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Abstract: This paper is concerned with an alternating direction implicit (ADI) general finite difference
method (GFDM) for solving three-dimensional nonlocal diffusion equations with anisotropic diffusion
coefficients. The Griinwald-Letnikov (GL) approximation is adopted to discretize the Caputo fractional
derivatives on uniform grids. This spatial direction is handled by using the general difference method.
A fully discrete GL-ADI general difference scheme is strictly constructed. The existence, uniqueness,
stability, and convergence of numerical solution are proved. In addition, numerical experiments are
carried out to confirm the validity of the theoretical analysis.
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1. Introduction

As an important subclass of partial differential equations, nonlocal differential equations have
significant application in numerous fields such as physics, biology, engineering, environmental science,
and finance, see [1-5]. The three-dimensional nonlocal diffusion equations with anisotropic diffusion
coefficients studied in this paper are as follows:

Diu=V-(k(xy,2)Vu) +uu+ f(x,y,z,0), (x,y,20€Q,0<r<T, (1.1)
with boundary and initial conditions

u(x,y,z,t) =0, (x,y,20€09Q, 0<t<T, (1.2)
u(x,y,z,t) =up (x,y,2), (x,5,2) € £, (1.3)


https://https://www.aimspress.com/journal/nhm
https://dx.doi.org/10.3934/nhm.2026064

1710

where Q = (0, L;) X (0, L,) X (0, L3), u is a positive constant, and

kKx) O 0
k(x,y,22=1 0 k(@) O
0 0 (2

The coefficient functions satisfy «;(x) € C*([0, L]), k2(y) € C*([0, L,]), and x3(z) € C*([0, Ls]), with
k1(x) > 0, k2(y) > 0, and k3(z) > O for all x, y, z, and f € C([0, T]; L*(2)). D%u is defined by

!
Diu(x,y,z,t) = ; f (t—s)"0u(x,y,z, 5)ds, O<a<l. (1.4)
ra-a) Jeo

Equations (1.1)—(1.3) find extensive applications across a broad spectrum of research fields, including
heat conduction processes in inhomogeneous media [6,7]. The governing Eq (1.1) describes a physically
rich class of transport phenomena. The fractional derivative Dfu models subdiffusion with memory
effects, which is commonly observed in porous media, biological tissues, and disordered systems [8].
The reaction term pu with u > 0 represents linear decay or absorption processes, modeling phenomena
such as cell death, drug degradation, or nutrient consumption. The external source f accounts for
external inputs such as drug injection or nutrient supply. The anisotropic tensor diag(x;(x), k2(y), k3(z))
characterizes diffusion rates along the x, y, and z directions. This specific functional form arises from
an essential feature of layered materials, composites, and crystalline structures [9], where material
properties vary directionally with spatial coordinates due to inherent structural layering or aligned
microstructures. Specifically, for layered physical media, the diffusion behavior along each coordinate
axis only depends on the corresponding spatial coordinate, without coupling effects across different
directions. This physical property motivates the choice of the component-separable diffusion tensor
in this work, which can accurately characterize the diffusion and transport features inside layered
materials [10-12]. Equations (1.1)—(1.3) provide a unified mathematical framework for describing
anomalous transport in complex biological and physical systems.

Over the past several decades, researchers have devoted sustained efforts to investigating nonlocal
equations, yielding a rich body of theoretical and numerical results [13—15], with the associated
regularity theory having achieved considerable maturity [16].

For nonlocal diffusion equations, a broad range of numerical approaches have been established, which
include finite difference methods [17-21], finite volume methods [22, 23], collocation methods [24],
spectral methods [25], and finite element methods [26]. For multi-dimensional problems, the ADI
scheme has emerged as a widely used numerical approach, primarily on account of its ability to mitigate
computational complexity and reduce computational cost [27-30].

Although substantial progress has been made in numerical methods for fractional diffusion
equations [17-20, 29, 30], existing three-dimensional ADI schemes suffer from several notable
limitations. First, the majority of these methods are restricted to constant diffusion coefficients [25,28],
which significantly limits their applicability to real-world problems involving heterogeneous or
anisotropic materials. Second, many prior approaches deliver only low temporal convergence
orders [31], particularly in the presence of the initial weak singularity that is characteristic of fractional
diffusion equations. Third, rigorous theoretical analysis, including stability and convergence proofs, for
variable-coeflicient three-dimensional problems, is largely absent in [29, 32]. Fourth, the combination
of anisotropic diffusion tensors with ADI splitting in the three-dimensional setting has received very
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limited attention, with most studies focusing on isotropic or one-dimensional cases [27, 30].
Furthermore, existing GL-ADI schemes in the literature have primarily focused on two-dimensional
problems [33, 34]; the extension to three-dimensional problems with spatially varying anisotropic
coefficients has not been previously addressed. To the best of our knowledge, this is the first work to
develop a fully discrete GL-ADI GFDM for three-dimensional nonlocal diffusion equations with
anisotropic coefficients. In contrast, the present work addresses these gaps through the following key
improvements. The GL-ADI scheme accommodates spatially varying anisotropic diffusion coefficients
k1(x), k2(y), and k3(z), enabling accurate modeling of heterogeneous materials. We provide rigorous
proofs of existence, uniqueness, stability, and convergence for the fully discrete scheme, with sharp
error estimates demonstrating local convergence order O(r™"2%!}) and global order O(r*). The ADI
factorization reduces the three-dimensional problem to a sequence of one-dimensional tridiagonal
solves, substantially reducing computational cost while maintaining provable accuracy.

The key contributions of this paper can be summarized as follows.

e We construct a fully discrete GL-ADI GFDM for three-dimensional nonlocal diffusion equations
with anisotropic diffusion coefficients, which reduces the problem to a sequence of one-dimensional
solves and significantly lowers the computational cost.

e We rigorously prove the existence, uniqueness, stability, and convergence of the proposed scheme,
with a sharp error estimate demonstrating a local temporal convergence order of O(r™™?®:1)) and a
global temporal convergence order of O(7%).

The remainder of this paper is organized as follows. Section 2 details the fundamental definitions,
symbols, and lemmas, which serve as the theoretical basis for the subsequent derivation and theoretical
analysis of the difference schemes. Section 3 presents the discretization approach and successfully
constructs the GL-ADI GFDM. Section 4 performs a rigorous theoretical analysis on the stability and
convergence of the proposed scheme. Section 5 verifies the accuracy of the GL-ADI GFDM and the
reliability of the theoretical conclusions through numerical experiments. Finally, Section 6 summarizes
the key research findings and main contributions of this work.

In this article, the symbol C represents a general constant, which may take different values at different
positions, but is always independent of the grid parameters.

2. Preliminary notations and lemmas

This section begins with relevant notations and fundamental lemmas. Let M, M,, M5, and N denote
positive integers. For solving the problem via the GL-ADI GFDM, the solution domain Q x (0, T']
is discretized into a grid, where Ay, hy, and h3 represent the step sizes in the x, y, and z directions,
respectively, and 7 denotes the time step. The interval [0, L] is divided into M, equal subintervals,
yielding a step size of h; = L;/M,, with node coordinates satisfying x; = jh;, j = 0,1,..., M;. The
interval [0, L,] is partitioned into M, equal subintervals, where the step size is h, = L,/M, and the node
coordinates are given by y, = kh,, k = 0, 1, ..., M,. Similarly, the interval [0, L] is divided into M5 equal
subintervals with a step size of h; = L3/M3, and the node coordinates satisfy z; = shs, s =0, 1, ..., M3.
The time interval (0, 7] is split into N equal subintervals with a time step of T = 7'/N, and the time
nodes are determined as t, = nt,n =0,1, ..., N.
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Set
G = (0 0z)0< S ML0O<k<Mp0<s<Ms), Q ={1l0<n<N),

and Q),; = Q), X Q,, Q, = 2, N Q, and 0Q), = 2, N Q.

Set xj,1 = %(xj +xj+1), Vel = 3 Ok + Ve Zyl = 3 (Z5 + 2541), and sl = 3 (ty + tye1). With
respect to any grid function {a);fks |0 < j<M,0<k< M,0<s< M;, 0<n < N}defined
on ., the set of the interior grid indices € = {( J ke, OI(xj, vk, 25) € &Q}, we introduce the corresponding
formulation

1 1
0 W, 1 —(a)- —wW; 0w 1 .= — Wiy — w; oW, 1= —|Wixs—w;
—L ks Jok.s Jj—1ks)» yYWjik-1.s Jok,s Jok=1,s) > Wik s—1 Jok,s Jik,s—=1) 5
J hl JK=73 h2 J: 3 h3
2 1 2 1
6)("’)1'—l ks — h_l (6xa)j+%,k,s - 6ij—%,k,s) 4 6ywj,k—%,s - I’l_2 (6Xa)j,k+%,s - 6ij,k—%,s) >
) 1 1
6ij,k,s—— h3 (6xw]k Y+— 5Xa)j,k,s—%) ’ 6X5)'wj—%,k—%,s - h_l (5yw]k—— s -0 (L)] lk—— v)
1
6y61wj,k—%,s—§ h (6 w]k,s—% - 5ij,k—l,s—%) ) 6)662(")]'—%,]@5—i h (6 w]k,s— -0 ('UJ 1,k S—f)
1
6:0,8.0) 45yt = 3 —(0y0:0 411 = 80w 14y 1),
n _ n n
ﬂ 1 (K ) wj+l,k,s Jik,s ( ) Jik,s j—Lk,s
- X 1 - x)i—1
Jks T : J*3 hy J=3 hy ’
n n n _,n
A 1 (K ) Wikrts ~ Yjks ( ) Diks ~ Djk-1,5
Jik,s h2 Y )kt L hz y k—% h2 ’
n n n _
A 1 ) kst ks ) Wirs ™ Wirs-1
= Z 1 — Kz)s_ 1
Jk,s h3 st+3 h3 s—5 h3 ’
where (Kx)ﬁW = K (xj+%), (Ky)k+% = Kz(y,ﬁ%), and (KZ)H% = K3(ZS+%). Define the discrete space as follows:

W), = {w|w = Wiks (xj,yk,zs) € Qh} ,

(leh = {w e Wyandwj, =0 if (xj,yk, ) € GQh}

Lete,n e W, Accordingly, we define the corresponding inner product and norm as follows:

My—1 My—1 M3-1

Wn) =hihohs D > sl = V@0,
j=1 k=1 s=1

M, M>—1 M3-1

(8t,007) = hihohs ) Z Z (Ot 1O -1 1),
j=l k=1
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-1 My M3-
(Oyt, 8y77) = hihahy Z > Z(éyt,k_, D@10,
j=1 k=1 s=1
-1 My—1 M3
(6.4,8.1) = hyhahs Z Z Z((s Lo DO 1),
j=1 k=1 s=1
My M, M;3-1
(0x0yL, 0x0y17) = hihyhs Z Z Z (6)66)1[]‘_%,k—%,s)(dxéynj—%,k—%,s),
j=1 k=1 s=1
M, My-1 Mj
(664, 8:6.0) = huhahs D) ) D (608t 4001 5y
j=1 k=1 s=1
Mi-1 M, M;
(6,0-4,6,0.7) = hyhyhs Z Z Z(ayazL D (XX D
j=1 k=1 s=1
M, M, M;
(8:8,0:1, 8:8,0.1) = hihahs D" > (0:8,0ct 11 G801 4-14-1),

=1 k=1 s=1

and

6.l = (6.2,6,0),  I6yell> = (8,6, 6,0), 164l = (62t 620),

16.5,l1* = (66,8, 6,0,0),  116,0:l1* = (6,0:L,8,0.0), 116:6:l* = (8:8.¢, 6,0.1),

||6x6y5zL”2 = (5x6y52L’ 5x6y61L)'

The GL approximation of the Caputo fractional derivative is given by [32]

n—1

5?”” = gou" — qn—luo - Z (qi-1 —q1) M"_l,
=1

where

TTU+1-0a)
- C1=0,1,2,--
= ra-ara+1

The following positive multipliers ¥, are defined herein:

Y%=q,", ¥=qp Z(CIH -q) ¥, 1<n<N.
=1

. . AN . . .
Given a mesh function {v’}_ o, We define the discrete fractional integral operator 17
i=

e () =0, 17" = Z v, v forn=1,2,---,N.
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Lemma 2.1. [35, Lemma 2.1] Suppose ¥, is defined as beforehand in Eq (2.3). It then follows that

¥ <Cr(+ D)™, 120, (2.5)
D W <Ctl, n=1,2, N (2.6)
=1
1
Lemma 2.2. [31, Lemma 2] Let " > 0 and assume A > 0 such that T < . For the mesh
¢ 222 -a) A
function (V'Y fulfilling vy > 0, if
oV < +¢&", forn=1,---,N, 2.7
then one gets
V' < 2E, (2% 412) (v° + max sv,,_lgl), 2.8)

*

where E, (t) is the Mittag—Leffler function defined by E, (t) = Y.,;2, )"

Lemma 2.3. [32, Lemma 3] For the mesh functions {V' }ﬁi o the following identity holds:

(") =v' =V forn=1,---,N. (2.9)
The exact solution u of Eqs (1.1)—(1.3) is assumed to satisfy the following regularity condition [32]:
w20~ uo(6y,2) = )t P (61,2 + ¥ (xy.2,1, (2.10)

(kg

where (j, k), := {(j, k) : j,k € Ny, j + ka < 2}, p;i are certain constants with poy = 0, ¢ is a smooth
function, and Y(x, y, z, ) € C?[0, T satisfying Y(x,y,z,0) = Y,(x,y,z,0) = 0.

Lemma 2.4. [32, Lemma 5] Let o = min{2a, 1}. Then, the following result holds:
IDu(t,) — 6°u"| < C(n™> + 77 n~ D 4 1), 1<n<N. (2.11)

Lemma 2.5. [36, Lemma 16] For s =1,---,N, the sum of the convolution of the approximate error
and the product of the positive multiplier {\¥} is

N

D Du) - 6| ¥,y < Cre (2.12)
=1

Lemma 2.6. [37, Lemma 5.1] Forn=1,...,N, if

n—1
VSRS v e Y T, 1< <N, (2.13)
=1

where {1,{; € [0, 1), vi,v2,& > 0, and {v”}f:1 is a nonnegative sequence, then there exists a constant
C =C(,,0,a,é, ty), and it holds that

VIS COntY +vt®), 1<n<N. (2.14)
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3. The formulation of the GL-ADI scheme

Considering the linear problem Eqs (1.1)—(1.3) at points (xj,yk,zs, tn), the grid function f;”k’s =

f(x,-,yk,zs,tn), U= { Ul Uk, s) e €,0 <n < N} where U, & = u(xj,yk,zs,tn), and (xj, Yi, 25, In) €
Q,%x8,,0<n<N,one has

D?M (Xj,yk, sy tn) =V- (K(Xj, Vi, Zs)vu (xj, Vis Zs» tn)) + uu (-xj, Yis Zso tn) + f(xj’ Yk Zs» tn) s (31)
(Xj, Yk, 25) € 24,1 <n <N,

where

V - (K, Yo 20) V(X Yo Zr ) (3.2)
ki(xj) 0 0 %(xj, Vis Zs In)
=Vl 0 k0o 0 || 50 Ve ze )
0 0 k@G Y 250 1)
Kl(xj)%(xj’ykazs, tn)
= V- | KO0 5 (X7, Yis Zos 1)
K3(Zs)g_lzl(xj’ Yis Zss tn)

ou 0 ou
= a Ki (x]) Ox )(xj’yk’zs’ n) + - (KZ (yk) )(-x],ykazs’ n) + = GZ (K3 (Zs) )(X],yk, Zss n)

Next, we will separate each term in Eq (3.2). First,

0 ou
- (Kl (x)) a) (X} Yoo 2o ) (3.3)
1 Uliiis = Ul Ulis = Ul_1as 2
= h_l ((Kx)ﬁ; — (Kx)j-1 T + 0(h1)
= AU, +0(h).
Second,
0
Iy (Kz (%) )(x],yk,zs, tn) (3.4)
1 (K) U7k+1s U;lks —(K) U;lks_U;lk L,s O(hz)
h2 Y 2 h2 4 k_% h2 2)>
= AU, +0(h).
Finally,
0
8_( (z5) )(X,,yk,zs, tn) (3.5)
1 Ulesir = Ulns Ules = Ulrsa )
- ((KZ)S+é I e o(12)
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= AU+ 0 (h).

Denote
ﬂhU;l’k’s = ﬂxUn

Jk,s

+ AU, + AU

Jik,s Jik,s®
From Egs (3.2)—(3.5), we can obtain

V - (K Yo 20V Y10 200 1)) = AU+ Ry oo (okos) € €0 <n <N,
where

(R, | < CUR+ I3+ 13), (jk,s)€e,0<n<N.

Substituting Eqgs (2.1) and (3.6) into Eq (3.1), we have

seU”

ks T ﬂhU;l',k,s —,uU;{,m =f" + (R,);ﬁk’s + (Rh)?,k,s s (X, 2) €24,1 <n <N,

Jokss
0 -
Uj,k,s = MO(xj,yka ZS)’ (xj,)’k, ZS) € ‘Qh’

U;llk,s =0, (x,y2) € 0Q,, 1<n<N,

where (Rt)? «s 18 truncation error as follows:

Ry = 07U = Diu(xj, i 25 1a), - (k. 5) €€,0<n < N.

Jk.s

To construct the ADI sheme, we add a small term

(PAA, + PAA, + PAA, ~EAAA) S~ ) Ul

on both sides of Eq (3.8), where
0:=(q—-p)".
We obtain

n
— A Uj,k,s

(xj’ykazs) € Qhal <n< N9

(1+CAA, + CAA + CAA, - CAAA) (O - p) U"

Jikss
N

_ n
= Jjks T Tiks

where

P = R+ R+ (PAA + CAA + PAA, -0 AAA) (6] - p) U

ks s
(X, V> 25) € 2y, 1 <n < N.

(3.6)

3.7

(3.8)
(3.9)
(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

The small perturbation terms are chosen precisely so that the operator on the left-hand side of

Eq (3.13) admits the factorization
[+ FAA +CAA+PAA - CAAA, = -0A) - A - A,),

which is the key to the ADI splitting.
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To ensure 6 > 0 in Eq (3.12), we take the time step 7 satisfying
1
< —. (3.15)
u

Since 8 = (go — u)~! = O(1®), it follows that 6> = O(r*®) and #* = O(>®). Thus,

A, + CAA A+ CAA - FAAA) G - U = 0. (3.16)

Neglecting the small-order terms in Eq (3.13), taking into account Eqgs (3.9) and (3.10), and replacing
U’ s with i, . we obtain the GL-ADI GFDM

(1 + PAA, + PAA + PAA, - PAAA) (7 - p)uly (3.17)
= Aty o= flh (Xj, Yk, 25) € 24,1 <n <N,

M?,k,s = ug(X}, Y, 25)s (X Yis Z5) € s (3.18)

u;?’k’s =0, (xj,Y,2) €09, 1<n<N. (3.19)

A more conventional ADI representation of Eq (3.17) is presented as follows:

(I-6A,) (1 —0A ) (I -0A)u" (3.20)

Jik,s

_9(9231?( +PAA, + CAA, - 9331?(3( [Z(q;l—ql)u],”+qn 1uj,” +0f 7 s

=1

The numerical solution Wy s of Eq (3.20) can be obtained by solving three decoupled one-dimensional
subproblems. For the sake of notational simplicity, we introduce the following definitions:

]kS‘_(I Hﬂ)u]ks, (j’k’s)EE,OSI’lSN,
J’”_(I eﬂ)]kw (jk,s)€ee,0<n<N.

Given the values {u;f,’k’s |0<j<M,0<k<M,,0<s<M;,m=1,...,n— 1} atthe first(n — 1)
levels, the intermediate values {uj.,k’s | (j,k,s) € €} can be computed from Eq (3.21). For any fixed
indices k with 1 <k <M, —1and swith1 < s < M; — 1, we have

I - 0A) )y, = 0(PAA, + PAA, + PAA, - O AARA,)

n—1
-1 0
[Z (G1-1 — q1) M'},k,s + gnu j,k,s] + ijl'?k,s’

=1
= (1= 0A,) (I - 0A) upy,

Wy, e = (1= OA) (I = OA) Uy, .

(3.21)

When {u;‘.’k’s‘( J k,s) € 6} has been obtained, {uj*,‘” ik, s) € 6} is calculated from Eq (3.22). With
jAA<j<M;—-1)and s(1 <s < M;— 1) being any fixed values, we have
(1 OA) U, = 163y,
uip,=U—-0A) U,
uf}m’s = -6A)u"

(3.22)

J,0,8°

JMa,s*

Networks and Heterogeneous Media Volume 21, Issue 5, 1709-1738.



1718

When {uj*,‘”'( J.k,s) € e} has been obtained, {u;{k’sl( Jk,s)ee,0<n< N} on the nth layer is
calculated from Eq (3.23). For fixed j(1 < j<M;—-1) and k(1 < k < M, — 1), with the boundary
conditions, we have

Jik,s Jik,s
o o (3.23)
Wiko =YV Ujpm, =Y

{(1 —0ANU", = u?,

4. Theoretical analysis

4.1. Solution uniqueness

For arbitrary mesh functions ¢, ¢ € ‘W), we define

(9)y = (¢,9) + O (AAD, @) + O (AAD, @) + & (AAD, 0) - 0 (AAAS ©),  (4.1)

and [lglly = (&, @)y

Next, we prove by virtue of the relevant Lemmas 4.1-4.3 that the newly defined binary operation (-, -),
satisfies symmetry, positive definiteness, and linearity. Thus it follows that (-, -), is a valid inner product
on the corresponding space.

Next, we prove that (-, -), satisfies symmetry.

Lemma 4.1. For any mesh functions ¢, p € ‘W), one has

(A, @) = (6, Ap), (A, @) = (¢, Ayp), (A, ) = (¢, Ap),
(ﬂxﬂy(p’ (P) = (¢’ ﬂxﬂysp)’ (ﬂyﬂz(p’ 90) = (¢’ ﬂyﬂz‘P)» (ﬂxﬂqu» 90) = (¢» ﬂxﬂz‘ao)
(ﬂxﬂyﬂzqﬁ’ ()D) = (¢’ ﬂxﬂ)ﬂzgo)

Proof. The proof is provided in Appendix A.1 for completeness.
Then, we obtain that (-, -), satisfies positive definiteness.

Lemma 4.2. For any mesh functions ¢ € w s

(¢, 8)p 2 0.

Proof. The proof is given in Appendix A.2.
We now prove that (-, -), satisfies linearity.

Lemma 4.3. For any mesh functions ¢y, 2, 1, s € "io/Vh, a and B € (=00, +00), we have

(1) (@1 + B2, ©)g = a(d1, 9)g + B2, ©)as
(2) (¢, a1 + Bp2)g = ald, 1) + B(P, v2)g.

Proof. We prove the first inequality
(a1 + B2, P)g = (ad) + Pba, ©) — (A A (ad) + fha), ¢) — P(AA(ap + B2), @)

Networks and Heterogeneous Media Volume 21, Issue 5, 1709-1738.
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— (A AP + B), @) — O (AAA(a) + Beha), @)
= a(p1,¢) + B2, ) — C[a(AAD1, @) + BAA D2, ©)] — ClA(AA D1, @) + BAA S, ¢)]
— P a(AAP1, @) + BAA$, ¢)]
- O[a(AAAD1, @) + BAA,A P, ©)]
= a[(¢1,9) - O (AAP1, @) — C(AAP1, @) — C(AAD1, @) — O (AAAPD,9)]
+ Bl($2, ) — O (AA P2, @) — O (AA s, @) — F(AA b, @) — O (AAA, ¢)]
= a(d1, p)g + B(P2, ©)o.

Analogously, the second inequality can be verified by the same line of reasoning, and the proof is
thus concluded.

Remark 1. Based on the conclusions of Lemmas 4.1-4.3, we rigorously proved that the newly introduced
binary operation (-, -), possesses the defining characteristics of internal symmetry, positive definiteness,
and linearity. Thus, it directly follows that (-, -), is a valid inner product on the relevant space. Then,
the inequalities

(@, 9o < lIgllolleelly (4.2)

and

181l < ll¢llo (4.3)

hold, where || - ||¢ represents the norm of the inner product (-, -),.

The newly defined binary operation (-, -), 1s a specialized technical tool specifically designed for ADI
decomposition. It can integrate the coupling operators in Eq (3.17) into a single norm || - ||¢. This avoids
the need for separate estimation of cross-terms and simplifies the subsequent analysis process.

Next, we prove the uniqueness of the solutions to Eqgs (3.17)—(3.19).

Theorem 4.1. The difference scheme given by Egs (3.17)—(3.19) admits a unique solution.

Proof. The GL-ADI GFDM method divides the 3D problem into three successive one-dimensional
subproblems. To prove the uniqueness of the solution for the full system, it is sufficient to verify the
invertibility of the coefficient matrices in each of these three substeps. First, we study the elimination

steps along the x-direction and find that {u;‘.’k’x'( Jk,s) € e} can be solved from Eq (3.21). For any fixed
indices k with 1 <k <M, —1and s with 1 < s < M3 — 1, we have

U = 0A) U}y, = 0(PAA, + CAA, + CAA. - O AAA,) (4.4)

Jik,s
n—1
- 0 .
Z (i1 = gD Wiy + Gnau j,k,s) +0fy Uik,s)€€,0<n<N.
I=1
The expression (A, is obtained by substituting it in and rearranging it:

H(Kx)j_% O(Kx)]q_% .

— ——u
h h

* 0 :
Uj s T (Lt o5 (K joy + () e it =
1

4.5)

j+Lk,s
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1720

n—1

= (0 AA, + CAA + PAA - PAAAN > (g1 — g Wiy + gl
=1

+0fh e Uk s)ee0<n<N.
1 > 0, it holds that

Under the conditions 8 > 0, (k,) el > 0, and (x,) -1
0
hi
Therefore, we conclude that the linear Eq (4.5) is strictly diagonally dominant and thus invertible.

The uj.’k,s in Eq (4.4) is the unique solution.

When {uj’k’s (j,k, s) € 6} has been obtained, {uj’;“ (j,k,s) € e} is calculated from Eq (3.22). With
jAA<j<M;—-1)and s(1 <s < M;—1)being any fixed values, we have

(1-0A,) w5, =, 4.7)
The expression A, is obtained by substituting it in and rearranging it:

O(ky )L 0Ky )i

0

2 *

Uik F (U 5 (KD + (et DG s = —— 5 Wi s = Wik (4.8)
2 2 2

0
L5y + 060500) > 25 (k) + (0j00) (4.6)
1

(j,k,s) €e€,0<n<N.

Under the conditions 6 > 0, («,),, > 0, and (xy),_ > 0, it holds that

0 (7]
1+ E((Ky)k_% + (Ky)k_'_%) > ﬁ((K),)k_% + (Ky)k_'_%) (4.9)
2 2

The linear Eq (4.8) is also strictly diagonally dominant and therefore invertible. The u7; in Eq (4.7)
is the unique solution.

When {uj.f,‘(’&'( Jk,s) € 6} has been obtained, {u;{k’xl( Jk,s) € 6} on the nth layer is calculated from
Eq (3.23). For fixed j(1 < j<M;—1)and k(1 < k < M, — 1), we have

(I =O0A) U}y s = W s (4.10)
The expression (A, is obtained by substituting it in and rearranging it:
G(Kz)s—% n 9 n G(Kz)s-f-% n s
Tz kst (I+ ﬁ((Kz)s—% + (k) Dy = T2 kst T Mjks (4.11)
3 3 3
(j,k,s) €ee,0<n<N.
Under the conditions 6 > 0, (k;),, 1> 0, and (k.),_ 1> 0, it holds that
0 0
L+ h—%((Kz)S_% + (k)5 t) > h—%((KZ)S_% + (K 1)- (4.12)

The linear Eq (4.11) is also strictly diagonally dominant and therefore invertible. The Wiy s in
Eq (4.10) is the unique solution. The completely discrete GL-ADI GFDM has a unique solution for each
step. The strict diagonal dominance established above relies crucially on the homogeneous Dirichlet
boundary conditions ug, (= u}, , = 0 (and similarly for y and z), which eliminate boundary terms in
the matrices and ensure the tridiagonal structure is strictly diagonally dominant.
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4.2. Stability
Theorem 4.2. The solution corresponding to the GL-ADI scheme governed by Eqs (3.17)—(3.19) fulfills

'l < 2E, (271 262) (||u°||9 L {nlaxllflll), forn=1,2,---,N. (4.13)

Proof. By taking the inner product of Eq (3.17) with " and substituting Eq (2.1), we derive that
((1+AA, + PAA, + CAA, - PAAA)|(qo - " = Ti= (g1 = gu™ = gl | ")

(A" u") — (Au", u") — (A", u") = (", u"), n=1,2,--- ,N. (4.14)
Leveraging Eq (A.1) from Lemma 4.1, we have

Mi Ma—1 My

— (A "y = hihohs DY (k) @l 20,
j=1 k=1 s=1 :
Mi My M-

= (A" u"y = hihghy Y > Z(Ky)k_l(a Wy N 20,
Jj=1 k=1 s=1

-1 My Ms

— (A" u") = hyhohs Z DN )y @t P20, m=12,0 N,

Jj=1 k=1 s=1 :

According to the definition of (-, -), in Eq (4.1), Eq (4.14) can be written as

(G0 = I < > (g1 = g™ u" + gua G, uyg + (F', 0", n=1,2,--,N.

=1

Meanwhile, by combining the Cauchy-Schwarz inequality in Eq (4.2) and the condition || - || < || - [l
in Eq (4.3), we can arrive at

(g0 = Ol < > (i = al gl llg + gus e Nelle”llg + £l llg, = 1,2, N (4.15)
=1

Upon dividing both sides of Eq (4.15) by the norm ||u"||¢, we obtain

(g0 = wllu"lly < Z(Qz—l —apllullo + gu-illtllg +11£"ll, n = 1,2,--- ,N. (4.16)
I=1

Ultimately, based on the definition of the operator 67 in Eq (2.1), we obtain
"l < "Il + ellullo, n=1,2,---,N. (4.17)

The above equation satisfies Lemma 2.2, and we obtain
Il < 28, (21265) (Nl + max o). form= 1,2, . (4.18)
<I<n
Applying Eq (2.5) of Lemma 2.1, we arrive at the desired conclusion

o1l < 26, (277165 (1l + Cof max 7). form=1,2,-+-,N. @.19)
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4.3. Convergence
We proceed to investigate the error estimate for the numerical scheme given in Eqs (3.17)—(3.19).

Theorem 4.3. Suppose that the linear problem described by Eqs (1.1)—(1.3) admits a solution u(x, y, z, t)
that satisfies the regularity condition given in Eq (2.10), and {uik’sl( Jk,s)ee,0<n<N } denotes the
discrete approximation obtained via the GL-ADI scheme governed by Eqs (3.17)—(3.19). Then, we have

U, — iy I < Caty™ + 72"+ hi+ 5+ h3), 1<n<N.

Jik,s

Proof. Denote e;?’k’x = U;“.’k’s Jk o (X, Vi 25) € Qpon=1,2,--- | N, and subtracting Eqs (3.17)—(3.19)
from Eqgs (3.8)—(3.10), one gets the error equations

(1 + PAA, + PAA + CAA, - PAAA) (7 - p) ey, (4.20)
_fﬂhejks I";’k,s, (Xj, Yi» 25) € 2y, 1 <n <N,

e?,k,s =0, (xj’ Yk Zs) € th (4.21)

s =0, (x,y2,) €09, 1<n<N. (4.22)

By calculating the inner product between ¢ and two sides of Eq (4.20) and using Eq (2.1), we obtain

((1+2AA, + PAA + CAA - PAAA) (g0 - we" = L5 @1 = qe'™ = guae’| ")
—(Ae", ") — (Aye", e") — (Ae",e") = (r",e"), 1<n<N. 4.23)

Applying Eq (A.1) from Lemma 4.1, we arrive at

M, M>—1 Mj

— (A ) = ks Y Y D (k) y(6: )20,

jlklsl
M, M, Ms-

— (A", ") = hihghs Y Z(K})k_l(éek L)

jlklsl
-1 My M;

— (A€, e)—hh2h3ZZZ(KZ)S_l(6e P20 n=1.2-.N.

j=1 k=1 s=1

According to the definition of (-, ), in Eq (4.1), Eq (4.23) can be written as

(g0 — plle"llg < Z(C[l—l — (e, ey + g€’ e + (€M), 1<n<N.
I=1

Meanwhile, by applying the Cauchy—Schwarz inequality (4.2) and the condition || - || < || - ||¢ given in
Eq (4.3), we can conclude that

(g0 = plle"llg < Z(Qz-l = aqnlle"llglle"llo + ga-illelllle”llo + 17" llle"llg, 1 <n < N. (4.24)
=1

Dividing both sides of Eq (4.24) by the corresponding norm yields ||e"||y, we obtain

(g0 — wlle"lle < Z(CJH —aplle"llo + guillellg + 117"l 1 <n<N. (4.25)
=1
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Ultimately, based on the definition of the operator 67 in Eq (2.1), Eq (4.25) can be written as
o/ lle"llg < plle™lle + "I, 1 <n<N. (4.26)

Applying the operator 1% in Eq (2.4) to both sides of inequality (4.26) yields
767 le"llo) < p Z 7,-illells + Z Vo (IF), 1<n<A. (4.27)
=1 I=1
From Lemma 2.3 and noting that ¢ = 0, we can conclude
lle®llo < p ZH: o ille'llo + Zn: Vollrfll, 1<n<N. (4.28)
=1 =1

where rj{ ks in Eq (3.14) satisfies

I = |

<|IRMN+CE*¥ +h +h:+h), 1<n<N.
t 1 2 3

R} + R + ((AA, + AA + AA) - CAAA) (67 = U,

(4.29)

Therefore,
le"lo < Y Pudle'lo+ > i (IRIN+ CE + 1} + 13+ 1), 1<n<N.  (4.30)
=1 =1

Furthermore, combining Eqs (2.5) and (2.6) and Lemma 2.5, it follows that

n-1
le"lly < u®lle"lly + 1 Y Poillellly + Cris ™ + C@* + B} + G + 1)
=1
n—1

< urlle’lly + Cur ) 1o llellly + Crty ™ + C* + i} + W3 + ), 1<n<N.
=1

4.31)

Since Eq (3.15) is satisfied, we can further derive from Lemma 2.6 that
le"lly < Crt* ' + C@** + hi + hi +h}), 1<n<N.
Finally, using Eq (4.3), we are able to derive the desired results:

lle"ll < Crt> ' + C(x* +hi + 5+ h3), 1<n<N.

5. Numerical result

This section presents a numerical experiment to verify the accuracy and computational efficiency of
the proposed GL-ADI scheme.
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5.1. Example 1

Consider the following linear subdiffusion problem
Diu=V-(k(x,y,2) Vu) + pu + f (x,y,2,1),

with the coefficients

[+ e 0 0
k(x,y,2) = 0 1+e? 0 ,u=0.3,
0 0 1 +e %

f(x,y,2,t) =T(1 + @) sin xsin y sin z + ¢* sin y sin z(2e_2x cos x + (1 + e*")sin x)
+ ¢* sin x sin z(2e_2y cosy + (1 + e ?)sin y) + ¢* sin x sin y(Ze_2Z cosz + (1 + e *)sin z)

— pt* sin x sin y sin z.

An exact solution featuring the inherent typicality of initial weak singularity is given by
u(x,y,z,t) = t*sinxsinysinz.

We specify the computational domain as Q x (0, T'], where the spatial domain is Q = (0, ) X (0, ) X
(0, ), and the terminal time is set to 7 = 1. A uniform spatial grid is employed, with the grid spacing
satisfying h = h; = hy, = hs. The global temporal error associated with the numerical solution is
defined as

Ey = max |lu(t,) — u"ll,
1<n<N
while the local error at the final time # = T is denoted by
E; = |lu(ty) - u”|l.

Through numerical experiments, we investigated the errors and the corresponding convergence
orders when the parameters a = 0.4, 0.6, 0.8. The relevant results are shown in Table 1. This numerical
scheme achieves a global temporal convergence order of O(N™®). For @ = 0.4,0.6,0.8, the local
temporal convergence orders are shown to be O(N~™n1:2a}) " which is in good agreement with our
theoretical estimates as shown in Table 2. To verify the spatial accuracy, a sufficiently small time step is
selected such that the temporal discretization error is negligible compared to the spatial error component.
Numerical data in Table 3 verifies second-order spatial convergence of the presented GL-ADI scheme.
To further verify the accuracy and efficiency of the method, we compared the GL-ADI method with the
L1-ADI method. Tables 1 and 2 present the global error, local error, convergence rate, and CPU time of
the GL-ADI method and the L1-ADI method. Figure 1 illustrates the slice contour profiles of numerical
solutions at various time levels for Example 5.1 with @« = 0.6 and M, = M, = M3 = N = 32. Figure 2
presents the slice contour plots of the errors for Example 5.1 at different time levels, with the parameter
a:0.8andM1 =M2:M3:N:32.
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Table 1. Comparative study of global L? errors and convergence rates for Example 5.1

(M] = M2 = M3 = 64)

o’ N GL-ADI scheme L1-ADI scheme
E; Rate E, Rate
0.4 32 1.058 x 107! - 1.147 x 107! -
64 6.083 x 1072 0.799 7.659 x 1072 0.582
128 3.839 x 1072 0.664 5.383 x 1072 0.509
256 2.562 x 1072 0.583 3.943x 1072 0.449
0.6 32 3.012x 1072 - 4.584 x 1072 -
64 1.722 x 1072 0.807 2.969 x 1072 0.627
128 1.077 x 1072 0.677 1.990 x 1072 0.577
256 7.051 x 1073 0.611 1.346 x 1072 0.564
0.8 32 8.717x 1073 - 1.657 x 1072 -
64 4.677 x 1073 0.898 9.746 x 1073 0.766
128 2.673x 1073 0.807 5.839 x 1073 0.739
256 1.551 x 1073 0.785 3.471 x 1073 0.750
Table 2. Comparative study of local L? errors, convergence rates, and CPU times for Example
5.1 (M = M, = M5 = 64).
a N GL-ADI scheme L1-ADI scheme
E, Rate CPU(s) E, Rate CPU(s)
0.4 32 1.016 x 107! - 101.419 8.016 x 1072 - 153.232
64 5.569 x 1072 0.868 249.558 4.399 x 1072 0.866 298.479
128 3.082x 1072 0.854 706.720 2.441x 1072 0.850 849.709
256 1.723 x 1072 0.839 2253.972 1.370e x 1072 0.834 2708.792
0.6 32 2,519 x 1072 - 95.451 2.047 x 1072 - 121.848
64 1.066¢ x 1072 1.241 244.947 8.725x 1073 1.231 300.545
128 4.637 x 1073 1.201 702.317 3.837x 1073 1.185 718.381
256 2.105x 1073 1.139 2253.270 1.772 x 1073 1.115 2239.007
0.8 32 7.068 x 1073 - 95.077 7.101 x 1073 - 123.255
64 2.439x 1073 1.535 243.774 2.609 x 1073 1.444 304.708
128 9.527 x 107 1.356 705.730 1.079 x 1073 1.274 843.495
256 4.808 x 107 0.987 2256.413 5.498 x 1074 0.973 2259.400
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Table 3. Spatial accuracy analysis of Example 5.1 with T = h%.

a M =My = M; E, Rate
4 1.074 x 107! -
06 8 2.551 x 1072 2.073
' 16 1.591 x 1072 2.117
32 1.082 x 1072 2.115
7.369 x 1072 -
8 1.855 x 1072 1.990
08 16 1.176 x 1072 2.041
32 8.110 x 1073 2.039

(a) Numerical solution at t = 1/4. (b) Numerical solution at ¢t = 1/2.

(¢) Numerical solution at r = 3/4. (d) Numerical solution at # = 1.

Figure 1. Slice contour plots of the numerical approximation at various time points for the
Example 5.1 (¢ = 0.6, M} = M, = M3 = N = 32).
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(a) The error at time t = 1/4.

(c) The error at time ¢ = 3/4. (d) The error at time ¢ = 1.

Figure 2. The slice contour plot showing the errors at different time points in the demonstration
Example 5.1 (@ = 0.8, M| = M, = M5 = N = 32).

5.2. Example 2

Consider the following linear subdiffusion Eqs (1.1)—(1.3):
Diu=V-(k(x,y,2) Vu) + uu

with the coefficients

1 + sin’x 0 0
K(x,y,2) = 0 1 + sin®y 0 ,u=0.5,
0 0 1 + sin’z

and the initial condition

1
up(x,y,z) = 3 sin x siny sin z.

The spatial domain is set to Q = (0, 7)*, and the terminal time is chosen as 7 = 1. Since an exact
analytical solution to the considered problem is not available, we adopt the two-grid method [38] to
evaluate the numerical errors and the associated convergence rates. To this end, we introduce the
following definitions:

2 N 2N
Ex = max " = q”ll,  Ey =" = ™.
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(a) Numerical solution at t = 1/4. (b) Numerical solution at t = 1/2.

(c) Numerical solution at t = 3/4. (d) Numerical solution at t = 1.

Figure 3. Slice contour plots of the numerical approximation at various time points for the
Example 5.2 (M} = M, = M5 = N = 32).

(a) The error at time t = 1/4. (b) The error at time ¢ = 1/2.

(c) The error at time t = 3/4. (d) The error at time ¢ = 1.

Figure 4. The slice contour plot showing the errors at different time points in the demonstration
Example 5.2 (¢« = 0.8, M| = M, = M3 = N = 32).
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Herein, ¢" for 0 < m < 2N represents the numerical solution computed on the refined temporal
mesh with grid points #,, = mT/(2N). As shown in Tables 4 and 5, the numerical scheme achieves
a global convergence order of O(N~®) and a local convergence order of O(N~™"2®1)) " which is in
full agreement with the theoretical findings established in Theorem 4.3. Figure 3 presents the slice
contour plots of the approximate solutions at different time instants for Example 5.2 with @ = 0.6 and
M, = M, = M5 = N = 32. Figure 4 presents the slice contour plots of the errors for Example 5.2 at
different time levels, with the parameter « = 0.8 and M|, = M, = M5 = N = 32.

Table 4. Global L? norm error and convergence rate for Example 5.2 (M, = M, = M3 = 32) .

o4 N E; Rate
64 6.336 x 1072 -
128 4.267 x 1072 0.571
04 256 2.926 x 1072 0.544
512 2.049 x 1072 0.514
64 1.441 x 1072 -
06 128 9.518 x 1072 0.792
' 256 6.455 x 1072 0.740
512 4.471 x 1072 0.699
64 8.472x 1073 -
08 128 4.091 x 1073 1.050
' 256 2.030 x 1073 1.011
512 1.021 x 1073 0.997

Table 5. Local L? norm error and convergence rate for Example 5.2 (M; = M, = M3 = 32) .

o4 N E, Rate
64 2.508 x 1072 -
04 128 1.325 x 1072 0.921
' 256 7.140 x 1072 0.892
512 3.909 x 1072 0.869
64 5.181 x 1073 -
06 128 2.182x 1073 1.1247
' 256 9.391 x 10 1.2165
512 4.098 x 10~ 1.1962
64 1.734 x 1073 -
128 7.119 x 107 1.284
08 256 3.081 x 107 1.208
512 1.389 x 107 1.150
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6. Conclusions

In this paper, we construct a fully discrete GL-ADI GFDM method for solving three-dimensional
non-local diffusion equations with anisotropic diffusion coefficients. The Griinwald-Letnikov formula is
adopted to discretize the Caputo time fractional derivative, while a general finite difference scheme is
employed for spatial discretization. By virtue of the alternating direction implicit splitting technique,
the computational overhead of three-dimensional problems is substantially lowered. Moreover, rigorous
theoretical proofs are presented to verify the stability and convergence of the established numerical
scheme. Error analysis demonstrates that the scheme achieves a local temporal convergence order of
O(r™in2%:11) and a global temporal convergence order of O(7%). Numerical examples are finally carried
out to validate the correctness and validity of the theoretical conclusions. Regarding the extension of
other boundary conditions and nonlinear problems, this will be left for future research.
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Appendix A

A. Detailed proofs of Lemmas 4.1 and 4.2

Lemma A.1. For any mesh functions ¢, € W), one has

(A, 9) = (¢, Arp), (A, 9) = (¢, Ayp), (A0, ) = (¢, Acp),
(ﬂxﬂy(p’ 90) = (¢’ ﬂxﬂysp)’ (ﬂyﬂz(p’ ‘;0) = (¢’ ﬂyﬂz‘P)» (ﬂxﬂqu’ 90) = (¢» ﬂxﬂz‘P)
(ﬂxﬂyﬂzqﬁ’ ()D) = (¢’ ﬂxﬂ)ﬂzgo)

Proof. 1t follows from the definition of ‘A, that

M -1 Mr—1 M;

1
(A, @) = hihohy Y 3" = (k)16 406 = (K- 18:0 1 40) - Pk (A.1)

=1 k=1 s=1 hy
My Myl My

= h1h2h3 Z h_(KX)j—%6X¢j—%,k,s¢j—1ak,5
j=2 k=1 s=1 "1
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Therefore, from Eqs (A.1)-(A.3), we can obtain (A,¢, ¢) = (¢, A,).
It follows from the definition of A,, A, that
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By the same reasoning, we have
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By applying the same method, we can obtain
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Then, from Eqs (A.7) and (A.8), we can obtain (A A,A. P, ¢) = (¢, AAA Q).
Similarly, it can be proved that
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Lemma A.2. For any mesh functions ¢ € W,

(9,4)y =0
Proof. According to the definition of (-, -)s in Eq (4.1), one gets
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Let us first analyze (ﬂxﬂycp, ¢) in Eq (A.9):
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From Eqgs (A.10)—(A.13), we can obtain
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