr = DB+ D).

Both B(1 =y,1 = N(p; — 1)(B+ 1)/2) and B(1 —y,1 = N(p; — 1)(B + 1)/a) converge. Thus,
!
f (t= s)"H'7 (s, p.v.f.ug)ds
0
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-1
Cmm f(t—s) 7§ 2 (P=DEHD dsllu i

P/Pl

L[‘u-—s>7s DD gl ‘f“<z—.n VdsHudV’l}

A=Y DB+ L
= Cmin {t 7DD B - Y. 1= —(Pl - DB+ 1) )||M0||1,,/p1
1=v=Y(p=1 ne=t 1— -1
A gy %L"%m—Dw+D mem o'}
1 D(@B+1)2=L D@B+H = 1
= Ct yrnln{t Fp-hEen ||M ”p/m £ aP1=DEHH ||Mo|[,/P1 llutoll},™ }

and therefore,

!
f(t - S)_YH%(S, D, aaﬁa MO)ds < Ctl_yH%(t’ D, a’ﬁa MO)-
0

Putting Eq (4.12) into Eq (4.11), we obtain

1 +00 +00
- f f h(O1y,” (W~ (x, dxdt < Ce™! f h(Ot' 7 H(t, p, @, B, up)dt.
€ Jo RY 0

For 0 < h(r) € L*[0, +0), we have

1 1
f ! h(H(, p, @, B, uo)dt < ||uo||§||h||oof t'77dr < Clihllslluoll), < +oo,
0 0

and Condition (2.1) implies that
—+00
f "R H(t, p, @, B, ug)dt
1
<C " I=yp, in [ 2@1=DE+) =5 p1=DE+D) 4
””0”p/p1 t Vh(t) min {¢ , 1 t
1
+00
= Clluol”,,, f h(tymin {{1=90 1y
1

+00
= Clluoll? f h(t)dt < +oo.
!

Combining the above two estimates, we obtain

+00
f " h(OH(, p, @, B, up)dt < +oo.
0

Because p > 1, Eq (4.13) implies that

>0 &

+00
fim ~ f h(O1y,” (WP (x, dxdt = 0,

Equation (4.14) implies that, for £ > 0 sufficiently small,

1 [ 1
—f f h(t)lglty(luslp_l)us(x, Hdxdt < —f uo(x)dx.
E 0 RN 2 RN

(4.12)

(4.13)

(4.14)
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Hence, we can choose a constant g, € (0, 1) such that

+00 1
f h(O)1y, (™1 Y (x, Hdxdt < f o(x)dx.
0 RN 2 Jrv

Equation (4.9) implies that
M2 > — f uo(x)dx > 0,
2 RN

and thus, we have M, > M > 0. This completes the proof of the first part of Theorem 2.
Next, we prove that Eq (2.2) holds true for g € [1, +00).
Case I: ¢ = 1. By Minkowski’s inequality, we obtain, V¢ > 7 > 0,

Hu(t) — M.E
+1 +1
<[Jutr - Eatg - 5w
B+l P+ s Peaan!
e - 53 1)*u<r)—M(r)Ea( NE i
+1 +1
+ M(T)Ea(ﬂ+1 o 1)—M(T)EQIB
tﬁ+1 tﬁ+1
HMOE G - Mo 1)” . (4.15)
Because u is a mild solution of Eq (1.1), Eq (1.20) gives
l’8+1 T,B+1
-5l

> i Uy (™ yrlds|

Ols

S
E tﬂ+1 Sﬁ+1

_ _ 1 -1
- f‘r h(s)dsz RN ﬁ+ 1 B+ 1)(x Wy (ul” )”dyHl

t 1y - tﬁ+1 s,6'+1
= [Cneswds [ a2 oy [ B = =],
= [ [ w7 Dy
T JRN

By direct calculation or using [17, Lemma 6] with g = u(7), we have

B+l B #+1 B+l
ST a0 - MOEG S - o) =0

From the property given in Lemma 2(iii) of the fundamental solution E,(x, ) to the operator 9, + L,
that is, E,(t) * E, (1) = E,(t + 1), Yt,7 > 0, we obtain
l.ﬁ+1 Tﬁ+l l,B+1 l’8+1 T,B+1 l,8+l Tﬁ+1 T,B+1
T )= Eo(—=) = Eo(— — )= Eo(— — 2—=7) ¥ Eo(—),
p+1 p+1 p+1 p+1 p+1 p+1 p+1 p+1

E(—

lim

f—+00

Eq(
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as

ol - [ e

by direct calculation or using [17, Lemma 6] with g = EQ(TPBJrl /(B + 1)), we have

) tﬁ+1 Tﬂ+1 t’8+1
tim [Ea o~ o)~ Eaap
. riag B+ B+ B+ H+1
= tim B - T s B~ 1B - T =0
t—+00 B+1 p+1 B+1 p+1 p+1
Together with the monotonicity of M(¢), this gives
lﬁ+1 T,8+1 l’8+1
[ E G - g - MOEG )
l,8+l Tﬂ+l l,8+1
< MO g = )~ Ealyp], = 0as 1o veo

For the last term, by the formula (4.6), we have
l’8+1 +1 +1
[ G - Mo, < M@ - MalEa |

=|M(7) — M| < f °°f h(s)Iélsy(lulp_l)u(y, s)dyds.
T RN

Substituting the above estimates into Eq (4.15) we obtain

<2 f mf DLy, (uP ™ u(y, Ddyd. (4.16)
T R

lim sup H
N

f—+00

By Fubini’s theorem,

| h | Hom .y
T RN

_ (" =97 i
—f; h(t)LNf T )|| (v, $u(y, t)dsdydt

—+00 ! (t _ S)_ B
= h p

+00 t _ -y
sf h(t)llu(t)llpf0 g(l j)y)llu(s)ng‘ldsdt.

Using the estimate of |lul|, given in Eq (4.8) and uy € (L' N Co)(RY), ¥7 > 1, we have

f h f ROl uty, Dy

1 _
E=8)7 (N el N pt
C”u()”p/pf h(O|[u)|l, ;(1 )y) min {S Spi=DH+H , S Npi=D+H }dsdt.
0 _
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Substituting the estimate of ||u||, again,

| h [, ot . e

< Clugll? f h(r)zl—ymin{r—%’l-“w*”, f%@'-”W”}dz
T+oo

= Clluol”,,, f h(t)min{t“—%)“—”, 1}dt
T+oo

< Clluoll? f h(f)dt.
.

By Condition (2.1), f1+°o h(t) dt converges. Hence, f1+°° h(t)dt converges, so we have

+00

lim h(tydt = 0
T—+00 .

and thus,

+00
lim f hOL (ul’yu(y, Hdydt = 0
T RN

T—+00

Returning to Eq (4.16), we obtain

+1
Tim [ - Mm,Ea(ﬁ?)|'1 = 0. 4.17)
Thus, Eq (2.2) holds for g = 1.
Casell: g > 1.
For any m € [1, +oo], using ||P,(?)||; = 1 for all # > 0 and Lemmas 1 and 2, we have
! -N(1- 2B+
Il < By = o], < €58 Dl (4.18)
and
l,8+1 t,B+1
|Eat—=|| = |Pat—) % P
,8 +1 B+1 ﬁ + 1
< Cr 5=+
- ,3 +1
= Crot-we, (4.19)

Fix m € [1, +o0]. For any g € [1,m), Holder’s inequality and Minkowski’s inequality yield
+1
B+ I)Hq

< [lute) - Mo ﬁ’ﬁ o) - m /f -

Hu(t) — Mo E,(
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+1

1-6
0
< [l Mok, (ot + Moty (4.20)
where 1/g=1-0+06/m,ie. 6 =(1 -1/g)/(1 - 1/m).
For g < m, putting Eqgs (4.18) and (4.19) into Eq (4.20), one obtains the estimate
Z,B+l lﬂ+1 1-6
120Dy (1) — M Ey(—— H o = Moo
p+1 p+1
N1 N1 1
(Do, + 50 Mo Ea )
p+1
and for any 7 > 0,
Ne=1 1 -N -
(2 OO0, < Cre BV TRDED 1 = Cllug 2,
£a(1=DB+D) ‘M E,( ! )H < Cra-pEEH-Foa-en _ o
Thus, Eq (4.17) implies that
-5+ .
a 4 + —
- ] <o
Therefore, Eq (2.2) holds for g > 1.
This completes the proof of Theorem 2. O

Remark 1. Let 0 < h(t) € L[0,+0), 0 < uy € (L' N Cy)(RY), and let u(x,t) be a non—negative,
nontrivial, global, mild solution of the Cauchy problem (1.1). It is natural to expect that

a2-vy)
NB+1)

is a sufficient condition for M., = 0. In contrast to the reaction—diffusion equation without memory

l<p<l+ —= 1nfh(t) > 0, (4.21)

term, it needs to deal with the nonlinear term fOT fRN h(Hu? (x, e(x, tdxdt. It is a local term, so we

can use the test function ¢(x,t) to help us. However, because the nonlinear memory term I, o ty(lulp Du
is singular in time, the present method does not apply; we now face a nonlocal term

f f h()1y,” ("™ yu(x, D(x, dxdt

:f f h(t)f(t— $) 7 u(x, )P dsu(x, £p(x, Hdxdt
0

T
:f f |u(x, s)l”_l[f h(t)(t — s) " u(x, H)e(x, t)dt]dxds. (4.22)
0 Jr¥ 0
The nonlocality leads the difficulty in proving M., = 0 by the rescaled test function method. New
techniques are needed to overcome this difficulty. One possible approach is to adapt the method of

Fino and Kirane [8] for the purely nonlocal operator L = (—A)*/.
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5. Conclusions

Without the memory term —h(t)I(;';y(IuIP“)u(x, t), under the assumption inf,-o A(f) > 0, we can get
inequality h(t)u’¢ > CuPp for a non—negative solution u(x, ) and the test function ¢. However, for

the equation with memory term d,u(x,t) + # Lu(x,t) = —h(t)[él;y(lulp‘l)u(x, ), we need an estimate

of the non—local term ﬂ ! h(t)(t — s)7@(t)dt, even if h(t) > C > 0, we will need the precise lower

bound of ﬁ T(t — ) 7(t)dt, it is very difficult to choose a suitable test function. We overcome this main
difficulty to characterize the large—time asymptotic behavior of the global mild solutions. However,
the nonlocality also leads the difficulties in proving M., = 0, this is a difficult problem, which merits
further investigation in future work.
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