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Abstract: In this paper, we consider a semilinear reaction–diffusion equation with a mixed
local–nonlocal spatial operator and a time integral operator. The equation involves the mixed
local–nonlocal Laplacian operator L = −∆ + (−∆)α/2 and the Riemann–Liouville fractional integral
operator I1−γ

0|t . Our main goal is to characterize the large–time asymptotic behavior of global
mild solutions.
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1. Introduction

Anomalous diffusion processes in heterogeneous media have been widely studied in mathematics
and physics [1–3]. In this paper, we study the Cauchy problem for a semilinear delay reaction–diffusion
equation with a mixed local–nonlocal spatial operator and nonlinear memory:{

∂tu(x, t) + tβLu(x, t) = −h(t)I1−γ
0|t (|u|p−1)u(x, t), x ∈ RN , t > 0,

u(x, 0) = u0(x) ≥ 0, x ∈ RN ,
(1.1)

where p > 1, β ≥ 0, 0 < h ∈ L∞[0,+∞), and u0 ∈ (L1 ∩ C∞0 )(RN), C∞0 (RN) is the space of
continuous functions on RN vanishing at infinity. The mixed local–nonlocal Laplacian operator is
given by L = −∆+ (−∆)α/2. This operator appears naturally in applied sciences and probability theory.
It describes the superposition of different types of stochastic processes, such as classical random walks
and Lévy flights. Here, (−∆)α/2 denotes the fractional Laplacian of order 0 < α < 2, and I1−γ

0|t is the
Riemann–Liouville fractional integral operator defined by

I1−γ
0|t f (t) =

1
Γ(1 − γ)

∫ t

0
(t − τ)−γ f (τ)dτ, ∀ f ∈ Lq(0, T ) (1 ≤ q ≤ ∞), (1.2)
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the nonlinear memory term

I1−γ
0|t (|u|p−1) = g1−γ(t) ⋆ |u|p−1(t) =

∫ t

0
g1−γ(t − τ)|u|p−1(τ, x)dτ (1.3)

is a term with convolution kernel g1−γ(t). Here, the Gelfand–Shilov function gγ(t) = tγ−1/Γ(γ) ∈
L1

Loc(0,+∞) (γ > 0) is nonincreasing and satisfies the convolution semigroup property gα ∗ gβ = gα+β,
where ∗ denotes convolution in time. The gamma function is defined by Γ(α) =

∫ +∞
0

tα−1e−tdt. Because
the limit lim

γ→1
s−γ+ = Γ(1 − γ)δ(s) exists in the distributional sense [4], I1−γ

0|t (|u|p−1)u reduces to the local

term |u|p−1u as γ → 1. Thus, the convolution kernel g1−γ is weakly singular.
In a recent paper, Kirane et al. [5] considered the Cauchy problem of the reaction–diffusion equation

driven by both the classical and anomalous diffusion{
∂tu(x, t) + tβLu(x, t) = −h(t)up, x ∈ RN , t > 0,
u(x, 0) = u0(x) ≥ 0, x ∈ RN .

(1.4)

They showed that the nonlinear term determines the large–time asymptotics when 1 < p ≤
1 + α/(N(β + 1)), whereas the diffusion effects governed by ∆ and (−∆)α/2 dominate when p >
1 + α/(N(β + 1)). The critical exponent is pc = 1 + α/(N(β + 1)). The cases α = 2 and 0 < α < 2
correspond to local diffusion and nonlocal diffusion, respectively. Compared with Brownian motion,
which corresponds to α = 2, symmetric α–stable processes with 0 < α < 2 exhibit jumps in any time
interval. Motivated by applications such as semiconductor growth [6], the asymptotic properties of
solutions involving local and nonlocal operators have attracted considerable attention.

For β = 0 and h(t) ≡ 1, Fino and Karch [7] proved that the critical Fujita exponent for the large time
behavior of the fractional operator (−∆)α/2 is pF = 1 + α/N.

Fino and Kirane [8] investigated the spatiotemporally nonlinear parabolic equation{
∂tu(x, t) + (−∆)α/2u(x, t) = I1−γ

0|t (|u|p−1u), x ∈ RN , t > 0,
u(x, 0) = u0(x), x ∈ RN ,

(1.5)

where p > 1, 0 < α ≤ 2, 0 < γ < 1, and u0 ∈ C0(RN). The nonlocal operator (−∆)α/2 is defined by (−∆)α/2u(x) = F −1(|ξ|αF (u)(ξ))(x), ∀u ∈ D((−∆)α/2),
D((−∆)α/2) = Hα(RN) =

{
u ∈ L2(RN)

∣∣∣∣|ξ|αF (u) ∈ L2(RN)
}
.

(1.6)

Here, F denotes the Fourier transform, and F −1 denotes its inverse.
For the initial value problem (IVP) of the semilinear reaction–diffusion equation with mixed

local–nonlocal spatial operator L = −∆ + (−∆)α/2{
∂tu(x, t) +Lu(x, t) = up, x ∈ RN , t > 0,
u(x, 0) = u0(x), x ∈ RN ,

(1.7)

many results have been given.
For the purely local spatial differential operator L = −∆, Fujita [9], Hayakawa [10], and

Kobayashi et al. [11] established that Eq (1.7) has the Fujita phenomenon: (a) If 1 < p ≤ 1+2/N, every
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solution of Eq (1.7) blows up in finite time with u0 . 0; (b) if p > 1+2/N, there exists a global–in–time
solution of Eq (1.7) for sufficiently small u0, and the critical Fujita exponent is p = 1 + 2/N.

For the nonlocal spatial operator L = (−∆)α/2, Sugitani [12] and Fino et al. [13] proved that the
critical Fujita exponent of Eq (1.7) is p = 1 + α/N. This indicates that the IVP with L = −∆ + (−∆)α/2

has the same critical behavior as the IVP with L = (−∆)α/2.
In a recent and closely related article, Kumar and Torebek [14] discussed the Fujita critical exponent

for equations ut(x, t) + La,bu(x, t) = |u|p + f (x), where with the mixed local-nonlocal operator La,b =

−a∆ + b(−∆)α/2 with a, b ∈ R+. They obtained that the critical exponent is determined by the nonlocal
component of the operator and, as a result, coincides with that of the fractional Laplacian.

The operator (−∆)α/2 is a positive definite self–adjoint operator on L2(RN). It generates a strongly
continuous semigroup T (t) = e−t(−∆)α/2 on L2(RN); see [15] or [16, Theorem 4.9]:

T (t)u0 = Pα(t) ∗ u0 =

∫
RN

Pα(x − y, t)u0(y)dy, (1.8)

where ∗ denotes convolution in RN . Here, Pα(t) is the heat kernel associated with ∂t + (−∆)α/2, that is,
the fundamental solution of the fractional diffusion equation

∂tu + (−∆)α/2u(x, t) = 0.

It is defined via the Fourier transform by

Pα(t)(x) = Pα(x, t) = (2π)−
N
2

∫
RN

eix·ξ−t|ξ|αdξ. (1.9)

Lemma 1. [16] The fractional heat kernel Pα(t)(0 < α ≤ 2) has the following properties.
(i) Pα ∈ C∞(R+ × RN), Pα(t) ≥ 0,∀x ∈ RN ,∀t > 0.

(ii) Pα(x, 1) ∈ L1 ∩ L∞(RN),
∫
RN

Pα(x, t)dx = 1,∀t > 0.

(iii) Similarity: Pα(x, t) = t−N/αPα(xt−1/α, 1).
(iv) ∀v ∈ Lr(RN), 1 ≤ r ≤ q ≤ ∞, ∀t > 0,

||Pα(t) ∗ v||q ≤ Ct−
N
α ( 1

r −
1
q )
||v||r. (1.10)

(v) ∀1 ≤ q ≤ ∞, ∀t > 0,

||∇Pα(t)||q ≤ Ct−
N
α (1− 1

q )− 1
α . (1.11)

The mixed local–nonlocal operator L = −∆ + (−∆)α/2 generates a strongly continuous contractive
semigroup S (t) = e−tL on L2(RN), and

S (t)u0 = Eα(t) ∗ u0 =

∫
RN

Eα(x − y, t)u0(y)dy, (1.12)

where Eα(t) = Pα(t) ∗ P2(t) is the heat kernel associated with ∂t + L; that is, the fundamental solution
of ∂tu +Lu = 0, and P2(x, t) is the Gaussian heat kernel of the operator ∂t − ∆, that is:

P2(t)(x) = P2(x, t) = (4πt)−
N
2 e−

|x|2
4t . (1.13)
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Using the semigroup S (t) = e−tL or equivalently the fundamental solution Eα(t), Kirane et al. [5,
Lemma 7] gave the solution of the Cauchy problem{

ut(x, t) + tβLu(x, t) = 0, x ∈ RN , t > 0,
u(x, 0) = u0(x), x ∈ RN (1.14)

as

u(t) = Eα(
tβ+1

β + 1
−

sβ+1

β + 1
) ∗ u(s), ∀ t ≥ s ≥ 0. (1.15)

Lemma 2. [17] The mixed local–nonlocal heat kernel Eα(t) has the following properties.
(i) Eα ∈ C∞(R+ × RN), Eα(t) ≥ 0,∀x ∈ RN ,∀t > 0.

(ii)
∫
RN

Eα(x, t)dx = 1,∀t > 0.

(iii) ∀t > 0, τ > 0, Eα(t) ∗ Eα(τ) = Eα(t + τ).
(iv) ∀v ∈ Lr(RN), 1 ≤ r ≤ q ≤ ∞, ∀t > 0,

||Eα(t) ∗ v||q ≤ C min
{
t−

N
2 ( 1

r −
1
q ), t−

N
α ( 1

r −
1
q )
}
||v||r. (1.16)

(v) ∀1 ≤ q ≤ ∞, ∀t > 0,

||∇Eα(t)||q ≤ C min
{
t−

N
2 (1− 1

q )− 1
2 , t−

N
α (1− 1

q )− 1
α

}
. (1.17)

(vi) Let g ∈ L1(RN), and Mg =

∫
RN

g(x)dx. Then,

lim
t→+∞
||Eα(t) ∗ g − MgEα(t)||1 = 0. (1.18)

(vii) Let g, xg ∈ L1(RN), and Mg =

∫
RN

g(x)dx. Then,

||Eα(t) ∗ g − MgEα(t)||1 ≤ C min
{
t−

1
2 , t−

1
α

}
||xg||1,∀t > 0. (1.19)

The kernels in Eqs (1.2) and (1.3) are singular in time. Consequently, the nonlinear memory term
in Eq (1.1) is singular, and the weak singularity makes the mild–solution framework more convenient.
We therefore consider mild solutions of the IVP in Eq (1.1).

Definition 1. Let u0 ∈ C0(RN), α ∈ (0, 2), β ≥ 0, 0 < γ < 1, p > 1, h : [0,+∞) → (0,+∞), h ∈
L1

loc[0,+∞), and T > 0. We say that u ∈ C([0, T ],C0(RN)) is a mild solution of the IVP in Eq (1.1) if u
satisfies the following integral equation for t ∈ [0,T ]:

u(t) = Eα(
tβ+1

β + 1
) ∗ u0 −

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u(s)]ds. (1.20)

The rest of this paper is organized as follows. Section 2 presents the main results. Section 3 proves
the global existence result. Section 4 is devoted to the proof of the asymptotic behavior. Throughout
this paper, || · ||q(1 ≤ q ≤ +∞) denotes the usual Lq(RN)-norm, and a ≲ b means that there exists a
constant C > 0 such that a ≤ Cb.
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2. Main results

In this section, we state the main results concerning the existence, uniqueness, and asymptotic
behavior of solutions to the problem in Eq (1.1), where 0 < α < 2, β ≥ 0, and 0 < γ < 1.
First, following the arguments in [8, 18], we obtain the global existence, uniqueness, and regularity
of mild solutions.

Theorem 1. (Global existence) Let 0 ≤ u0 ∈ (L1 ∩ C∞0 )(RN), α ∈ (0, 2), β ≥ 0, 0 < γ < 1, and 0 < h ∈
L∞[0,+∞). Assume that p > max {1 + α(2 − γ)/(N(β + 1)), 1/γ}. Denote p0 := N(β+ 1)(p−1)/(α(2−
γ)). If ∥u0∥p0 is sufficiently small, then the Cauchy problem in Eq (1.1) has a unique non–negative global
mild solution u ∈ C

(
[0,∞), (L1 ∩ C0)(RN)

)
. Moreover, for every 0 < a < T < ∞, the mild solution

satisfies u ∈ H1(a, T ; L2(RN)) ∩ L2(a, T ; H2(RN)). In particular, we have u ∈ H1
loc((0,∞); L2(RN)) ∩

L2
loc((0,∞); H2(RN)). The equation holds in L2(RN) for almost everywhere (a.e.) t > 0.

For a non–negative nontrivial global mild solution u(x, t) of the Cauchy problem in Eq (1.1), we
denote by

M(t) =
∫
RN

u(x, t) dx

the mass associated with Eq (1.1), and we set M∞ = limt→+∞ M(t), provided that the limit exists. The
following result is conditional on the existence of a non–negative global mild solution.

Theorem 2. (Asymptotic behavior) Assume that the Cauchy problem in Eq (1.1) has a nonnegative
nontrivial global mild solution u(x, t). Let 0 < h(t) ∈ L∞[0,+∞), 0 ≤ u0 ∈ (L1 ∩C∞0 )(RN). If

p > max
{

1 +
α(2 − γ)
N(β + 1)

,
1
γ

}
,

∫ +∞

1
h(t)dt < +∞, (2.1)

then M∞ > 0. Moreover, ∀q ∈ [1,+∞), we have

t
N
α (1− 1

q )(β+1)
∥∥∥∥u(t) − M∞Eα(

tβ+1

β + 1
)
∥∥∥∥

q
→ 0 (t → +∞). (2.2)

3. Global existence

Theorem 1 establishes the global existence of mild solutions to the IVP in Eq (1.1). In this section,
we prove Theorem 1.
Proof of Theorem 1. We divide the proof into several parts.
I. Local existence.

Let u0 ∈ C∞0 (RN), and T > 0. Define the Banach space

XT =
{
u ∈ L∞((0, T ),C∞0 (RN))

∣∣∣∣ |||u||| ≤ 2||u0||∞

}
,

where ∀u ∈ XT ,

|| · ||∞ = || · ||C∞0 (RN ) = sup
x∈RN
·(x), ||| · ||| = || · ||L∞((0,T ),C∞0 (RN )) = ess sup

t∈(0,T )
sup
x∈RN
·(x, t).
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For u ∈ XT and t ∈ [0,T ], define the map

Φ(u)(t) = Eα(
tβ+1

β + 1
) ∗ u0 −

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗
[
I1−γ
0|s (|u|p−1)u

]
ds.

A. Φ : XT → XT . Let u ∈ XT . Using the properties of fundamental solution Eα(x, t) associated with the
operator ∂t +L given in Lemma 2, we have

||Φ(u)(t)||∞ ≤ ||Eα(
tβ+1

β + 1
) ∗ u0||∞

+ ||h||∞

∫ t

0
||Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗
[
I1−γ
0|s (|u|p−1)u(s)

]
||∞ds

≤ ||Eα(
tβ+1

β + 1
) ∗ u0||∞ + ||h||∞

∫ t

0
||I1−γ

0|s (|u|p−1)u(s)||∞ds

≤ ||u0||∞ +C|||u|||
∫ t

0
||I1−γ

0|s (|u|p−1)||∞ds

≤ ||u0||∞ +C|||u|||
∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||u(τ)||p−1

∞ dτds

≤ ||u0||∞ +
C

Γ(1 − γ)
|||u|||p

∫ t

0
s1−γds.

Because |||u||| ≤ 2∥u0∥∞, we have

||Φ(u)(t)||∞ ≤ ||u0||∞ +
C

Γ(3 − γ)
T 2−γ2p||u0||

p
∞.

Choose T > 0 sufficiently small so that CT 2−γ2p||u0||
p−1
∞ /Γ(3 − γ) ≤ 1, so ||Φ(u)(t)||∞ ≤ 2||u0||∞,

and |||Φ(u)||| ≤ 2||u0||∞. Because S (t) is a strongly continuous semigroup on C∞0 (RN), hence we have
Φ(u) ∈ XT .
B. Φ is contractive for p ≥ 2 and has Hölder continuity for 1 < p < 2.
∀u, v ∈ XT , we have

||Φ(u)(t) − Φ(v)(t)||∞

≤

∫ t

0
h(s)||Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗
[
I1−γ
0|s (|u|p−1)u − I1−γ

0|s (|v|p−1)v
]
||∞ds

≤ C||h||∞

∫ t

0
||I1−γ

0|s (|u|p−1)u − I1−γ
0|s (|v|p−1)v||∞ds, (3.1)

as

I1−γ
0|s (|u|p−1)u − I1−γ

0|s (|v|p−1)v

= I1−γ
0|s (|u|p−1)(u − v) + [I1−γ

0|s (|u|p−1) − I1−γ
0|s (|v|p−1)]v,

||I1−γ
0|s (|u|p−1)u − I1−γ

0|s (|v|p−1)v||∞

≤ ||I1−γ
0|s (|u|p−1)||∞||u − v||∞ + ||I

1−γ
0|s (|u|p−1 − |v|p−1)||∞||v||∞.
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We then have the estimate of the integral∫ t

0
||I1−γ

0|s (|u|p−1)u − I1−γ
0|s (|v|p−1)v||∞ds

≤

∫ t

0
||I1−γ

0|s (|u|p−1)||∞||(u − v)(s)||∞ds+
∫ t

0
||I1−γ

0|s (|u|p−1 − |v|p−1)||∞||v(s)||∞ds, (3.2)

and furthermore, ∫ t

0
||I1−γ

0|s (|u|p−1)u − I1−γ
0|s (|v|p−1)v||∞ds

≤ |||u − v|||
∫ t

0
||I1−γ

0|s (|u|p−1)||∞ds +
∫ t

0
||I1−γ

0|s (|u|p−1 − |v|p−1)||∞||v(s)||∞ds

≤ |||u − v|||
∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||u(s)||p−1

∞ dτds

+

∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||(|u|p−1 − |v|p−1)(τ)||∞||v(s)||∞dτds. (3.3)

For p ≥ 2,
∣∣∣∣|a|p−1 − |b|p−1

∣∣∣∣ ≤ Cp(|a|p−2 + |b|p−2)|a − b|, and thus,∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||(|u|p−1 − |v|p−1)(τ)||∞||v(s)||∞dτds

≤ Cp(|||u|||p−2 + |||v|||p−2)|||v(s)||||||u − v|||
∫ T

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
dτds.

Using the Hölder inequality, and putting Eqs (3.2) and (3.3) into Eq (3.1),

|||Φ(u) − Φ(v)||| ≤ C(|||u|||p−1 + |||v|||p−1)|||u − v|||
∫ T

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
dτds

≤
C(p)
Γ(3 − γ)

T 2−γ2p||u0||
p−1
∞ |||u − v|||.

Choosing T > 0 small enough such that C(p)T 2−γ2p||u0||
p−1
∞ /Γ(3 − γ) ≤ 1/2, we have

|||Φ(u) − Φ(v)||| ≤
1
2
|||u − v|||,

so Φ is contractive. By the Banach fixed–point theorem, there exists a mild solution u ∈

L∞((0, T ), L∞(RN)) such that Eq (1.20) holds true.
For 1 < p < 2,

∣∣∣∣|a|p−1 − |b|p−1
∣∣∣∣ ≤ Cp|a − b|p−1; thus,∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||(|u|p−1 − |v|p−1)(τ)||∞||v(s)||∞dτds

≤ Cp

∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||(u − v)(τ)||p−1

∞ ||v(s)||∞dτds
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≤ C|||v||||||u − v|||p−1
∫ T

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
dτds

≤
C(p)
Γ(3 − γ)

T 2−γ2||u0|||||u − v|||p−1.

Equations (3.1) and (3.3) imply that

|||Φ(u) − Φ(v)||| ≤
C(p)T 2−γ

Γ(3 − γ)

[
2p||u0||

p−1
∞ |||u − v||| + 2||u0|||||u − v|||p−1

]
≤

C(p, ||u0||)
Γ(3 − γ)

T 2−γ|||u − v|||p−1.

The nonlinear term only yields the Hölder continuity with exponent p − 1 ∈ (0, 1) rather than
Lipschitz continuity. This sublinear estimate fails to satisfy the linear contraction condition, which
implies that the Banach fixed–point theorem cannot be directly applied here. To overcome this
difficulty, we adopt a classical framework: the Schauder fixed–point theorem for solution existence
and the Bihari nonlinear Grönwall inequality for solution uniqueness.
II. Uniqueness.

If u, v ∈ XT are two mild solutions of Eq (1.1) for some T > 0, then from Eq (1.20) we have

||u(t) − v(t)||∞ ≤

∫ t

0
h(s)||Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u − I1−γ
0|s (|v|p−1)v]||∞ds

≤ C||h||∞

∫ t

0
||I1−γ

0|s (|u|p−1)u − I1−γ
0|s (|v|p−1)v||∞ds. (3.4)

To estimate the last integral, we divide it into two parts similar to Eq (3.2). For u, v ∈ XT , we
consider the first integral in Eq (3.2),∫ t

0
||I1−γ

0|s (|u|p−1)||∞||(u − v)(s)||∞ds ≤
∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||u(τ)||p−1

∞ ||u(s) − v(s)||∞dτds

≤
|||u|||p−1

Γ(1 − γ)

∫ t

0

∫ s

0
(s − τ)−γ||u(s) − v(s)||∞dτds

≤
2p−1||u0||

p−1

Γ(2 − γ)

∫ t

0
s1−γ||u(s) − v(s)||∞ds. (3.5)

For the second integral in Eq (3.2), we also study two cases: p ≥ 2 and 1 < p < 2.
Now, for p ≥ 2,

∣∣∣∣|a|p−1 − |b|p−1
∣∣∣∣ ≤ Cp(|a|p−2 + |b|p−2)|a − b|, and thus,∫ t

0
||I1−γ

0|s (|u|p−1 − |v|p−1)||∞||v(s)||∞ds

≤

∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||(|u|p−1 − |v|p−1)(τ)||∞||v(s)||∞dτds

≤ Cp(|||u|||p−2 + |||v|||p−2)|||v|||
∫ t

0

∫ s

0

(s − τ)−γ

Γ(1 − γ)
||u(τ) − v(τ)||∞dτds

≤
Cp2p||u0||

p−1
∞

Γ(1 − γ)

∫ t

0

∫ s

0
(s − τ)−γ||u(τ) − v(τ)||∞dτds
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≤
Cp2p||u0||

p−1
∞

Γ(1 − γ)

∫ t

0

∫ t

τ

(s − τ)−γ||u(τ) − v(τ)||∞dsdτ

=
Cp2p||u0||

p−1
∞

Γ(2 − γ)

∫ t

0
(t − s)1−γ||u(s) − v(s)||∞ds. (3.6)

Substituting Eqs (3.5) and (3.6) into Eq (3.4), we have

||u(t) − v(t)||∞ ≤ C||h||∞
2p−1||u0||

p−1

Γ(2 − γ)

∫ t

0
s1−γ||u(s) − v(s)||∞ds

+C||h||∞
Cp2p||u0||

p−1
∞

Γ(2 − γ)

∫ t

0
(t − s)1−γ||u(s) − v(s)||∞ds

≤ C
∫ t

0
max{s1−γ, (t − s)1−γ}||u(s) − v(s)||∞ds. (3.7)

Uniqueness then follows from a weighted Grönwall inequality.
Similarly, for 1 < p < 2,

∣∣∣∣|a|p−1 − |b|p−1
∣∣∣∣ ≤ Cp|a − b|p−1, thus∫ t

0
||I1−γ

0|s (|u|p−1 − |v|p−1)||∞||v(s)||∞ds ≤ C
∫ t

0
(t − s)1−γ||u(s) − v(s)||p−1

∞ ds. (3.8)

Substituting Eqs (3.5) and (3.8) into Eq (3.4), we have

||u(t) − v(t)||∞ ≤ C||h||∞
2p−1||u0||

p−1

Γ(2 − γ)

∫ t

0
s1−γ||u(s) − v(s)||∞ds

+C
∫ t

0
(t − s)1−γ||u(s) − v(s)||p−1

∞ ds

≤ C||h||∞
4||u0||

Γ(2 − γ)

∫ t

0
s1−γ||u(s) − v(s)||p−1

∞ ds

+C
∫ t

0
(t − s)1−γ||u(s) − v(s)||p−1

∞ ds

≤ C
∫ t

0
max{s1−γ, (t − s)1−γ}||u(s) − v(s)||p−1

∞ ds. (3.9)

Uniqueness then follows from a weighted Bihari–type nonlinear Grönwall inequality with p − 1 ∈
(0, 1).
III. The maximal time interval of solution.

By uniqueness of the local solution, the maximal interval of existence is of the form [0, Tmax), where

Tmax = sup
{
T > 0

∣∣∣∣The mild solution u ∈ L∞((0, T ), L∞(RN))
}
≤ +∞.

From the continuity of the semigroup S (t) = e−tL, we have

u ∈ C([0,Tmax), L∞(RN)). (3.10)
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IV. Regularity.
For 0 ≤ u0 ∈ (L1 ∩C∞0 )(RN), we repeat the fixed–point argument in the space

XT,1 =
{
u ∈ L∞((0, T ), L1 ∩C∞0 (RN))

∣∣∣∣ |||u||| ≤ 2||u0||∞, ||u||∞,1 ≤ 2||u0||1

}
,

instead of XT , where || · ||∞,1 = || · ||L∞((0,T ),L1(RN )). Using the estimate

||up(t)||1 ≤ ||u(t)||p−1
∞ ||u(t)||1

in the contraction mapping argument, we obtain a unique solution in XT,1. Therefore,

u ∈ C([0,Tmax), (L1 ∩C0)(RN)). (3.11)

Let the forcing term in Eq (1.1) be denoted by F(t) = −h(t)I1−γ
0|t (|u|p−1)u(t). For any T > 0, we obtain

||I1−γ
0|t (|u|p−1)||∞ ≤ C

∫ t

0
(t − s)−γ||u(s)||p−1

∞ ds ≤ CT ,

and ||F(t)||2 ≤ CT ||u(t)||2. Because u(t) ∈ (L1 ∩C0)(RN), ||u(t)||22 ≤ ||u(t)||1||u(t)||∞. Then, we have

F(t) ∈ L∞(0, T ; L2(RN)) ⊂ L2(0, T ; L2(RN)).

We consider the equation ∂tu+ tβLu = F(t). For any a > 0, tβ is bounded from above and below on
the interval [a, T ]. Because L is a non–negative, self–adjoint operator and forms a sectorial operator
family, using L2−maximal regularity or energy estimate, we obtain

u(t) ∈ H1(a, T ; L2(RN)) ∩ L2(a, T ; D(L)).

Because 0 < α < 2 with equivalent norms, H2 ⊂ Hα, so we obtain D(L) = H2. This implies that
u(t) ∈ H1(a, T ; L2(RN)) ∩ L2(a, T ; H2(RN)). By the arbitrariness of a and T , it follows that

u(t) ∈ H1
loc(0,∞; L2(RN)) ∩ L2

loc(0,∞; H2(RN)).

V. Global existence.
By definition, u is global if Tmax = +∞. If Tmax < +∞, then u blows up in finite time; in this case,

one usually has ||u(t)||C0(RN ) → ∞ as t → Tmax.
Set p0 = N(β + 1)(p − 1)/(α(2 − γ)). The condition p > max{1/γ, 1 + α(2 − γ)/(N(β + 1))} implies

p0 > 1. Choose q ≥ p such that

2 − γ
p − 1

−
1
p
<

N(β + 1)
αq

<
1

p − 1
. (3.12)

Then,

q >
N
α

(β + 1)(p − 1). (3.13)

Define

b :=
N
α

(
1
p0
−

1
q

)(β + 1) =
2 − γ
p − 1

−
N
αq

(β + 1). (3.14)
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From Eqs (3.12) and (3.14), we observe that

pb = p
[2 − γ

p − 1
−

N
αq

(β + 1)
]
< 1, 2 − γ − (p − 1)b −

N
αq

(β + 1)(p − 1) = 0. (3.15)

Using the properties of fundamental solution Eα(x, t) to the operator ∂t + L given in Lemma 2,
Eq (3.14), and p0 > 1, one obtains

sup
t>0

tb||Eα(
tβ+1

β + 1
) ∗ u0||q ≤ C sup

t>0
tb min

{
t−

N
2 ( 1

p0
− 1

q )(β+1)
, t−

N
α ( 1

p0
− 1

q )(β+1)
}
||u0||p0

= C sup
t>0

tb− N
α ( 1

p0
− 1

q )(β+1) min
{
t( N
α −

N
2 )( 1

p0
− 1

q )(β+1)
, 1
}
||u0||p0

≤ C max
{

sup
t≥1
, sup

t∈(0,1)

}
min
{
t( N
α −

N
2 )( 1

p0
− 1

q )(β+1)
, 1
}
||u0||p0

= C||u0||p0 := η < +∞. (3.16)

Set

X :=
{

u ∈ L∞loc
(
(0,∞); Lq(RN)

)
: ∥u∥X := ess sup

t>0
tb∥u(t)∥Lq < ∞

}
.

Then, (X, ∥ · ∥X) is a Banach space. For a fixed δ > 0, define

Xδ := {u ∈ X : ∥u∥X ≤ δ} .

We equip Xδ with the metric
dX(u, v) := ∥u − v∥X.

Because Xδ is a closed subset of the Banach space X, (Xδ, dX) is complete. For the map

Φ(u)(t) = Eα(
tβ+1

β + 1
) ∗ u0 −

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u]ds,∀t > 0,

from Eq (3.16), we derive

tb||Φ(u)(t)||q ≤ tb||Eα(
tβ+1

β + 1
) ∗ u0||q

+ tb||

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u]ds||q

≤ η + ||h||∞tb
∫ t

0
||Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u]||qds. (3.17)

Using the estimate (1.16) of Eα(x, t) given in Lemma 2(iv), we obtain

||Eα(
tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u(s)]||q

≤ C min
{
(tβ+1 − sβ+1)−

N(p−1)
2q , (tβ+1 − sβ+1)−

N(p−1)
αq
}
||I1−γ

0|s (|u|p−1)u(s)||q/p. (3.18)

By Minkowski’s integral inequality and the positivity of the kernel, we have

||I1−γ
0|s (|u|p−1)u(s)|| q

p
≤ I1−γ

0|s (||up−1|| q
p−1

)||u(s)||q = I1−γ
0|s (||u(τ)||p−1

q )||u(s)||q
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= I1−γ
0|s (τ−(p−1)b · (τb||u(τ)||q)p−1)s−b[sb||u(s)||q],

and u ∈ Xδ implies that

||I1−γ
0|s (|u|p−1)u(s)|| q

p
≤ δpI1−γ

0|s (τ−(p−1)b)s−b =
δps−b

Γ(1 − γ)

∫ s

0
(s − τ)−γτ−(p−1)bdτ.

Because 0 < γ < 1, and pb < 1 (see Eq (3.15)), the improper integral∫ s

0
(s − τ)−γτ−(p−1)bdτ = B(1 − γ, 1 − (p − 1)b)s1−γ−(p−1)b

converges, and B(1 − γ, 1 − (p − 1)b) is a beta function; thus,

||I1−γ
0|s (|u|p−1)u(s)||q/p ≤

δp

Γ(1 − γ)
B(1 − γ, 1 − (p − 1)b)s1−γ−(p−1)b−b

=
δp

Γ(1 − γ)
B(1 − γ, 1 − (p − 1)b)s1−γ−pb. (3.19)

Putting Eqs (3.18) and (3.19) into Eq (3.17), we have

tb||Φ(u)(t)||q − η

≤ Cδptb
∫ t

0
min
{
(tβ+1 − sβ+1)−

N
2q (p−1), (tβ+1 − sβ+1)−

N
αq (p−1)

}
s1−γ−pbds

≤ Cδptb min
{ ∫ t

0
(tβ+1 − sβ+1)−

N
2q (p−1)s1−γ−pbds,

∫ t

0
(tβ+1 − sβ+1)−

N
αq (p−1)s1−γ−pbds

}
, (3.20)

as, ∫ t

0
(tβ+1 − sβ+1)−

N
2q (p−1)s1−γ−pbds

= t2−γ−pb− N
2q (p−1)(β+1)

∫ 1

0
(1 − yβ+1)−

N
2q (p−1)y1−γ−pbdy

=
1
β + 1

t2−γ−pb− N
2q (p−1)(β+1)B(1 − N(p − 1)/(2q), (2 − γ − pb)/(β + 1)),∫ t

0
(tβ+1 − sβ+1)−

N
αq (p−1)s1−γ−pbds

= t2−γ−pb− N
αq (p−1)(β+1)

∫ 1

0
(1 − yβ+1)−

N
αq (p−1)y1−γ−pbdy

=
1
β + 1

t2−γ−pb− N
αq (p−1)(β+1)B(1 − N(p − 1)/(αq), (2 − γ − pb)/(β + 1)).

Because 0 < γ < 1, and pb < 1 (see Eq (3.15)), for q > max{N(p − 1)/2,N(β + 1)(p − 1)/α}, beta
functions B(1 − N(p − 1)/(2q), (2 − γ − pb)/(β + 1)) and B(1 − N(p − 1)/(αq), (2 − γ − pb)/(β + 1))
converge; using the second identity in Eq (3.15), Eq (3.20) becomes

tb||Φ(u)(t)||q ≤ η +Cδptb min
{
t2−γ−pb− N

2q (p−1)(β+1), t2−γ−pb− N
αq (p−1)(β+1)

}
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= η +Cδpt2−γ−(p−1)b− N
αq (p−1)(β+1) min

{
t( 1
α−

1
2 ) N

q (p−1)(β+1), 1
}

= η +Cδp min
{
t( 1
α−

1
2 ) N

q (p−1)(β+1), 1
}
≤ η +Cδp, (3.21)

this yields

tb||Φ(u)(t)||q ≤ η +Cδp.

Choosing δ > 0 sufficiently small and then taking ∥u0∥p0 sufficiently small so that η + Cδp ≤ δ, we
obtain Φ(Xδ) ⊂ Xδ.

Similarly, for p ≥ 2, using∣∣∣|a|p−1a − |b|p−1b
∣∣∣ ≤ Cp

(
|a|p−1 + |b|p−1)|a − b|,

one can prove, in the same way, that Φ is a strict contraction on Xδ, provided that δ is sufficiently small.
Hence, by the Banach fixed point theorem, Φ has a unique fixed–point u ∈ Xδ, which is a mild solution
of Eq (1.1).

For 1 < p < 2, using ∣∣∣∣|a|p−1 − |b|p−1
∣∣∣∣ ≤ Cp|a − b|p−1,

the Schauder fixed–point theorem for solution existence and the Bihari nonlinear Grönwall inequality
for solution uniqueness holds.

We now prove that u ∈ C([0,∞), (L1 ∩ C0(RN)). First, for T > 0 sufficiently small, we have
u ∈ C([0,T ], (L1 ∩C0)(RN)). Indeed, for any T > 0, there exists a unique solution in

UT :=
{
u ∈ L∞((0, T ), Lq(RN))

∣∣∣∣ sup
t∈(0,T )

tb||u(t)||q ≤ δ
}
.

Let ũ be the local solution of Eq (1.20). Because u0 ∈ (L1 ∩ C0)(RN), and thus, u0 ∈ Lq(RN) for
q > max{N(p − 1)/2,N(β + 1)(p − 1)/α}, we obtain ũ ∈ C([0, Tmax), Lq(RN)). For T > 0 sufficiently
small, it follows that supt∈(0,T ) tb||ũ(t)||q ≤ δ, and uniqueness of the local solution implies that u = ũ on
[0, T ] so that u ∈ C([0, T ], (L1 ∩C0)(RN)).

Now, by a bootstrap method, iterating a finite number of times (refer to [8] for details), we can also
prove that u ∈ C([T,∞), (L1∩C0)(RN)). Combining the above two steps, we obtain u ∈ C([0,∞), (L1∩

C0)(RN)).
VI. Non–negativity of mild solutions.

The following energy argument is justified on every interval [a, T ], a > 0 by the regularity obtained
in Step IV:

u(t) ∈ H1(a, T ; L2(RN)) ∩ L2(a, T ; H2(RN)). (3.22)

Passing to the limit as a→ 0 gives the result on [0,T ).
Let T > 0. If u(x, t) is a mild solution of Eq (1.1) on [0, T ) with the regularity in Eq (3.22), and

u0 ≥ 0, then u(x, t) ≥ 0 for a.e. x ∈ RN and for all t ∈ [0,T ).
We now prove the non–negativity of the mild solution. Let u+ = max{u, 0} and u− = −min{u, 0}.

Then, u = u+ − u−, u+u− = (∆u+)u− = 0, and∫
RN

[(−∆)α/2u+]u−dx ≤ 0. (3.23)
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Because u(t) ∈ H1(a, T ; L2(RN)), and the map t 7→ u−(t) also belongs to H1(a, T ; L2(RN)), we have

1
2

d
dt
||u−(t)||2 = −(ut(t), u−(t)), for a.e. t ∈ [0,T ).

u(t) ∈ H2(RN)) implies that (Lu(t), u−(t)) makes sense, and∫
RN

utu−dx =
∫
RN

tβ(∆u)u−dx −
∫
RN

tβ[(−∆)α/2u]u−dx

−

∫
RN

h(t)I1−γ
0|t (|u|p−1)uu−dx. (3.24)

Using Eq (3.23) and substituting ut = u+t − u−t and ∆u = ∆u+ − ∆u− into Eq (3.24), we obtain

−

∫
RN

u−t u−dx ≥ −
∫
RN

tβ(∆u−)u−dx +
∫
RN

tβ[(−∆)α/2u−]u−dx

+

∫
RN

h(t)I1−γ
0|t (|u|p−1)(u−)2dx,

1
2

d
dt

∫
RN

(u−)2dx ≤ tβ
∫
RN

(∆u−)u−dx − tβ
∫
RN

[(−∆)α/2u−]u−dx

− h(t)
∫
RN

I1−γ
0|t (|u|p−1)(u−)2dx, (3.25)

as, ∫
RN

(∆u−)u−dx = −
∫
RN
|∇u−|2dx ≤ 0, (3.26)∫

RN
I1−γ
0|t (|u|p−1)(u−)2dx ≥ 0. (3.27)

Using the self-adjoint property of (−∆)α/2, we have∫
RN

[(−∆)α/2u−]u−dx =
∫
RN

[(−∆)α/4u−]2dx ≥ 0. (3.28)

Putting Eqs (3.26)–(3.28) into Eq (3.25), we obtain

1
2

d
dt

∫
RN

[u−(x, t)]2dx ≤ 0, (3.29)

as u0 ≥ 0, Eq (3.29) implies that∫
RN

[u−(x, t)]2dx ≤
∫
RN

[u−0 (x)]2dx = 0, ∀t ≥ 0.

We therefore have u−(x, t) = 0; that is, u = u+ ≥ 0 for a.e. x ∈ RN , ∀t ∈ [0,T ).
This completes the proof of Theorem 1. □
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4. Asymptotic behavior of mild solutions

In this section, we prove Theorem 2.

Lemma 3. (Comparison principle for mild solutions) Let T > 0 and u(x, t), v(x, t) be mild solutions
of Eq (1.1) with initial data u0 and v0, respectively. If 0 ≤ u0 ≤ v0, then 0 ≤ u(x, t) ≤ v(x, t) for a.e.
x ∈ RN and for all t ∈ [0,T ).

Proof. Let w(x, t) = v(x, t)− u(x, t). By the non–negativity of mild solutions established in Theorem 1,
we have u(x, t) ≥ 0, v(x, t) ≥ 0 for a.e. x ∈ RN , ∀t ∈ [0,T ). Because u and v are mild solutions on
[0, T ), Definition 1 implies that ||u||L∞([0,T )×RN ) < +∞, ||v||L∞([0,T )×RN ) < +∞; that is, Q := ||u||p−1

L∞([0,T )×RN )+

||v||p−1
L∞([0,T )×RN ) < +∞. Thus, u(x, t) ≥ 0 and v(x, t) ≥ 0 imply that |v|p−1 − |u|p−1 = vp−1 − up−1. Moreover,

because u(x, t) ≥ 0, and v(x, t) ≥ 0, we have{
∂tw(x, t) + tβLw(x, t) + h(t)I1−γ

0|t (vp−1)w = −h(t)u(t)I1−γ
0|t (vp−1 − up−1),

w(x, 0) = v0(x) − u0(x) ≥ 0, x ∈ RN .
(4.1)

Because w(x, 0) = v0(x) − u0(x) ≥ 0, it remains to show that w ≥ 0. Define

b(x, t) =

 vp−1(x,t)−up−1(x,t)
v(x,t)−u(x,t) , v(x, t) , u(x, t),

(p − 1)up−2(x, t), v(x, t) = u(x, t).
(4.2)

Thus, b ≥ 0, and vp−1 − up−1 = bw. Hence

∂tw + tβLw + a(x, t)w + h(t)uI1−γ
0|t (bw) = 0,

where a(x, t) = h(t)I1−γ
0|t (vp−1)(x, t) ≥ 0.

Let w+ = max{w, 0}, and w− = −min{w, 0}. Then, w = w+ − w−, and

w+w− = (∆w+)w− = 0, ((−∆)α/2w+)w− ≤ 0 a.e. x ∈ RN .

Arguing as in the proof of Theorem 1, we obtain∫
RN

wtw−dx = −
1
2

d
dt
||w−(t)||22,

∫
RN
Lw · w−dx ≤ 0.

Moreover, the local zero-order term satisfies∫
RN

a(x, t)ww−dx = −
∫
RN

a(x, t)(w−)2dx ≤ 0.

For the memory term
∫
RN h(t)u(x, t)I1−γ

0|t (bw)(x, t)w−(x, t)dx, because w = w+ − w−, we have

I1−γ
0|t (bw) = I1−γ

0|t (bw+) − I1−γ
0|t (bw−),

and because I1−γ
0|t (bw+) ≥ 0, I1−γ

0|t (bw−) ≥ 0, thus we have I1−γ
0|t (bw) ≥ −I1−γ

0|t (bw−), and∫
RN

h(t)u(x, t)I1−γ
0|t (bw)(x, t)w−(x, t)dx ≥ −

∫
RN

h(t)u(x, t)I1−γ
0|t (bw−)(x, t)w−(x, t)dx.
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Then we have

1
2

d
dt
||w−(t)||22 ≤

∫
RN

h(t)u(x, t)I1−γ
0|t (bw−)(x, t)w−(x, t)dx.

On the finite time interval [0, T ], the mild solutions u, v are bounded; that is,

Q := ||u||p−1
L∞([0,T )×RN ) + ||v||

p−1
L∞([0,T )×RN ) < +∞.

Case 1. p ≥ 2.
The function b(x, t) given in Eq (4.2) is bounded; that is, 0 ≤ b(x, t) ≤ CT for some constant

CT > 0. Hence,

I1−γ
0|t (bw−)(x, t) ≤ CT

∫ t

0
(t − s)−γw−(x, s)ds,

1
2

d
dt
||w−(t)||22 ≤ CT

∫
RN

w−(x, t)
∫ t

0
(t − s)−γw−(x, s)dsdx,

and using the Cauchy–Schwarz inequality, we have∫
RN

w−(x, t)w−(x, s)dx ≤ ||w−(t)||2||w−(s)||2,

d
dt
||w−(t)||22 ≤ CT ||w−(t)||2

∫ t

0
(t − s)−γ||w−(s)||2ds.

Setting Y(t) = sup0≤s≤t ||w
−(s)||2, one gets

d
dt
||w−(t)||22 ≤ CT Y2(t)

∫ t

0
(t − s)−γds = CT t1−γY2(t).

Integrating with respect to t, ||w−(t)||22 ≤ CT

∫ t

0
s1−γY2(s)ds. Taking the supremum with respect to t,

Y2(t) ≤ CT

∫ t

0
s1−γY2(s)ds,

as w−(0) = 0, and Grönwall’s inequality yields Y2(t) = 0. We therefore have w−(t) = 0, 0 ≤ t ≤ T ,
which implies that v − u = w = w+ ≥ 0; that is, u ≤ v for a.e. x ∈ RN , ∀t ∈ [0,T ).
Case 2. 1 < p < 2.

Because the derivative of the map r 7→ rp−1 is singular near r = 0, namely, (p − 1)rp−2 → +∞ as
r → 0+, the function b(x, t) may be unbounded. We therefore use a regularization argument. Define
fϵ(r) = (r + ϵ)p−1. We consider the regularized equation

∂tuϵ + tβLuϵ + a(x, t)uϵ = −h(t)uϵ I
1−γ
0|t ( fϵ(uϵ)).

By solving the corresponding regularized problems with the same initial data and using the
continuous dependence of mild solutions on the regularized nonlinearities, we obtain uε → u and
vε → v uniformly strongly in C([0, T ]; L2

loc(R
N)). Because f ′ϵ (r) = (p−1)(r+ ϵ)p−2 is bounded on every

finite interval, the argument in Case 1 applies and gives uε ≤ vε. Passing to the limit ε→ 0, we obtain
u ≤ v for a.e. x ∈ RN , ∀t ∈ [0,T ). □
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Lemma 4. (Decay of the mass) Let u(x, t) be a non–negative, nontrivial, global, mild solution of the
Cauchy problem in Eq (1.1). Then, the mass M(t) :=

∫
RN u(x, t)dx of Eq (1.1) is nonincreasing and the

limit M∞ := lim
t→+∞

M(t) exists.

Proof. Because u(x, t) is a non–negative nontrivial global mild solution of the Cauchy problem in
Eq (1.1), it satisfies the integral equation (1.20). Hence,

M(t) =
∫
RN

u(x, t)dx =
∫
RN

Eα(
tβ+1

β + 1
) ∗ u0dx

−

∫
RN

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (up−1)u(s)]dsdx. (4.3)

By Fubini’s theorem,∫
RN

Eα(
tβ+1

β + 1
) ∗ u0dx =

∫
RN

∫
RN

Eα(
tβ+1

β + 1
)(x − y)u0(y)dydx

=

∫
RN

dy
∫
RN

Eα(
tβ+1

β + 1
)(x − y)u0(y)dx

=

∫
RN

u0(y)dy
∫
RN

Eα(
tβ+1

β + 1
)(x)dx.

Using Lemma 2(ii), namely
∫
RN Eα(x, t) dx = 1 for all t > 0, we obtain∫

RN
Eα(

tβ+1

β + 1
)(x)dx = 1,

∫
RN

Eα(
tβ+1

β + 1
) ∗ u0dx =

∫
RN

u0(x)dx. (4.4)

By Fubini’s theorem again,∫
RN

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ I1−γ

0|s (up−1)udsdx

=

∫ t

0

∫
RN

h(s)Eα(
tβ+1

β + 1
−

sβ+1

β + 1
) ∗ I1−γ

0|s (up−1)udxds

=

∫ t

0
h(s)ds

∫
RN

dx
∫
RN

Eα(
tβ+1

β + 1
−

sβ+1

β + 1
)(x − y)I1−γ

0|s (up−1)u(y)dy

=

∫ t

0
h(s)ds

∫
RN

I1−γ
0|s (up−1)u(y)dy

∫
RN

Eα(
tβ+1

β + 1
−

sβ+1

β + 1
)(x − y)dx.

Because
∫
RN

Eα(
tβ+1

β + 1
−

sβ+1

β + 1
)(x − y)dx = 1, ∀y ∈ RN , we have

∫
RN

∫ t

0
h(s)Eα(

tβ+1

β + 1
−

sβ+1

β + 1
) ∗ I1−γ

0|s (up−1)udsdx

=

∫ t

0
h(s)ds

∫
RN

I1−γ
0|s (up−1)u(y)dy

=

∫ t

0

∫
RN

h(s)I1−γ
0|s (up−1)u(x, s)dxds. (4.5)
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Substituting Eqs (4.4) and (4.5) into Eq (4.3) we have

M(t) =
∫
RN

u(x, t)dx =
∫
RN

u0(x)dx −
∫ t

0

∫
RN

h(s)I1−γ
0|s (up−1)u(x, s)dxds, (4.6)

and,

M′(t) =
d
dt

∫
RN

u(x, t)dx = −
∫
RN

h(t)I1−γ
0|t (up−1)udx ≤ 0.

Thus, M′(t) ≤ 0, and hence, M(t) is nonincreasing. Because M(t) ≥ 0, the limit lim
t→+∞

M(t) exists.
We denote it by M∞ = lim

t→+∞
M(t) ≥ 0. Under additional assumptions, we will show that M∞ > 0. □

Proof of Theorem 2. Because u(x, t) ≥ 0 is a global, mild solution of the Cauchy problem in Eq (1.1),
from Eq (4.6), we have

0 ≤
∫
RN

u(x, t)dx =
∫
RN

u0(x)dx −
∫ t

0

∫
RN

h(s)I1−γ
0|s (up−1)u(x, s)dxds. (4.7)

For 0 ≤ u0 ∈ L1(RN), Eq (4.7) implies that

0 ≤
∫
RN

u(x, t)dx ≤
∫
RN

u0(x)dx = ||u0||L1(RN ) < +∞,∀t ≥ 0,

and thus, u(x, t) ∈ L∞([0,+∞), L1(RN)), and∫ +∞

0

∫
RN

h(t)I1−γ
0|t (up−1)u(x, t)dxdt ≤

∫
RN

u0(x)dx = ||u0||L1(RN ) < +∞.

On the other hand, because u(x, t) ≥ 0 is a global mild solution, Eq (1.20) implies that

0 ≤ u(t) ≤ Eα(
tβ+1

β + 1
) ∗ u0,∀t ≥ 0.

Choose p1 = 1 + α(1 − γ)/(N(β + 1)). Since p > 1 + α(2 − γ)/(N(β + 1)), we have p1 < p and
p1 < 1 + α/(N(β + 1)) < 1 + 2/(N(β + 1)). By Lemma 2(iv) with q = p and r = p/p1, we obtain

||u(t)||pp ≤ ||Eα(
tβ+1

β + 1
) ∗ u0||

p
p

≲ C min
{
t−

N
2 (p1−1)(β+1)||u0||

p
p/p1
, t−

N
α (p1−1)(β+1)||u0||

p
p/p1
, ||u0||

p
p

}
:= H(t, p, α, β, u0). (4.8)

For a fixed ε ∈ (0, 1], let uε = uε(x, t) denote the solution of the IVP in Eq (1.1) with initial datum
εu0. The comparison principle implies that 0 ≤ uε(x, t) ≤ u(x, t), ∀x ∈ RN , t > 0, and hence,

M∞ ≥ Mε∞ = lim
t→+∞

∫
RN

uε(x, t)dx,

and

Mε∞ = ε

∫
RN

u0(x)dx −
∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt
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= ε
[ ∫
RN

u0(x)dx −
1
ε

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt

]
. (4.9)

Applying Eq (4.8) to uε, we obtain

||uε(t)||pp ≤ H(t, p, α, β, εu0) = εpH(t, p, α, β, u0). (4.10)

A direct calculation gives

1
ε

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt

=
1
ε

∫ +∞

0
h(t)
∫ t

0

(t − s)−γ

Γ(1 − γ)

∫
RN

[uε(x, s)]p−1uε(x, t)dxdsdt

≤
1
ε

∫ +∞

0
h(t)
∫ t

0

(t − s)−γ

Γ(1 − γ)
||uε(s)||p−1

p ||u
ε(t)||pdsdt,

and using Eq (4.10), we obtain

1
ε

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt

≤ εp−1
∫ +∞

0
h(t)H1/p(t, p, α, β, u0)

∫ t

0
(t − s)−γH

p−1
p (s, p, α, β, u0)dsdt. (4.11)

Because the function H(t, p, α, β, u0) is defined in Eq (4.8), we compute the following integrals
directly:

∫ t

0
(t − s)−γH(s, p, α, β, u0)ds. First, we use the beta function B(α, β) =

∫ 1

0
tα−1(1 − t)β−1dt to

calculate the following two integrals:∫ t

0
(t − s)−γs−

N
2 (p1−1)(β+1)ds

= t1−γ− N
2 (p1−1)(β+1)

∫ 1

0
(1 − τ)−γτ−

N
2 (p1−1)(β+1)dτ

= t1−γ− N
2 (p1−1)(β+1)B(1 − γ, 1 −

N
2

(p1 − 1)(β + 1)),

∫ t

0
(t − s)−γs−

N
α (p1−1)(β+1)ds

= t1−γ− N
α (p1−1)(β+1)

∫ 1

0
(1 − τ)−γτ−

N
α (p1−1)(β+1)dτ

= t1−γ− N
α (p1−1)(β+1)B(1 − γ, 1 −

N
α

(p1 − 1)(β + 1)).

Both B(1 − γ, 1 − N(p1 − 1)(β + 1)/2) and B(1 − γ, 1 − N(p1 − 1)(β + 1)/α) converge. Thus,∫ t

0
(t − s)−γH

p−1
p (s, p, α, β, u0)ds
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= C min
{ ∫ t

0
(t − s)−γs−

N
2 (p1−1)(β+1) p−1

p ds||u0||
p−1
p/p1
,∫ t

0
(t − s)−γs−

N
α (p1−1)(β+1) p−1

p ds||u0||
p−1
p/p1
,

∫ t

0
(t − s)−γds||u0||

p−1
p

}
= C min

{
t1−γ− N

2 (p1−1)(β+1) p−1
p B(1 − γ, 1 −

N
2

(p1 − 1)(β + 1)
p − 1

p
)||u0||

p−1
p/p1
,

t1−γ− N
α (p1−1)(β+1) p−1

p B(1 − γ, 1 −
N
α

(p1 − 1)(β + 1)
p − 1

p
)||u0||

p−1
p/p1
, t1−γ||u0||

p−1
p

}
= Ct1−γmin

{
t−

N
2 (p1−1)(β+1) p−1

p ||u0||
p−1
p/p1
, t−

N
α (p1−1)(β+1) p−1

p ||u0||
p−1
p/p1
, ||u0||

p−1
p

}
,

and therefore, ∫ t

0
(t − s)−γH

p−1
p (s, p, α, β, u0)ds ≤ Ct1−γH

p−1
p (t, p, α, β, u0). (4.12)

Putting Eq (4.12) into Eq (4.11), we obtain

1
ε

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt ≤ Cεp−1

∫ +∞

0
h(t)t1−γH(t, p, α, β, u0)dt. (4.13)

For 0 ≤ h(t) ∈ L∞[0,+∞), we have∫ 1

0
t1−γh(t)H(t, p, α, β, u0)dt ≤ ||u0||

p
p||h||∞

∫ 1

0
t1−γdt ≤ C||h||∞||u0||

p
p < +∞,

and Condition (2.1) implies that∫ +∞

1
t1−γh(t)H(t, p, α, β, u0)dt

≤ C||u0||
p
p/p1

∫ +∞

1
t1−γh(t) min

{
t−

N
2 (p1−1)(β+1), t−

N
α (p1−1)(β+1)

}
dt

= C||u0||
p
p/p1

∫ +∞

1
h(t) min

{
t(1− α2 )(1−γ), 1

}
dt

= C||u0||
p
p/p1

∫ +∞

1
h(t)dt < +∞.

Combining the above two estimates, we obtain∫ +∞

0
t1−γh(t)H(t, p, α, β, u0)dt < +∞.

Because p > 1, Eq (4.13) implies that

lim
ε→0

1
ε

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt = 0. (4.14)

Equation (4.14) implies that, for ε > 0 sufficiently small,

1
ε

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε|p−1)uε(x, t)dxdt ≤

1
2

∫
RN

u0(x)dx.
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Hence, we can choose a constant ε0 ∈ (0, 1) such that

1
ε0

∫ +∞

0

∫
RN

h(t)I1−γ
0|t (|uε0 |p−1)uε0(x, t)dxdt ≤

1
2

∫
RN

u0(x)dx.

Equation (4.9) implies that

Mε0∞ ≥
ε0

2

∫
RN

u0(x)dx > 0,

and thus, we have M∞ ≥ Mε0∞ > 0. This completes the proof of the first part of Theorem 2.
Next, we prove that Eq (2.2) holds true for q ∈ [1,+∞).

Case I: q = 1. By Minkowski’s inequality, we obtain, ∀t ≥ τ ≥ 0,∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥

1

≤

∥∥∥∥u(t) − Eα(
tβ+1

β + 1
−
τβ+1

β + 1
) ∗ u(τ)

∥∥∥∥
1

+
∥∥∥∥Eα( tβ+1

β + 1
−
τβ+1

β + 1
) ∗ u(τ) − M(τ)Eα(

tβ+1

β + 1
−
τβ+1

β + 1
)
∥∥∥∥

1

+
∥∥∥∥M(τ)Eα(

tβ+1

β + 1
−
τβ+1

β + 1
) − M(τ)Eα(

tβ+1

β + 1
)
∥∥∥∥

1

+
∥∥∥∥M(τ)Eα(

tβ+1

β + 1
) − M∞Eα(

tβ+1

β + 1
)
∥∥∥∥

1
. (4.15)

Because u is a mild solution of Eq (1.1), Eq (1.20) gives∥∥∥∥u(t) − Eα(
tβ+1

β + 1
−
τβ+1

β + 1
) ∗ u(τ)

∥∥∥∥
1

=
∥∥∥∥ ∫ t

τ

h(s)Eα(
tβ+1

β + 1
−

sβ+1

β + 1
) ∗ [I1−γ

0|s (|u|p−1)u]ds
∥∥∥∥

1

=

∫ t

τ

h(s)ds
∫
RN

dx
∫
RN

Eα(
tβ+1

β + 1
−

sβ+1

β + 1
)(x − y)I1−γ

0|s (|u|p−1)udy
∥∥∥∥

1

=

∫ t

τ

h(s)ds
∫
RN

I1−γ
0|s (|u|p−1)u(y)dy

∫
RN

Eα(
tβ+1

β + 1
−

sβ+1

β + 1
)(x − y)dx

∥∥∥∥
1

=

∫ t

τ

∫
RN

h(s)I1−γ
0|s (|u|p−1)u(y)dyds.

By direct calculation or using [17, Lemma 6] with g = u(τ), we have

lim
t→+∞

∥∥∥∥Eα( tβ+1

β + 1
−
τβ+1

β + 1
) ∗ u(τ) − M(τ)Eα(

tβ+1

β + 1
−
τβ+1

β + 1
)
∥∥∥∥

1
= 0.

From the property given in Lemma 2(iii) of the fundamental solution Eα(x, t) to the operator ∂t +L,
that is, Eα(t) ∗ Eα(τ) = Eα(t + τ), ∀t, τ > 0, we obtain

Eα(
tβ+1

β + 1
−
τβ+1

β + 1
) − Eα(

tβ+1

β + 1
) = Eα(

tβ+1

β + 1
−
τβ+1

β + 1
) − Eα(

tβ+1

β + 1
−
τβ+1

β + 1
) ∗ Eα(

τβ+1

β + 1
),
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as ∥∥∥∥Eα( tβ+1

β + 1
)
∥∥∥∥

1
=

∫
RN

Eα(
tβ+1

β + 1
)(x)dx = 1,

by direct calculation or using [17, Lemma 6] with g = Eα(τβ+1/(β + 1)), we have

lim
t→+∞

∥∥∥∥Eα( tβ+1

β + 1
−
τβ+1

β + 1
) − Eα(

tβ+1

β + 1
)
∥∥∥∥

1

= lim
t→+∞

∥∥∥∥Eα( tβ+1

β + 1
−
τβ+1

β + 1
) ∗ Eα(

τβ+1

β + 1
) − 1 · Eα(

tβ+1

β + 1
−
τβ+1

β + 1
)
∥∥∥∥

1
= 0.

Together with the monotonicity of M(t), this gives∥∥∥∥M(τ)Eα(
tβ+1

β + 1
−
τβ+1

β + 1
) − M(τ)Eα(

tβ+1

β + 1
)
∥∥∥∥

1

≤ M(0)
∥∥∥∥Eα( tβ+1

β + 1
−
τβ+1

β + 1
) − Eα(

tβ+1

β + 1
)
∥∥∥∥

1
→ 0 as t → +∞.

For the last term, by the formula (4.6), we have∥∥∥∥M(τ)Eα(
tβ+1

β + 1
) − M∞Eα(

tβ+1

β + 1
)
∥∥∥∥

1
≤ |M(τ) − M∞|

∥∥∥∥Eα( tβ+1

β + 1
)
∥∥∥∥

1

= |M(τ) − M∞| ≤
∫ +∞

τ

∫
RN

h(s)I1−γ
0|s (|u|p−1)u(y, s)dyds.

Substituting the above estimates into Eq (4.15) we obtain

lim sup
t→+∞

∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥

1
≤ 2
∫ +∞

τ

∫
RN

h(t)I1−γ
0|t (|u|p−1)u(y, t)dydt. (4.16)

By Fubini’s theorem, ∫ +∞

τ

∫
RN

h(t)I1−γ
0|t (|u|p−1)u(y, t)dydt

=

∫ +∞

τ

h(t)
∫
RN

∫ t

0

(t − s)−γ

Γ(1 − γ)
|u|p−1(y, s)u(y, t)dsdydt

=

∫ +∞

τ

h(t)
∫ t

0

(t − s)−γ

Γ(1 − γ)

∫
RN
|u|p−1(y, s)u(y, t)dydsdt

≤

∫ +∞

τ

h(t)∥u(t)∥p

∫ t

0

(t − s)−γ

Γ(1 − γ)
∥u(s)∥p−1

p dsdt.

Using the estimate of ∥u∥p given in Eq (4.8) and u0 ∈ (L1 ∩C0)(RN), ∀τ > 1, we have∫ +∞

τ

∫
RN

h(t)I1−γ
0|t (|u|p1−1)u(y, t)dydt

≤ C∥u0∥
p−1
p/p1

∫ +∞

τ

h(t)∥u(t)∥p

∫ t

0

(t − s)−γ

Γ(1 − γ)
min
{
s−

N
2 (p1−1)(β+1) p−1

p , s−
N
α (p1−1)(β+1) p−1

p
}
dsdt.
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Substituting the estimate of ∥u∥p again,∫ +∞

τ

∫
RN

h(t)I1−γ
0|t (|u|p1−1)u(y, t)dydt

≤ C||u0||
p
p/p1

∫ +∞

τ

h(t)t1−γmin
{
t−

N
2 (p1−1)(β+1), t−

N
α (p1−1)(β+1)

}
dt

= C||u0||
p
p/p1

∫ +∞

τ

h(t) min
{
t(1− α2 )(1−γ), 1

}
dt

≤ C||u0||
p
p/p1

∫ +∞

τ

h(t)dt.

By Condition (2.1),
∫ +∞

1
h(t) dt converges. Hence,

∫ +∞
1

h(t)dt converges, so we have

lim
τ→+∞

∫ +∞

τ

h(t)dt = 0,

and thus,

lim
τ→+∞

∫ +∞

τ

∫
RN

h(t)I1−γ
0|t (|u|p−1)u(y, t)dydt = 0.

Returning to Eq (4.16), we obtain

lim
t→+∞

∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥

1
= 0. (4.17)

Thus, Eq (2.2) holds for q = 1.
Case II: q > 1.

For any m ∈ [1,+∞], using ∥P2(t)∥1 = 1 for all t > 0 and Lemmas 1 and 2, we have

∥u(t)∥m ≤
∥∥∥∥Eα( tβ+1

β + 1
) ∗ u0

∥∥∥∥
m
≤ Ct−

N
α (1− 1

m )(β+1)∥u0∥1 (4.18)

and ∥∥∥∥Eα( tβ+1

β + 1
)
∥∥∥∥

m
=
∥∥∥∥Pα( tβ+1

β + 1
) ∗ P2(

tβ+1

β + 1
)
∥∥∥∥

m

≤ Ct−
N
α (1− 1

m )(β+1)
∥∥∥∥P2(

tβ+1

β + 1
)
∥∥∥∥

1

= Ct−
N
α (1− 1

m )(β+1). (4.19)

Fix m ∈ [1,+∞]. For any q ∈ [1,m), Hölder’s inequality and Minkowski’s inequality yield∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥

q

≤

∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥1−δ

1

∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥δ

m
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≤

∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥1−δ

1

(
∥u(t)∥δm +

∥∥∥∥M∞Eα(
tβ+1

β + 1
)
∥∥∥∥δ

m

)
, (4.20)

where 1/q = 1 − δ + δ/m, i.e. δ = (1 − 1/q)/(1 − 1/m).
For q < m, putting Eqs (4.18) and (4.19) into Eq (4.20), one obtains the estimate

t
N
α (1− 1

q )(β+1)
∥∥∥∥u(t) − M∞Eα(

tβ+1

β + 1
)
∥∥∥∥

q
≤

∥∥∥∥u(t) − M∞Eα(
tβ+1

β + 1
)
∥∥∥∥1−δ

1

·
(
t

N
α (1− 1

q )(β+1)
∥u(t)∥δm + t

N
α (1− 1

q )(β+1)
∥∥∥∥M∞Eα(

tβ+1

β + 1
)
∥∥∥∥δ

m

)
,

and for any t > 0,

t
N
α (1− 1

q )(β+1)
∥u(t)∥δm ≤ Ct

N
α (1− 1

q )(β+1)− N
α δ(1−

1
m )(β+1)

∥u0∥
δ
1 = C∥u0∥

δ
1,

t
N
α (1− 1

q )(β+1)
∥∥∥∥M∞Eα(

tβ+1

β + 1
)
∥∥∥∥δ

m
≤ Ct

N
α (1− 1

q )(β+1)− N
α δ(1−

1
m )(β+1) = C.

Thus, Eq (4.17) implies that

lim
t→+∞

t
N
α (1− 1

q )(β+1)
∥∥∥∥u(t) − M∞Eα(

tβ+1

β + 1
)
∥∥∥∥

q
= 0.

Therefore, Eq (2.2) holds for q > 1.
This completes the proof of Theorem 2. □

Remark 1. Let 0 < h(t) ∈ L∞[0,+∞), 0 ≤ u0 ∈ (L1 ∩ C0)(RN), and let u(x, t) be a non–negative,
nontrivial, global, mild solution of the Cauchy problem (1.1). It is natural to expect that

1 < p ≤ 1 +
α(2 − γ)
N(β + 1)

, inf
t≥0

h(t) > 0, (4.21)

is a sufficient condition for M∞ = 0. In contrast to the reaction–diffusion equation without memory
term, it needs to deal with the nonlinear term

∫ T

0

∫
RN h(t)up(x, t)φ(x, t)dxdt. It is a local term, so we

can use the test function φ(x, t) to help us. However, because the nonlinear memory term I1−γ
0|t (|u|p−1)u

is singular in time, the present method does not apply; we now face a nonlocal term∫ T

0

∫
RN

h(t)I1−γ
0|t (|u|p−1)u(x, t)φ(x, t)dxdt

=

∫ T

0

∫
RN

h(t)
∫ t

0
(t − s)−γ|u(x, s)|p−1dsu(x, t)φ(x, t)dxdt

=

∫ T

0

∫
RN
|u(x, s)|p−1[

∫ t

0
h(t)(t − s)−γu(x, t)φ(x, t)dt]dxds. (4.22)

The nonlocality leads the difficulty in proving M∞ = 0 by the rescaled test function method. New
techniques are needed to overcome this difficulty. One possible approach is to adapt the method of
Fino and Kirane [8] for the purely nonlocal operator L = (−∆)α/2.
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5. Conclusions

Without the memory term −h(t)I1−γ
0|t (|u|p−1)u(x, t), under the assumption inft≥0 h(t) > 0, we can get

inequality h(t)upφ ≥ Cupφ for a non–negative solution u(x, t) and the test function φ. However, for
the equation with memory term ∂tu(x, t) + tβLu(x, t) = −h(t)I1−γ

0|t (|u|p−1)u(x, t), we need an estimate

of the non–local term
∫ T

s
h(t)(t − s)−γφ(t)dt, even if h(t) ≥ C > 0, we will need the precise lower

bound of
∫ T

s
(t− s)−γφ(t)dt, it is very difficult to choose a suitable test function. We overcome this main

difficulty to characterize the large–time asymptotic behavior of the global mild solutions. However,
the nonlocality also leads the difficulties in proving M∞ = 0, this is a difficult problem, which merits
further investigation in future work.
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https://doi.org/10.1007/978-1-4612-0197-7 11

7. A. Fino, G. Karch, Decay of mass for nonlinear equation with fractional Laplacian, J. Monatsh.
Math., 160 (2010), 375–384. https://doi.org/10.1007/s00605-009-0093-3

8. A. Fino, M. Kirane, Qualitative properties of solutions to a time–space
fractional evolution equation, Q. Appl. Math., 70 (2012), 133–157.
https://doi.org/10.1090/S0033-569X-2011-01246-9

9. H. Fujita, On the blowing up of solutions of the Cauchy problem for ut = ∆u + u1+α, J. Fac. Sci.
Univ. Tokyo, 13 (1966), 109–124.

10. K. Hayakawa, On the nonexistence of global solutions of some semilinear parabolic equations,
Proc. Japan Acad., 49 (1973), 503–525. https://doi.org/10.3792/pja/1195519254

11. K. Kobayashi, T. Sirao, H. Tanaka, On the blowing up problem for semilinear heat equations, J.
Math. Soc. Japan, 29 (1977), 407–424. https://doi.org/10.2969/jmsj/02930407

12. S. Sugitani, On nonexistence of global solutions for some nonlinear integral equations, Osaka J.
Math., 12 (1975), 45–51.

13. A. Z. Fino, E. I. Galakhov, O. A. Salieva, Nonexistence of global weak solutions
for evolution equations with fractional Laplacian, Math. Notes, 108 (2020), 877–883.
https://doi.org/10.1134/S0001434620110292

14. V. Kumar, B. T. Torebek, Fujita–type results for the semilinear heat equations
driven by mixed local-nonlocal operators, J. Differ. Equations, 465 (2026), 114241.
https://doi.org/10.1016/j.jde.2026.114241

15. K. Yosida, Functional Analysis, 6th ed, Springer-Verlag, Berlin; New York, 1980.

16. A. Grigor’yan, Heat Kernel and Analysis on Manifolds, American Mathematical Society,
Providence RI, International Press, Boston, MA, 2009. https://doi.org/10.1090/amsip/047

17. S. Biagi, F. Punzo, E. Vecchi, Global solutions to semilinear parabolic equations driven
by mixed local–nonlocal operators, Bull. London Math. Soc., 57 (2025), 265–284.
https://doi.org/10.1112/blms.13196

18. J. Droniou, C. Imbert, Fractal first-order partial differential equations, Arch. Rational Mech. Anal.,
182 (2006), 299–331. https://doi.org/10.1007/s00205-006-0429-2

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

Networks and Heterogeneous Media Volume 21, Issue 5, 1924–1949.

https://dx.doi.org/https://doi.org/10.1007/s13540-025-00417-1
https://dx.doi.org/https://doi.org/10.1007/978-1-4612-0197-7_11
https://dx.doi.org/https://doi.org/10.1007/s00605-009-0093-3
https://dx.doi.org/https://doi.org/10.1090/S0033-569X-2011-01246-9
https://dx.doi.org/https://doi.org/10.3792/pja/1195519254
https://dx.doi.org/https://doi.org/10.2969/jmsj/02930407
https://dx.doi.org/https://doi.org/10.1134/S0001434620110292
https://dx.doi.org/https://doi.org/10.1016/j.jde.2026.114241
https://dx.doi.org/https://doi.org/10.1090/amsip/047
https://dx.doi.org/https://doi.org/10.1112/blms.13196
https://dx.doi.org/https://doi.org/10.1007/s00205-006-0429-2
https://creativecommons.org/licenses/by/4.0

	Introduction
	Main results
	Global existence
	Asymptotic behavior of mild solutions
	Conclusions

