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Abstract: This work investigates the exponential stability of a perturbed non-linear (or linear)
wave equation in a sub-critical regime with respect to both the damping and perturbation terms.
Using an energy-based analysis, we first establish the decay of the total energy over a finite time
interval T > 0. When the damping region satisfies the geometric control condition (GCC), and the
perturbations contribute to the dissipation mechanism, we prove that the energy of the system decays
exponentially by combining the multiplier method with a unique continuation principle. In addition to
the theoretical analysis, we present numerical simulations for one- and two-dimensional damped wave
equations with localized internal damping. Finite difference schemes are employed to approximate the
dynamics and quantify the dissipation of energy, and the results confirm the theoretical predictions:
Introducing a localized damping region induces strong stabilization, and the total discrete energy
decays exponentially over time.
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1. Introduction

The analysis of nonlinear wave equations involving interior damping, dynamic boundary
conditions, and localized dissipation has attracted considerable attention. Foundational contributions
by Lions [1, 2] established the framework for exact controllability and stabilization in distributed
parameter systems. Furthermore, Adams [3] and Simon [4] developed core tools regarding Sobolev
embeddings and compactness arguments, which remain essential for well-posedness theory.
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Subsequent research has addressed nonlinear effects arising from damping and source terms.
Georgiev and Todorova [5] proved existence results for wave equations with nonlinear damping and
nonlinear sources, highlighting interactions between dissipation and forcing mechanisms. Vitillaro
expanded the theory in several influential studies, treating global nonexistence in dissipative
problems [6], global existence with nonlinear boundary damping and source terms [7], strong
solutions under dynamic boundary conditions [8], and wave equations with interior and nonlinear
boundary damping [9], including supercritical regimes [10]. Gazzola and Squassina [11] analyzed the
competition between damping and source effects in semilinear wave models and identified conditions
under which solutions exist globally or blow up in finite time. Related questions concerning global
dynamics, energy behavior, and finite-time blow-up for nonlinear equations have also been
investigated by Boulaaras [12, 13], and the nonexistence of global weak solutions for strongly
damped p-Laplacian wave equations with logarithmic source terms was studied in [14]. Tools such as
Carleman estimates and observability inequalities developed by Gal and Tebou [15] and unique
continuation results by Ruiz [16] contributed to control and stabilization theory. Localized damping
has also been the focus of many studies. Khemmoudj and Medjden [17] established exponential
decay for semilinear Cauchy–Ventcel problems, and Addoun and Laoubi [18] investigated
stabilization and regularity under localized internal damping combined with Ventcel boundary
conditions. More recent developments involve nonlinear damping with variable-exponent structures.
Al-Mahdi et al. studied asymptotic behavior under nonlinear boundary damping [19], thermoelastic
Timoshenko systems [20], and viscoelastic wave models with distributed delays [21, 22]. Guo et
al. [23] proved the existence of global attractors under Hardy potentials and nonlinear damping.
Han et al. [24] obtained quantitative stability results for weak and strong damping, whereas Nicaise et
al. [25] established indirect stabilization for weakly coupled hyperbolic systems. Cavalcanti et al. [26]
analyzed stabilization under Zaremba boundary conditions using semiclassical defect measures.
Analytical tools such as the Moser iteration method [27], together with Sobolev and trace embedding
theorems, ensure that nonlinear perturbations and damping terms remain within a well-posed
functional setting.

These contributions collectively demonstrate that localized interior or boundary damping plays a
decisive role in achieving stabilization, energy decay, and global well-posedness for nonlinear wave
equations, thus motivating the present work.

LetO0 be a neighborhood of 0RN with N ≥ 2, and letΩ ⊂ RN be a connected, open, bounded domain
with a C2 boundary Γ. The boundary is decomposed into two disjoint nonempty parts, Γ0 and Γ1:

meas(Γ0),meas(Γ1) , 0, O0 ∩Ω = ∅, Γ = Γ0 ∪ Γ1, Γ0 ∩ Γ1 = ∅.

Let O be a neighborhood of Γ1, and define ω = O ∩ Ω, representing the interior region where local
damping is active. We study the wave system:

φtt − ∆φ + α(x)Θ(φt) = f (φ), (0,∞) ×Ω,
φ = 0, (0,∞) × Γ0,

φtt + ∂νφ − ∆Tφ + β(x)Υ(φt) = g(φ), (0,∞) × Γ1,

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), Ω,

(1.1)
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where the non-negative functions α and β satisfy

α(x) =

α0 > 0, x ∈ ω,

0, x ∈ Ω \ ω,
β(x) ≥ β0 > 0, x ∈ Γ1. (1.2)

Here, ∆ denotes the Laplace operator in Ω, ∆T the Laplace–Beltrami operator on Γ1, and ν the
outward unit normal. The Laplace–Beltrami operator satisfies∫

Γ

u∆T v dΓ = −
∫
Γ

∇T u∇T v dΓ, ∀u, v ∈ H1(Γ1). (1.3)

The damping and perturbation terms satisfy the following hypotheses.

(I) Damping: Θ and Υ are continuous, monotone increasing, and satisfy

Θ(s)s ≥ 0, Υ(s)s ≥ 0, Θ(0) = Υ(0) = 0.

(II) Perturbations: f , g ∈ C0,1
loc(R) satisfy

| f ′(s)| = O(|s|p−2), |g′| = O(|s|q−2), |s| → ∞, (1.4)

for some p, q ≥ 2.

The nonlinearities are defined by
Θ(s) = a|s|m̃−2s + |s|m−2s, 1 < m̃ ≤ m, a ≥ 0,
Υ(s) = b|s|µ̃−2s + |s|µ−2s, 1 < µ̃ ≤ µ, b ≥ 0,
f (s) = γ̃|s| p̃−2s + γ|s|p−2s + c1, 2 ≤ p̃ ≤ p,

g(s) = δ̃|s|q̃−2s + δ|s|q−2s + c2, 2 ≤ q̃ ≤ q.

(1.5)

We also recall the critical Sobolev exponents:

rΩ =

 2N
N−2 , N ≥ 3,

∞, N = 2,
rΓ1 =

2(N−1)
N−3 , N ≥ 4,

∞, N = 2 or 3.
(1.6)

The nonlinearities are subcritical when
2 ≤ p < 1 +

rΩ
2
,

2 ≤ q < 1 +
rΓ1

2
,


1 ≤ m < 1 +

rΩ
2
,

1 ≤ µ < 1 +
rΓ1

2
.

(1.7)

In this work, we study the local-in-time exponential stability of system (1.1) in the subcritical
regime. The domain Ω ⊂ RN is bounded and sufficiently smooth, and damping acts both inside Ω and
on part of the boundary.

Our contributions are as follows:

1. Extend solutions globally through an energy-based argument and determine conditions under
which blow-up may occur.
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2. Prove exponential stabilization by constructing an appropriate energy approximation. Stability
holds when (i) the geometric control condition (GCC) is satisfied on the damped region, and (ii)
perturbations contribute to energy dissipation in addition of its superlinear behavior.

The case of fully nonlinear damping and perturbation functions with variable exponents has been
investigated in [18–23]. When damping is linear, system (1.1) falls into the framework of [11].
Nonlinear damping for weak/strong dissipation was treated in [24]. Well-posedness in the Hadamard
sense is discussed in [9, 10], including subcritical, critical, supercritical, and super-supercritical cases.

The main result of the present paper establishes the following:

1. An energy decay estimate for system (1.1), assuming well-defined initial energy;
2. For 1 < µ, m ≤ 2, local or global exponential stability when f and g act as sinks, either for

nonlinear perturbations when N < 4 or for linear perturbations (p = q = 2) when N ≥ 2.

Exponential stability remains valid whenever the solution associated with the initial data is bounded
in L∞(Ω).

We do not reprove general Hadamard well-posedness (already established in [10]); instead, we
recall simplified versions of those results and concentrate on the characterization of energy dissipation
leading to stability.

In Section 4, we prove exponential stability under the additional assumption that f and g are globally
Lipschitz. The Appendix clarifies when this assumption holds depending on p, q, p̃, q̃, and N.

Numerical validation. A final section presents numerical simulations in one and two dimensions
using finite differences. These results demonstrate that introducing a localized damping region leads
to significant energy dissipation and confirms exponential decay of the total energy, in agreement with
the theoretical predictions.

For reader information, as any numerical method designed to approximate the exact solution of a
given problem, the finite difference method is inherently affected by discretization errors. The smaller
these errors are, the closer the numerical approximation converges to the exact solution. In the present
work, the standard second-order finite difference scheme was deliberately adopted because of its
simplicity and robustness, as its primary purpose is to illustrate and validate the theoretical results
established in this work rather than to develop a new numerical methodology.

Nevertheless, more sophisticated numerical approaches have been developed in recent years. In
particular, higher-order and compact finite difference schemes, as well as meshless radial basis
function finite difference (RBF–FD) methods, have demonstrated improved dispersion properties,
leading to a more accurate representation of wave propagation, while also offering greater flexibility
for nonuniform and irregular node distributions. Furthermore, in higher-dimensional settings (e.g.,
three-dimensional problems), implicit time discretizations or nonlinear damping models generally
lead to large, sparse algebraic systems. When combined with highly refined computational meshes,
these systems can still be solved efficiently using modern iterative solvers. For further information on
these numerical techniques, the interested reader is referred to [28–31] and those cited therein.

2. Materials and methods

2.1. Our methodology

The main goals of this paper are as follows:
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(1) To demonstrate that the effect of nonlinear localized dampings αΘ and βΥ is sufficient to
exponentially stabilize the system (1.1) when f , g also contribute to dissipate the energy;

(2) To show that this effect may still be efficient for a certain time when f , g lead the system to
blow-up;

(3) To conduct a numerical illustration of the exponential stability thus established.

As expected, such a system with nonlinear perturbation may experience blow-up; that is, the
released energy which quantifies the wave’s ability of motion reaches infinity for a finite time or
becomes nonpositive. As a result, one needs to carefully analyze the system’s well-posedness,
including the existence and uniqueness of the system’s solution and the positive boundedness of
its energy.

For this aim, the paper uses the results of existence and uniqueness already stated by E. Vitillaro [9]
and thus analyzes the sign of the energy released by the system (1.1) in order to state its stability.
Next, the exponential stability is stated by the well-known method using the GCC. The technique is a
combination of adequate weighted multipliers, leading to an observability result as in [17, 26, 32].

2.2. Statement of problem

In part analyzes the well-posedness of the system (1.1). Before this, here are some notations and
key properties of f , g and Θ,Υ useful in this paper.

2.2.1. Preliminaries

• s′ is the Hölder conjugate of s, given by

1
s
+

1
s′
= 1.

• ⟨·|·⟩ denotes the inner product, sometimes written as (·).
• C([0,T ], X) with norm ∥ f ∥C([0,T ];X) = supt∈[0,T ] ∥ f (t)∥X.
• ∥ · ∥p is the norm in Lp(Ω) for p ≥ 2.
• For A ⊂ Ω, ∥ · ∥p,A is the norm in Lp(A).
• The norm in Lp(A × (a, b)) is

∥ f ∥p,(A×(a,b)) =

(∫ b

a
∥ f (s)∥pp,A ds

) 1
p

.

• A ↪→ B means A ⊂ B with continuous embedding, and A ↪→↪→ B means compact embedding.
• In×m and On×m denote the identity and zero matrices* of size n × m, respectively.
• For X,Y ∈ Rn, we define:

X > Y ⇐⇒ xi > yi, ∀i = 1, . . . , n,
X < Y ⇐⇒ xi < yi, ∀i = 1, . . . , n.

Next, here are some key properties on f , g, Θ, and Υ, which have been implicitly used in [5, 9] for
the existence and uniqueness result.

*See page 338 of [15].
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Assumption 1. (Key properties of f , g) The perturbation functions f and g satisfy the following:

(i) f (0) = c1, g(0) = c2. In particular, f (0) = g(0) = 0 if c1 = c2 = 0.
(ii) There exist constants C f ,Cg > 0 such that for all s1, s2 ∈ R,

| f (s1) − f (s2)| ≤ C f

(
|s1,2|

p̃−2 + |s1,2|
p−2

)
|s1 − s2|,

|g(s1) − g(s2)| ≤ Cg

(
|s1,2 |̃

q−2 + |s1,2|
q−2

)
|s1 − s2|,

where |s1,2|
r = |s1|

r + |s2|
r, r ≥ 0.

In particular, if c1 = c2 = 0,

| f (s1)| ≤ C f

(
|s1|

p̃−1 + |s1|
p−1

)
, |g(s1)| ≤ Cg

(
|s1 |̃

q−1 + |s1|
q−1

)
.

(iii) For all i, j ∈ N∗, f and g satisfy

( f , g) ∈

Ci(R) ×C j(R), if (i + 1, j + 1) < ( p̃, q̃),

(C∞(R))2 , if (p, q) = (2, 2).

Moreover, there exist constants C f ,i,Cg, j > 0 such that

| f (i)(s)| ≤ C f ,i

(
|s| p̃−(i+1) + |s|p−(i+1)

)
, |g( j)(s)| ≤ Cg, j

(
|s|̃q−( j+1) + |s|q−( j+1)

)
.

(iv) For all i, j ∈ N∗ satisfying (iii), we have f (i)(0) = g( j)(0) = 0.

Remark 2.1. (Key observations on Θ,Υ) If 2 ≤ m̃, µ̃, then Θ and Υ satisfy the same properties as f , g
with c1 = c2 = 0.

However, if 1 < m̃ ≤ m < 2 or 1 < µ̃ ≤ µ < 2, the properties hold only on R \ (−M,M) for some
M > 0.

2.2.2. Well-posedness results

First, the space L2(Γ1) will be considered in this paper as {z ∈ L2(Γ) : z|Γ0 = 0}. Now, consider the
following spaces: V0 = {(u, v)t ∈ H1(Ω) × (H1(Γ) ∩ L2(Γ1)) : v = uΓ1 , u|Γ0 = 0},

V1 = L2(Ω) × L2(Γ1)

and Lp
α(Ω) = {u ∈ L2(Ω) : α

1
p u ∈ Lp(Ω)},

Lq
β(Γ1) = {u ∈ L2(Γ1) : β

1
q u ∈ Lq(Γ1)},

respectively endowed with the norms ∥.∥V0 , ∥.∥V1 , ∥.∥p,α, and |.|q,β such that∥(u, v)∥2V0
= ∥∇u∥2L2(Ω) + ∥∇T v∥2L2(Γ1),

∥(u, v)∥2V1
= ∥u∥22 + ∥v∥

2
2,Γ1
,

∥u∥p,α = ∥u∥2 + ∥α
1
p u∥p,

|u|q,β = ∥u∥2,Γ1 + ∥β
1
q u∥q,Γ1 .
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ConsiderH = V0 ×V1 equipped with the norm ∥.∥H such that

∥(U,V)∥2
H
= ∥U∥2V0

+ ∥V∥2V1

and
Hp,q
α,β = V0 ∩

(
Lp
α(Ω) × Lq

β(Γ1)
)
,

endowed with the norm
∥(u, v)∥p,qα,β = ∥(u, v)∥V0 + ∥u∥p,α + |v|q,β.

We also introduce, for all p ∈ [1,∞), the following Sobolev space when Ω, ∂Γ are of class C2:

W2,p =
(
W2,p(Ω) ×W2,p(Γ)

)
∩V0, W2,2 = H2(Ω) × (H2(Γ) ∩ H1(Γ1)).

In this paper, we will consider w = (φ, φΓ1)
t ∈ V0 such that W = (w,wt)t ∈ H satisfies the system.

Thus, by differentiating W with respect to the time variable t, the problem (1.1) is reformulated
as follows:

Wt = AW −C(W) + S (W),

where

S (W) =
(
O2×1

F(w)

)
∈ H , C(W) =

(
O2×1

G(wt)

)
∈ H

and A is the linear operator defined on D(A) = {W = (w,wt)t ∈ H : AW ∈ H} by:

A =
(
O2×2 I2×2

A1 O2×2

)
, A1 =

(
∆ 0
0 ∆T − ∂ν

)
(2.1)

and satisfies ⟨AZ,Z⟩H = 0 for all W ∈ H .

The nonlinear fields are as follows:

F(w) =
(

f (φ)
g(φΓ1)

)
, G(wt) =

(
αΘ(φt)
βΥ(φΓ1)

)
.

Thus, the system (1.1) is equivalent to the following first-order Cauchy problem:Wt = AW −C(W) + S (W),
W(0) = W0 ∈ H .

(2.2)

Theorem 2.2. (Local existence and uniqueness) If the conditions (i) and (ii) in Assumption 1, and
Eq (1.7) hold, then the system (2.2) admits a unique weak solution W ∈ C([0,T ];H) such that

w ∈ C([0,T ];V0), wt ∈ C([0,T ];V1) ∩
(
Lm
α (Ω) × Lµβ(Γ1)

)
for some small T > 0.

Moreover, the energy associated to System (2.2) is given by:

E(t) =
1
2
∥W(t)∥2

H
−

∫
Ω

F(φ(x, t))dx −
∫
Γ1

G(φΓ1(x, t))dΓ1, t ∈ (0,T ), (2.3)

where:

F(r) =
∫ r

0
f (s)ds, G(r) =

∫ r

0
g(s)ds.
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The following regularity theorem is a result obtained and studied in [10].

Theorem 2.3. (Regularity) Assume that the conditions (i) and (ii) in Assumption 1, and Eq (1.7) hold.
If W0 ∈ W2,2 × V0, then the unique weak local solution W = (w,wt)t to problem (2.2) satisfies the
following regularity properties:

w ∈ C
(
[0,T ]; W2,2

)
∩C1

w([0,T ];V0) ∩C2
w ([0,T ];V1) ,

where Ci
w(I, X) is the space of functions weakly continuous and differentiable up to order i ∈ N from in

time t over I into the Banach space X.

For simplicity, we just write here and below W ∈ C([0; T ];H) as a solution of Eq (2.2), which is
also true but not its complete regularity.

We now consider here and below F (w) =
(
F(φ)
G(φΓ1)

)
, and the energy associated to the system (2.2) is

rewritten as follows:
E(t) =

1
2
∥W(t)∥2

H
− ⟨F (w(t)), (1, 1)⊤⟩V1 . (2.4)

Theorem 2.4. (Global existence and uniqueness) Assume that the condition (i) in Assumption 1 and
Eq (1.7) are valid. Moreover, for m = max{2; m} and µ = max{2; µ}, if one of the following conditions
is satisfied:

(i) (γ, δ) > (0, 0), (p, q) ≤ (m, µ) and ess in fΩα > 0 if p > 2,
(ii) (γ, δ) ≤ (0, 0), ( p̃, q̃) ≤ (m, µ) and ess in fΩα > 0 if p > 2,

(iii) γ > 0, δ ≤ 0, (p, q̃) ≤ (m, µ) and ess in fΩα > 0 if p > 2,
(iv) γ ≤ 0, δ > 0, ( p̃, q) ≤ (m, µ) and ess in fΩα > 0 if p > 2,
(v) γ, δ, γ̃, δ̃ ≤ 0,

then for every W0 ∈ H , the system (1.1) admits a unique global solution in time; that is, the life span
T∗ of solution w is∞.

Remark 2.5. These results stem from an analysis of the energy dissipated by the system (2.2) as
performed in [5]. In particular, the solution exists at any time where the energy is well-defined, that
is, non-negative and finite (see Remark 2.7). In principle, when a global-in-time solution exists, no
blow-up occurs; that is, the lifespan T∗ of w is equal to +∞. Then, the system (2.2) blows up if and
only if all the conditions (i − v) are not satisfied.

We consider, for any z ∈ C([0,T∗);V0), the following functional:

I(z(t)) =
1
2
∥z(t)∥2V0

− ⟨F (z(t)), (1, 1)⊤⟩V1 , t ≥ 0.

We have the following stability result:

Theorem 2.6. (Energy decay)
Let W ∈ C([0,T∗);H) be the maximal solution† to the system (2.2). The energy of system (2.2)

decreases over time for all T ∈ (0,T∗) provided that

I(w0) > 0.
†Here and throughout, a maximal solution refers to one that cannot be extended beyond its lifespan; that is, it is nonextendable in

time. See [10] for details in our setting. We use the term “global-in-time solution” to mean that T∗ = +∞.
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Proof. First, we observe that the energy functional associated with Eq (2.2) is given by

E(t) = I(w(t)) +
1
2
∥wt(t)∥2V1

, t ≥ 0.

Hence, the energy decay is immediate whenever I(w(t)) ≥ 0. Moreover, the continuity of I(w(t))
with respect to time and the assumption I(w0) = I(w(0)) > 0 ensure the existence of some T = Tm,µ ∈

(0,T∗) such that I(w(t)) ≥ 0 for all t ∈ (0,Tm,µ).
Multiplying Eq (2.2)1 by W inH , we obtain, for all t ∈ [0,T ],

1
2

d
dt
∥W(t)∥2

H
= ⟨AW(t),W(t)⟩H − ⟨C(W(t)),W(t)⟩H + ⟨S (W(t)),W(t)⟩H .

Using Eq (2.1) along with the definition of F , we deduce

d
dt

[
1
2
∥W(t)∥2

H
− ⟨F (w(t)), (1, 1)⊤⟩V1

]
= −⟨G(wt(t)),wt(t)⟩V1 .

Because G is monotone increasing, we conclude that E′(t) ≤ 0 for all t ∈ [0,T ].
This completes the proof. □

Remark 2.7. In the study of wave problems, a negative energy can result from various instability
phenomena of the solution, such as the explosion of the solution, solution trapping, or the existence of
strongly nonlinear steady states. Therefore, we must ensure that the energy remains positive, as not all
of its terms are necessarily positive. A sufficient condition for the global positivity of the energy and
its decay is

⟨F (w), (1, 1)⊤⟩V1 ≤ 0,

for instance, when

c1 = c2 = 0, γ̃, δ̃, γ, δ ≤ 0.

In this case, the stability of the energy (well-defined and decays) is global in time; that is, T → T∗ =
+∞.

In the case where ⟨F (w), (1, 1)⊤⟩V1 > 0, it becomes rather difficult to establish the long-term
stability (i.e., energy decay along with its positivity as T → +∞) unless the damping exponents
controlled those of the perturbations or the measure of the domain meas(Ω) is sufficiently small.

To keep things concise, we will not elaborate further on this point. However, any interested reader
may verify this assertion by seeking a constant l ∈ (0, 1/2) such that

⟨F (w), (1, 1)⊤⟩V1 ≤ l∥w∥2V0
,

through the use of the Sobolev embedding inequality and Poincaré’s inequality, which both hold in this
setting (see [19]).
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3. Results

Consider that the perturbation maps f and g satisfy Eq (1.5) with c1 = c2 = 0. That is,

f (s) = γ̃|s| p̃−2s + γ|s|p−2s, g(s) = δ̃|s|q̃−2s + δ|s|q−2s.

Consider also Θ and Υ, linear or sublinear; that is,

Θ(s) = a|s|m̃−2s + |s|m−2s, Υ(s) = b|s|µ̃−2s + |s|µ−2s,

where (1, 1) < (m̃, µ̃) ≤ (m, µ) ≤ (2, 2). What follows is therefore is the main result of this paper:

Theorem 3.1 (Exponential stability). Assume that the condition (1.7) holds for m, µ ≤ 2, and let T > 0
be a certain time of stability. Assume that γ̃, γ, δ̃, and δ are such that

f (s)s ≤ F(s) ≤ 0, g(s)s ≤ G(s) ≤ 0, s ∈ R. (3.1)

Then, the associated weak solution W ∈ C([0,T ];H) to initial condition W0 ∈ H is exponentially
stable in Ω × (0,T ) ⊂ RN × (0,T ) for

(i) N ≥ 2 if f , g are linear (̃q = p̃ = q = p = 2 or f = g = 0),
(ii) N = 1 (see Section 5) if f , g are nonlinear (p ≥ p̃ > 2 or q ≥ q̃ > 2).

If in addition, W0 ∈ W2,2, then the associated strong solution W is exponentially stable for N < 4.
The exponential stability is global-in-time if T = +∞, and local-in-time otherwise.

Remark 3.2. First, we add the fact that Theorem 3.1 still holds for some case where Eq (3.1) holds for
some S ⊂ R such that meas(S ) , 0.

In order to prevent any confusion, the one-dimensional case has been preferably excluded in the
problem statement because the use of the Laplace–Beltrami operator is not directly done as for the
Laplace operator in spatial coordinates. For this, it is necessary to identify from a given spatial
derivative, the normal derivative and the tangential derivative.

4. Proof of the main result

The purpose of this section is to study the exponential stability of system (2.2) under the conditions
of Theorem 2.6. In view of Theorem 2.6, it is reasonable to investigate the exponential stability of
system (2.2) on the extensible‡ interval [0,T ], where T = Tm,µ < T∗ is such that

I(w(t)) > 0 for all t ∈ [0,T ].

Further, there exist constants C > 1 and ς > 0 such that

E(t) ≤ Ce−ςtE(0), t ∈ [0,T ]. (4.1)
‡We mean by “extensible” the fact that T could tend to T∗ = +∞ for a global solution.
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To achieve this, we will establish an observability inequality and apply the unique continuation
principle for the following system:

κtt − ∆κ + α(x)Θ(κt) = f (κ), in (0,T ) ×Ω,
κ = 0, on (0,T ) × Γ0,

κtt + ∂νκ − ∆Tκ + β(x)Υ(κt) = g(κ), on (0,T ) × Γ1,

κ(x, 0) = κ0(x), κt(x, 0) = κ1(x), in Ω,

(4.2)

which is equivalent to the first-order Cauchy problem defined as follows:Kt(t) = AK(t) −C(K(t)) + S (K(t)), t ∈ (0,T ),
K(0) = K0 ∈ H ,

(4.3)

where the functions α, β ∈ L∞(Ω) × L∞(Γ1) satisfy Eq (1.2) and

K = (k, kt)t , k =
(
κ, κΓ1

)t .

Moreover, we add the following property:

∥K(t)∥C([0;T ];H) < R < +∞ (4.4)

with R > 0.

The energy associated with system (4.2) at any instant t ∈ (0,T ) is given by

Eκ(t) =
1
2

[∫
Ω

(
|κt(t)|2 + |∇κ(t)|2

)
dx +

∫
Γ1

(
|κΓ1 t(t)|

2 + |∇TκΓ1(t)|
2
)

dx
]

−

∫
Ω

F(κ(t))dx −
∫
Γ1

G(κΓ1(t))dΓ1.

(4.5)

Moreover, for all t1, t2 ∈ (0,T ) with t1 < t2, the following dissipation identity holds:

Eκ(t2) − Eκ(t1) = −
∫ t2

t1

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt −
∫ t2

t1

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt. (4.6)

For the moment, we assume the existence of T (x0) > 0, which represents the time taken for each
geodesic curve to enter the controlled region ω. The proof of its existence will be provided in
the Appendix.

Theorem 4.1. (Exponential decay) The system (4.2) is exponentially stable over the time interval T >

T (x0) if and only if there exists a constant CR > 0 such that the following observability inequality holds:

Eκ(T ) ≤ CR

[∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt
]
. (4.7)
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Proof. By combining Eqs (4.6) and (4.7), we obtain the inequality

Eκ(T ) ≤ CR(Eκ(0) − Eκ(T )),

which leads to
Eκ(T ) ≤ LREκ(0), (4.8)

where LR = CR/(1 +CR) < 1.

Consider the sequence {an, n ∈ N} such that

an =

nT0, if n ∈ N∗,

0, if n = 0

with 0 < T0 < T .

Using the same argument as in the derivation of Eq (4.8) over the subintervals [an−1, an] ⊂ [0,T ]
for 1 ≤ n < N = ⌊T/T0⌋, we obtain

Eκ(an) ≤ LREκ(an−1) ≤ · · · ≤ Ln
REκ(0).

Because Ln
R = en ln(LR), it follows that

Eκ(an) ≤ e−σnT0 Eκ(0),

where σ = 1/T0 ln (1/LR) > 0.

Given that Eκ is a nonincreasing function over time, for all t ∈ [an−1, an], we have

Eκ(t) ≤ Eκ(an−1) ≤ e−σ(n−1)T0 Eκ(0) = e−σnT0eσT0 Eκ(0).

Because eσT0 = 1/LR > 1, and e−σnT0 = e−σan ≤ e−σt, we deduce

Eκ(t) ≤ Ce−σtEκ(0).

This establishes Eq (4.1) with C = 1/LR > 1 and ς = σ > 0, thus completing the proof. □

We introduce the following notations:

ΩT = Ω × (0,T ), Γ0T = Γ0 × (0,T ), Γ1T = Γ1 × (0,T ).

To establish the observability inequality (4.7), we require some additional results.

Assumption 2. (Geometric control condition) Let x0 ∈ R
N , with N ≥ 2. We define the following vector:

m0(x) = x − x0, x ∈ RN , m0
T (x) = m0(x) − (m0(x)|ν(x)) ν(x),

where m0
T is the tangential component of m0, and ν(x) denotes the outward unit normal vector to Ω

along Γ1.

We also introduce the following notations:
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(i) r0 = max
x∈Ω

{√
⟨m0(x),m0(x)⟩

}
,

(ii) Γ∗1 = {x ∈ Γ1 | (m0(x)|ν(x)) > 0} , Γ1\Γ
∗
1 = {x ∈ Γ1 | (m(x)|ν(x)) ≤ 0},

(iii) Γ∗1T = Γ
∗
1 × (0,T ).

Proposition 4.2 (Θ and Υ). Let r > 1 be such that the main map s 7→ hr(s) = |s|r−2s of Θ and Υ satisfyc0|s|r−1 ≤ |hr(s)| ≤ c1|s|, if 0 < |s| ≤ 1,
M0|s|2 ≤ hr(s)s ≤ M1|s|r, otherwise,

(4.9)

for some positive constants c0, c1,M0,M1 depending on r. Then, there exist two constants
C0 = C0(m̃,m) and C1 = C1(µ̃, µ) such that Θ and Υ satisfy the following inequalities:

|s|2 + |Θ(s)|2 ≤ C0Θ(s)s, |s|2 + |Υ(s)|2 ≤ C1Υ(s)s, ∀s ∈ R, (1, 1) < (m̃, µ̃) ≤ (m, µ) ≤ (2, 2). (4.10)

Proof. First, one can easily check that the conditions in Eq (4.9) hold for any r > 1.

On one hand, using Eq (4.9)1, it follows that

|s|r−1

|hr(s)|
≤

1
c0
,
|hr(s)|
|s|
≤ c1. (4.11)

As a result,

c1 +
1
c0
≥
|s|r−1

|hr(s)|
+
|hr(s)|
|s|
=
|s|r + |hr(s)|2

|hr(s)s|
.

Since hr(s)s > 0 for s , 0, then if follows that

|s|r + |hr(s)|2 ≤
(
c1 +

1
c0

)
hr(s)s, 0 < |s| ≤ 1.

This is also true for s = 0.

On the other hand, using the same process on Eq (4.9)2, we get

|s|2

hr(s)s
≤

1
M0

,
hr(s)s
|s|r

≤ M1,

which implies that

|s|r+2 + |hr(s)s|2 ≤
(
M1 +

1
M0

)
hr(s)s|s|r, |s| > 1.

Therefore,

|s|r + |hr(s)|2 ≤
(
M1 +

1
M0

)
hr(s)s|s|r−2, |s| > 1.

Note that |s|r−2 ≤ 1 if 1 < r ≤ 2 and |s| > 1.
This finally concludes the following generalized inequality on h:

|s|r + |hr(s)|2 ≤ Chr(s)s, s ∈ R, 1 < r ≤ 2,
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where C = max{c1 + c−1
0 ; M1 + M−1

0 }.

From here, one can easily check this generalized inequality on Θ and Υ by simply observing that

Θ = ahm̃ + hm, Υ = bhµ̃ + hµ, a, b ≥ 0,

and when (1, 1) < (µ̃,m) ≤ (m, µ) ≤ (2, 2), the four maps hm̃, hm, hµ̃, and hµ satisfies Eq (4.9) for some
positive constants c0, c1,M0, and M1.

The proof is complete. □

Proposition 4.3. Assume that (1, 1) < (m̃, µ̃) ≤ (m, µ) ≤ (2, 2), and let K = (k, kt)t ∈ C([0,T );H)
be a weak solution of system (4.3) satisfying the regularity Theorem 2.3. Then, there exists a constant
Cm,µ > 0 such that∣∣∣∣∣∣

∫
ΩT

αΘ(κt)
(
m0 · ∇κ +

N − 1
2

κ

)
dΩT

∣∣∣∣∣∣ +
∣∣∣∣∣∣
∫
Γ1T

βΥ(κΓ1 t)
(
mT

0 · ∇TκΓ1 +
N − 1

2
κΓ1

)
dΓ1T

∣∣∣∣∣∣
≤ Cm,µ,m̃,̃µ

[∫
ΩT

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T +

∫ T

0
∥k(t)∥2V0

dt
]
,

(4.12)

where dΩT = dxdt, and dΓ1T = dΓ1dt.

Proof. We define for all (m, µ) satisfying (1, 1) < (m̃, µ̃) ≤ (m, µ) ≤ (2, 2)

Im =

∫
ΩT

αΘ(κt)
(
m0 · ∇κ +

N − 1
2

κ

)
dΩT

and

Jµ =
∫
Γ1T

βΥ(κΓ1 t)
(
mT

0 · ∇TκΓ1 +
N − 1

2
κΓ1

)
dΓ1T .

We analyze each term separately.

• Estimate of Im:
Applying the standard Hölder inequality, we obtain

|Im| ≤ ∥αΘ(κt)∥2,ΩT

∥∥∥∥∥m0 · ∇κ +
N − 1

2
κ

∥∥∥∥∥
2,ΩT

≤ ∥αΘ(κt)∥2,ΩT

(
∥m0 · ∇κ∥2,ΩT

+
N − 1

2
∥κ∥2,ΩT

)
≤ Cr0,N∥αΘ(κt)∥2,ΩT

(
∥∇κ∥2,ΩT

+ ∥κ∥2,ΩT

)
,

where Cr0,N = max {r0, (N − 1)/2}.

From Poincaré’s inequality, we have

∥κ∥2,Ω ≤ ∥∇κ∥2,Ω.

It then follows that
|Im| ≤ C∥αΘ(κt)∥2,ΩT ∥∇κ∥2,ΩT
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for some C = C(r0,N, cp).

Now, applying the standard Young inequality, it follows that

|Im| ≤ C
(
∥αΘ(κt)∥22,ΩT

+ ∥∇κ∥22,ΩT

)
.

Because α ∈ L∞(Ω) and Θ satisfy the inequality (4.10) of Proposition 4.2, then

∥αΘ(κt)∥22,ΩT
≤ C0

∫
ΩT

αΘ(κt)κtdΩT .

As a result,

|Im| ≤ C
[∫
ΩT

αΘ(κt)κtdΩT +

∫ T

0
∥κ(t)∥2V0

dt
]

for some other Cm = C(m, r0,N, cp,R) > 0, and R satisfies Eq (4.4).
• Estimate of Jµ:

Using the same approach, we derive for some Cµ = C(µ, r0,N,R) > 0 the following inequality:

|Jµ| ≤ Cµ

[∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T +

∫ T

0
∥κ(t)∥2V0

dt
]
,

where R satisfies Eq (4.4).

Summing the estimates for Im and Jµ, we obtain that for all (1, 1) < (m̃, µ̃) ≤ (m, µ) ≤ (2, 2), we get
the desired inequality (4.12).

The proof is thus complete. □

In order to keep the article more concise, we will omit certain details, and we encourage readers to
refer to the steps provided in [17].

Lemma 4.4. Let K ∈ C([0,T ], H) be a weak solution of system (4.3). Then, for any
ψ ∈

(
W1,∞(Ω)

)N
, N ≥ 2 that does not depend on the time variable t, the following identity holds:

2
[∫
Ω

κtψ · ∇κdx +
∫
Γ1

κΓ1 tψT · ∇TκΓ1dΓ1

]T

0

+

∫
ΩT

div(ψ)
[
|κt|

2 − |∇κ|2
]

dΩT

+

∫
Γ1T

divT (ψT )
[
|κΓ1 t|

2 − |∇TκΓ1 |
2
]

dΓ1T

−

∫
Γ1T

(ψ · ν)
[
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
]

dΓ1T

+ 2
∫
ΩT

∇κ · ∇ψ · ∇κdΩT + 2
∫
Γ1T

∇TκΓ1 · ∇TψT · ∇TκΓ1dΓ1T

+ 2
∫
ΩT

αΘ(κt)ψ · ∇κdΩT + 2
∫
Γ1T

βΥ(κΓ1 t)ψT · ∇TκΓ1dΓ1T

+ 2
∫
ΩT

div(ψ)F(κ)dΩT + 2
∫
Γ1T

divT (ψT )G(κΓ1)dΓ1T

− 2
∫
Γ1T

(ψ · ν)F(κ)dΓ1T = 0,

(4.13)
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where ψT denotes the tangential component of ψ.

Proof. Here, use the following multiplier for the system (4.3):

L(K) =
(
O2×1

l(k)

)
, l(k) =

(
2ψ.∇κ

2ψT .∇TκΓ1

)
, ψ ∈

(
W1,∞(Ω)

)N
, N ≥ 2,

where ψT denotes the tangential component of ψ.
The proof is achieved. □

Lemma 4.5. Let K ∈ C([0,T ];H) be a weak solution of system (4.3). Then, for any
ψ ∈

(
W1,∞(Ω)

)N
, N ≥ 2 independent of the time variable t, the following identity holds:

2
[∫
Ω

κtm0 · ∇κ dx +
∫
Γ1

κΓ1 tm
T
0 · ∇TκΓ1 dΓ1

]T

0

+ N
∫
ΩT

[
|κt|

2 − |∇κ|2
]

dΩT

+ (N − 1)
∫
Γ1T

[
|κΓ1 t|

2 − |∇TκΓ1 |
2
]

dΓ1T −

∫
Γ1T

(m0 · ν) tr(γ0)
[
|κΓ1 t|

2 − |∇TκΓ1 |
2
]

dΓ1T

−

∫
Γ1T

(m0 · ν)
[(
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
)
+ 2γ0 · |∇TκΓ1 |

2
]

dΓ1T

+ 2
∫
ΩT

|∇κ|2 dΩT + 2
∫
Γ1T

|∇TκΓ1 |
2 dΓ1T + 2

∫
ΩT

αΘ(κt)m0 · ∇κ dΩT

+ 2
∫
Γ1T

βΥ(κΓ1 t)m
T
0 · ∇TκΓ1 dΓ1T + 2N

∫
ΩT

F(κ) dΩT + 2(N − 1)
∫
Γ1T

G(κΓ1) dΓ1T

− 2
∫
Γ1T

(m0 · ν) tr(γ0)G(κΓ1) dΓ1T − 2
∫
Γ1T

(m0 · ν)F(κΓ1) dΓ1T = 0.

(4.14)

Proof. The result follows by choosing ψ(x) = m0(x) and ψT (x) = mT
0 (x) because m0 and mT

0 satisfy the
following properties:

∇m0 = (1, . . . , 1︸  ︷︷  ︸
N times

)t, div(m0) = N,

∇T mT
0 = (1, . . . , 1︸  ︷︷  ︸

N−1 times

)t − (m0 · ν)γ0, divT (mT
0 ) = N − 1 − (m0 · ν) tr(γ0),

where γ0 is the second fundamental form of Γ1 (the curvature operator), and tr(γ0) denotes its trace. □

Lemma 4.6. Let K ∈ C([0,T ];H) be a weak solution of system (4.3). Then, for any (ξ, ξΓ1) ∈ C(Ω) ×
C(Γ1) independent of the time variable t, the following identity holds:[∫

Ω

ξκtκ dΩ +
∫
Γ1

ξΓ1κΓ1 tκΓ1 dΓ1

]T

0

−

∫
ΩT

ξ
[
|κt|

2 − |∇κ|2
]

dΩT −

∫
Γ1T

ξΓ1

[
|κΓ1 t|

2 − |∇TκΓ1 |
2
]

dΓ1T

+

∫
ΩT

κ∇κ · ∇ξ dΩT +

∫
Γ1T

κΓ1∇TκΓ1 · ∇TξΓ1 dΓ1T +

∫
ΩT

αξΘ(κt)κ dΩT

+

∫
Γ1T

βξΓ1Υ(κΓ1 t)κΓ1 dΓ1T −

∫
ΩT

ξ f (κ)κ dΩT −

∫
Γ1T

ξΓ1g(κΓ1)κΓ1 dΓ1T = 0.

(4.15)
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Proof. The result follows using the same approach as in the proof of Lemma 4.4, applying the
following multiplier:

L(K) =
(
O2×1

l(k)

)
, l(k) =

(
ξκ

ξΓ1κΓ1

)
.

□

Lemma 4.7. Let K ∈ C([0,T ];H) be a weak solution of system (4.3). Then, the following
inequality holds:

2
[∫
Ω

κt

(
m0 · ∇κ +

a0

2
κ
)

dx +
∫
Γ1

κΓ1 t

(
mT

0 · ∇TκΓ1 +
a1

2
κΓ1

)
dΓ1

]T

0

+ (N − a0)
∫
ΩT

|κt|
2 dΩT + (N − 1 − a1)

∫
Γ1T

|κΓ1 t|
2 dΓ1T

− (N − 2 − a0)
∫
ΩT

|∇κ|2 dΩT − (N − 3 − a1)
∫
Γ1T

|∇TκΓ1 |
2 dΓ1T

−

∫
Γ1T

(m0 · ν) tr(γ0)
[
|κΓ1 t|

2 − |∇TκΓ1 |
2
]

dΓ1T

−

∫
Γ1T

(m0 · ν)
[(
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
)
+ 2γ0 · |∇TκΓ1 |

2
]

dΓ1T

+ 2
∫
ΩT

αΘ(κt)
(
m0 · ∇κ +

a0

2
κ
)

dΩT + 2
∫
Γ1T

βΥ(κΓ1 t)
(
mT

0 · ∇TκΓ1 +
a1

2
κΓ1

)
dΓ1T

+

∫
ΩT

[
2NF(κ) − a0 f (κ)κ

]
dΩT +

∫
Γ1T

[
2(N − 1)G(κΓ1) − a1g(κΓ1)κΓ1

]
dΓ1T

− 2
∫
Γ1T

(m0 · ν) tr(γ0)G(κΓ1) dΓ1T − 2
∫
Γ1T

(m0 · ν)F(κΓ1) dΓ1T = 0,

(4.16)

where a0, a1 > 0 are constants.

Proof. It suffices to take (ξ, ξΓ1) = (a0, a1) in Eq (4.15), and then add both sides term by term with the
identity (4.14). □

We are now in a position to establish the first crucial inequality to confirm the observability
inequality in Eq (4.7).

Lemma 4.8. Consider the elements defined in Assumption 2, and let K ∈ C([0,T ];H) be a weak
solution of system (4.3). Moreover, if − f and −g are superlinear, meaning that there exist constants
C f ,Cg ≥ 2 such that for all s ∈ R,

f (s)s ≤ C fF(s) ≤ 0, g(s)s ≤ CgG(s) ≤ 0, (4.17)

then the following inequality holds:

Eκ(T ) ≤ Cκ

[∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt +
∫ T

0
∥k(t)∥2V0

dt
]
,

(4.18)
where Cκ > 0.
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Before proving Lemma 4.8, let us explore the different cases in which the pairs ( f ,F) and (g,G)
satisfy the condition (4.17).

Remark 4.9. The following remarks also hold for the pair (g,G).

From Eq (1.5), we can observe that for all s ∈ R,

f (s)s = γ̃|s|p̃ + γ|s|p, F(s) =
γ̃

p̃
|s|p̃ +

γ

p
|s|p.

In this case, f (s)s ≤ C fF(s) ≤ 0 if and only if:

γ̃

(
1 −

C f

p̃

)
≤ 0, γ

(
1 −

C f

p

)
≤ 0.

This aligns with at least the local stability of the system if and only if

(i) γ̃, γ ≤ 0, and 2 ≤ C f ≤ p̃,
(ii) γ̃ ≥ 0, γ ≤ 0, and p̃ ≤ C f ≤ p.

In particular, the case of linear perturbation (p = 2) is the only case where C f should be 2 and
f (s)s = C fF(s).

The condition (i) is a choice where the exponential stability is global in time, whereas Condition
(ii) could be nonglobal, especially when damping exponents m, µ do not control the perturbations’
exponents p̃, p. This last scenario is the one called local-in-time exponential stability.

Proof. (Lemma 4.8) In order to have Eκ(T ) as a lower bound in the inequality, it suffices that the sign
of the coefficients of the terms in Eq (4.16), which appear in its expression, match the signs of those
in Eκ(T ). It is clear that for (N − 2,N − 3) ≤ (a0, a1) ≤ (N,N − 1), the coefficients N − a0, a0 − (N −
2), N − 1 − a1, a1 − (N − 3) are positive. Therefore, we can choose in Eq (4.17):

( p̃, q̃) ≥
(
C f ,Cg

)
=

(
2N
a0
,

2(N − 1)
a1

)
≥ (2, 2),

which leads to
2NF(s) − a0 f (s)s ≥ 0, 2 (N − 1)G(s) − a1g(s)s ≥ 0.

Consequently, there exist c f , cg ≥ 0 such that

−c fF(s) ≤ 2NF(s) − a0 f (s)s, −cgG(s) ≤ 2 (N − 1)G(s) − a1g(s)s,

c f = cg = 0 only if p = q = 2.

Because ⟨m0|ν⟩ ≥ 0 on Γ1T , there exists c > 0 such that

0 ≤ −2
∫
Γ1T

(m0|ν)tr(γ0)G(κΓ1)dΓ1T ≤ −c
∫
Γ1T

G(κΓ1)dΓ1T .
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Consequently, linear or nonlinear perturbation, we can choose a0 and a1 such that

c3

∫ T

0
Eκ(t)dt ≤ 2

∣∣∣∣∣∣
∫
ΩT

αΘ(κt)
(
m0.∇κ +

N − 1
2

κ

)
dΩT

∣∣∣∣∣∣
+ 2

∣∣∣∣∣∣
∫
Γ1T

βΥ(κΓ1 t)
(
mT

0 .∇TκΓ1 +
N − 2

2
κΓ1

)
dΓ1T

∣∣∣∣∣∣
+ P1 + P2 + P3,

(4.19)

where c3 > 0, and P1, P2, and P3 are defined as follows:

P1 =

∣∣∣∣∣∣2
[∫
Ω

κt

(
m0.∇κ +

N − 1
2

κ

)
dx +

∫
Γ1

κΓ1 t

(
mT

0 .∇TκΓ1 +
N − 2

2
κΓ1

)
dΓ1

]T

0

∣∣∣∣∣∣
P2 =

∫
Γ1T

(m0|ν)
(
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
)

dΓ1T + 2
∫
Γ1T

(m0|ν)F(κΓ1)dΓ1T

P3 =

∣∣∣∣∣∣
∫
Γ1T

(m0|ν)tr(γ0)
[
|κΓ1 t|

2 − |∇TκΓ1 |
2 − 2γ0.|∇TκΓ1 |

2
]

dΓ1T

∣∣∣∣∣∣ .
Using Eq (4.12) on the two first terms of Eq (4.19), we obtain

c3

∫ T

0
Eκ(t)dt ≤Cm,µ,m̃,̃µ

[
Eκ(T ) +

∫
ΩT

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T +

∫ T

0
∥k(t)∥2V0

dt
]

+ P1 + P2 + P3.

(4.20)

For the remainder, the terms on the RHS of Eq (4.20) need to be estimable in terms of∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt.

We proceed on a case-by-case basis:

• For P1:
By applying the Cauchy–Schwarz inequality followed by Young inequality, we obtain

2

∣∣∣∣∣∣
∫
Ω

κt

(
m0.∇κ +

N − 1
2

κ

)
dx

∣∣∣∣∣∣ ≤ 2∥κt∥2

∥∥∥∥∥m0.∇κ +
N − 1

2
κ

∥∥∥∥∥
2

≤ C(ϵ)∥κt∥
2
2 + ϵ

∥∥∥∥∥m0.∇κ +
N − 1

2
κ

∥∥∥∥∥
2

≤ C(ϵ)∥κt∥
2
2 + ϵc

(
∥∇κ∥22 + ∥κ∥

2
2

)
,

where c = max {r0, (N − 1)/2}, and ϵ > 0 is sufficiently small.

Using Poincaré’s inequality, we obtain

2

∣∣∣∣∣∣
∫
Ω

κt

(
m0.∇κ +

N − 1
2

κ

)
dx

∣∣∣∣∣∣ ≤ cp1

(
∥κt∥

2
2 + ∥∇κ∥

2
2

)
,

Networks and Heterogeneous Media Volume 21, Issue 5, 1822–1865.



1841

where cP1 > 0.
From this, we deduce the existence of a constant CP1 > 0 such that

|P1| ≤ CP1(Eκ(0) + Eκ(T )).

Using Eq (4.6) with t1 = 0 and t2 = T , we obtain

|P1| ≤ CP1

[
2Eκ(T ) +

∫
ΩT

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T

]
. (4.21)

• For P2:
We adopt the same field constructions and cut-off functions as in [17], which are equally valid as
multipliers for our system under homogeneous Dirichlet boundary conditions on Γ0. We begin by
introducing ω0 with a nonzero measure meas(ω0) , 0 as well as a neighborhood of Γ∗1 within ω,

that is, ω0 ∩Ω ⊂ ω. We define the cut-off field§ ϱ ∈
(
W1,∞(Ω)

)N
,N ≥ 2 such that

ϱ = ν on Γ∗1, ⟨ϱ|ν⟩ ≤ 0 on Γ1\Γ
∗
1,

and
ϱ = 0 in Ω\ω0.

Applying identity (4.13) with ψ = ϱ, we immediately obtain the following identity:

P2 = 2
[∫
Ω

κtϱ.∇κdx +
∫
Γ1

κΓ1 tϱT .∇TκΓ1dΓ1

]T

0

+

∫
ω0T

div(ϱ)
[
|κt|

2 − |∇κ|2
]

dΩT

+

∫
Γ1T

divT (ϱT )
[
|κΓ1 t|

2 − |∇TκΓ1 |
2
]

dΓ1T + 2
∫
ω0T

∇κ.∇ϱ.∇κdΩT

+ 2
∫
Γ1T

∇TκΓ1 .∇TϱT .∇TκΓ1dΓ1T + 2
∫
ω0T

αΘ(κt)ϱ.∇κdΩT

+ 2
∫
Γ1T

βΥ(κΓ1 t)ϱT .∇TκΓ1dΓ1T + 2
∫
ω0T

div(ϱ)F(κ)dΩT

+ 2
∫
Γ1T

divT (ϱT )G(κΓ1)dΓ1T ,

where ω0T = ω0 × (0,T ).
Using the fact that ϱ ∈ (W1,∞(Ω))N , ϱT ∈ (W1,∞(Γ))N (tangential component of ϱ) and
F(κ),G(κΓ1) ≤ 0, one can easily deduce for some cω0 > 0 the following estimation:

P2 ≤ Pϱ + Qϱ

+ cω0

(
∥κt∥

2
2,ω0T
+ ∥∇κ∥22,ω0T

+ ∥κΓ1 t∥
2
2,Γ1T
+ ∥∇TκΓ1∥

2
2,Γ1T
−

∫
ω0T

F(κΓ1)dΩT

−

∫
Γ1T

G(κΓ1)dΓ1T

)
§Here, the goal is to obtain an estimate involving ∂νφΓ1 , as ψ = ϱ = ν on Γ∗1, which amounts to analyzing the influence of Γ∗1 on the

evolution of k = (κ, κΓ1 )t.
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with
Pϱ = 2

∫
ω0T

αΘ(κt)ϱ.∇κdΩT + 2
∫
Γ1T

βΥ(κΓ1 t)ϱT .∇TκΓ1dΓ1T ,

Qϱ = 2
[∫
Ω

κtϱ.∇κdx +
∫
Γ1

κΓ1 tϱT .∇TκΓ1dΓ1

]T

0

.

The term Pϱ satisfies on ω0T the estimate (4.12) given in Proposition 4.3, omitting the terms
(N − 1)κ/2, (N − 2)κΓ1/2, that is

Pϱ ≤ Cm̃,m

[∫
ω0T

αΘ(κt)κtdΩT +

∫ T

0

∥∥∥k(t)|ω0T

∥∥∥2

V0
dt

]
.

Because ϱ = ν on Γ∗1T , the contribution in energy of P2 over Γ∗1T ⊂ Γ1T is estimated as∫
Γ∗1T

(ϱ|ν)
[
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
]

dΓ1T + 2
∫
Γ∗1T

F(κΓ1)dΓ1T

≤ Qϱ +Cω0

[∫
ω0T

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T

+

∫ T

0

∥∥∥k(t)|ω0T

∥∥∥2

V0
dt −

∫
ω0T

F(κ)dΩT −

∫
Γ1T

G(κΓ1)dΓ1T

]
,

(4.22)

where ∥k/ω0T
∥2
V0
= ∥∇κ∥22,ω0T

+ ∥∇TκΓ1∥
2
2,Γ1T

.
From here and below, ∥k/D∥

2
V0
= ∥∇κ∥22,D + ∥∇TκΓ1∥

2
2,Γ1T

, D ⊂ ΩT .
Note that the integrals of Qϱ are over the whole domain Ω, whereas only a small enough
neighborhood of Γ∗1T is required. This is why, we need to introduce a cut-off function.
Because Ω is of class C2, we can construct a cut-off function (see Lemma 2.4, Chapter VII
in [1]) ϱ0 ∈ W1,∞(Ω) as follows:

ϱ0 ∈ [0, 1], almost everywhere in Ω,
ϱ0 = 1, in ω0,

ϱ0 = 0, in Ω\ω,

 |∇ϱ0|
2

ϱ0
,
|∇Tϱ0Γ1

|2

ϱ0Γ1

 ∈ L∞(ω) × L∞(Γ1).

By utilizing identity (4.15) with (ξ, ξΓ1) = (ϱ0, ϱ0Γ1
), we obtain:∫

ΩT

ϱ0

[
|∇κ|2 − f (κ)κ

]
dΩT +

∫
Γ1T

ϱ0Γ1

[
|∇TκΓ1 |

2 − g(κΓ1)κΓ1

]
dΓ1T

≤

∫
ΩT

ϱ0|κt|
2dΩT +

∫
Γ1T

ϱ0Γ1
|κΓ1 t|

2dΓ1T + Pϱ0 + Qϱ0

+

∣∣∣∣∣∣
∫
ΩT

αϱ0Θ(κt)κdΩT

∣∣∣∣∣∣ +
∣∣∣∣∣∣
∫
Γ1T

βϱ0Γ1
Υ(κΓ1 t)κΓ1dΓ1T

∣∣∣∣∣∣ ,
where

Pϱ0 =

[∫
Ω

ϱ0κtκdΩ +
∫
Γ1

ϱ0Γ1
κΓ1 tκΓ1dΓ1

]T

0

Qϱ0 =

∫
ΩT

κ∇κ∇ϱ0dΩT +

∫
Γ1T

κΓ1∇TκΓ1∇Tϱ0Γ1
dΓ1T .
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The proof technique of Proposition 4.3 remains valid for the last two terms in the absence of terms
m0.∇κ and m0

T .∇TκΓ1 . It then follows that

∫
ΩT

ϱ0

[
|∇κ|2 − f (κ)κ

]
dΩT +

∫
Γ1T

ϱ0Γ1

[
|∇TκΓ1 |

2 − g(κΓ1)κΓ1

]
dΓ1T

≤ Pϱ0 + Qϱ0 +Cϱ0

[∫
ΩT

αϱ0Θ(κt)κtdΩT +

∫
Γ1T

βϱ0Γ1
Υ(κΓ1 t)κΓ1 tdΓ1T

+

∫ T

0

∥∥∥k(t)|ωT

∥∥∥2

V0
dt

]
.

(4.23)

Similarly to the estimation of P1, Pϱ0 satisfies

|Pϱ0 | ≤ CPϱ0

[
2Eκ(T ) +

∫
ΩT

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T

]
, (4.24)

for some constant CPϱ0
> 0.

Furthermore, using the Cauchy–Schwarz inequality, we obtain

|Qϱ0 | =

∣∣∣∣∣∣
∫
ωT

(
κ
∇ϱ0
√
ϱ0

) (√
ϱ0∇κ

)
dΩT +

∫
Γ1T

(
κΓ1

∇Tϱ0Γ1
√
ϱ0Γ1

) ( √
ϱ0Γ1
∇TκΓ1

)
dΓ1T

∣∣∣∣∣∣
≤

(∫
ωT

|κ|2
|∇ϱ0|

2

ϱ0
dΩT

) 1
2
(∫

ωT

ϱ0|∇κ|
2dΩT

) 1
2

+

∫
Γ1T

∣∣∣κΓ1

∣∣∣2 ∣∣∣∇Tϱ0Γ1

∣∣∣2
ϱ0Γ1

dΓ1T

 (∫
Γ1T

ϱ0Γ1

∣∣∣∇TκΓ1

∣∣∣2 dΓ1T

) 1
2

.

Using the standard Young inequality, the continuous embeddingV0 ↪→V1, and the boundedness
of

(
|∇ϱ0|

2/ϱ0, |∇Tϱ0Γ1
|2/ϱ0Γ1

)
in L∞(ω) × L∞(Γ1), it then follows that:

|Qϱ0 | ≤
1
2ϵ

∫
ωT

|∇ϱ0|
2

ϱ0
|κ|2dΩT +

∫
Γ1T

∣∣∣κΓ1

∣∣∣2 ∣∣∣∇Tϱ0Γ1

∣∣∣2
ϱ0Γ1

dΓ1T


+ ϵ

(∫
ωT

ϱ0|∇κ|
2dΩT +

∫
Γ1T

ϱ0Γ1

∣∣∣∇TκΓ1

∣∣∣2 dΓ1T

)

≤ CQϱ0

(∫
ωT

ϱ0|∇κ|
2dΩT +

∫
Γ1T

ϱ0Γ1

∣∣∣∇TκΓ1

∣∣∣2 dΓ1T

)
(4.25)

for some constant CQϱ0
> 0.

By combining Eqs (4.24) and (4.25) into Eq (4.23), we deduce the validity of the
following inequality:
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∫
ωT

ϱ0

[
|∇κ|2 − f (κ)κ

]
dΩT +

∫
Γ1T

ϱ0Γ1

[
|∇TκΓ1 |

2 − g(κΓ1)κΓ1

]
dΓ1T

≤ C(ω0)
[
2Eκ(T ) +

∫
ΩT

αϱ0Θ(κt)κtdΩT +

∫
Γ1T

βϱ0Γ1
Υ(κΓ1 t)κΓ1 tdΓ1T

+∥ϱ
1
2∇κ∥22,ΩT

+ ∥ϱ
1
2
Γ1
∇TκΓ1∥

2
2,Γ1T

]
for some constant C(ω0) > 0.
Moreover, because − f (κ)κ ≥ −C fF(κ) ≥ 0, −g(κΓ1)κΓ1 ≥ −CgG(κΓ1) ≥ 0, and (C f ,Cg) > (1, 1), it
then follows that∫

ωT

ϱ0

[
|∇κ|2 − F(κ)

]
dΩT +

∫
Γ1T

ϱ0Γ1

[
|∇TκΓ1 |

2 − G(κΓ1)
]

dΓ1T

≤ C(ω0)
[
2Eκ(T ) +

∫
ΩT

αϱ0Θ(κt)κtdΩT +

∫
Γ1T

βϱ0Γ1
Υ(κΓ1 t)κΓ1 tdΓ1T

+∥ϱ
1
2∇κ∥22,ΩT

+ ∥ϱ
1
2
Γ1
∇TκΓ1∥

2
2,Γ1T

]
.

(4.26)

By combining Eqs (4.22) and (4.26) with the fact that the terms −
∫
ωT
F,−

∫
Γ1T
G are controlled by

the energy Eκ(T ) + Eκ(0), we obtain∫
Γ∗1T

(ϱ|ν)
[
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
]

dΓ1T + 2
∫
Γ∗1T

F(κΓ1)dΓ1T

≤ C̃ω0

[
2Eκ(T ) +

∫
ω0T

αΘ(κt)κtdΩT

+

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T + ∥∇κ∥
2
2,ωT
+ ∥∇TκΓ1∥

2
2,Γ1T

]
+ Qϱ

for some constant C̃ω0 > 0.
Note that the term Qϱ satisfies the same estimate as P1 in the absence of (N − 1)κ/2 and (N −
2)κΓ1/2. Consequently, we obtain:∫

Γ∗1T

(ϱ|ν)
[
|κt|

2 − |∇TκΓ1 |
2 + |∂νκΓ1 |

2
]

dΓ1T + 2
∫
Γ∗1T

F(κΓ1)dΓ1T

≤ Cω0

[
2Eκ(T ) +

∫
ω0T

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T

+∥∇κ∥22,ωT
+ ∥∇TκΓ1∥

2
2,Γ1T

]
.

(4.27)

• For the term P3:
Because |⟨m0|ν⟩| ≤

√
|⟨m0|m0⟩| = r0, and tr(γ0) = tr (∇Tν) ∈ L∞(Γ1T ), as Ω is of class C2,

we obtain
P3 ≤ C

(
∥κΓ1T ∥

2
2,Γ1T
+ ∥∇TκΓ1T ∥

2
2,Γ1T

)
≤ C

[
2Eκ(T ) +

∫
ΩT

αΘ(κt)κtdΩT +

∫
Γ1T

βΥ(κΓ1 t)κΓ1 tdΓ1T

+∥∇κ∥22,ΩT
+ ∥∇TκΓ1∥

2
2,Γ1T

]
,

(4.28)
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where C > 0.

By substituting P1 of Eq (4.21), P2 of Eq (4.22), and P3 of Eq (4.28) into Eq (4.20), we obtain

Eκ(T ) ≤ Cκ

[∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt +
∫ T

0
∥k(t)∥2V0

dt
]
,

where Cκ depend on T and T large enough.
The proof is complete. □

Note that in the whole process, one can preserve the zero-order terms ∥κ∥22,ω0T
and ∥κΓ1∥

2
2,Γ1T

in
addition of the first-order terms ∥∇κ∥22,ω0T

, ∥∇TκΓ1∥
2
2,Γ1T

. The first-order terms are then absorbed by the
left–hand side of the last combination between P1, P2, and P3 in Eq (4.20). We therefore have

Eκ(T ) ≤ Cκ

[∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt +
∫ T

0
∥k(t)∥2V1

dt
]
,

(4.29)
for T > 0 large enough.

Lemma 4.8 thus leads us to conclude that it is sufficient to establish a certain absorption of the term∫ T

0
∥k(t)∥2

V1
to confirm the observability inequality (4.7), and consequently, the exponential stability. To

achieve this, we proceed similarly to theories in [17, 26], employing a contradiction argument based
on the following unique continuation principle:

Lemma 4.10. Let h ∈ L∞(ΩT ). The following system admits a unique solution y ∈ C([0,T ); H1(Ω)),
which is trivial: 

ytt − ∆y + h(x, t)yt = 0, in ΩT ,

y = 0, in ωT ∪
(
ΓT\Γ

∗
1T

)
,

∂νy = 0, on Γ∗1T

(4.30)

for any initial condition y(0) = y0 ∈ H1(ΩT ).

Proof. See A. Ruiz [16]. □

Theorem 4.11. Suppose that the conditions of Lemma 4.8 hold with c1 = c2 = 0 for perturbation maps
f , g. Then, for some constant C > 0, the following inequality holds:∫ T

0
∥k(t)∥2V1

dt ≤ C
[∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt
]
. (4.31)

Proof. First, it is evident that when the initial conditions of system (4.2) satisfy K0 = O4×1, due to the
positivity and dissipation of its energy over (0,T ), we have for all t ∈ (0,T ) that Eκ(t) = 0.
Consequently, K ≡ 0, and as a result, the inequality (4.31) holds.

Next, we consider the case where 0 < ∥K0∥H < R and a sequence of initial conditions
(
K(n)

0

)
n∈N∗

such that:
∥K(n)

0 ∥H < R, K(n)
0 → K0, strongly inH . (4.32)
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As previously mentioned, we proceed by contradiction, assuming that for any C > 0,∫ T

0
∥k(t)∥2V1

dt > C
[∫ T

0

∫
Ω

α(x)Θ(κt(t))κt(t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κΓ1 t(t))κΓ1 t(t)dΓ1dt
]
.

This implies that we can extract a subsequence satisfying Eq (4.32), still denoted by K(n)
0 , whose

associated solution K(n) =
(
k(n), k(n)

t

)t
∈ C([0,T );H), satisfies∫ T

0
∥k(n)(t)∥2V1

dt > n
[∫ T

0

∫
Ω

α(x)Θ(κ(n)
t (t))κ(n)

t (t)dxdt +
∫ T

0

∫
Γ1

β(x)Υ(κ(n)
Γ1 t

(t))κ(n)
Γ1 t

(t)dΓ1dt
]
.

Thus, we obtain

lim
n→+∞

∫ T

0
∥k(n)(t)∥2

V1
dt

Iκn + Jκn
= +∞, (4.33)

where

Iκn =
∫
ΩT

α(x)Θ(κ(n)
t (t))κ(n)

t (t)dΩT , Jκn =
∫
Γ1T

β(x)Υ(κ(n)
Γ1 t

(t))κ(n)
Γ1 t

(t)dΓ1T .

Because k(n) is bounded in L∞([0,T );V0) ∩ W1,∞([0,T );V1), then we can extract a subsequence(
K(n0)

)
n0∈N∗

such that

k(n0) ⇀ k weak-* in L∞([0,T );V0) as n0 → +∞,

k(n0)
t ⇀ kt weak-* in L∞([0,T );V1) as n0 → +∞.

Moreover, because for all (p0, q0) ∈ [2; rΩ) × [2; rΓ1), we have the following compact embeddings:

V0 ↪→↪→ Lp0(Ω) × Lq0(Γ1) ↪→V1,

the compactness result from the Aubin–Lions–Simon theorem [4] then allows us to write

k(n0) −→ k strongly in L∞([0,T ); Lp(Ω) × Lq(Γ1)) as n0 → +∞, (4.34)

where p, q satisfy Eq (1.7) such that
κ(n0)

tt − ∆κ
(n0) + α(x)Θ(κ(n0)

t ) = f (κ(n0)), in ΩT ,

κ(n0) = 0, on Γ0T ,

κ(n0)
tt + ∂νκ

(n0) − ∆Tκ
(n0) + β(x)Υ(κ(n0)

t ) = g(κ(n0)), on Γ1T ,

κ(n0)(x, 0) = κ(n0)
0 (x), κ(n0)

t (x, 0) = κ(n0)
1 (x), in Ω.

(4.35)

Now, we have two scenarios: k , (0, 0)⊤ or k = (0, 0)⊤. Let us explore each case.

(a) For k , (0, 0)⊤:
From Eq (4.33), it immediately yields that

lim
n→+∞

Iκn + Jκn = 0. (4.36)
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Thanks to Eq (1.2) and the monotonicity over R of the functions s 7→ Θ(s)s, s 7→ Υ(s)s, this
implies that:

lim
n→+∞

k(n)
t = kt = (0, 0)t, almost everywhere in ωT × Γ1T . (4.37)

Passing to the limit of Eq (4.35) and considering Eq (4.37) with the fact that α = 0 over Ω\ω, the
following static system is obtained:

κtt − ∆κ = f (κ), in ΩT ,

κ = 0, on Γ0T ,

∂νκ − ∆Tκ = g(κ), on Γ1T ,

κ = 0, on ω0T ∪ Γ1T ,

κ(x, 0) = κ0(x), κt(x, 0) = κ1(x), in Ω.

(4.38)

Differentiating in the distributional sense the system (4.38), it follows that

ytt − ∆y − f ′(κ)yt = 0, in ΩT ,

κ = 0, on Γ0T ,

∂νy − ∆T y − g′(κ)yt = 0, on Γ1T ,

y = 0, on ω0T ∪ Γ1T ,

y(x, 0) = y0(x), yt(x, 0) = y1(x), in Ω,

where y = κt in ΩT .

Note that y = κt ≡ 0 on Γ1T , thus implying that ∆T y = 0 on Γ1T .
Using the given unique continuation principle, it follows that y = ut = 0 in ΩT when
( f ′(κ), g′(κΓ1)) ∈ L∞(ΩT ) × L∞(Γ1T ) (see Appendix). Therefore, the system (4.38) becomes the
following static system:

− ∆κ = f (κ), in ΩT ,

κ = 0, on Γ0T ,

∂νκ − ∆Tκ = g(κ), on Γ1T ,

κ = 0, on ω0T ∪ Γ1T ,

κ(x, 0) = κ0(x), κt(x, 0) = κ1(x), in Ω.

(4.39)

Using the multiplier κ on the first equation of system (4.38), we get∫
ΩT

|∇κ|2dx +
∫
Γ1T

|∇TκΓ1 |
2dΓ1T −

∫
ΩT

f (κ)κdΩT −

∫
Γ1T

g(κΓ1)κΓ1dΓ1T = 0.

Because the maps s 7→ f (s)s and s 7→ g(s)s are nonpositive, it then follows that k = (κ, κΓ1)
⊤ ≡

O2×1, which contradicts the fact that k , (0, 0)⊤.
(b) For k = (0, 0)⊤:

We consider the sequence
(
v(n0)

)
n0∈N∗

of normalized solutions in L2((0; T );V0) such that for all
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n0 ∈ N
∗,

v(n0) = (u(n0), u(n0)
Γ1

)t =

κ(n0)

ηn0

,
κ(n0)
Γ1

ηn0


t

,

where

ηn0 =

(∫ T

0
∥k(n0)(t)∥2V1

dt
) 1

2

, ηn0 → η = 0, as n0 → +∞.

Moreover, we have ∫ T

0
∥v(n0)(t)∥2V1

dt = 1. (4.40)

Dividing each equation of system (4.35) by ηn0 , we obtain that V (n0) = (v(n0), v(n0)
t )t is the solution of

the following system:

u(n0)
tt − ∆u(n0) + α(x)

1
ηn0

Θ(ηn0u
(n0)
t ) =

1
ηn0

f (ηn0u
(n0)), in ΩT ,

u(n0) = 0, on Γ0T ,

u(n0)
tt + ∂νu

(n0) − ∆T u(n0) + β(x)
1
ηn0

Υ(ηn0u
(n0)
t ) =

1
ηn0

g(ηn0u
(n0)), on Γ1T ,

u(n0)(x, 0) = u(n0)
0 (x), u(n0)

t (x, 0) = u(n0)
1 (x), in Ω,

(4.41)

and the corresponding energy is given by

E(n0)
v (t) =

1
2
∥V (n0)(t)∥2

H
−

1
η2

n0

∫
Ω

F(κ(n0)(t))dx −
1
η2

n0

∫
Γ1

G(κ(n0)
Γ1

(t))dΓ1, t ∈ (0,T ).

Moreover, thanks to the linearity of the norm ∥.∥H , we can observe that for all t ∈ (0,T ) and n0 ∈ N
∗

E(n0)
v (t) =

1
η2

n0

E(n0)
κ (t), (4.42)

where E(n0)
κ represents the energy of system (4.35).

In addition, dividing Eq (4.29) by η2
n0

, one obtains

E(n0)
v (T ) ≤ Cκ

[
Iκn0
+ Jκn0

η2
n0

+ 1
]
= Cκ

 Iκn0
+ Jκn0∫ T

0
∥k(t)∥2

V1
dt
+ 1

 .
From Eq (4.33), it follows that E(n0)

v is uniformly bounded in L∞([0,T );V0) ∩ W1,∞([0,T );V1).
Then, there exists a subsequence of

(
V (n0)

)
n0∈N∗

, reindexed by n0 such that:

v(n0) ⇀ v weak-* in L∞([0,T );V0), as n0 → +∞,

v(n0)
t ⇀ vt weak-* in L∞([0,T );V1), as n0 → +∞,

v(n0) −→ v strongly in L∞([0,T ); Lp(Ω) × Lq(Γ1)), as n0 → +∞,
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where p, q satisfy Eq (1.7), and the last strong convergence follows from the Aubin–Lions–Simon
theorem. Moreover,

v(n0) −→ v strongly in L∞([0,T ); H s(Ω) × H s− 1
2 (Γ1)) as n0 → +∞

for any s ∈ (1/2, 1). This implies that for f (0) = c1 = 0 and g(0) = c2 = 0,

f (u(n0))→ f (u) strongly in L2([0,T ); L2(Ω)),

g(u(n0)
Γ1

)→ g(uΓ1) strongly in L2([0,T ); L2(Γ1)).

In addition, one can easily deduce from Eq (4.33) that

ut = 0 in ΩT ∪ Γ1T . (4.43)

In order to contradict Eq (4.40), we need the system (4.41) to converge to a system which satisfies
the unique continuation’s system in Lemma 4.10. For this aim, we need

α
1
ηn0

Θ(ηn0u
(n0)
t )→ 0, β

1
ηn0

Υ(ηn0u
(n0)
t )→ 0, when n0 → +∞.

As a result, we simply need

α
Iκn0

ηn0

→ 0, β
Jκn0

ηn0

→ 0, when n0 → 0.

By a direct computation derived from the definition of the functions Θ and Υ given in Eq (1.5), we
obtain, for (m, µ) satisfying Eq (1.7),

min
{
ηm̃−1

n0
; ηm−1

n0

}
Iu
n0
≤

1
ηn0

Iκn0
≤ max

{
ηm̃−1

n0
; ηm−1

n0

}
Iu
n0
,

min
{
ηµ̃−1

n0
; ηµ−1

n0

}
Ju

n0
≤

1
ηn0

Jκn0
≤ max

{
ηµ̃−1

n0
; ηµ−1

n0

}
Ju

n0
,

where
Iu
n0
=

∫
ΩT

α(x)Θ
(
ηn0u

(n0)
t

)
u(n0)

t dΩT , Ju
n0
=

∫
Γ1T

β(x)Υ
(
ηn0u

(n0)
Γ1 t

)
u(n0)
Γ1 t

dΓ1T .

Because Ev
n0

is uniformly bounded in n0 and the local regularity theorem in Section 3, given in
Theorem (2.2) to ensure that any local solution W = (w,wt)⊤ ∈ C([0,T );H) is bounded such that
wt ∈ Lm

α (Ω)×Lµβ(Γ1), Iu
n0

and Ju
n0

are uniformly bounded in n0. Moreover, (m, µ) > (1, 1), and as a result,
the zero-convergence of ηn0 when n0 → +∞ implies that

1
ηn0

Iκn0
,

1
ηn0

Jκn0
→ 0 when n0 → +∞.

Now, it suffices to show that if ( p̃, q̃) > (2, 2) or if (p, q) = (2, 2), we have

1
ηn0

f (ηn0u
(n0)) ⇀ 0 in L2((0,T ); L2(Ω)),

1
ηn0

g(ηn0u
(n0)
Γ1

) ⇀ 0 in L2((0,T ); L2(Γ1))
(4.44)

Networks and Heterogeneous Media Volume 21, Issue 5, 1822–1865.



1850

as n0 → +∞, ensuring that the terms (1/ηn0) f (ηn0u
(n0)) and (1/ηn0)g(ηn0u

(n0)
Γ1

) converge weakly to an
element of L∞(ΩT ) and L∞(Γ1T ), respectively.

Using properties (i) and (ii) from Assumption 1, we can write for c1 = c2 = 0

| f (ηn0u
(n0))| ≤ C f

(
|ηn0u

(n0)| p̃−1 + |ηn0u
(n0)|p−1

)
with C f > 0.

This leads to
| f (ηn0u

(n0))|2 ≤ cR

(
|ηn0u

(n0)|2( p̃−1) + |ηn0u
(n0)|2(p−1)

)
for some cR > 0.

Thus

1
η2

n0

∫
ΩT

| f (ηn0u
(n0))|2dΩT ≤ cR

1
η2

n0

(∫
ΩT

|ηn0u
(n0)|2( p̃−1)dΩT +

∫
ΩT

|ηn0u
(n0)|2(p−1)dΩT

)
≤ cR

(
η2(p̃−2)

n0

∫
ΩT

|u(n0)|2( p̃−1)dΩT + η
2(p−2)
n0

∫
ΩT

|u(n0)|2(p−1)dΩT

)
≤ Cn0,R

∫ T

0

(
∥u(n0)(t)∥2( p̃−1)

L2(p̃−1)(Ω)
+ ∥u(n0)(t)∥2(p−1)

L2(p−1)(Ω)

)
dt,

where Cn0,R = cR max
{
η

2( p̃−2)
n0 ; η2(p−2)

n0

}
, which has the limit C̃R ≥ 0 satisfying

C̃R =

0, if p̃ > 2,
cR, if p = 2

(4.45)

as n0 → +∞.

This implies that

1
η2

n0

∫
ΩT

| f (ηn0u
(n0))|2 dΩT → C̃R

∫ T

0

(
∥u(t)∥2( p̃−1)

L2( p̃−1)(Ω)
+ ∥u(t)∥2(p−1)

L2(p−1)(Ω)

)
dt,

as n0 → +∞.

Similarly, as n0 → +∞

1
η2

n0

∫
ΩT

|g(ηn0u
(n0))|2 dΩT ≤ C̃g,R

∫ T

0

(
∥u(n0)(t)∥2(̃q−1)

L2(̃q−1)(Ω)
+ ∥u(n0)(t)∥2(q−1)

L2(q−1)(Ω)

)
dt,

where:

C̃g,R →

0, if q̃ > 2
cR, if q = 2.

(4.46)

Consequently, Eq (4.44) holds in the case where (p, q) ≥ ( p̃, q̃) > (2, 2).
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Now, passing to the limit in system (4.41) with n0 and differentiating each of its equations with
respect to t (distributional sense), we obtain

ytt − ∆y = 0, in ΩT ,

ytt − ∆T y + ∂νy = 0, on Γ1T ,

y = 0, on ωT ∪ Γ0T ,

y(x, 0) = y0(x), yt(x, 0) = y1(x), in Ω,

(4.47)

where y = ut.
Because ut satisfies Eq (4.43), y/Γ1T

= 0.
In the case where (p, q) = (2, 2), which also implies (p̃, q̃) = (2, 2), it is evident that f and g are

linear. Using their expressions given in Eq (1.5), we obtain

f (s) = c̃ f s, g(s) = c̃gs, s ∈ R,

where c̃ f = γ̃ + γ, and c̃g = δ̃ + δ.

Therefore,
1
ηn0

f (ηn0u
(n0)) = c̃ f u(n0),

1
ηn0

g(ηn0u
(n0)
Γ1

) = c̃gu(n0)
Γ1
.

As previously highlighted, by taking the limit of system (4.41) and then setting y = ut, we obtain
for (p, q) = (2, 2) 

ytt − ∆y − c̃ f yt = 0, in ΩT ,

ytt − ∆T y + ∂νy − c̃gyt = 0, on Γ1T ,

y = 0, on ωT ∪ Γ0T ,

y(x, 0) = y0(x), yt(x, 0) = y1(x), in Ω.

(4.48)

Applying Lemma 4.10 in both cases simultaneously, we immediately obtain that y = ut ≡ 0 for
(2, 2) ≤ ( p̃, q̃) ≤ (p, q) and c1 = c2 = 0. As in the previous case (a), this implies that v = (u, uΓ1)

t ≡ O2×1

for p, q satisfying Eq (1.7), which also contradicts Eq (4.40) with the strong convergence result of v(n0).
The proof is complete. □

5. Numerical simulation of damped wave equations with localized damping

This section presents a numerical study of the one- and two-dimensional damped wave equations
with localized internal damping. Using finite difference schemes, we demonstrate how the
introduction of an internal damping region induces strong stabilization of the wave energy. The
results show that the total energy decays exponentially over time, confirming the theoretical
predictions of uniform stabilization.

Wave equations with localized internal damping have received significant attention due to their
rich mathematical structure and broad physical applications in mechanical vibration, acoustics, and
control theory. These systems exhibit dissipative behavior in which the damping absorbs energy from
oscillatory components, leading to stabilization. The numerical results presented in this section validate
theoretical predictions concerning exponential decay of energy.

For the following, Bs(a) denotes the ball of center a ∈ RN and radius s > 0.
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5.1. One-dimensional numerical analysis

To begin, note that the direct one-dimensional system of Eq (4.2) is not well-defined due to presence
of the higher-order operator ∆T over the zero-dimensional boundary Γ1. As a result, we primarily
need to consider the two-dimensional system associated to Eq (1.1) and derive the one-dimensional
model thanks to a partial Fourier series [33]. To do this, consider Ω = B1(0)\B 1

2
(0) (unit ring of

half-internal radius hole) and the internal damping region ω = B1(0)\B 3
4
(0). We then reformulate the

two-dimensional system by using the polar coordinates; that is, for all X = (x, y) ∈ Ω,x = rcos(θ),
y = rsin(θ),

where 1/2 < r < 1 represents the radius and θ ∈ (0, 2π), the angle between x − axis and O⃗X.
Note that Γ1 = ∂B1(0), (external boundary) and Γ0 = ∂B 1

2
(0) (internal boundary); in addition,

|ν(X)| = |X| = 1 for X ∈ Γ1.
In polar coordinates, we have

∆ = ∂rr +
1
r
∂r +

1
r2∂θθ, ∂ν/Γ1 = ∂r, ∆T /Γ1

= ∂θθ.

Now, consider the following two-dimensional system associated with system (4.2):

κtt − κrr −
1
r
κr +

1
r2 κθθ + α(r, θ)|κt|

m−2κt = γ|κ|
p−2κ, in ΩT ,

κtt + κr − κθθ + β(θ)|κt|
µ−2κt = δ|κ|

q−2κ, on Γ1T ,

κ = 0, on Γ0T ,

κ((r, θ), 0) = ψ0(r, θ), κt((r, θ), 0) = ψ1(r, θ), in ΩT ,

(5.1)

where κ = κ((r, θ), t), (r, t)× ∈ [1/2, 1] × [0,T ], m, µ ∈]1,∞[ and p, q ∈]2,+∞[ (subcritical regime of
N = 2).

Next, consider the following Fourier series:

κ((r, θ), t) =
∑
k≥0

κ(k)(r, t)cos(klθ), l ∈ R, (5.2)

where κ(k) = κ(k)(r, t) are the coefficients of the Fourier series.
Using the Eq (5.2) in system (5.1) and then choosing θ = 0, one obtains the following

one-dimensional system:

κ(k)
tt − κ

(k)
rr −

1
r
κ(k)

r +
(kl)2

r2 κ(k) + α(r, 0)|κ(k)
t |

m−2κ(k)
t = γ|κ

(k)|p−2κ(k), on Ωr, t ∈ (0,T ),

(κ(k)
tt + κ

(k)
r + (kl)2κ(k) + β(0)|κ(k)

t |
µ−2κ(k)

t )(1, t) = δ|κ(k)(1, t)|q−2κ(k)(1, t), ∀t ≥ 0,

κ(k)(
1
2
, t) = 0, ∀t ≥ 0,

(κ(k), κ(k)
t )(r, 0) = (ψ0, ψ1)(r, 0), ∀r ∈ Ωr,

(5.3)

where κ(k) = κ(k)(r, t), Ωr = [1/2, 1], k ∈ N∗.
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For more simplicity, we choose κ = κ(k), and l represents kl.

Now, let us use a numerical method commonly known as the finite difference method.

For this, we consider nr + 2 (resp. nt + 2) equidistant to ri ∈ Ωr (resp. t j ∈ [0,T ],T > 0) such that

1
2
= r0 < r1 < . . . < rnr+1 = 1, 0 = t0 < t1 < . . . < tnt+1 = T,

and for all (i, j) ∈ {0, . . . , nr + 1} × {0, . . . , nt + 1}, we have

ri = idr, t j = jdt,

where dr = 1/(nr + 1), and dt = T/(nt + 1).

Thus, a numerical approximation of system (5.3) is for all j ∈ {0, . . . , nt + 1}:

v j+1
i − v j

i

dt
−

w j
i+1 − w j

i

dr
−

1
ri

w j
i +

l2

r2
i

κ
j
i + αi

∣∣∣v j
i

∣∣∣m−2
v j+1

i + v j
i

2

 = γ|κ j
i |

p−2κ
j
i , ∀i ∈ {1, . . . , nr} ,

v j+1
nr+1 − v j

nr+1

dt
+ w j

nr+1 + l2κ
j
nr+1 + β(0)

∣∣∣v j
nr+1

∣∣∣µ−2

v j+1
nr+1 + v j

nr+1

2

 = δ|κ j
nr+1|

q−2κ
j
nr+1,

κ
j
0 = 0,
κ0

i = ψ0(ri), κ1
i = ψ

0
i + dtψ1(ri), ∀i ∈ {0, . . . , nr + 1} ,

(5.4)

where αi = α(ri, 0), and

κ
j
i = κ(ri, t j), v j

i =
κ

j
i − κ

j−1
i

dt
, w j

i =
κ

j
i − κ

j
i−1

dr
.

Remark 5.1. First, note that v j
i (resp. w j

i ) models a first time-derivative (resp. spatial-derivative) of
κ. Moreover

v j+1
i + v j

i

2
=
κ j+1 − κ j−1

2 dt
is the central scheme for κt whereas

v j+1
i − v j

i

dt
models the second derivative in time of κ.

In order to have the energy expression associated to the numerical scheme system (5.4), one aims
to state a similar identity as in Eq (4.6) of E(t) in the theoretical section. That is, for two instants t j

and t j+1,
E(t j+1) − E(t j)

dt
= −(positive terms evolving with dampings terms αΘ, βΥ).

Because the damping terms express in |v j
i |
···
(
v j+1

i + v j
i

)
, the term

(
v j+1

i + v j
i

)
is a perfect choice of

multiplier, which aligns with the dissipative property of E. However, this multiplier gives as
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perturbation energy |κ j
i |
···κ

j
i (v

j+1
i + v j

i ), which cannot be automatically expressed as a consecutive
difference in j. Therefore, given that the perturbations f , g are local Lipschitz maps satisfying
Assumption 1, an adequate way to solve this issue is to study a modified energy which approximates
the energy of perturbations f , g.

In the spirit of Remark 5.1, the modified energy ξ j associated with system (5.4) is

ξ j =
rnr+1 − dr

2

[∣∣∣v j+1
nr+1

∣∣∣2 + l2κ
j+1
ny+1κ

j
ny+1 −

δ

q

(
|κ

j+1
nr+1|

q + |κ
j
nr+1|

q
)]

+
dr
2

l2
nr∑

i=0

1
ri
κ

j+1
i κ

j
i +

nr∑
i=0

riw
j+1
i+1 w j

i+1 +

ny∑
i=0

ri

∣∣∣v j+1
i

∣∣∣2 − γ
p

nr∑
i=0

ri

(
|κ

j+1
i |

p + |κ
j
i |

p
) .

Now, let us ensure the dissipative property of ξ j.

Proposition 5.2. Assume that dr, dt ∈ (0, 1) such that 0 < dt ≤ dr < rnr+1. Then, the modified energy
ξ j associated with system (5.4) is stable in term of energy dissipation; that is,

ξ j ≤ ξ j−1, ∀ j ∈ (1, nt + 1).

Moreover,

ξ j − ξ j−1

dt
= −(rnr+1 − dr)β(0)

∣∣∣v j
nr+1

∣∣∣µ−2

∣∣∣∣∣∣∣v
j+1
nr+1 + v j

nr+1

2

∣∣∣∣∣∣∣
2

− dr
nr∑

i=1

riαi

∣∣∣v j
i

∣∣∣m−2

∣∣∣∣∣∣∣v
j+1
i + v j

i

2

∣∣∣∣∣∣∣
2

. (5.5)

Proof. Multiplying Eq (5.4)1 by (dr/2)ri

(
v j+1

i + v j
i

)
and then summing from i = 1 up to i = nr,

we obtain
5∑

k=1

akS k = −dr
nr∑

i=1

riαi|v
j
i |

m−2

∣∣∣∣∣∣∣v
j+1
i + v j

i

2

∣∣∣∣∣∣∣
2

, (5.6)

where

S 1 =

nr∑
i=1

ri

(
v j+1

i − v j
i

) (
v j+1

i + v j
i

)
, S 2 = −

nr∑
i=1

ri

(
w j

i+1 − w j
i

) (
v j+1

i + v j
i

)
,

S 3 = −

nr∑
i=1

w j
i

(
v j+1

i + v j
i

)
, S 4 =

nr∑
i=1

1
ri
κ

j
i

(
v j+1

i + v j
i

)
, S 5 = −

nr∑
i=1

ri|κ
j
i |

p−2κ
j
i

(
v j+1

i + v j
i

)
and

a1 =
dr
2dt

, a2 =
1
2
, a3 =

dr
2
, a4 =

l2dr
2
, a5 =

γdr
2
.

Here, our goal is to estimate each S k in consecutive difference in j.

1. For S 1:
Using the difference of squares identity and the fact that v j

0 = 0, it follows that

S 1 =

nr∑
i=0

ri|v
j+1
i |

2 −

nr∑
i=0

ri|v
j
i |

2. (5.7)
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2. For S 2:
Extending the first factor of S 2 and considering the fact that v j

0 = 0, we obtain

S 2 = −

nr∑
i=1

ri

(
w j

i+1 − w j
i

) (
v j+1

i + v j
i

)
=

nr∑
i=1

riw
j
i

(
v j+1

i + v j
i

)
−

nr∑
i=0

riw
j
i+1

(
v j+1

i + v j
i

)
.

Taking i as i + 1 in the first term, it follows that

S 2 =

nr−1∑
i=0

ri+1w j
i+1

(
v j+1

i+1 + v j
i+1

)
−

nr∑
i=0

riw
j
i+1

(
v j+1

i + v j
i

)
.

Then, adding and subtracting the amount L = rn+1w j
n+1

(
v j+1

n+1 + v j
n+1

)
to the first term of S 2, it

follows that

S 2 = −L +
nr∑

i=0

ri+1w j
i+1

(
v j+1

i+1 + v j
i+1

)
−

nr∑
i=0

riw
j
i+1

(
v j+1

i + v j
i

)
= −L +

nr∑
i=0

w j
i+1

[
ri+1

(
v j+1

i+1 + v j
i+1

)
− ri

(
v j+1

i + v j
i

)]
.

Because ri+1 = dr + ri, it follows that

S 2 = −L +
nr∑

i=0

riw
j
i+1

[(
v j+1

i+1 − v j+1
i

)
+

(
v j

i+1 − v j
i

)]
+ drS 0,

where S 0 =
∑nr

i=0 w j
i+1

(
v j+1

i+1 + v j
i+1

)
.

Using the expression of v j
i , we have

v j+1
i+1 − v j+1

i =
dr
dt

(
w j+1

i+1 − w j
i+1

)
, v j

i+1 − v j
i =

dr
dt

(
w j

i+1 − w j−1
i+1

)
,

which implies that

S 2 = −L + drS 0 +
dr
dt

nr∑
i=0

riw
j
i+1

(
w j+1

i+1 − w j−1
i+1

)
= −L + drS 0 +

dr
dt

 nr∑
i=0

riw
j+1
i+1 w j

i+1 −

nr∑
i=0

riw
j
i+1w j−1

i+1

 . (5.8)

Let us keep this for the moment as S 2.
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3. For S 3:
Taking i as i + 1, it follows that

S 3 = −

nr−1∑
i=0

w j
i+1

(
v j+1

i+1 + v j
i+1

)
=

L
rnr+1

−

nr∑
i=0

w j
i+1

(
v j+1

i+1 + v j
i+1

)
=

L
rnr+1

− S 0

for rnr+1 , 0.
Consequently,

a2S 2 + a3S 3 = −
rnr+1 − dr

2rnr+1
L +

dr
2dt

 nr∑
i=0

riw
j+1
i+1 w j

i+1 −

nr∑
i=0

riw
j
i+1w j−1

i+1

 , (5.9)

for dr < rn+1, which is true, anyway.
4. For S 4:

Using the fact that r0 , 0, v j
0 = 0, and

v j+1
i + v j

i =
κ

j+1
i − κ

j
i

dt

it follows that

S 4 =
1
dt

 nr∑
i=0

1
ri
κ

j+1
i κ

j
i −

nr∑
i=0

1
ri
κ

j
i κ

j−1
i

 . (5.10)

5. For S 5:
As previously highlighted in Remark 5.1, we use the Lipschitz property of the map s 7→ F0(s) =
(1/p)|s|p. That is,

|F0(s0) − F0(s1)| ≤ |F′0(s)||s0 − s1|, s0 < s < s1 ∈ R.

Assuming that the equality holds for κ j−1
i < κ

j
i < κ

j+1
i or conversely (may still be invalid for some

value of κ j
i ), we have

F0(κ j+1
i ) − F0(κ j−1

i ) = F′0(κ j
i )

(
κ

j+1
i − κ

j−1
i

)
= dtF′0(κ j

i )
(
v j+1

i + v j
i

)
.

Because κ j
0 = 0 and s 7→ F′0(s) = |s|p−2s, we have

S 5 = −

nr∑
i=0

riF
′
0(κ j

i )
(
v j+1

i + v j
i

)
= −

1
dt

 nr∑
i=0

riF0(κ j+1
i ) −

nr∑
i=0

riF0(κ j−1
i )


= −

1
dt

 nr∑
i=0

riF1(κ j+1
i ) −

nr∑
i=0

riF1(κ j
i )

 ,
(5.11)
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where
F1(κ j+1

i ) = F0(κ j+1
i ) + F0(κ j

i ).

Now, substituting S k of Eqs (1.1) and (5.9)–(5.11) in Eq (5.6), it follows that

1
dt

dr
2

nr∑
i=0

ri|v
j+1
i |

2 +
dr
2

nr∑
i=0

riw
j+1
i+1 w j

i+1 +
l2dr

2

nr∑
i=0

1
ri
κ

j+1
i κ

j
i −

γdr
2

nr∑
i=0

riF1(κ j+1
i )


−

1
dt

dr
2

nr∑
i=0

ri|v
j
i |

2 +
dr
2

nr∑
i=0

riw
j
i+1w j−1

i+1 +
l2dr

2

nr∑
i=0

1
ri
κ

j
i κ

j−1
i −

γdr
2

nr∑
i=0

riF1(κ j
i )


−

rnr+1 − dr
2rnr+1

L = −dr
nr∑

i=1

riαi|v
j
i |

m−2

∣∣∣∣∣∣∣v
j+1
i + v j

i

2

∣∣∣∣∣∣∣
2

,

(5.12)

where 0 < dr < rnr+1.

Now, let us write L as a consecutive difference in j.

From the second equation of system (5.4), we have at the boundary i = nr + 1

w j
nr+1 = −

1
dt

(
v j+1

nr+1 − v j
nr+1

)
− l2κ

j
nr+1 − β(0)|v j

nr+1|
µ−2

v j+1
nr+1 + v j

nr+1

2

 + δ|κ j
nr+1|

q−2κ
j
nr+1.

Then, one can easily check that L expressed in the following consecutive difference in j:

L = −L j+1 + L j

−
β(0)rnr+1

2
|v j

nr+1|
µ−2

∣∣∣v j+1
nr+1 + v j

nr+1

∣∣∣2 + δrnr+1|κ
j
nr+1|

q−2κ
j
nr+1

(
v j+1

nr+1 + v j
nr+1

)
,

where
L j =

rnr+1

dt

(∣∣∣v j
nr+1

∣∣∣2 + l2κ
j
nr+1κ

j−1
nr+1

)
.

Using the same process as for S 5 with local Lipschitz map s 7→ G0(s) = (1/q)|s|q, we get

L = −L j+1 + L j +
δ

dt

(
G1(κ j+1

nr+1) − G1(κ j
nr+1)

)
−
β(0)rnr+1

2
|v j

nr+1|
µ−2

∣∣∣v j+1
nr+1 + v j

nr+1

∣∣∣2 ,
where

G1(κ j
i ) = G0(κ j+1

nr+1) + G0(κ j
nr+1).

Substituting L in Eq (5.12), it follows that

ξ j − ξ j−1

dt
= −(rnr+1−dr)β(0)|v j

nr+1|
µ−2

∣∣∣∣∣∣∣v
j+1
nr+1 + v j

nr+1

2

∣∣∣∣∣∣∣
2

−dr
nr∑

i=1

riαi|v
j
i |

m−2

∣∣∣∣∣∣∣v
j+1
i + v j

i

2

∣∣∣∣∣∣∣
2

≤ 0, 0 < dr < rnr+1.

Therefore, the dissipative equation (5.5) is satisfied. Moreover, we have ξ j − ξ j−1 ≤ 0, which gives
ξ j ≤ ξ j−1.

The proof is complete. □
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5.2. One-dimensional numerical example

In this part, we first illustrate the phenomenon thus studied in this work. Second, we illustrate how
the disturbance of provoked by such a wave stabilizes over time (exponential stability) under previous
the condition of Section 4. For this aim, consider l = π, and fix the mesh parameters as follows:

• number of subintervals on y-axis nr = 59,
• number of subintervals over duration T = 10: nt = 9999.

The subintervals’ amplitude then follows:

dr =
1

120
, dt = 10−3.

The damping coefficients are assumed to be

α(r) =

3 + r, if
3
4
< r < 1

0, otherwise.
, β(0) = 1.

We consider the following classical cases:

1. Case where the wave’s disturbance starts as a cosine-curve and with an initial speed linearly, but
without any initial speed:

ψ0(r) =


cos(πr), if

1
2
+ dr < r ≤ 1

0, if r =
1
2

, ψ1(r) = 0. (5.13)

2. Case where the wave’s disturbance starts as an exponential curve and with an exponential speed:

ψ0(r) =


er, if

1
2
+ dr < r ≤ 1

0, if r =
1
2

, ψ1(r) =


e1+r, if

1
2
< r ≤ 1,

0, if r =
1
2
.

(5.14)

Remark 5.3. Note that the choice of ψ0(1/2) = 0 aims to remain consistent with the boundary
condition κ j

0 = 0. Therefore, there is no motion as this boundary (Γ0).

Here are the different choices for γ, δ,m, µ, p, and q:

Table 1. Model parameters.

Coefs. Global solution Local solution Maximal solution for l = 0
(γ, δ) (-1, -2) (1, 2) (0.15, 0.15)
(m, µ) (1.5, 1.5) (1.5, 1.5) (1.5, 1.5)
(p, q) (2, 2) (3, 3) (3, 3)

The wave equation is discretized using central finite differences in space and time. Once the wave
reaches the damped subregion, the amplitude decreases rapidly, and the energy plot confirms
exponential decay.
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Results and discussion (1D case)

The numerical solutions exhibit a clear attenuation of the wave amplitude once the propagating
front enters the damped subregion. This behavior is illustrated in left side of Figures 1 and 2, where
the solutions (global or local) show a rapid decrease in amplitude. As a result, the disturbed medium
returns to rapidly into the rest state.

Moreover, their respective energy plot of the total discrete energy ξ j, displayed in the respective right
side of Figures 1 and 2, confirms that the energy decays exponentially over time, in full agreement with
theoretical stabilization results.

Figure 1. Global solution of systems (5.4)–(5.13) and its energy ξ j.

Figure 2. Local solution for systems (5.4)–(5.14) and its energy ξ j.

Discussion

The numerical experiments in both one- and two-dimensional settings clearly demonstrate the
stabilizing effect of localized internal damping. In the one-dimensional case, Figures 1 and 2 show
that the wave amplitude and total energy decay rapidly once the solution enters the damped region.

Here are data which confirm these assertions:
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Table 2. Energies data.

Figure Initial energy Time T j where ξ j ≤ 10−5ξ0 Final energy
Figure 1 8.18 6.76 over 10 2.12 × 10−5

Figure 2 153.08 none 3.84 × 10−3

These data show that the energy in each case reach at least 0.004 only after 10 units of time. Using
the percent formula of loss energy ξloss during the time interval (0, t j),

ξloss = 100 ×
ξ0 − ξ j

ξ0 ,

the data of Table 2 give that at least 99.95% of the full energy dissipates in both cases in 10 units
of time.

An example of a maximal solution which not global in time is illustrated by Figure 3. Section 3 of
the theoretical analysis states that an exponential stability result may still be held for (1, 1) < (m, µ) ≤
(2, 2) with the superlinearity of − f ,−g even if it is local. That is,

f (s)s ≤ C fF(s) ≤ 0, g(s)s ≤ CgG(s) ≤ 0.

The perturbation maps s 7→ f (s) = γ|s|p−2s and s 7→ g(s) = δ|s|q−2s with such a choice of “maximal-
solution” parameters from Table 1 are then locally superlinear only at s = 0, as f (s)s ≥ 0, and
g(s)s ≥ 0. This implies that the only values κ for which the exponential stability holds is when κ = 0.
This is perfectly illustrated in Figure 3, where the energy blows up. For further understanding of
this superlinearity’s impact on the exponential stability, one can repeat the same process of numerical
analysis and consider both γ and γ̃ such that γγ̃ < 0.

In two dimensions, it suffices to expand system (5.4) along with θ. A similar result with the one-
dimensional case thus can emerge.

Figure 3. Maximal solution for systems (5.4)–(5.14) and its energy with l = 0.
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6. Conclusions

In this work, we investigated the exponential stabilization of a perturbed wave equation with
localized internal damping supported on a subregion ω ⊂ Ω satisfying the geometric control condition
(GCC). The well-posedness of the problem was established by combining classical results from the
literature with an energy framework adapted to subcritical perturbations. Assuming that the nonlinear
terms are sink maps, namely f (s)s ≤ 0 and g(s)s ≤ 0, we proved that the total energy decays over a
finite time interval T = Tm,µ depending on the subcritical exponents 1 < m ≤ 2 and 1 < µ ≤ 2,
provided that the initial energy is positive and finite. By employing the multiplier method together
with a unique continuation principle [16], we derived an observability inequality that guarantees
exponential decay of the energy. As a consequence, the exponential stability of System (1.1) is global
in time when N < 4 for strong solutions or N = 2 (weak solution) or when p = q = 2, and local in
time otherwise. Moreover, the analysis suggests that exponential stabilization persists whenever the
corresponding solution remains bounded in the L∞(Ω) norm. To complement the theoretical findings,
numerical simulations were carried out for one- and two-dimensional damped wave equations with
localized damping. Using finite difference discretizations, the simulations demonstrate that the
presence of an internal damping region induces strong stabilization, as the total discrete energy
decreases monotonically and exhibits exponential decay over time. These numerical results are in full
agreement with the theoretical predictions and further illustrate the effectiveness of localized damping
mechanisms for wave-energy dissipation.
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Appendix

Proof. (Theorem 4.1: Existence of the time T (x0) > 0) Considering the homogeneous system
associated to system (4.2) with its initial condition K0 ∈ H , we obtainVt = AV,

V(0) = K0 ∈ H ,
(A.1)

where the linear operator A : D(A) ⊂ H → H is defined in Eq (2.1).

Such a system is conservative, as ⟨AV,V⟩H = 0. Then,

Ev(t) = Ev(0) =
1
2
∥K0∥

2
H
, t ∈ (0,T ).

Using the same GCC assumption stated in Assumption 2 and applying inequality (4.19), which
holds for system (A.1), we obtain

c3T Ev(0) = c3

∫ T

0
Ev(t)dt ≤ P1 + P2 + P3,

where 

P1 =

∣∣∣∣∣∣2
[∫
Ω

vt

(
m0.∇v +

N − 1
2

v
)

dx +
∫
Γ1

vΓ1 t

(
mT

0 .∇T vΓ1 +
N − 2

2
vΓ1

)
dΓ1

]T

0

∣∣∣∣∣∣ ,
P2 =

∫
Γ1T

(m0|ν)
(
|vt|

2 − |∇T vΓ1 |
2 + |∂νvΓ1 |

2
)

dΓ1T ,

P3 =

∣∣∣∣∣∣
∫
Γ1T

(m0|ν)tr(γ0)
[
|vΓ1 t|

2 − |∇T vΓ1 |
2 − 2γ0.|∇T vΓ1 |

2
]

dΓ1T

∣∣∣∣∣∣ .
Using the estimate on P1 from Eq (4.21) and the terms in P3 while considering the conservation of

energy Ev, we obtain the existence of constants Cr0 ,C1,3 > 0 such that

|P1| ≤ Cr0 Ev(0), |P3| ≤ C1,3|P2|.

Consequently, there exists C̃1,3 > 0 such that(
T −Cr0

)
Ev(0) ≤ C̃1,3

∫
Γ1T

(m0|ν)
(
|vt|

2 − |∇T vΓ1 |
2 + |∂νvΓ1 |

2
)

dΓ1T ,
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where Cr0 is proportionally dependent on r0.
Because our system (1.1) differs from the one studied in [17] only in its nonhomogeneous nature, we

can proceed with the proof in the same manner as in [17]. Ultimately, it follows that inequality (4.18)
in Lemma 4.8 holds if T > Cr0 > 0. Thus, it suffices to choose T (x0) = C0

r0
, where C0

r0
> 0 is the

minimum value for which Eq (4.18) is satisfied with T > T (x0).
This concludes the proof. □

Proof. (Theorem 4.11: Boundedness of ( f ′(κ), g′(κΓ1)) in L∞(ΩT ) × L∞(Γ1T ))
The contradictions result in the first case (a) where k , (0, 0)⊤ in the proof of Theorem 4.11 is not

valid if f ′(κ) < L∞(ΩT ) or g′(κΓ1) < L∞(Γ1T ). Therefore, it is necessary to examine the different cases
where this is possible.

As we can see, ( f ′(κ), g′(κΓ1)) ∈ L∞(ΩT ) × L∞(Γ1T ) if p = q = 2 ( f , g are linear) or if (κ, κΓ1) ∈
L∞(ΩT ) × L∞(Γ1T ).

In the second case, we invoke the generalized Morrey’s Theorem (see page 97 of [3]), which allows
us to assert that for N < 4

W2,2 ↪→ C0,2− N
2 (Ω),

where C0,d(Ω), d > 0 is the space of d-Hölder continuous functions. This means that there exists a
constant Cd > 0 such that

|h(x) − h(y)| ≤ c|x − y|d, ∀x, y ∈ R.

Thanks to the Weierstrass theorem, which guarantees that any continuous function on a compact set
is bounded and attains its bounds, we can conclude that

C0,2− N
2 (Ω) ↪→ L∞(Ω).

This allows us to conclude, by using the regularity Theorem 2.3, that the boundedness of
( f ′(κ), g′(κΓ1)) in the L∞ norm holds if (m, µ) ≤ (2, 2) and N < 4.

As a reminder, the regularity W2,2 is ensured by the strong solutions¶ of system (1.1), not necessarily
for weak solutions∥ which evolve in V0 ⊂ H1(Ω) × H1(Γ). In this case, the generalized Morrey’s
theorem (see page 97 of [3]) only gives for N < 2

V0 ↪→ C0,1− N
2 (Ω) ↪→ L∞(Ω).

Then, only the one–dimensional case holds for all weak solutions W of system (1.1).
The case where N ≥ 4 is an open problem. The concern is about the possibility to have (κ, κΓ1) ∈

L∞(ΩT ) × L∞(Γ1T ). □

© 2026 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

¶Solutions which satisfy the system (1.1) in classical sense; that is, it satisfies the equations of Eq (1.1) at any point of ΩT .
∥A solution which has a well-defined energy in the integral sense.
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