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Abstract: This work investigates the exponential stability of a perturbed non-linear (or linear)
wave equation in a sub-critical regime with respect to both the damping and perturbation terms.
Using an energy-based analysis, we first establish the decay of the total energy over a finite time
interval 7 > 0. When the damping region satisfies the geometric control condition (GCC), and the
perturbations contribute to the dissipation mechanism, we prove that the energy of the system decays
exponentially by combining the multiplier method with a unique continuation principle. In addition to
the theoretical analysis, we present numerical simulations for one- and two-dimensional damped wave
equations with localized internal damping. Finite difference schemes are employed to approximate the
dynamics and quantify the dissipation of energy, and the results confirm the theoretical predictions:
Introducing a localized damping region induces strong stabilization, and the total discrete energy
decays exponentially over time.

Keywords: exponential stability; geometric control condition; multiplier method; nonlinear
equations; subcritical regime

1. Introduction

The analysis of nonlinear wave equations involving interior damping, dynamic boundary
conditions, and localized dissipation has attracted considerable attention. Foundational contributions
by Lions [1, 2] established the framework for exact controllability and stabilization in distributed
parameter systems. Furthermore, Adams [3] and Simon [4] developed core tools regarding Sobolev
embeddings and compactness arguments, which remain essential for well-posedness theory.
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Subsequent research has addressed nonlinear effects arising from damping and source terms.
Georgiev and Todorova [5] proved existence results for wave equations with nonlinear damping and
nonlinear sources, highlighting interactions between dissipation and forcing mechanisms. Vitillaro
expanded the theory in several influential studies, treating global nonexistence in dissipative
problems [6], global existence with nonlinear boundary damping and source terms [7], strong
solutions under dynamic boundary conditions [8], and wave equations with interior and nonlinear
boundary damping [9], including supercritical regimes [10]. Gazzola and Squassina [11] analyzed the
competition between damping and source effects in semilinear wave models and identified conditions
under which solutions exist globally or blow up in finite time. Related questions concerning global
dynamics, energy behavior, and finite-time blow-up for nonlinear equations have also been
investigated by Boulaaras [12, 13], and the nonexistence of global weak solutions for strongly
damped p-Laplacian wave equations with logarithmic source terms was studied in [14]. Tools such as
Carleman estimates and observability inequalities developed by Gal and Tebou [15] and unique
continuation results by Ruiz [16] contributed to control and stabilization theory. Localized damping
has also been the focus of many studies. Khemmoudj and Medjden [17] established exponential
decay for semilinear Cauchy—Ventcel problems, and Addoun and Laoubi [18] investigated
stabilization and regularity under localized internal damping combined with Ventcel boundary
conditions. More recent developments involve nonlinear damping with variable-exponent structures.
Al-Mahdi et al. studied asymptotic behavior under nonlinear boundary damping [19], thermoelastic
Timoshenko systems [20], and viscoelastic wave models with distributed delays [21, 22]. Guo et
al. [23] proved the existence of global attractors under Hardy potentials and nonlinear damping.
Han et al. [24] obtained quantitative stability results for weak and strong damping, whereas Nicaise et
al. [25] established indirect stabilization for weakly coupled hyperbolic systems. Cavalcanti et al. [26]
analyzed stabilization under Zaremba boundary conditions using semiclassical defect measures.
Analytical tools such as the Moser iteration method [27], together with Sobolev and trace embedding
theorems, ensure that nonlinear perturbations and damping terms remain within a well-posed
functional setting.

These contributions collectively demonstrate that localized interior or boundary damping plays a
decisive role in achieving stabilization, energy decay, and global well-posedness for nonlinear wave
equations, thus motivating the present work.

Let O be a neighborhood of Oxv with N > 2, and let Q C RY be a connected, open, bounded domain
with a C? boundary I'. The boundary is decomposed into two disjoint nonempty parts, Iy and T';:

meas(Ty),meas(T}) £0, Oy,NQ =0, I'=T,uly, T,NT[;=0.

Let O be a neighborhood of I';, and define w = O N Q, representing the interior region where local
damping is active. We study the wave system:

0 — Ap + a(0)O(¢) = f(p), (0, 00) x Q,
v =0, (0, 00) x Iy,

@u + 0y — Arg + B(X)T(¢;) = g(e), (0,00) XTI,
@(x,0) = @o(x), ¢(x,0) = @1(x), Q,

(1.1)
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where the non-negative functions @ and g satisfy

ay >0, x€w,
a(x) = — B(x)>py>0, xelj. (1.2)
0, x€Q\ w,

Here, A denotes the Laplace operator in Q, Ay the Laplace—Beltrami operator on I'j, and v the
outward unit normal. The Laplace—Beltrami operator satisfies

quTvdF = - fVTuVTvdF, Yu,v € H'(T'). (1.3)
r r

The damping and perturbation terms satisfy the following hypotheses.
(I) Damping: © and T are continuous, monotone increasing, and satisfy
B(s)s > 0, T(s)s >0, 00) = Y(0) =0.

(IT) Perturbations: f, g € !

loc

(R) satisfy

Lf' () = Ols”™), gl = Osl”), Is| — oo, (1.4)

for some p, g > 2.

The nonlinearities are defined by

O(s) = als|" s + |s|" s, l<m<m,az0,
Y(s) = b|s] s + |s]* s, l<ji<u, b>0, s
F&) =T s 4 sl s+, 2<B<p, (1.5
g(s) = F5V|S|‘Hs +6|s|7%s + ¢a, 2<g<q.
We also recall the critical Sobolev exponents:
2N 2(N-1)
== N >3, =) N>4,
ro=1"" =9 (1.6)
oo, N=2, 00, N=2or3
The nonlinearities are subcritical when
25P<1+F—Q, 1Sm<l+r—g,
2 1.7)
e rr ( .
1 1
2Sq<1+33 1§p<1+3<

In this work, we study the local-in-time exponential stability of system (1.1) in the subcritical
regime. The domain Q ¢ R" is bounded and sufficiently smooth, and damping acts both inside Q and
on part of the boundary.

Our contributions are as follows:

1. Extend solutions globally through an energy-based argument and determine conditions under
which blow-up may occur.
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2. Prove exponential stabilization by constructing an appropriate energy approximation. Stability
holds when (i) the geometric control condition (GCC) is satisfied on the damped region, and (ii)
perturbations contribute to energy dissipation in addition of its superlinear behavior.

The case of fully nonlinear damping and perturbation functions with variable exponents has been
investigated in [18-23]. When damping is linear, system (1.1) falls into the framework of [11].
Nonlinear damping for weak/strong dissipation was treated in [24]. Well-posedness in the Hadamard
sense is discussed in [9, 10], including subcritical, critical, supercritical, and super-supercritical cases.

The main result of the present paper establishes the following:

1. An energy decay estimate for system (1.1), assuming well-defined initial energy;
2. For 1 < u, m < 2, local or global exponential stability when f and g act as sinks, either for
nonlinear perturbations when N < 4 or for linear perturbations (p = g = 2) when N > 2.

Exponential stability remains valid whenever the solution associated with the initial data is bounded
in L2(Q).

We do not reprove general Hadamard well-posedness (already established in [10]); instead, we
recall simplified versions of those results and concentrate on the characterization of energy dissipation
leading to stability.

In Section 4, we prove exponential stability under the additional assumption that f and g are globally
Lipschitz. The Appendix clarifies when this assumption holds depending on p, g, p, g, and N.

Numerical validation. A final section presents numerical simulations in one and two dimensions
using finite differences. These results demonstrate that introducing a localized damping region leads
to significant energy dissipation and confirms exponential decay of the total energy, in agreement with
the theoretical predictions.

For reader information, as any numerical method designed to approximate the exact solution of a
given problem, the finite difference method is inherently affected by discretization errors. The smaller
these errors are, the closer the numerical approximation converges to the exact solution. In the present
work, the standard second-order finite difference scheme was deliberately adopted because of its
simplicity and robustness, as its primary purpose is to illustrate and validate the theoretical results
established in this work rather than to develop a new numerical methodology.

Nevertheless, more sophisticated numerical approaches have been developed in recent years. In
particular, higher-order and compact finite difference schemes, as well as meshless radial basis
function finite difference (RBF-FD) methods, have demonstrated improved dispersion properties,
leading to a more accurate representation of wave propagation, while also offering greater flexibility
for nonuniform and irregular node distributions. Furthermore, in higher-dimensional settings (e.g.,
three-dimensional problems), implicit time discretizations or nonlinear damping models generally
lead to large, sparse algebraic systems. When combined with highly refined computational meshes,
these systems can still be solved efficiently using modern iterative solvers. For further information on
these numerical techniques, the interested reader is referred to [28—31] and those cited therein.

2. Materials and methods

2.1. Our methodology

The main goals of this paper are as follows:
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(1) To demonstrate that the effect of nonlinear localized dampings a® and S is sufficient to
exponentially stabilize the system (1.1) when f, g also contribute to dissipate the energy;

(2) To show that this effect may still be efficient for a certain time when f, g lead the system to
blow-up;

(3) To conduct a numerical illustration of the exponential stability thus established.

As expected, such a system with nonlinear perturbation may experience blow-up; that is, the
released energy which quantifies the wave’s ability of motion reaches infinity for a finite time or
becomes nonpositive. As a result, one needs to carefully analyze the system’s well-posedness,
including the existence and uniqueness of the system’s solution and the positive boundedness of
its energy.

For this aim, the paper uses the results of existence and uniqueness already stated by E. Vitillaro [9]
and thus analyzes the sign of the energy released by the system (1.1) in order to state its stability.
Next, the exponential stability is stated by the well-known method using the GCC. The technique is a
combination of adequate weighted multipliers, leading to an observability result as in [17, 26, 32].

2.2. Statement of problem

In part analyzes the well-posedness of the system (1.1). Before this, here are some notations and
key properties of f, g and ®, T useful in this paper.

2.2.1. Preliminaries

e s’ is the Holder conjugate of s, given by

1 1
-+ —/ = 1
s S
e (:|-) denotes the inner product, sometimes written as ().
e C([0,T], X) with norm || fllcqo.r1.x) = SUPepo.ry 1 Dllx-
o ||, is th_e norm in L?(Q) for p > 2.
e ForACQ, |||l is the norm in LP(A).
e The norm in L”(A X (a, b)) is

1
b ?
1l caxian) = ( f IFOI, ds) .

e A — B means A C B with continuous embedding, and A << B means compact embedding.
e I, and O,,, denote the identity and zero matrices* of size n X m, respectively.
e For X, Y € R", we define:

X>Y x>y, VYi=1,...,n,

X<Y & x <y, Vi=1,...,n

Next, here are some key properties on f, g, ®, and (', which have been implicitly used in [5, 9] for
the existence and uniqueness result.

*See page 338 of [15].
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Assumption 1. (Key properties of f, g) The perturbation functions f and g satisfy the following:

(i) f(0)=rcy, gO0)=cy.Inparticular, f(0)=g(0)=0ifc;=c,=0.
(ii) There exist constants C¢,C, > 0 such that for all sy, s, € R,

£(s1) = £ < Cp (1121772 + 111772 Isy = sal,
12(s1) = 8(52)I < Cy (151272 + 131212 Isy = s2l,

where |sio|" = |si|" + |s2|, r>0.
In particular, if ¢y, = ¢ =0,

£l Cr (I +1si177"), gl < Co (Ist ! + 1s177").
(iii) For all i, j € N*, f and g satisfy
G0 CRXCIR), ifi+1.j+1)<@.9,
, Q) €
(C>(R))*, if (p.q) = (2,2).

Moreover, there exist constants Cy;, Cy ; > 0 such that
PO < Cra (s 41577 D), - 1gV()] < Coy (1179 4 15170M0).
(iv) For all i, j € N* satisfying (iii), we have f(0) = g(0) = 0.

Remark 2.1. (Key observations on ©,Y) If 2 < m,u, then ©® and X satisfy the same properties as f, g
withc; = ¢, = 0.

However, if |l <m <m < 2orl <pu<u <2, the properties hold only on R \ (—M, M) for some
M > 0.

2.2.2. Well-posedness results

First, the space L*(I';) will be considered in this paper as {z € L*() : Zy, = 0}. Now, consider the
following spaces:

Vo = ((u,v) € H'( Q) x (H' (D) N LAT)) : v = ury, uy, = 0},
YV, = LX(Q) x L))

and
{Lﬁ(Q) = {uelXQ): aruc LP(Q)),

LYT)) = {u € LAT)) : fiue LATY),
respectively endowed with the norms ||.||ly,, [I.[lv,, ||lly.«, and |.|; 4 such that

2 2 2 1
{”(ua v)”(Vo = ||VM||L2(Q) + ”VTVHLZ(rl)a {”u”p,a = ”u”Z + ”a/pu”p’

2 2 2 1
G, I, = Hluel 3 + VIS, » lulyp = lullor, + lIB7ull,r, -
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Consider H = Vy x V, equipped with the norm ||.||4; such that
U, VI, = IUIR, + VIR,

and

HY = Vo 0 (LU(Q) x LYTY))

endowed with the norm
|[¢72 V)Ilifg = |, V)|, + utllp.o + [V]g -

We also introduce, for all p € [1, 00), the following Sobolev space when Q, JI" are of class C 2.
W2 = (WP(Q) x WD) N Vo, W = HA(Q) x (HAI) N H'(T')).

In this paper, we will consider w = (¢, ¢r,)" € V, such that W = (w, w,)" € H satisfies the system.
Thus, by differentiating W with respect to the time variable ¢, the problem (1.1) is reformulated
as follows:
W, =AW - C(W) + S(W),

where
02><1 02><1
S(W) = eH, CW)= eH
W (F(w)) ) (G(w»)
and A is the linear operator defined on D(A) = {W = (w,w,)' € H : AW € H} by:
_ (O Dxo _ (A 0
A= ( A OM)’ A= (o Ar - av) @D

and satisfies (AZ, Z)y = 0 for all W € H.

The nonlinear fields are as follows:

| f(p) _ [ aO(¢)
Fow) = (g(gorl ))’ Glwn) = (ﬁ‘rwr. ))'

Thus, the system (1.1) is equivalent to the following first-order Cauchy problem:
W, =AW - C(W) + S(W),
{ ; (W) + S (W) 02

W) =W, e H.

Theorem 2.2. (Local existence and uniqueness) If the conditions (i) and (ii) in Assumption I, and
Eq (1.7) hold, then the system (2.2) admits a unique weak solution W € C([0, T]; H) such that

w e C(10,T1; Vo), wi € C(10,T1; V) N (LI(Q) x LyT)))

for some small T > 0.
Moreover, the energy associated to System (2.2) is given by:

1
EG) = SIWOIE, - fg F(e(x, H)dx — f Gler, (x,)dT1, 1€ (0,T), 2.3)
I

where:

F(r) = frf(s)ds, G(r) = fr g(s)ds.
0 0
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The following regularity theorem is a result obtained and studied in [10].

Theorem 2.3. (Regularity) Assume that the conditions (i) and (ii) in Assumption 1, and Eq (1.7) hold.
If Wy € W22 x V,, then the unique weak local solution W = (w,w,) to problem (2.2) satisfies the
following regularity properties:

w e C([0,T1; W*?) 0 C\([0, T1: Vo) N Co, ([0, T1: V1),

where C! (I, X) is the space of functions weakly continuous and differentiable up to order i € N from in
time t over I into the Banach space X.

For simplicity, we just write here and below W € C([0; T']; H) as a solution of Eq (2.2), which is
also true but not its complete regularity.

F(g)

), and the energy associated to the system (2.2) is
G(‘;Dl"l)

We now consider here and below ¥ (w) = (

rewritten as follows: {
E@) = EIIW(I)H?H —(F (1), (1, 1) ey, (2.4)

Theorem 2.4. (Global existence and uniqueness) Assume that the condition (i) in Assumption 1 and
Eq (1.7) are valid. Moreover, for m = max{2; m} and g = max{2; u}, if one of the following conditions
is satisfied.:

(i) (y,0) > (0,0), (p,q) < (m,u) and essinfoa > 0if p > 2,
(ii) (v,06) <(0,0), (p,q) < (m,u) and essinfoa > 0if p > 2,
(iii) y> 0,0 <0, (p,q) < (m,p) and essinfoa > 0if p > 2,
(iv) y<0,6 >0, (p,q) <(m,u) and essinfoa >0 if p > 2,
(v) y,é,?,gs 0,

then for every Wy € H, the system (1.1) admits a unique global solution in time; that is, the life span
T. of solution w is co.

Remark 2.5. These results stem from an analysis of the energy dissipated by the system (2.2) as
performed in [5]. In particular, the solution exists at any time where the energy is well-defined, that
is, non-negative and finite (see Remark 2.7). In principle, when a global-in-time solution exists, no
blow-up occurs; that is, the lifespan T, of w is equal to +oo. Then, the system (2.2) blows up if and
only if all the conditions (i — v) are not satisfied.

We consider, for any z € C([0, T.); V), the following functional:

1
1(z(n)) = EIIZ(I)H%}O —(F @), (1, 1) )y, t20.
We have the following stability result:

Theorem 2.6. (Energy decay)
Let W € C([0,T.,); H) be the maximal solution’ to the system (2.2). The energy of system (2.2)
decreases over time for all T € (0, T.) provided that

I(wg) > 0.

"Here and throughout, a maximal solution refers to one that cannot be extended beyond its lifespan; that is, it is nonextendable in
time. See [10] for details in our setting. We use the term “global-in-time solution” to mean that 7', = +oo.
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Proof. First, we observe that the energy functional associated with Eq (2.2) is given by
1 2
E@® =1w®) + 5lw(Dlly,, 120

Hence, the energy decay is immediate whenever I/(w(¢)) > 0. Moreover, the continuity of /(w(¢))
with respect to time and the assumption /(wg) = I(w(0)) > 0 ensure the existence of some T =T, , €
(0, T,) such that I(w(z)) > 0 for all € (0, T}, ).

Multiplying Eq (2.2), by W in H, we obtain, for all t € [0, T],

1d
EEIIW(I)H%, = (AW@D), W(D)3 — (C(W (@), W(D)r + (S (WD), WD)

Using Eq (2.1) along with the definition of ¥, we deduce

d|1
7 EIIW(I)II(ZH—<9"'(W(t)),(1,1)T>q/l = ~(Gw:(1)), wi(D))y, -

Because G is monotone increasing, we conclude that E’(¢) < 0 for all ¢ € [0, T'].
This completes the proof. O

Remark 2.7. In the study of wave problems, a negative energy can result from various instability
phenomena of the solution, such as the explosion of the solution, solution trapping, or the existence of
strongly nonlinear steady states. Therefore, we must ensure that the energy remains positive, as not all
of its terms are necessarily positive. A sufficient condition for the global positivity of the energy and
its decay is

(Fw), (1, D", <0,

for instance, when

c1=c=0, %6,96<0.

In this case, the stability of the energy (well-defined and decays) is global in time; thatis, T — T, =
+00.

In the case where (F(w),(1,1)")q, > 0, it becomes rather difficult to establish the long-term
stability (i.e., energy decay along with its positivity as T — +oo0) unless the damping exponents
controlled those of the perturbations or the measure of the domain meas(QQ) is sufficiently small.

To keep things concise, we will not elaborate further on this point. However, any interested reader
may verify this assertion by seeking a constant | € (0, 1/2) such that

(Fw), (1, 1)y, < LW,

through the use of the Sobolev embedding inequality and Poincaré’s inequality, which both hold in this
setting (see [19]).
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3. Results

Consider that the perturbation maps f and g satisfy Eq (1.5) with ¢; = ¢; = 0. That is,
f(s) = s s+ ylslP s, g(s) = Ols|¥ s + 6ls|" .

Consider also ® and Y, linear or sublinear; that is,
O(s) = als" s+ IsI" s, Y(s) = bls s + s s,

where (1, 1) < (7, 1) < (m, 1) < (2,2). What follows is therefore is the main result of this paper:

Theorem 3.1 (Exponential stability). Assume that the condition (1.7) holds for m,u < 2, and let T > 0
be a certain time of stability. Assume that ¥, vy, 6, and 6 are such that

f(s)s <F(s) <0, g(s)s<G(s)<0, seR. (3.1

Then, the associated weak solution W € C([0, T]; H) to initial condition W, € H is exponentially
stable in Q x (0,T) c RN x (0, T) for

(i) N>2iff,garelinear(q=p=q=p=2o0rf=g=0),
(ii) N = 1 (see Section 5) if f, g are nonlinear (p > p >2o0rq >4q > 2).

If in addition, Wy € W?2, then the associated strong solution W is exponentially stable for N < 4.
The exponential stability is global-in-time if T = 400, and local-in-time otherwise.

Remark 3.2. First, we add the fact that Theorem 3.1 still holds for some case where Eq (3.1) holds for
some S C R such that meas(S) # 0.

In order to prevent any confusion, the one-dimensional case has been preferably excluded in the
problem statement because the use of the Laplace—Beltrami operator is not directly done as for the
Laplace operator in spatial coordinates. For this, it is necessary to identify from a given spatial
derivative, the normal derivative and the tangential derivative.

4. Proof of the main result

The purpose of this section is to study the exponential stability of system (2.2) under the conditions
of Theorem 2.6. In view of Theorem 2.6, it is reasonable to investigate the exponential stability of
system (2.2) on the extensible* interval [0, T], where T = T,,, < T, is such that

Iw()) >0 forallre[0,T].
Further, there exist constants C > 1 and ¢ > 0 such that

E@) < Ce*'E(0), t€][0,T]. 4.1)

#We mean by “extensible” the fact that T could tend to T, = +oo for a global solution.
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To achieve this, we will establish an observability inequality and apply the unique continuation
principle for the following system:

Ku = Ak + a(x)O(k,) = f(k), in (0,7) x Q,
k=0, OH(O,T)XF(), 40
ki + 0.k = Ark + BOL(k) = g(K). on (0.T)x T, “2
K(X’ 0) = K()(X), Kl(x> O) = Kl()C), in ﬁa
which is equivalent to the first-order Cauchy problem defined as follows:
Ki(1) = AK(t) - C(K(®)) + S(K(1)), 1€(0,T), 43)
K(0) = Ky € ‘H, '
where the functions «, 8 € L*(Q) x L*(I'y) satisfy Eq (1.2) and
K =(k,k), k= («r).
Moreover, we add the following property:
IKOllcqo:ryzy < R < +eo0 (4.4)
with R > 0.
The energy associated with system (4.2) at any instant ¢ € (0, T) is given by
_1 2 2 2 2
Ed1) = (k)P + 1Vk®P) dx + | (Ikr, (P + [Vr&r, () dx
2o h (4.5)

- f F(x(#))dx — f G(kr, (2))dI'y.
Q Iy

Moreover, for all ¢, #, € (0,T) with #; < t,, the following dissipation identity holds:

E(t)) — Ex(t1) = - f fg a(x)O(k(1))k,(1)dxdr — f f BT (kr (0))kr, ()dI1de. (4.6)
t 1 I

For the moment, we assume the existence of T(xy) > 0, which represents the time taken for each
geodesic curve to enter the controlled region w. The proof of its existence will be provided in
the Appendix.

Theorem 4.1. (Exponential decay) The system (4.2) is exponentially stable over the time interval T >

T (xo) if and only if there exists a constant Cg > 0 such that the following observability inequality holds:

T T
E(T) < Cg f f ()0 (K, (1)K, (H)dxdr + f f BX)Y(kr, (D)), ()T dt | 4.7)
0 Q 0 I
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Proof. By combining Eqs (4.6) and (4.7), we obtain the inequality
E(T) < Cr(E(0) — E«T)),

which leads to
E(T) < LrE(0), (4.8)

where Lp = CR/(l + CR) < 1.
Consider the sequence {a,, n € N} such that

nTy, ifn e N*,
a, =
0, ifn=0

with 0 < Ty <T.

Using the same argument as in the derivation of Eq (4.8) over the subintervals [a,-;, a,] C [0,T]
forl <n< N =|T/Ty], we obtain

Ek(an) < LREK(an—l) <. =< L?QEK(O)
Because L}, = ¢"™™®_ it follows that
E(a,) < e E(0),

where o = 1/TyIn (1/Lg) > 0.

Given that E, is a nonincreasing function over time, for all 7 € [a,_,, a,], we have
E(t) < Efay-1) < e 7" "E(0) = e e T E(0).
Because €770 = 1/Lg > 1, and e™7"70 = ¢77% < 777 we deduce
E (1) < Ce™E(0).
This establishes Eq (4.1) with C = 1/Lg > 1 and ¢ = o > 0, thus completing the proof. O
We introduce the following notations:
Qr =Qx(0,T), Tor =Ty(x(0,T), I'r=T;x(0,T).
To establish the observability inequality (4.7), we require some additional results.

Assumption 2. (Geometric control condition) Let x, € RN, with N > 2. We define the following vector:
mo(x) = x—x0, x€RY,  mi(x) = mo(x) — (mo(0)|V(x)) v(x),

where m(} is the tangential component of my, and v(x) denotes the outward unit normal vector to
along I'y.

We also introduce the following notations:
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(i) ro = max { V{mo(x), mo(x))),

xeQ
(i) IT ={x e 't | (mo(x)Iv(x)) > 0}, D[\I'| ={x el | (m(x)v(x) <0},
(iii) I, =177 x(0,T).
Proposition 4.2 (® and ). Let r > 1 be such that the main map s — h,(s) = |s|"">s of ® and Y satisfy

colsI”™t < | (s)] < cilsl, if0<|s| <1,
{OH ()| < cilsl, i 0 <|s] 49)

My|s* < h,(s)s < M,|s", otherwise,

for some positive constants cy,c, My, M\ depending on r. Then, there exist two constants
Co = Co(m,m) and Cy = C,(i1, 1) such that © and Y satisfy the following inequalities:

s> + 10(s)* < Co®(s)s,  Isl” + V() < C1V(s)s, Vs eR,(1,1) < (7, 1) < (m,p) < (2,2). (4.10)

Proof. First, one can easily check that the conditions in Eq (4.9) hold for any r > 1.

On one hand, using Eq (4.9),, it follows that

s 1 ()l
=5 <cr (4.11)
1h() ~ o Is| :
As aresult, 1 2
R L e L/1C) B O]
co  |h(s) sl 1h,(s)s]

Since h,(s)s > 0 for s # 0, then if follows that
r 2 1
Is|” + |h ()" < |c1 + —)h(s)s, O<|s|<1.
Co
This is also true for s = 0.

On the other hand, using the same process on Eq (4.9),, we get

h(s)s — My |sI"

2
s _ 1 hr(s)S<M1,

which implies that

1
|sI"*% + |k, (s)s]* < (Ml + —) h.(s)sls”,  Is| > 1.
M,

Therefore,

1
IsI” + [ (s)* < (M1 + —) ho(s)slsI, s> 1.
My

Note that [s] 2 < 1ifl <r<2and]|s| > 1.
This finally concludes the following generalized inequality on A:

IsI” + |h ()] < Ch.(s)s, seR,1<r<2,

Networks and Heterogeneous Media Volume 21, Issue 5, 1822—-1865.



1835

where C = max{c, + ¢;'; My + M;'}.

From here, one can easily check this generalized inequality on ® and Y by simply observing that
® =ahy+h,, Y =bhy+h, ab=>0,

and when (1, 1) < (@1,m) < (m,u) < (2,2), the four maps hg, hy,, hy, and h, satisfies Eq (4.9) for some
positive constants ¢y, ¢, My, and M.
The proof is complete. O

Proposition 4.3. Assume that (1,1) < (m, ) < (m,u) < (2,2), and let K = (k, k)" € C([0,T); H)
be a weak solution of system (4.3) satisfying the regularity Theorem 2.3. Then, there exists a constant
Cyny > 0 such that

N-1
f a®(k;) (mo - Vk + K) dQr
or 2
T
< Copngi [ f @O(k, )k, dQr + f BY(kr, Jkr, A7 + f IIk(t)II%/Odl],
Qr [y 0

where dQr = dxdt, and dI'yy = dI';dzt.

N -1

+

Kl"l)drlT

f BY(kr,,) (mg - Vrkr, +
fr (4.12)

Proof. We define for all (m, ) satisfying (1, 1) < (m, 1) < (m,u) < (2,2)

I, = f a@(k,) (mo VK — K) dQ;
Qr
and
‘],U = f ﬁT(K[‘lt) (mg : VTKFI + Krl)drlT.

Iir
We analyze each term separately.
e Estimate of /,:

Applying the standard Holder inequality, we obtain
N-1
L] < la®k)ll2,0; [|mo - Vi + K o

N
< [la®&)ll2.0; (||m0'VK||2,QT+ > ”K”Z,QT)

< Crolla®l.a, (VKo + Ikl )
where C,, y = max {ro, (N — 1)/2}.
From Poincaré’s inequality, we have

lIkll2.0 < [IVKll2,0.

It then follows that
1In] < Clla®(k)|l2.0; VK0,

Networks and Heterogeneous Media Volume 21, Issue 5, 1822—-1865.



1836

for some C = C(ro, N, cp).

Now, applying the standard Young inequality, it follows that
L] < C (le®®)I3 g, + IVKIB g, ) -

Because @ € L*(€2) and O satisfy the inequality (4.10) of Proposition 4.2, then
la® I3, < Co f a®(k )k dQr.

Qr
As a result,

T
I, < C [ f a®(k)k,dQp + f ||K(t)||2vodt]
Qr 0
for some other C,, = C(m, ry, N, c,, R) > 0, and R satisfies Eq (4.4).

e Estimate of J,:
Using the same approach, we derive for some C,, = C(u, ry, N, R) > 0 the following inequality:

T
Il < Cy [ f BY(kr, )k, Al + f ”K(t)”gvodtl ,
Iir 0
where R satisfies Eq (4.4).

Summing the estimates for /,, and J,,, we obtain that for all (1, 1) < (7, ft) < (m,u) < (2,2), we get
the desired inequality (4.12).
The proof is thus complete. O

In order to keep the article more concise, we will omit certain details, and we encourage readers to
refer to the steps provided in [17].

Lemma 44. Let K € C([0,T], H) be a weak solution of system (4.3). Then, for any
— \N
/S (W"""(Q)) , N > 2 that does not depend on the time variable t, the following identity holds:

T

fk,w - Vkdx + f Kr, ¥ - Vrkr, dr]]
Q I 0

+ f div(y) [l ~ Vil dr
Qr

2

+ [ divr@n [l P - WrsePlaris

iy

— | @[kl = Vo, + 10k, P | dT17
" (4.13)

+ 2f Vk - Vl// - VikdQr + 2f VTKr1 . VT'#T . V]"Kr1 dl’yr
Qr iy

+ 2f aO®Ok ) - VkdQr + Zf BY ke, Wt - Ve, dlir
Qr iy

+ 2f le(lﬂ)F(K)dQT + 2f diVT(l//T)G(Krl)drlT
QT Iir

2 f W - VFGATyy = 0,
I'r
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where Y1 denotes the tangential component of .
Proof. Here, use the following multiplier for the system (4.3):
_ 02><1 _ 2¢VK 1,00/ N
L(K) = ( 10 ) (k) = (2 WVTKF]), ve(W=@) . N=z2.

where ¢/ denotes the tangential component of .
The proof is achieved. O

Lemma 4.5. Let K € C(0,T];H) be a weak solution of system (4.3). Then, for any
—\N
e (W“"’(Q)) , N > 2 independent of the time variable t, the following identity holds:

T

fKtmo - Vkdx + f Kr, my - Vrkr, dFl] +N [thl2 - |VK|2] dQr
Q r

0 Qr

2

+(N-1) f Ik, /2 = Vokr, P| AT = f (mo - ) tr(yo) [Ikr, [ = [Vrkr, 2] dTyz
Iir

ir
- f (mo - )| (Il = Ve, P + 10,k5, ) + 2y0 - [Vrar, | dTi7
Tir 4.14)
+2 | |VkFdQr +2 f \Vokr, |2 dT 7 + 2 f a®(k)my - Vi dQr
iy Qr

Qr

+2 BY(kr, I)mg - Vrkr, dl'yr + 2Nf F(k)dQr + 2(N — l)f G(kr,)dI' 7
Qr iy

Cir

- 2f (mg - v) tr(y0)G(kr)) dI' 7 — Zf (mg - v)F(kr,)dlir = 0.
iy Iir

Proof. The result follows by choosing y/(x) = my(x) and Y7 (x) = mg (x) because mg and mg satisfy the
following properties:

Vmo=(1,...,1), div(mgy) = N,
—
N times
Vemd = (1,..., 1) = (mo-v)yo, divp(md)=N—1- (mg-v)tr(yp),
——
N-1 times

where 7 is the second fundamental form of I'; (the curvature operator), and tr(y,) denotes its trace. O

Lemma 4.6. Let K € C([0, T]; H) be a weak solution of system (4.3). Then, for any (¢, &r,) € C(Q) X
C(I')) independent of the time variable t, the following identity holds:

T
f Exk dQ + f €, KT, K, drl] - f € Ikl = 1Vk?| dQr - f &, [Ikr, 2 = Vokr, | dTyg
Q I 0 Qr iy
+ f «Vk - Vf dQT + f KT, VTKF1 . VTgl"] dFlT + f af@(Kt)K dQT
Qr Tir Qr
+ Bér, Y(kr, Jkr, ATy — f Ef(kdQr — &r,8(krkr, dl'r = 0.
Iir Qr Iir

(4.15)
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Proof. The result follows using the same approach as in the proof of Lemma 4.4, applying the

following multiplier:
_ [O2a _ | ¢«
L&) = (l(k) ) 0= (fr.Kn)'

O

Lemma 4.7. Let K € C([0,T];H) be a weak solution of system (4.3). Then, the following
inequality holds:

fK, (mo -Vk + @K) dx + f Kr,, (mg - Vrkr, + ﬂKrl) dr
Q 2 Iy 2

+(N - ao)f > dQr + (N - 1 - al)f Ikt [* dTy7
QT Iir

T

2

0

-(N-2- ao)f V& dQp — (N =3 — a1)f |Vrkr, > dy7
Qr Cir

= | mo-v)u(yo) Ik, [* = IV7kr, P dTir
iy (4.16)

- f (mo - )| (1Kl = Ve, * + 10,kr, ) + 250 - [Vrsr, [P dTi7

Iir

+2 f 2K (mo i+ @K) 40y +2 f BY(kr,,) (mg Voke, + ﬂkr,) dr'y7
Qr 2 r 2

T

+ f [2NF(k) — ao f(k)k] dQr + f [2(N = DG(kr,) — a1g(kr )k, | dT'i7
Qr

ir

- zf (mg - v) tr(yo)G(kr,) dl'y 7 — 2f (mg - v)F(kr,)dI'7 = 0,
Iir ir

where ag, a; > 0 are constants.

Proof. It suffices to take (&, &r,) = (ao, a;) in Eq (4.15), and then add both sides term by term with the
identity (4.14). O

We are now in a position to establish the first crucial inequality to confirm the observability
inequality in Eq (4.7).

Lemma 4.8. Consider the elements defined in Assumption 2, and let K € C([0,T];H) be a weak
solution of system (4.3). Moreover, if —f and —g are superlinear, meaning that there exist constants
Cy,Cy > 2 such that for all s € R,

f(s)s < CsF(s) <0, g(s)s < C,G(s) <0, “4.17)

then the following inequality holds:

T T T
E(T) < C, f f (0O (1))k(1)dxdr + f f BOOY (ki (1), ()T + f ||k(r>||?VOdt],
0 Q 0 T 0

(4.18)

where C,, > 0.
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Before proving Lemma 4.8, let us explore the different cases in which the pairs (f,F) and (g, G)
satisfy the condition (4.17).

Remark 4.9. The following remarks also hold for the pair (g, G).

From Eq (1.5), we can observe that for all s € R,

—_ Yiap LY
f(®)s =HIsl” +yIsl”,  F(s) = ;ISI" + ;ISI"-

In this case, f(s)s < CfF(s) < 0 if and only if:

Cy Cy
y(l——)<0 7(1——)<0
p p

This aligns with at least the local stability of the system if and only if

(i) 7.y <0,and2 < C; < p,
(ii) y> 0,y <0,and p < C; < p.

In particular, the case of linear perturbation (p = 2) is the only case where Cy should be 2 and
f(s)s = C#F(s).

The condition (i) is a choice where the exponential stability is global in time, whereas Condition
(ii) could be nonglobal, especially when damping exponents m,u do not control the perturbations’
exponents p, p. This last scenario is the one called local-in-time exponential stability.

Proof. (Lemma 4.8) In order to have E,(T) as a lower bound in the inequality, it suffices that the sign
of the coeflicients of the terms in Eq (4.16), which appear in its expression, match the signs of those
in E(T). It is clear that for (N —2,N — 3) < (ag,a;) < (N,N — 1), the coefficients N — ag, ayp — (N —
2), N—1-ay, a; — (N — 3) are positive. Therefore, we can choose in Eq (4.17):

G > (Crc) = (2 2

a

)) (2,2),
1

which leads to
2NE(s) —apf(s)s 20, 2(N-1)G(s)—a g(s)s > 0.

Consequently, there exist ¢s, ¢, > 0 such that
—c¢F(s) < 2NE(s) —aof(s)s, —c,G(s) <2(N —1)G(s) —a;g(s)s,
cr=cy,=0onlyif p=gq=2.
Because (mg|v) > 0 on I';7, there exists ¢ > 0 such that

0< —zf (moW)tr(yo)G(kr Al 7 < —Cf G(kr)dI ;7.
Iir Iir
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Consequently, linear or nonlinear perturbation, we can choose ay and a; such that

T —
c3 f E(Hdr<?2 f aB(k;) (mo.VK + K) dQr
0 Qr
N -2 4.19
+2 f ﬁT(Krlt) (mg.VTKrl + TKFI) dFlT ( )
e
+ P, + P, + P,

where ¢; > 0, and P;, P,, and P5 are defined as follows:

N -1 N-=-2
P, = '2 [f K (mo.VK + K) dx + f Krlt(mg.VTKrl + > Krl)drl]
Q I

P, = f (molv) (Il = [Vrkr, [* + 10,kr, ) AT +2 f (molv)F(kr, )L 7
I'ir iy

T

0

P3:

f (moV)tr(yo) [|Kr1t|2 — |V, I* = 290V ke, |2] dlhyr
iy
Using Eq (4.12) on the two first terms of Eq (4.19), we obtain

T T
c3 f E (t)dt <Cp iz [EK(T) + f a®(k)kdQr + BY(kr, )kr, dli7 + f ||k(t)||%;0dt]
0 Qr 0 (4.20)

+ P, + P, + Ps.

I

For the remainder, the terms on the RHS of Eq (4.20) need to be estimable in terms of

T T
f f a(xX)O(k(1))k,(1)dxdr + f f BT (kr, (0)kr, (H)dI'1dr.
0 Ja 0o Jr,

We proceed on a case-by-case basis:

e For Pq:
By applying the Cauchy—Schwarz inequality followed by Young inequality, we obtain

N —
fK, (mo.VK+
Q

my.Vk + K

2 < 2llill>

2

N-1

1
K) dx

K

< C(e)|lkl3 + €||mo.Vk +

2

< C(OIk3 + ec (VK3 + 1Ix3)
where ¢ = max {ry, (N —1)/2}, and € > 0 is sufficiently small.

Using Poincaré’s inequality, we obtain

N -1
f K; (mo.VK + K) dx
Q 2

Networks and Heterogeneous Media
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where cp, > 0.
From this, we deduce the existence of a constant Cp, > 0 such that

|P1] < Cp,(E0) + E(T)).

Using Eq (4.6) with ; = 0 and #, = T, we obtain

|Pi| < Chp, [ZEK(T) +f a®(k;)k,dQr +f BY(kr, K, tdF]T]. 4.21)
Qr iy

e For P,:
We adopt the same field constructions and cut-off functions as in [17], which are equally valid as
multipliers for our system under homogeneous Dirichlet boundary conditions on I'y. We begin by
introducing w, with a nonzero measure meas(wy) # 0 as well as a neighborhood of I'} within w,

— \N
that is, Wy N Q C w. We define the cut-off field® o € (W“’"(Q)) , N > 2 such that
o=v onlj, (ov)<0 onI\I7,

and
0=0 in Q\wy.

Applying identity (4.13) with ¢ = o, we immediately obtain the following identity:

P,=2 [f k0.Vkdx +f kr, 0r-Vrkr,dl')
Q I

+ f divr(or) [Ikr, > = [Vrkr, | i +2 f Vk.Vo.VkdQy
Iir wo

T

T

+ f div(o) Ikl ~ Vi | dr
0 wor

+ 2f VTKr1 .VTQT.VTKrldrlT + 2f CZ@(K,)Q.VKCIQT
Lir

wor

+2 ﬁT(Kr“)QT.VTKFI dFlT + 2f le(Q)F(K)dQT

Cir wor

+2 f divr(o7)G(kr,)dl'i 7,
Iir

where wyr = wy X (0, 7).
Using the fact that o € (W'(Q)N, or € (W'°())" (tangential component of o) and
F(x), G(kr,) < 0, one can easily deduce for some c,, > 0 the following estimation:

PQSPQ+QQ

2 2 2 2
+ Cuy (IIK:IIZ,W + Vil oy, + llcry o, + IVrkr o, — f F(kr,)dQr
wor

- f Gr, )drw)
I'r

$Here, the goal is to obtain an estimate involving d,¢r,, as ¥ = ¢ = v on I'}, which amounts to analyzing the influence of I'j on the
evolution of k = (x, kr,)".
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with
PQ = 2f (l’@(K,)Q.VKdQT + 2f ﬁT(Krlt)QT.VTKrldrlT,
wor iy

T
0, = 2[f KtQ.VKd)C+f KFUQT.VTKrldFI] .
Q I 0

The term P, satisfies on wyr the estimate (4.12) given in Proposition 4.3, omitting the terms
(N = 1k/2, (N = 2)kr, /2, that is

T
P, < Cim [ f 2O(k)k, Q7 + f ||k(t)|w0T||i/0dt].
wor 0

Because o = v on I'}, the contribution in energy of P, over I'}, C I'j7 is estimated as

(o) [ = ke + 1, Pl +2 [ Bt )

Iy r

< Q, +Cy, [ f a®(k,)k,dQr + f BY(kr, )kr, A7 (4.22)
W Iy

0T
T
+ f ||k(r)|mOT||i/0dt— f F(k)dQy — f G(Krl)drlT],
0 wor [ir

where [k, I, = IVKE,, +IVrir By,

From here and below, ||k/D||%,O = ||V/<||§’D +||Vrkr, ”%,nr’ D c Q.

Note that the integrals of Q, are over the whole domain Q, whereas only a small enough
neighborhood of I'}; is required. This is why, we need to introduce a cut-off function.

Because Q is of class C?, we can construct a cut-off function (see Lemma 2.4, Chapter VII

in [1]) 0o € W'°(Q) as follows:

*
1T

0o € [0,1], almost everywhere in 2,

. [|VQ0|2 IVroor,
oo =1, 1nwy,

2
, | ] € L>(w) x L=)).
00=0, inQ\w, Qo Qor,

By utilizing identity (4.15) with (&, &) = (0o, Qor, ), We obtain:

f 00 [IV&® = flx| dQr + f cor, [IVrr,I* = g(kr )k, | dTir
QT Iir

< f Oolki*dQy + f Oor, |Kr1,|2dF1T + Py + Oy,
Qr Tir

+ +

2

f 00Ok )kdQr f ,BQOFl Y(kr, t)Kr. dlyr
Qr iy

where
T

P, = [f OokkdQ) + f QorlKr”Krldrl]
Q I 0

QQO :f KVKVQ()dQT +f KFIVTKFIVTQOFIdFIT.
Qr Iir
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The proof technique of Proposition 4.3 remains valid for the last two terms in the absence of terms
my.Vk and m)..Vrkr,. It then follows that

f 00 |IVal* = f(0K| dQy + f oor, |IVrkr, P = gkr, xr, | dTir
Qr

iy

< Py + Qg + Gy,

f ago@(Kt)thQT + f IBQOI‘I T(Kl"l ,)Kl"l tdrlT (423)
Qr Tir

r 2
e [ o I

Similarly to the estimation of P, P,, satisfies

[Pyl < Cpg0 [2EK(T) + f a®(k)kdQr + BY(kr, kr, tdrlT] , (4.24)
Qr

Tir

for some constant C Py > 0.

Furthermore, using the Cauchy—Schwarz inequality, we obtain

VTQOr1

QOF.

Q0| =

( \/—)(\/_Vk)dﬂﬁf” (Krl )(\/ngVTKrl)drlT

1
(f Ik |2|VQO| ) (f QO|VK|2d-QT)2
+ [f |Kr1|2 mdrm] (f Qor, |VTKF1|2 dFIT)Z .
Iir Qor, Tir

Using the standard Young inequality, the continuous embedding V,, — V, and the boundedness
of (|Veol*/co- IVreor, /cor, ) in L™(w) X L(I"), it then follows that:

Voo’ > |Vroor, |
|Qg0|_— f —|k[*dQ7 f |k, | ————dIyy
2e wr Lir Qor,

2
+6(f QO|VK|2dQT +f Oor, |VT’<F1| drlT) (4.25)

wr ir

2
< CQQO (f QO'VkldeT + ﬁ QOF] |VTKF|| dFlT)
wr 17

for some constant Cg, > 0.
By combining Eqs (4.24) and (4.25) into Eq (4.23), we deduce the validity of the
following inequality:
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f 00 | IVl = f0x| dQy + f cor, |IVrkr, I = g(kr, e, | dTir

wr Lir

< C(wo) [2EK(T)+ f 00Ok )k, dQ7 + f Boor, Y(kr, Jkr, A7
Qr Iir

T 3 2
HiotVilR g, + llof, Vrsr, B, |

for some constant C(wg) > 0.
Moreover, because —f(k)k > —C(F(«) > 0, —g(kr,)kr, = —C,G(kr,) > 0, and (Cy, C,) > (1, 1), it
then follows that

f 00 |IVkl® — F(x) | dQr + f cor, [IVrr,[* = Glxr,) | dlyr

wr Lir

< C(wy) [2EK(T)+ f @00®(k)k,dQy + f Boor, Y (kr, Jkr, AT 17 (4.20)
Qr Iir

e 3 2
Hiot Vil g, + llof, Vrkr, B, |

By combining Eqs (4.22) and (4.26) with the fact that the terms — fw ’ F, - fFlr G are controlled by
the energy E,(T) + E,(0), we obtain

f (alv) [|Kr|2 — |Vrkr, |2 + |0,k |2] dl'yr + 2f F(kr,)dL 7
ri, r

1T

< 6;;[2EK(T)+ f a®(k,)k,dQy
wor

2 2
+ | BY(kr )k, AUz + VK5, + (IVrkr o r,,
Tir

+ 0,

for some constant 6;; > 0.
Note that the term Q, satisfies the same estimate as P; in the absence of (N — 1)x/2 and (N —
2)kr, /2. Consequently, we obtain:

f (o) [Ikl® = V7t [ + 10y, ] ATy + 2 f F(kr, )dT 17
Iy I3

1T

< Cy, [ZEK(T)+f CZ@(K,)K,dQT+j; BY(kr, Ixr, AT 17 4.27)
wor T

2 2
+IVKlB,,, + IVrxr, B, |-

e For the term Ps:
Because [(mgv)| < VI(molmg)| = ro, and tr(yy) = tr(Vyv) € LT 7), as Q is of class C?,
we obtain
P3 < C(llkry, 1By, + V745, 1B,

< C[ZEK(T) +f a®(k,)k,dQr +f BY(kr, )kr, A7 (4.28)
Qr Iir
HIVKB g, + IV7xr, By, |
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where C > 0.

By substituting P; of Eq (4.21), P, of Eq (4.22), and P; of Eq (4.28) into Eq (4.20), we obtain

E(T) < Ci

T T T
f f a(xX)O k(1) (r)dxdr + f B)Y(kr, (O)kr, ()T dr + f IIk(t)II%/Odl],
0 Q 0 Iy 0

where C, depend on 7" and T large enough.
The proof is complete. O

Note that in the whole process, one can preserve the zero-order terms ||K||§ wor and ||Krl||§ T in
addition of the first-order terms ||V/<||§ oup IVrkr, ||§ Fipe The first-order terms are then absorbed by the

left—hand side of the last combination between P, P,, and P; in Eq (4.20). We therefore have

E(T) < Cy

T T T
f f a(xX)O(k,(1))k,(1)dxdr + f f B)Y(kr, (O)kr, ()T dr + f k@I, dt] ;
0 Ja 0 Jr 0
(4.29)
for T > 0 large enough.
Lemma 4.8 thus leads us to conclude that it is sufficient to establish a certain absorption of the term

fOT IIk(t)IIEV1 to confirm the observability inequality (4.7), and consequently, the exponential stability. To
achieve this, we proceed similarly to theories in [17, 26], employing a contradiction argument based
on the following unique continuation principle:

Lemma 4.10. Let h € L¥(Qy). The following system admits a unique solution y € C([0,T); H'(Q)),

which is trivial:
yl‘[ - Ay + h(x7 t)yl = 0’ ln QT7

y=0, inwrU@r\I;), (4.30)
0,y=0, onlj;

for any initial condition y(0) = y, € H'(Qy).
Proof. See A. Ruiz [16]. O

Theorem 4.11. Suppose that the conditions of Lemma 4.8 hold with ¢, = ¢, = 0 for perturbation maps
f, & Then, for some constant C > 0, the following inequality holds:

T T T
f ||k(t)||3vldt <C f f a(x)O(k(1))k,(t)dxdr + f f ﬁ(X)T(KrII(Z‘))Krlt(t)drldt]. 4.31)
0 0 Ja 0 Jr

Proof. First, it is evident that when the initial conditions of system (4.2) satisfy Ky = Oux1, due to the
positivity and dissipation of its energy over (0,7), we have for all + € (0,7) that E(r) = O.
Consequently, K = 0, and as a result, the inequality (4.31) holds.

Next, we consider the case where 0 < ||Ky|lsy < R and a sequence of initial conditions (K(()"))
such that:

neN*

IK{"llse <R, K" — Ko, strongly in H. (4.32)
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As previously mentioned, we proceed by contradiction, assuming that for any C > 0,
T T T
f ||k(t)||?v1 dt>C [ f f a(x)O(k,(1))k,(t)dxdr + f Bx)Y(kr, (1)K, t(t)dl“ldt] .
0 0o Ja 0o Jr

This implies that we can extract a subsequence satisfying Eq (4.32), still denoted by K(()"), whose
associated solution K™ = (k("), kE”))t € C([0,T); H), satisfies

T
f Ik @)1, dt > n
0

T T
f f a(0)OK" ()K" (1)dxdt + f f ﬁ(x)‘Y'(K(r”I)t(t))K(r'i)t(t)dl“ldt].
0 Q 0 I

Thus, we obtain
T
by K@), dr
= +0o0

n—+oo I;: + ‘];1(

(4.33)

where

¢=famwme%M% ﬁ=fﬁmﬂﬁwwwmm*
Qr iy

Because k™ is bounded in L¥([0, T); V) N WH=([0, T); V;), then we can extract a subsequence
(K("O)) i Such that
ng

k" — k weak-* in L¥([0,T); V,) asng — +oo,
k™ — k, weak-* in L([0, T); V) s ng — +oo.

Moreover, because for all (po, o) € [2; ) X [2; rr,), we have the following compact embeddings:
Vo == LP(Q) x L*(T'y) — Vi,
the compactness result from the Aubin-Lions—Simon theorem [4] then allows us to write
k" —s k strongly in L¥([0, T); L(Q) x LY(T'})) as ny — +oo, (4.34)

where p, g satisfy Eq (1.7) such that

K = A" + (O™ = f(&"), in Qr,

K =0, on Iy,
(n0) (no) (no) (n0) (no) (435)

Ky + O™ =A™ + ()Y (k™) = g(&™”), onT'r,

K" (x,0) = £x),  &"(x,0) = k" (x), in Q.

Now, we have two scenarios: k # (0,0)" or k = (0,0)". Let us explore each case.
(a) Fork # (0,0)":
From Eq (4.33), it immediately yields that

lim [} +J, =0. (4.36)

n—+00
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Thanks to Eq (1.2) and the monotonicity over R of the functions s +— O(s)s, s — Y(s)s, this

implies that:
lim ™ =k, = (0,0),

n—+oo

almost everywhere in wr X I'j7.

(4.37)

Passing to the limit of Eq (4.35) and considering Eq (4.37) with the fact that @ = 0 over Q\w, the

following static system is obtained:

kn — Ak = f(k),
k=0,

dvk — Ark = g(x),
k=0,

k(x,0) = ko(x),

ki(x,0)

in Qr,
on o7,
onl'r, (4.38)
on wor U7,

= k(%) in Q.

Differentiating in the distributional sense the system (4.38), it follows that

Y — Ay = f'(k)y; = 0,

k=0,
0,y — Ary — g'(k)y, = 0,
y=0,

y(x,0) = yo(x),  yi(x,0)

where y = k; in Q7.

in QT,

on I'or,
onT'r,

on wor U7,

= y1(x), in Q,

Note that y = k; = 0 on I'y7, thus implying that A7y = 0 on I'j7.

Using the given unique continuation principle,

it follows that y 0 in Q7 when

Uz

(f'(k), g'(kr,)) € L*(Qr) x L*(T'17) (see Appendix). Therefore, the system (4.38) becomes the

following static system:

— Ak = f(x),
k=0,

Ovk = Ark = g(x),
k=0,

k(x,0) = ko(x),

ki(x,0)

in Qr,
on oz,
onI'r, (4.39)
on wor U T,

= k(%) in Q.

Using the multiplier « on the first equation of system (4.38), we get

f |Vk|*dx + f V&, [*dT 7 —
Qr Iir Qr

fxdQr - f g(kr )kr,dl'y7 = 0.

Tir

Because the maps s — f(s)s and s + g(s)s are nonpositive, it then follows that k = (k,«r,)" =

0,51, which contradicts the fact that k # (0,0)7.

(b) Fork = (0,0)":

We consider the sequence (v(”o)) -
noeN*

Networks and Heterogeneous Media

of normalized solutions in L*((0; T); V) such that for all

Volume 21, Issue 5, 1822—-1865.



1848

ng € N*,
(no) \!
(no) K,
v(no) — (u(no), ugllo))t — K , I ,
My Ty
where

1
T 2
2
nno = (f ||k(n0)(t)”(vldt) ’ 77110 —n= 0’ as ng — +oo.
0
Moreover, we have

T
f IV ()5, dr = 1. (4.40)
0

Dividing each equation of system (4.35) by 1,,, we obtain that V%) = (0 ")y

the following system:

is the solution of

1

1
' — Au + @(x)— O, u"”) = — f(11,,u"™), in Qr,
no no
(ng) _

u™ =0, on oz,

. . ! (4.41)
uglo) + avu(no) _ ATM(nO) +ﬁ(x)—T(TInOM§nO)) — _g(nnou(no)), onTr,

no no
U™ (x,0) = ul™(x), w"(x,0) = u"(x), inQ,

and the corresponding energy is given by

| | | )
B0 = 5IVV0l - = [ o)== [ GWPour, 1<),
Q I

no no

Moreover, thanks to the linearity of the norm ||.||z;, we can observe that for all # € (0, T') and ny € N*

I
E{™ (1) = —EM" (), (4.42)
n

no

where EU" represents the energy of system (4.35).

In addition, dividing Eq (4.29) by 1, one obtains

I£ + J~ I£ + J
E™(T) < CK[ 0t 1] = C, [—T s
Jo k@3, de

> +1].

no

From Eq (4.33), it follows that E\" is uniformly bounded in L*([0, T); V,) N W ([0, T); V).
Then, there exists a subsequence of (V(”")) e reindexed by ng such that:
no

v~y weak-* in L¥([0, T); V), as ng — +co,
v§"°) — v, weak-* in L*([0,T); V1), asng— +oo,

v sy strongly in L=([0, T); LP(Q) x LY(T})), asny — +0o,
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where p, g satisfy Eq (1.7), and the last strong convergence follows from the Aubin—-Lions—Simon
theorem. Moreover,

W 5y strongly in L¥([0, T); HY(Q) x H*2(T}))  as ny — +oo
for any s € (1/2, 1). This implies that for f(0) = ¢; = 0 and g(0) = ¢, =0,

f@™) = f(u) strongly in L*([0, T); L*(€)),
g(u(r”f)) — g(ur,) strongly in L*([0, T); L*(T'))).

In addition, one can easily deduce from Eq (4.33) that
u, =0in Qr U T 7. (4.43)

In order to contradict Eq (4.40), we need the system (4.41) to converge to a system which satisfies
the unique continuation’s system in Lemma 4.10. For this aim, we need

1 1
a—0@,, ") = 0, B—T(,,u"") = 0, whenny — +oo.

no no
As a result, we simply need

I¢ JX
a—= -0, ,8ﬂ — 0, whenny — 0.

Mno Mno
By a direct computation derived from the definition of the functions ® and Y given in Eq (1.5), we
obtain, for (m, u) satistying Eq (1.7),
. m— m— u 1 K m— m— u
min {nno b My l}Ino < U_Ino < max {'7;10 h Mg 1}Ino,
ng

min {77;'0‘1; nﬁl’o_l}J,'fO < ULJZO < max {n‘,jo_l; n’,jo_l}J’,fo,

no

where
I = fg ()0 (") " dQy, T = fr BEY (apul® Y ul® dTy7.
T 1T

Because E, is uniformly bounded in ny and the local regularity theorem in Section 3, given in
Theorem (2.2) to ensure that any local solution W = (w,w,)" € C([0,T);H) is bounded such that
wy € L(Q) X LZ(FI), I, and J; are uniformly bounded in ng. Moreover, (m, 1) > (1, 1), and as a result,
the zero-convergence of 7,, when ny — +oco implies that

1

K K
—I,, —J,, — 0 when ny — +oo.

no no

Now, it suffices to show that if (p,q) > (2,2) or if (p, g) = (2,2), we have

Lf (™) = 0 in L*((0, T); L*(Q)),

"f“ (4.44)
(no) : 2 2

—8(our,”) — 0 in L7((0, T); L°(I"y))

no
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as ny — +oo, ensuring that the terms (1/1,,)f(17,,u4"™) and (1/ nno)g(nnou(r'ﬁ")) converge weakly to an
element of L*(Qr) and L*(I";7), respectively.

Using properties (i) and (i7) from Assumption 1, we can write forc; = ¢, =0

|f(77n0u(n0))| <Cy (lnnou(no)|l7—l + |nn0u(no)|17—1)

with Cf > 0.
This leads to
F Oyt ™) < e (Inag ™ PP + 1, PP0)

for some ¢ > 0.
Thus

1 1 ~ " _
= |f<nn0u<"°>>|2dQTScR—2( [ P Va2 4 [ prop ”dQT)
ng YQr no Qr Qr

2(p-2 2(p-1 2(p-2 2(p-1
< cp (nm()l? ) |u(n0)| (» )dQT + nm()P ) |u(no)| (p )dQT)
QT QT

T
2(p-1) 2(p-1)
< Coor f (" DI g, + 16" D1 )
0

where C,, g = cg max {nﬁgﬁ_z); 77,212” 2 } which has the limit C, & > 0 satisfying

~ 0, ifp>2,
R = ) (4.45)
cg, ifp=2
as ng — +oo.
This implies that
1 —~ (7 2(p-1) 2p-1)
= fg ™) d — Cr fo (@IET ) + a2, ) dr,
no T
as ny — +oo.
Similarly, as ny — +oo
1 9 ~ r 2G-1) 2(g-1)
= 181" dQr < Cyr fo (I DI o, + MO, ) dt
no T
where:
—~ 0, ifg>2
Cer — , (4.46)
cg, ifg=2.

Consequently, Eq (4.44) holds in the case where (p, q¢) > (p,q) > (2,2).
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Now, passing to the limit in system (4.41) with ny and differentiating each of its equations with
respect to ¢ (distributional sense), we obtain

yl‘l‘ - Ay = O, 11’1 QT,
Vi — Ary + 0,y =0, onT7, 4.47)
y= O’ on wr U 1—‘OT’
¥(x,0) = yo(x),  yi(x,0) = yi(x), in Q,

where y = u,.

Because y satisfies Eq (4.43), y;. = 0.

In the case where (p,q) = (2,2), which also implies (p,q) = (2,2), it is evident that f and g are
linear. Using their expressions given in Eq (1.5), we obtain

f(s) =cys, g(s)=cgs, sE€ER,

where Gy = +y, and ¢, = 6 + 6.

Therefore,
1 ~ (n 1 n ~ (n
_f(r]n()u(n())) = Cfu( 0)’ _g(nnoui"l())) = Cgui"l())'
77n0 77"0

As previously highlighted, by taking the limit of system (4.41) and then setting y = u,, we obtain
for (p,q) = (2,2)

yu— Ay =¢py; =0, in Qr,
Y — ATy + avy _Egyt = O, on FIT, (448)
y= O’ on wr U FOT,
y(-x9 0) = yO(-x)a yt(xa 0) = yl(X), in 5

Applying Lemma 4.10 in both cases simultaneously, we immediately obtain that y = u, = 0 for
(2,2) < (p,q) < (p,q@)and ¢; = ¢; = 0. As in the previous case (a), this implies that v = (i, ur,)’ = Oz
for p, ¢ satisfying Eq (1.7), which also contradicts Eq (4.40) with the strong convergence result of v,
The proof is complete. O

5. Numerical simulation of damped wave equations with localized damping

This section presents a numerical study of the one- and two-dimensional damped wave equations
with localized internal damping. Using finite difference schemes, we demonstrate how the
introduction of an internal damping region induces strong stabilization of the wave energy. The
results show that the total energy decays exponentially over time, confirming the theoretical
predictions of uniform stabilization.

Wave equations with localized internal damping have received significant attention due to their
rich mathematical structure and broad physical applications in mechanical vibration, acoustics, and
control theory. These systems exhibit dissipative behavior in which the damping absorbs energy from
oscillatory components, leading to stabilization. The numerical results presented in this section validate
theoretical predictions concerning exponential decay of energy.

For the following, B,(a) denotes the ball of center a € R" and radius s > 0.
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5.1. One-dimensional numerical analysis

To begin, note that the direct one-dimensional system of Eq (4.2) is not well-defined due to presence
of the higher-order operator Ay over the zero-dimensional boundary I';. As a result, we primarily
need to consider the two-dimensional system associated to Eq (1.1) and derive the one-dimensional
model thanks to a partial Fourier series [33]. To do this, consider Q = B1(0)\m (unit ring of

half-internal radius hole) and the internal damping region w = B(0)\B 3 (0). We then reformulate the
two-dimensional system by using the polar coordinates; that is, for all X = (x,y) € Q,

x =rcos(0),
y = rsin(6),

where 1/2 < r < 1 represents the radius and 6 € (0, 27), the angle between x — axis and 0X.

Note that I'y = dB;(0), (external boundary) and Iy = 0B %(O) (internal boundary); in addition,
V(X)) = |X|=1for X eI7.

In polar coordinates, we have

A=20, + (9 + 699, av/l—l =0, AT/rl = Ogo.

Now, consider the following two-dimensional system associated with system (4.2):

1

Kip = Krp = =Ky + —Kop + (1, Ol [" 7k, = yklP Pk, in Qr,
r I
Kyt + Ky — Kgg +ﬁ(0)|Kt|#_2Kl = 6|K|q_2K7 onlr, (5.1)
k=0, on I'yr,
k((r,0),0) = yro(r,0),  k((r,0),0) = Y, (1, 0), in Qr,

where k = k((r,0),1), (r,t)x € [1/2,1] X [0, T], m,u €]1,c0[ and p, g €]2, +oo[ (subcritical regime of
N =2).
Next, consider the following Fourier series:

k((r,0),1) = Z «®(r, Hcos(kl), | € R, (5.2)

k>0

where k® = «®(r, t) are the coefficients of the Fourier series.
Using the Eq (5.2) in system (5.1) and then choosing & = 0, one obtains the following
one-dimensional system:

B _ : W 4 (kD) ) O 4 a(r, 0RO = B2, onQ,, 1€ (0,T),
kN + k0 4 (k1)2/<<k> + ,8(0)|/< OE291, 1) = 6kO(1, 019201, 1), Vi >0, 53)
K<’<>(§, 1) =0, vt >0,
(K, k)(r, 0) = (o, ¥1)(r, 0), VregQ,,

where k¥ = «®(r, 1), Q, = [1/2,1], k € N*.
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For more simplicity, we choose x = k*, and [ represents kl.
Now, let us use a numerical method commonly known as the finite difference method.

For this, we consider n, + 2 (resp. n, + 2) equidistant to r; € Q, (resp. t; € [0,T], T > 0) such that

1
E:ro<r1<...<rnr+1:1, O:t()<t1<...<tnr+1:T,

and for all (i, j) € {0,...,n, + 1} x{0,...,n, + 1}, we have
ri=idr, t;= jdt,

wheredr =1/(n,.+ 1),and dt = T/(n, + 1).

Thus, a numerical approximation of system (5.3) is for all j € {0,...,n, + 1}:
J+1 J J J 2 J+1 J
viii—=v: o ow.,—w, 1 . [F . m=2|Vv;  +V;
i i i+1 i J Jj i Jip— 2 .
— - —wi + =K +a;|v _ K , Yie{l,...,n},
yr T s lll[z]yu K { )
j+1 j j+1 j
o=y . v+
ny+1 ny+1 j 2 j j ny+1 ny+1 q- 2
T + Wn + 'k n +1 +ﬁ(0) vn,+l| # 5|Kn +1| n +l’ (54)
J _
K, =0,
0 1 0 .
K, =yo(r), Kk =y; +dty(ry), Vie{0,...,n, +1},
where «; = a(r;,0), and
J j-1 J J
. K =K K —K
K = k(rity), vl=—"—, w = £ =t

' dt ! dr

. j i . . . .
Remark 5.1. First, note that v; (resp. w;) models a first time-derivative (resp. spatial-derivative) of

k. Moreover
J+1 + v PR |

2_2dt

is the central scheme for k, whereas

models the second derivative in time of k.
In order to have the energy expression associated to the numerical scheme system (5.4), one aims
to state a similar identity as in Eq (4.6) of E(t) in the theoretical section. That is, for two instants t;
and Liv1,
E(tj.1) — E(1))
dt

Because the damping terms express in |v] | ( ARSI ) the term ( ARINIRY ) is a perfect choice of
multiplier, which aligns with the dissipative property of E. However, this multiplier gives as

= —(positive terms evolving with dampings terms a®, 5T).
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. e gl j . . .
perturbation energy |«/|"k/(v"" + v!), which cannot be automatically expressed as a consecutive

difference in j. Therefore, given that the perturbations f,g are local Lipschitz maps satisfying
Assumption 1, an adequate way to solve this issue is to study a modified energy which approximates
the energy of perturbations f, g.

In the spirit of Remark 5.1, the modified energy &/ associated with system (5.4) is

J
é: n+1 n)+1 ny+1 n+1

ny n
dr ; - 112 - ; ;
2 Jj+1 j+1 Jj Jj+1 Y J+l
2 [ E —K K+ E rwl wl + r,~|vl. | - = il + K7
Ti i=0 p i=0

Now, let us ensure the dissipative property of &/.

Tn+1 —dr ; 0y i
=D 2 o Pl = (1)
2 q "

Proposition 5.2. Assume that dr,dt € (0, 1) such that 0 < dt < dr < r,,+1. Then, the modified energy
&/ associated with system (5.4) is stable in term of energy dissipation; that is,

<, Vie(n +1).

Moreover,
j+1 i P ny w12
61 gj : ny+1 + vn,+1 m—2 V + v
=~ —dpO)y, | : —dr Y ra v | (5.5)
i=1

Proof. Multiplying Eq (5.4), by (dr/2)r;(v/" +v/) and then summing from i = 1 uptoi = n,,

we obtain e

5 ny ]+1
jm—2 Vi T V
ZakSk = —er e e (5.6)
k=1 i=1
where
n, ny
_ j+1 Jj+1 J _ J J j+1 Jj
Sl—Zr,(vl vl)(vl +vl), Sz——Zr(le—wl)(vl +v),
i=1 i=1
ny n, 1 ne
Sy=— w{(v{+1+v{),S4:Z—K{(V{+l+v{), Ssz—Zrl|K’|p2’(’+l+v)
i=1 o1 i i=1
and
dr 1 dr Pdr vdr
a ==, ar==, a4a43=—_-—, a4=—,0a5= ——.
2dt 2 2 2 2

Here, our goal is to estimate each S in consecutive difference in j.

1. For S;:
Using the difference of squares identity and the fact that v, = 0, it follows that
Si= ) n =) v, (5.7)
i=0 i=0
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2. For §,:
Extending the first factor of S, and considering the fact that v} = 0, we obtain

—Zn =w)) (4 +)
ny n,

(el j I
Z rw! (vl’ + V,J) — Z rwl, (v’ + vf)

i=1 i=0

S»

Taking i as i + 1 in the first term, it follows that

nr—l ny

_ J+1 o J+1 J
Sa = E ,rl+1wz+1( Virl +Vz+1) } TiWin (Vi +Vi)'

i=0 i=0

j+1
n+1

Then, adding and subtracting the amount L = r,mwn " ( + v ) to the first term of S, it

follows that

ny ny
_ _ ) j ]+1 Jj j+1 Jj
Sy=-L+ z ,rl+1wi+1 iv1 T vz+l) z ‘I’,WHI ( TV )
= i=0

ny
_ j ) _ j+1
L+Zwi+1 [r,+1 Vi +V,+1) rl( +v)]

Because r;,; = dr + r;, it follows that

n
— _ wr J+1 g+l Joo_
S,=—-L+ Z riws,, [(Vi+1 v ) + (vl.Jrl vl.)] +drSy,

_ j+1
where So = i= O W1+1 ( i+1 + vl+1)

Using the expression of v/, we have

et _ AT o drg -1
Vi Vi Ty ( i+ T Wi+1) Vi TVi T (Wi+1 - Wi+1)’
which implies that
dr - ; : :
_ il ) J+1 -1
S, = L+a’rSO+dtz;’lwiﬂ(wi+1 Wl.+1)
i=0
d ny ny (5.8)
- _ il ) g+l _ ) j-1
=—L+drSy+ 7 Zrlwi+1wi+l rlwiﬂwm].
i=0 i=0

Let us keep this for the moment as S .
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3. For §3:
Taking i as i + 1, it follows that
n—1
_ J Jj+1 J
S3=- Z Wini (vi+1 + vi+1)
i=0
L L ; ;
_ J Jj+1 J
~ 7 - Z Wit (vi+1 + vi+l)
ny+1 =0
L
= - S
Ty, +1
for r,+1 # 0.
Consequently,
Tn+1 — dr dr [ <& vl < L
S, +azSs = —"zr—L + 3 Z rwl wl - Z rwl o wii | (5.9)
nr+l i=0 i=0
for dr < r,,1, which is true, anyway.
4. For S 4:
Using the fact that ry # 0, v}, = 0, and
Jj+1 J
K T
Vit v = 4
it follows that . .
1~ 1 4 N1
S4=— —x M - Z —k 7. (5.10)
dt rp bt rp bt
i=0 ! i=0 !
5. For §S5:

As previously highlighted in Remark 5.1, we use the Lipschitz property of the map s — Fy(s) =
(1/p)Is|P. That is,

[Fo(s0) — Fo(sl < [Fy()llso — s1l,  so < s <81 €R.

Assuming that the equality holds for K{ < K{ < K{ *or conversely (may still be invalid for some
value of «/), we have

Fo(k!"") = Fok/ ™) = By (" = k") = arFyc)) (v +v]).

Because Ké =0and s > F(s) = |s|P~2s, we have

ny

Ss=-— Z I’,-FE)(K{) (V{Jrl + v{)

i=0
1< : -
- - [Z rFok™) = > riFo(] 1)] (5.11)
i=0 i=0

2

1 ny . ny .
== [Z AL = ) i)

i=0 i=0
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where 4 _ .
Fi(k]™") = Fo(k!™) + Fo(i).
Now, substituting S, of Egs (1.1) and (5.9)—(5.11) in Eq (5.6), it follows that
1 |dr < 1o dr < L PdrA 1 g ydr .
d_t[?ZO z| ]+ | +?ZOT,WIJ:IWZJ+1 +T L ;ikf— K{—TZOFiPl(K{+ )
1 {dr <& ; dr & o Pdr&>1 dr <
T [? Z ”i|V{|2 + 5 Z r,-wfﬂwfﬂl + > 7K,JK,1 : 72 Z r;Fl(KJ)} (5.12)
i= i=0 i=0 ! i=0
ny j+1 j 2
V41 dr vj+ +v;
r L=—d . Jym=2 |1 i ,
2t r; rill 2

where 0 < dr <7, 1.

Now, let us write L as a consecutive difference in j

From the second equation of system (5.4), we have at the boundary i = n, + 1
il J

. + v
J _ n+1 n,+1 q- 2
+ 5"‘ Al Ko, +1

wn,+1 _E

1, . .
ity = Viar) = Bk, oy = B, P [
Then, one can easily check that L expressed in the following consecutive difference in j

Vn,+l n+1

L=-L""+ L/
_ BO)Fw 1 ; ; ;
, ] =2 ]+1 | q-2 J J+1 J
2 n +1| n,+1 n +1 + 5r"r+1|KZz | nr+l vn,+1 + Vn,+l ’
where ’ 5
j _ ny+1 ] | 2 ] ] 1
L= dt ny+1 + 1k n,+lKn,+1

Using the same process as for S5 with local Lipschitz map s — Go(s) = (1/g)|s|?, we get

. ) i+1 j
L=-LM+ L+ 2 (G - Gitk) )

,6’(0)rn, I 2
— ) el - ff:l +V2,+1 ’
where
Gi(k)) = Go(k)'})) + Go(k) , ).
Substituting L in Eq (5.12), it follows that
Jj _ gi-l . VARSI e Vit ey
£ df = — (11 =drBOV, 72 % —dr;r,a WM E | <0, 0<dr <.
Therefore, the dissipative equation (5.5) is satisfied. Moreover, we have & — £/7! < 0, which gives
&<l

]

The proof is complete.
Volume 21, Issue 5, 1822—-1865.
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5.2. One-dimensional numerical example

In this part, we first illustrate the phenomenon thus studied in this work. Second, we illustrate how
the disturbance of provoked by such a wave stabilizes over time (exponential stability) under previous
the condition of Section 4. For this aim, consider / = &, and fix the mesh parameters as follows:

e number of subintervals on y-axis n, = 59,
e number of subintervals over duration 7 = 10: n, = 9999.

The subintervals’ amplitude then follows:

1

= — =103,

dr 20’ dt=10
The damping coefficients are assumed to be
.3
3+, f-<r<l1
a(r) = 4 , BO)=1.
0, otherwise.

We consider the following classical cases:

1. Case where the wave’s disturbance starts as a cosine-curve and with an initial speed linearly, but
without any initial speed:

1
cos(nmr), if 3 +dr<r<l
Yo(r) = 1 , () =0. (5.13)
0, if r=—
1IIr )
2. Case where the wave’s disturbance starts as an exponential curve and with an exponential speed:
1 1
¢, ifs+dr<r<i e, if-<r<l,
l//()(]") = 1 > l/’l(r) = 1 (514)
0, ifr:E 0, ifr:E.

Remark 5.3. Note that the choice of Yyo(1/2) = 0 aims to remain consistent with the boundary
condition K(J) = 0. Therefore, there is no motion as this boundary (I'y).

Here are the different choices for vy, 6, m, u, p, and g:

Table 1. Model parameters.

Coefs. Global solution Local solution Maximal solution for / = 0
(y,9) (-1,-2) (1,2) (0.15, 0.15)

(m, w) (1.5, 1.5) (1.5, 1.5) (1.5, 1.5)

(P, q) (2,2) (3,3) (3,3)

The wave equation is discretized using central finite differences in space and time. Once the wave
reaches the damped subregion, the amplitude decreases rapidly, and the energy plot confirms
exponential decay.

Networks and Heterogeneous Media Volume 21, Issue 5, 1822—-1865.
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Results and discussion (1D case)

The numerical solutions exhibit a clear attenuation of the wave amplitude once the propagating
front enters the damped subregion. This behavior is illustrated in left side of Figures 1 and 2, where
the solutions (global or local) show a rapid decrease in amplitude. As a result, the disturbed medium
returns to rapidly into the rest state.

Moreover, their respective energy plot of the total discrete energy £/, displayed in the respective right
side of Figures 1 and 2, confirms that the energy decays exponentially over time, in full agreement with
theoretical stabilization results.

a4 —— Energy £
0.6
0.4 67
0.2
0.0 )
» B4
%‘_ -0.2
E
g -0.4
[1]
= —
z 0.6 5]
= —08
04
Lo , 4 6 0 2 4 6 8 10
: 0 Time & Time t,

Figure 1. Global solution of systems (5.4)—(5.13) and its energy &’.

160

—— Energy &
140 4

120 4

2 100 4

80+

60

Or—'Nw_h

Amplitude «(r;, %)

40 4

204

T
0 2 4 6 8 10
Time &;

0 2 Time &

Figure 2. Local solution for systems (5.4)—(5.14) and its energy &/.

Discussion

The numerical experiments in both one- and two-dimensional settings clearly demonstrate the
stabilizing effect of localized internal damping. In the one-dimensional case, Figures 1 and 2 show
that the wave amplitude and total energy decay rapidly once the solution enters the damped region.

Here are data which confirm these assertions:

Networks and Heterogeneous Media Volume 21, Issue 5, 1822—-1865.
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Table 2. Energies data.

Figure Initial energy Time T; where &/ < 107°£° Final energy
Figure 1 8.18 6.76 over 10 2.12x107°
Figure 2 153.08 none 3.84x 1073

These data show that the energy in each case reach at least 0.004 only after 10 units of time. Using
the percent formula of loss energy &,,, during the time interval (0, ¢;),

&-¢
s

floss = 100 x

the data of Table 2 give that at least 99.95% of the full energy dissipates in both cases in 10 units
of time.

An example of a maximal solution which not global in time is illustrated by Figure 3. Section 3 of
the theoretical analysis states that an exponential stability result may still be held for (1, 1) < (m, u) <
(2,2) with the superlinearity of —f, —g even if it is local. That is,

f(s)s < CsF(s) <0, g(s)s < C,G(s) <0.

The perturbation maps s — f(s) = y|s|’2s and s — g(s) = 6|s|%"2s with such a choice of “maximal-
solution” parameters from Table 1 are then locally superlinear only at s = 0, as f(s)s > 0, and
g(s)s > 0. This implies that the only values « for which the exponential stability holds is when « = 0.
This is perfectly illustrated in Figure 3, where the energy blows up. For further understanding of
this superlinearity’s impact on the exponential stability, one can repeat the same process of numerical

analysis and consider both y and ¥ such that yy < 0.

In two dimensions, it suffices to expand system (5.4) along with 6. A similar result with the one-
dimensional case thus can emerge.

120 4 =
—— Energy &
100 -
16
14 80 4
16 12
14 10 |
12 ] w 80
=3 8
10 F
o6
8 @ 40 4
() S 4
0.5 4 =
> 2
o 20 4
6 01
4 o T T T T T
5 e 0 1 2 3 4
1.0 0 Time t;

Figure 3. Maximal solution for systems (5.4)—(5.14) and its energy with [ = 0.
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6. Conclusions

In this work, we investigated the exponential stabilization of a perturbed wave equation with
localized internal damping supported on a subregion w C Q satisfying the geometric control condition
(GCC). The well-posedness of the problem was established by combining classical results from the
literature with an energy framework adapted to subcritical perturbations. Assuming that the nonlinear
terms are sink maps, namely f(s)s < 0 and g(s)s < 0, we proved that the total energy decays over a
finite time interval T = T,,, depending on the subcritical exponents 1 < m < 2and 1 < u < 2,
provided that the initial energy is positive and finite. By employing the multiplier method together
with a unique continuation principle [16], we derived an observability inequality that guarantees
exponential decay of the energy. As a consequence, the exponential stability of System (1.1) is global
in time when N < 4 for strong solutions or N = 2 (weak solution) or when p = ¢ = 2, and local in
time otherwise. Moreover, the analysis suggests that exponential stabilization persists whenever the
corresponding solution remains bounded in the L®(Q) norm. To complement the theoretical findings,
numerical simulations were carried out for one- and two-dimensional damped wave equations with
localized damping. Using finite difference discretizations, the simulations demonstrate that the
presence of an internal damping region induces strong stabilization, as the total discrete energy
decreases monotonically and exhibits exponential decay over time. These numerical results are in full
agreement with the theoretical predictions and further illustrate the effectiveness of localized damping
mechanisms for wave-energy dissipation.
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Appendix

Proof. (Theorem 4.1: Existence of the time 7(xy) > 0) Considering the homogeneous system
associated to system (4.2) with its initial condition K, € H, we obtain

{v, = AV,

(A.1)
VO)=KyeH,

where the linear operator A : D(A) ¢ H — H is defined in Eq (2.1).
Such a system is conservative, as (AV, V)4 = 0. Then,

1
E\(1) = E,(0) = EllKollg{, 1€(0,7).

Using the same GCC assumption stated in Assumption 2 and applying inequality (4.19), which
holds for system (A.1), we obtain

T
C3TEV(0) = C3f Ev(t)dt <P+ P+ P,
0

where
T

N-1 N-2
P, =12 fv, my.Vv + % dx+f vr,, mg.VTvr, + vr, |dI
Q 2 I 2 0

P, = f (molv) (vil* = [V7vr, [ + 18,vr,I?) dTy 7,
Tir

b

P3:

f (mov)tr(yo) [|Vr.,|2 — Vv, P = 2y0.IVror, |2] dlyr
iy

Using the estimate on P; from Eq (4.21) and the terms in P; while considering the conservation of
energy E,, we obtain the existence of constants C,,, C;3 > 0 such that

|Pi| < C,EN(0), |P3] < Cy3lPyl.

Consequently, there exists C, 13 > 0 such that

(T = Cy) Ex(0) < C13 f (molv) (> = V7vr, [ + 10,vr, ) dTyr,
Iir
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where C,, is proportionally dependent on .

Because our system (1.1) differs from the one studied in [17] only in its nonhomogeneous nature, we
can proceed with the proof in the same manner as in [17]. Ultimately, it follows that inequality (4.18)
in Lemma 4.8 holds if 7 > C,, > 0. Thus, it suffices to choose T'(xy) = C(r)o, where C(r)0 > 0 1s the
minimum value for which Eq (4.18) is satisfied with T > T'(x).

This concludes the proof. O

Proof. (Theorem 4.11: Boundedness of (f’(k), g'(kr,)) in L*(Q7) X L¥(I';7))

The contradictions result in the first case (a) where k # (0,0)" in the proof of Theorem 4.11 is not
valid if f"(k) ¢ L*(Qr) or g'(kr,) € L*(I'17). Therefore, it is necessary to examine the different cases
where this is possible.

As we can see, (f'(k), g (kr,)) € L(Qr) X L*(I'y7) if p = q = 2 (f, g are linear) or if (k,«r,) €
L*(Qr) x L*(I'y7).

In the second case, we invoke the generalized Morrey’s Theorem (see page 97 of [3]), which allows
us to assert that for N < 4

w22 < Co,z—g(ﬁ)’

where C*(Q), d > 0 is the space of d-Holder continuous functions. This means that there exists a
constant C; > 0 such that
|h(x) — h(y)] < clx —y|%, Vx,y eR.

Thanks to the Weierstrass theorem, which guarantees that any continuous function on a compact set
is bounded and attains its bounds, we can conclude that

COTI(Q) — LVQ).

This allows us to conclude, by using the regularity Theorem 2.3, that the boundedness of
(f' (), g'(kr,)) in the L* norm holds if (m, 1) < (2,2) and N < 4.

As a reminder, the regularity W2 is ensured by the strong solutions! of system (1.1), not necessarily
for weak solutions! which evolve in V, ¢ H'(Q) x H'(['). In this case, the generalized Morrey’s
theorem (see page 97 of [3]) only gives for N < 2

Vo — CO2(Q) — L2Q).

Then, only the one—dimensional case holds for all weak solutions W of system (1.1).
The case where N > 4 is an open problem. The concern is about the possibility to have (k, «r,) €
L2(Qq) x L=(T'y7). O

] ©2026 the Author(s), licensee AIMS Press. This

is an open access article distributed under the
% AIMS Press terms of the Creative Commons Attribution License
’ (https://creativecommons.org/licenses/by/4.0)

ISolutions which satisfy the system (1.1) in classical sense; that is, it satisfies the equations of Eq (1.1) at any point of Q.
IA solution which has a well-defined energy in the integral sense.

Networks and Heterogeneous Media Volume 21, Issue 5, 1822—-1865.


https://creativecommons.org/licenses/by/4.0

	Introduction
	Materials and methods
	Our methodology
	Statement of problem
	Preliminaries
	Well-posedness results


	Results
	Proof of the main result
	Numerical simulation of damped wave equations with localized damping
	One-dimensional numerical analysis
	One-dimensional numerical example

	Conclusions

