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Abstract: In this article, a new fractional-order chemostat model incorporating delay is formulated.
Making use of the Lipschitz condition, we confirm the existence and uniqueness of the solution to
the formulated model. By defining a reasonable function, we prove that the solution of the proposed
model is bounded. The criterion of the stability and Hopf bifurcation emerging from the developed
model is established by taking advantage of the stability theory and the Hopf bifurcation theorem of
fractional-order differential systems. By contriving two distinctive controllers, we can effectually adjust
the stability region and the delay length of the onset of Hopf bifurcation of the developed model. Finally,
computer simulation experiments are provided to support the acquired conclusions. The derived results
play an important role in balancing the concentrations of the substrate and the cell mass.

Keywords: fractional-order chemostat model; stability; Hopf bifurcation; speed feedback controller;
dislocated feedback controller

1. Introduction

A great deal of studies show that differential dynamical equations play a vital role in illustrating
the laws of various changes in many fields such as chemistry, mechanics, electronics, neural network
science, electrical engineering, the communication field, and so on [1]. In chemistry, in many cases, the
change in the density of various chemical substances can be described by differential equations. By
analyzing the established differential equation models of chemical substances, we can find inherent
changing laws of the density of various chemical substances. During the past decades, many scholars
have paid great attention to the exploration of differential systems of chemical substances and many
excellent results on these aspects have been reported. For example, in 2015, Xu and Wu [1] considered
the chaos control of a three-dimensional chemical model. By designing a suitable delayed feedback
controller, the chaotic behaviors of this three-dimensional chaotic chemical model were suppressed.
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The sufficient conditions on the stability and the onset of Hopf bifurcation of this three-dimensional
controlled chaotic chemical model were established. The critical delay value to ensure the generation of
Hopf bifurcation in the controlled chaotic chemical model was found. Through knowledge of the center
manifold and the normal form theorem, the concrete formulae to determine the direction, stability, and
the period of bifurcating periodic solutions of the controlled chaotic chemical model are acquired. In
1996, Ruan and Wolkowicz [2] formulated a delayed chemostat model of a single species. By virtue
of the average time delay as a Hopf bifurcation parameter, the authors explored the Hopf bifurcation
of the delayed chemostat model. The effect of the average time delay on the Hopf bifurcation of
this model was analyzed. The results of [2] play a critical role in balancing the concentration of the
nutrient and the populations of microorganisms. In [3], Li et al. established a new fractional-order
delayed Lengyel-Epstein model. By applying the stability and bifurcation of fractional-order differential
equations, a new delay-dependent condition on the stability and the onset of Hopf bifurcation of the
formulated fractional delayed Lengyel-Epstein model was acquired. Making use of a nonlinear delayed
feedback controller and a hybrid controller, the stability region and the delay length of the generation of
Hopf bifurcation of this controlled Lengyel-Epstein model were adjusted. For more detailed studies in
this area, one can refer to [4,5].

In 2025, Sharma et al. [6] put forward the following chemostat model:

duy (1) Auy (1)ua(1)
= buyg — bu(t) - —————,
dl/it(l) B(uy (1)) (1.1)

P buzy — buy(t) — A(ui(2))us (1),
where u;(t) denotes the concentrations of the substrate, and u,(¢) denotes the concentrations of the
cell mass, b > 0 denotes the dilution rate, u;o denotes the concentration of the initial substrate, and
uyo denotes the concentration of initial cell mass, u;y and u,y are positive constants. B denotes the
yield parameter, A(u;(¢)) denotes the concrete growth rate that follows the Monod growth model
typically relies on the yield parameter B and the substrate concentration. A(u;(¢)) and B(u,(t)) take the
following expression:
au (1)

A(u (1) = ,

@)= =@ (1.2)
B(uy (1)) =y + Bui (1),

where a > 0 represents the maximum concrete growth rate, ¢ > 0 denotes the substrate’s concentration
at which the con concrete growth rate is half of its maximum value « and is the Monod constant, y > 0
denotes the baseline yield coeflicient, § > 0 denotes the rate at which the yield increases with the
substrate’s concentration, y > 0 and 8 > 0 are real coefficients. From Eqs (1.2) and (1.1), we can get the
following system:

dui(t) _ bitso — buy (1) — aui(Duo (1)
dt T e m @)y + Bun(0) (1.3)
D) e (s — 2O '
dr U Y chu(

Here, we must mention that in most cases, delay often exists in dynamic systems, since the response
of variables depends on the past time. In Model (8.3), we consider that the concrete growth rate A(u;(¢))
depends on the past history; that is to say, there is a self-feedback delay from u; to u; in A(u,(¢)), which
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implies that

au (t—7)
A (t)) = ——. 1.4
() = s (1.4)
Depending on this ideas, we modify Model (8.3) as follows:
duy (1) — buyy — by (1) — au(t — T)uy(t) ’
dt (c+ ui(t = 1)y + Bu (1)) (1.5)
du, (1) = b — b (t)_cml(t—Tuzt ‘
dr Ha0 = P2 c+ru(t—1)

Recently, many scholars have argued that fractional-order dynamic equations have displayed
widespread application in many disciplines such as biology, chemistry, quantum mechanics, control
science, various light waves, image processing, network engineering, electric power system and so
on [7,8]. The extensive application of fractional-order dynamical equations depends on the their
memory properties and hereditary of for the development of various substances [9]. Nowadays, a good
deal of excellent works on fractional-order differential models have been published. For instance, Xu et
al. [10] explored the impact of two inconsistent delays on the emergence of bifurcation and the stability
region of fractional delayed neural networks. Mondal et al. [11] investigated the saddle-node
bifurcation, the Hopf bifurcation, and the existence of multi-stable states and measurements of basin
stability in a fractional-order predator-prey system. Pratap et al. [12] studied the stabilization and
quasi-pinning synchronization of fractional-order delayed neural networks. For details, one can
see [13—17]. It is a pity that all the abovementioned works are only concerned with the dynamical
behavior of integer-order chemostat models. and they are not concerned with the dynamical behavior of
fractional-order chemostat models. Motivated by this discussion, in this paper, we will explore the
dynamic behavior of fractional-order chemostat models. On the basis of this idea, we develop the
following fractional-order chemostat model:

diuy (1) butso — bu (1) — au (t — T)uy(1)
a0 T T = ) + Bun(D) L6
dlu () b b au (f — T)uy(t) (1.6)
dra a0 = bu(f) = c+ut-1)°

where g € (0, 1] is a constant. All other coeflicients and functions have the same meanings as those in
Model (8.3). We know that delay-induced Hopf bifurcation is a very important dynamic phenomenon in
fractional-order differential systems and it can describe the balance of different densities of chemical
substances. Thus, it is of importance to investigate the delay-induced Hopf bifurcation of Model (1.6).
We now give the initial condition of System (1.6) as follows:

{ ur(p) = ur(p), ¢ € [ o], (1.7)

ur(p) = uz(p), ¢ € [-7, o],

where #, > 0 represents a real constant.

The fundamental frame of this article is listed as follows. Section 2 provides several necessary
lemmas and definitions on the fractional-order differential equation. Section 3 analyzes the existence
and uniqueness of the solution to Model (1.6). Section 4 explores the boundedness of the solution
to Model (1.6). Section 5 provides the delay-independent sufficient condition on the stability and
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bifurcation generation of Model (1.6). Section 6 probes into the Hopf bifurcation control design of
Model (1.6) by adopting speed feedback controller. Section 7 deals with Hopf bifurcation control design
of Model (1.6) by applying dislocated feedback controller. Section 8 performs numerical simulations to
confirm the primary results of this manuscript. Section 9 provides the conclusions of this manuscript.

2. Essential definitions and lemmas

This part will provide the necessary definitions and lemmas of fractional-order dynamic systems.
Assume R, = {u|lu > 0,u € R}.

Definition 2.1 [18] The Caputo-type fractional-order derivative is provided as follows:

AL

DI =525 ), s

2.1)

where h(v) € ([ug, ), R),I'(s) = fooo vleVdu,v>vgandl € Z*,1 -1 < g < I, h'(¢) stands for the
[-th derivative of the function h(t).

The Laplace transform of Caputo-type fractional-order derivative is provided as follows:
-

1
LIDh(1); s} = s"H(s) = > s hO0),1-1 < g < e Z",
i=0
where H(s) = L{h(t)}, and L{h(t)} stands for the laplace transform of the function A(¢). Particularly, if
h90)=0,i=1,2,---,n, then L{Dh(t); s} = sPH(s).

Definition 2.2 [19] Here, (u;., uy.) is regarded as the equilibrium point of Model (1.6) if

QU U

buyg — buy. — =0,
10 : (()/C + up)(y + Buy.) (2.2)
buzo - l’)lftg* - L2 =0.
C+ Upx

Lemma 2.1 [20] Assume the following fractional-order system:

du(t)
drd

= f(t, u(D), u(ty) = uy,, (2.3)

where ty stands for a positive real constant, g € (0,1], and f : [ty,00) X x = R}, x C R}. If f(t,u)
satisfies the local Lipschitz condition with regard to u, then System (2.3) has a unique solution defined
on [ty, 00).

Lemma 2.2 [21] If u(t) € C[ty, o] and

q _
{ Du(t) < —kqu(t) + Kz, 2.4)
l/l(t()) = ul‘o’
where 0 < g < 1,k1,k € R,k # 0,15 > 0. Then
K K
u(t) < (M(fo) - K—z) E [—x(t = 10)7] + K—2 (2.5)
1 1
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o] k . .
where E,(z) = 220 m stands for the one parameter Mittag-Leffler function.

Lemma 2.3 [22,23] We take the following fractional-order differential system

du(t)
drd

= f(t, u(®)), u(0) = uy, (2.6)

where g € (0, 1] and f(t,u(t)) : R* X R" — R™. The equilibrium point of System (2.6) maintains locally
asymptotically stable if every eigenvalue ¢ of the formula U opaluated at the equilibrium point

ou
. qﬂ'
satisfies |arg(p)| > 5.

Lemma 2.4 [24] Assume the following fractional-order differential system

d”J,(1)
tqll =nJ1t— 1) + ndo@ —12) + - + LTt — Tin),
dET,()
e InJ1(t = 121) + Do Jo(t — T22) + -+ - + LTt — T20), 27
d 7,1
i 1 J1(E = Tn1) + Lp T2t — T2) + -+ LinTu(t — Tun),
where 0 < g; < 1(j = 1,2,--- ,n), the initial values [J;(t) = w,(t) € C[—max,; 7, 0], t € [~ max;; Ty, 0],

i,l=1,2,--- ,n. Ifwe set

&N — [jetm —lpete —1,,e ¢
_121 e—é—‘nz f”z _ 122 e—grzz L. _ lzne_‘f”"
Ao = : : 5 : , (2.8)
_lnle_f‘r"l —lnze_‘f‘r”z e f%l _ lnne—f‘l',m

then the zero solution of Eq (2.7) keeps Lyapunov asymptotically stability if all roots of det(A(£)) = 0
have negative real part.

3. Existence and uniqueness

This part will discuss the existence and uniqueness of the solution of System (1.6) via the
Lipschitz condition.

Theorem 3.1 Denote ® = {(uy, u,) € R? : max{|u;l, [us|} < M}, where M > 0 denotes a constant. Then
for each Uy, = (ui(ty), ux(ty)) € ® and for all t > ty, System (1.6) with the initial value U,, has a unique
solution U(t) € .

Proof: We will analyze the existence and uniqueness of the solution of System (1.6) in the domain
O X [to, fo1], where 1o, < +oo. Let U = (u1,uy) and U = (iiy, ity), and define a mapping W(U) =
(P1(U), ¥o(U)), where

Wi(U) = buig — buy (1) - au, (1 — Ty (1)

(¢ + ui(t =)y + Bui (1))’ o
Wo(U) = busy — buy(t) — %‘
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For all U, Ue D, 1,1, € R, 11,1, > 1y, according to the work of Huo [25], we get

(L) — ()|
= ¥ (U) - V1 (T + o (U) — Po(U)|
au(t — T)uo(ty)

[b”” B R P Py 0% +ﬁu1(t1))]
au(ty — T)uy(ts)
(c+u(ty — )y +,3u1(tz))”

au(t) — T)Mz(fl)]

- [bulo — buy (1) —

+

buyy — buy(ty) — P

[ - <

Dluy(ty) — ui(12)| + Dluz(t) — ux(t2)|
N au (ty — Tuo(ty) B au(t — T)us(t)
(c+ui(ty — Dy +Bui(t)) (¢ +u(ty — )y + Bui(tz))
auy(t; — D (ty)  aui(t, — D (1)
c+u(ty —71) c+u(t, —71)
acyMlu (t; — 1) — ui(ty — )| + acyMluy(t,) — uy (1)

+ayM|uy (ty = 7) — (8 = D) + ayM>|uy (1) = 7) = uy (1 — 7))
+ayM?luy(t) — up(t2)] + acBM|uy (1) — 7) — uy (1, — 7)|
+acBM?uy(t) — ur ()| + cBM|uy (1y) — uy (1)
+af*Mluy (1) — ur ()] + aff” Mlua(11) — i (12)]

acyMlui () — ui(t)| + acyMlus(t1) — up(t2)|

+ayMluy (1) — ui (8)] + ayM?|uy () — uy ()|

+ayM?|ux(h) = ur(t2)] + acfM (1) — i (1)
+acBM|ux(ty) — ur ()| + acBM?|uy () — uy (1))
+af*Mlu (1) — uy (02)| + > Mlua(tr) — uy (1)

IA

IA

IA

= milui(t) — ui ()| + nolua(ty) — us(t2), (3.2)

where
m = acy + 2ayM* + 2acBM?* + o8> M, (33)

1, = acyM + ayM* + acyBM* + of° M. '
It follows from Eq (3.2) that

(L) =B < nlit - U, (3.4)

where
n = max{n, n}. (3.5)

Therefore, W(U) satisfies the Lipschitz condition with regard to U. By Lemma 2.1, one concludes
that Theorem 3.1 is valid. The proof of Theorem 3.1 finishes.
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4. Boundedness

This part will discuss the boundedness of the solution to System (1.6) by constructing a reasonable
function. Write u, = {(u1,u2) € T : uy,ur € R, }.

Theorem 4.1 All solutions to System (1.6) beginning with u, are uniformly bounded.

Proof: Let

From System (1.6), we have

diU(t)

U(t) = u (1) + un(2).

diu (@)  d'up(1)

dri

IA

IA

By using Lemma 2.2, we have

U(t) < [l/tto - (I/tl() + uzo)] Eq[—b(t — t())q] + U9 + Upyg — Upg + U, T — 0.

dri drd

buyo — buy (f) — au (t = Dua(7)

(¢ +u(t — 7))y + Bui (1)
au (t — T)uy(t)

c+u(t—1)
b(uio + uz0) — b(uy (1) + ua(1))
—bU(t) + b(uyy + uyp).

+buyg — buy(t) —

(4.1)

4.2)

4.3)

So one can know that each solution to System (1.6) beginning with u, remains uniformly bounded.

The proof is complete.

5. Stability and existence of bifurcation

This part will explore the the onset of Hopf bifurcation and the stability of System (1.6) via applying
the stability and bifurcation theory of fractional-order delayed dynamic systems. If we let E(u;., u».) be

the positive equilibrium point of System (1.6), then u,., u,. satisfy the following condition:

QU U

bu10 - bul* - =0
(¢ + up)(y + Burs)
Uy U
bbt20 - bu2* - =
C+ Uy

The linear equation of System (5.1) at E(u., u».) takes the following form:

Networks and Heterogeneous Media

q
d Z;q(t) = aju (1) + arur(t) + azu, (t — 1),
duy(t

d;q( ) _ aguy (1) + asuy (t — 1),

S.D

5.2)

Volume 21, Issue 5, 1678—1708.
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where
auyUp
U T m R +puy
a al;')tll*
2 == ,
c+u + Bu
( a%t*ll(uyz* pur) auy,
as = -
(Cc‘yzt‘ up)2(y + Bur) (¢ +up)(y + Burs)’
1
as = - - b,
C+ Uy,
AU U QU U
as = - 5
c+up.  (c+u)

The corresponding characteristic equation of Eq (5.2) reads as

st —a; —aze™’™  —ap
det =0.

ST

—ase” sT—ay

By Eq (5.4), one has

s + a5 + @y + (azs? + ag)e™ =0,

where
a) = —(a) + ag),
a, = aay,
as = —as,

514 = dszdyq — ardas.

Assume that s = iw = w (cos Z +isin g) is the root of Eq (5.5), then by Eq (5.5), we derive

(kyw? + ky) coS WT + kzw? sin wt = kyw* + ks,
kyw? cos wt — (kjw? + k) sin wt = kew?? + kye?,

where
_ T
kl = asz COoS %,

ky = ay,

_ . (qr
ks = a3 sin >
k4 = —cosqn,

_ s
ks = a, cos %,

ke = —singmn,
_ .. qgr
k7 = a; S1n 7

In view of Eq (5.7), one has
(k1w + ky)* + (kzw?)* = (kg™ + ksw?)? + (kew™ + kyw?)?

which results in
L' + Lo + Lw* + Lw! + 15 =0,

(5.3)

(5.4)

(5.5

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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where
L= ki + kg,
L = 2(ksks + kek7),
L=ki+k —ki -k, (5.11)
ly = =2kks,
Is = —k3.

If we let z = w?, then Eq (5.10) takes the form:
Lt + b + L2 + Lz +15=0. (5.12)

Note that /; > 0 and /5 < 0, and then Eq (5.12) has at least one positive real root. Thus Eq (5.5) has
at least one pair of purely imaginary roots. Making use of the work of Sun et al. [26], the following
results can be easily derived.

Lemma 5.1 Assume that [; > 0(i = 2,3,4). Let wy be a root of Eq (5.10). Then Eq (5.5) has a pair of
purely imaginary roots tiwg if t = 1;(i=1,2,3,--- ,) where

1 kiw ! + ksw?)(kjw! + ko) + (kew?? + kywhksw!
T, = — |arccos (k1 swpltkiwg + k) (620 1@ks + 2in|, (5.13)
wo (kiw] + k2)? + k3w
wherei =0,1,2,--- .
Here we omit the proof of Lemma 5.1. One can refer to the work of Sun et al. [26].
We now give the necessary assumption as follows:
(Al) H H> + HyH» > 0, where
_ 2g -1 _ -1
Hy = quéq cos @q—Dr +q1aw; 'cos lg=Dr
_ -1 _ -1
+ qazw; ' cos (g = r COS WoTo + qaz W, "sin (g - r sin wyTo,
1. Qg-Dm 1. - Dnr
H = 2q0)(2)q ! S M + qlalwg ! Nt u
2 (5.14)
| (g—Drm . - g1 . (g— Dn
—qasw, COos SN Wy Ty + qaszw, s COS Wy Ty,
Ho = (208 qm . - g.. qm
21 = | A3 COS 7 + ayg | o SIN Wy Ty — asw, Sin 7 wo COS WoTo,
Hor = (g207 cos & + & _ g qrm :
22 = | d3w, COS 7 + a4 ) Wo COS WTo — | Azw, SIN 7 Wo S1IN Wy Ty.

Lemma 5.2 If we let s(t) = &(1) + i&,(1) be a root of Eq (5.5) around T = 1( such that &(ty) =
0, & (1) = wo, then Re [fl—j ' > 0.

] T=T(,W=W(

Proof: In view of Eq (5.5), we obtain

d d
(297524_1 + qc‘zlsq_l) d—i + qas sq_le_”d—i
_s[ds _ i}
—e | —71+ s|(azs? +as) = 0. (5.15)
dr
It follows from Eq (5.15) that
ds|™ Hi(s) t
bkl [ - -, 5.16
[d‘r] H>(s) s ( )
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where - | |
— q- = 4= PR
H(s) Zq_s” ) + qal_s + qgazs?T e, (5.17)
H,(s) = se™*" (a3s? + ay) .
Then
d H H Hy + H,H
Re{—s} :Re{ 1(s)} _Hu il ;2 2 (5.18)
dT T=T(,W=W( HZ(S) T=T(,W=W( H21 +H 22
By (A,), we derive
ds1™!
Re {[—S] } > 0. (5.19)
dr T=T0,W=wW(

The proof is complete.

Next, we present the assumption as follows:

(Ag) a,+az>0,a, +as > 0.
Lemma 5.3 Assume that T = 0 and (A,) is fulfilled, then System (1.6) keeps locally asymptotically
stable state.

Proof: When 7 = 0, then Eq (5.5) can be rewritten as follows:
X+ (@, +as)A+ay +a, =0, (5.20)

where A = s?. In view of (A;), we conclude that the two roots A;(i = 1,2) of (5.20) satisfy |arg(4;)| >
(i = 1,2). Thus Lemma 5.3 is true. The proof is complete.
On the basis of the analysis above, one can establish the following assertion.

Theorem 5.1 If (A) and (A») hold, then the equilibrium point E(u,.., uy.) of System (1.6) remains locally
asymptotically stable if T € [0, 1y) and System (1.6) will generate a cluster of Hopf bifurcations around
the equilibrium point E(u;., uy.) when v = 1.

Remark 5.1 In view of Eq (5.1), we get the following expression:
C~111/liF + Elzl/t%* + dzuy, + dg = 0,

where @, = b*B,d, = bB — b*Bug — b*y + b*y + b*B, a3 = abuyy — b*yuyg — b*Buyg + b*cy,dy =
—(b*cyuy + byuy.) If the equation @y, + dous, + azuy. + as = 0 has at least positive root (say u;..)
and (buyy — buy.)(y + Buy.) — buyy > 0, then System (1.6) has a positive equilibrium point

E( (bbl]() - bul*)(y +ﬁu1*) - bbt20
Utx, .

b

6. Bifurcation control utilizing speed feedback controller

This part will focus on the controller design of Hopf bifurcation of System (1.6) by constructing
a suitable speed feedback controller. Depending on the ideas of [15], we design the controller
u(t) = —Ql% where o, represents a feedback coefficient. Adding this controller u(?) = —Ql% to

the second equation of System (1.6), we get the following fractional-order controlled chemostat model:

dw(@ auy (1 = Tu(7)
qio e TP T G o + B ) 6.1)
dluy(t) bitsg — bu(f) — auy (t — Tuy(t) +u(t) '
dra — T crumi-on

Networks and Heterogeneous Media Volume 21, Issue 5, 1678—1708.
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Specifically,

dluy(t) bitrg — buuy (1) — auy (f — T)uy(t)
dthq(t) — P T P +(tul<r ; %(y + Bur(D)’
u au —T)Uu
dl‘2‘1 = buyy — buy(t) — C:—T(l‘—i’) (6.2)
auy (t — T)u(t)
| b = b ) = e Y+ B ) |

System (6.2) has the equilibrium point E(u.,u,.). The linear equation of System (6.2) at the
equilibrium point E(u,., u,.) is given by

where

duy (1)

= blul(t) + bzug(l) + b3ul(t - T)’
du q(r) ©.3)
2 = by (£) + bsua(t) + beuy (t — 1),

dr
auy U
1= -0,
+ U1 )2 (v + Buy.)?
, (c+u )0/(%1* Bui.)
2 = = s
(¢ + up)(y + Buy.)
by = QUYU _ QU
(c+u )y +Bur) (¢ +ur)(y +Buy.)’
b QU Upf b (6.4)
4 = _Ql - ’
o (¢ + up)*(y +ﬁu1§2t2
bs = L b+ 010U, ’
c+ Uy, (c + up)(y + Buyy)
b QUL U, QUL U, QUL U, QU
6 = -

et Crun? St unPy+Bun)  Ctu )y +Bun) |

The corresponding characteristic equation of Eq (6.3) reads as

By Eq (6.5), one has

where

s7 — bl - b3€_ST —b2 _
det[ by — b 59— bs ] =0. (6.5)
5% + by s? + by + (b3s? + by)e™*" = 0, (6.6)
lél = —(b1 + bs),
by = b1bs — byby,
by = —bs, (6.7)
54 = b3b5 - b2b6.
Ifwelets =iy =y (cos J +isin g) be the root of Eq (6.6), then it follows from Eq (6.6) that
(my? + my) cos Yt + may? sinyt = map*? + msy?, 6.8)
may? cos Yyt — (my? + my) sinyt = méwzq + mp, '
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where

- qﬂ'
my = b3 cos —,

_ 2
my = by,

- . qn
msz = by sin —,

2

my = —COS gn,

— qr
ms = b cos Eh

ke = —singn,
- . qn
nmy = bl Sin 7

In view of Eq (6.8), one has
(g + ma)? + (may®)? = (may® + msyp)® + (me™ + mpp?y?

which results in

81!//4q + 82¢3q + 83lﬁ2q + 84lﬁq +e5=0,

where
g = mi + mé,
& = 2(myms + mgmy),
&3 :m§+m$—mf—m§,
g4 = —2mymy,
E5 = —m%.

If we let y = ¥9,t then Eq (6.11) becomes

81_)_74 + 82)_)3 + 83)_72 +&y+ &5 = 0.

(6.9)

(6.10)

6.11)

(6.12)

(6.13)

Note that if £; > 0 and &5 < 0, then Eq (6.13) has at least one positive real root. Thus Eq (6.6) has at
least one pair of purely roots. Making use of the work of Sun et al. [26], the following results can be

easily derived.

Lemma 6.1 Assume that g; > 0(i = 1,2,3,4). Let o be a root of Eq (6.11). Then Eq (6.6) has a pair of

purely imaginary roots iy if T = 1;(i = 1,2,3,--- ,) where

1 [ [(mu/%q + msy )yl +my) + (mﬁﬁfféq + m7¢3)mswg) . ]
arccos +2jr|,

Toj = o q 2 4 2,24
0 (mllpo +my)* + m3yry

where j=0,1,2,--- .
Here we omit the proof of Lemma 6.1. One can refer to the work of Sun et al. [26].
We now give the necessary assumption as follows.

(6.14)
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(A3) 111121 + 112122 > O, where

2g -1 - -1
I]l = 2ql//(2)q_1 COS w + q]bll/lg_l Ccos (q )7T
_ -1 - -1
+ qb3¢g_l cos (g Dr COS YT + qbggl/g_l sin G 3 m sin 7o,
_ 2q — . -1
I, = qugq ! sin u + qlbllﬁg ! sin (q )7T
2 (6.15)
= 41 (g—Dm . g1 . (@=Dm
—qbsy,  cos sinyoToo + gbs,  sin cos YoToo,

_ 7/ - ) 7 . qn

L = (bgl//g CcoS % + by Yo s oToo — (b3'70(q) sin %) Yo cOs YoToo,
— T - = .. qr .

I = (b3¢g cos % + b4) Yo oS YoToo — (bslﬁg sin _q2 ) Yo SIn Yo Too.

Lemma 6.2 If we let s(t) = u (1) + iuy(t) be a root of Eq (6.6) around T = 1oy such that u,(to) =

0, =y, then Re | % > 0.
H2(To0) = Yo, then Re [ d,] ‘T:T00,¢:¢0
Proof: In view of Eq (6.6), we obtain
_ ds _ ds
2g—1 -1 -1 _-—s7
(2qs " + gb, 57 )E + gbys? e =
—ST dS A A
—e (g‘r + s) (Bas? + bs) = 0. (6.16)

It follows from Eq (6.16) that

ds|™ Lis) T
2 =2 6.17
[dT] L(s) s (©17
where — = = a1
Ii(s) = 2g5°™" + qbys"" + gbssT e,
1(5) CI_SST _tgbis qbss” e (6.18)
I (s) = se (b3s" + b4).
Then
d 1 I I I I
Re{—s} = Re{ I(S)} == 221—+ — (6.19)
dt T=100.4=th0 LICH) | M Ly + 1
By (A3), we derive
dsT!
Re{[d—s] } > 0. (6.20)
T T=T00,¥/=0

The proof is complete.
Next, we present the assumption as follows:
(A4) Z)] +l_?3 > 0,[)2 +l_?4 > 0.

Lemma 6.3 Assume that T = 0 and (Ay) is fulfilled, then system (6.1) keeps locally asymptotically
stable state.

Proof: When 7 = 0, then Eq (6.6) can be rewritten as follows:
X+ (by +b3)A+Dy+ by =0, (6.21)
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where 4 = s?. In view of (A4), we conclude that the two roots A;(i = 1,2) of Eq (6.21) satisfy
larg(4;)| > ’12—”(1' = 1,2,). Thus Lemma 6.3 is true. The proof completes.
On the basis of the analysis above, one can establish the following assertion.

Theorem 6.1 If (A3) and (A4) hold, then the equilibrium point E(u,.., uy.) of System (6.1) remains locally

asymptotically stable if T € [0, To9) and System (6.1) will generate a cluster of Hopf bifurcations around
the equilibrium point E(uy., uy.) when T = 7.

7. Bifurcation control utilizing dislocated feedback controller

This part will focus on the controller design for the Hopf bifurcation of System (1.6) by constructing
a suitable dislocated feedback controller. Depending on the ideas of [15], we design the controller
v(t) = —o,u;(t) where o, represents the feedback coefficient. Adding this controller v(#) = —o,u, () to the
second equation of System (1.6), we then get the following fractional-order controlled chemostat model:

dn) ) - auy (1 = Tuy(7)
die T e wn (= 1)y + Bur () 7.1)
dluy(t) bt — bus(f) — au(t — Tuy(t (1) '
dra Mo (1) c+u(t—1) e
Specifically,
P Y dluy(t) butso — buy (1) auy (f — T)uy(t)
die T e wn (= 1)y + Bur () (7.2)
duy(1) itz — bits(t) — au (t = Dux (1) 0 :
7 U0 U —c+u1(t—T) oxu1(l).

If we let E(u;x, ) be the the equilibrium point of System (7.2). Then u;, us, satisfy

iy Uy (1)
buyp — buy, — =V,
(¢ + u)(y + Buiy) (7.3)
AU U5
buyy — busy — —0att15 = 0.
C+ ul*

The linear equation of System (7.2) at the equilibrium point E(u;, 4>4) is given by

duy (1)

= ciu(t) + cous(t) + c3uy (t — 1),
d%f;(z) (7.4)
7R cau (1) + csup(t) + cou (t — 1),

where
QU U3

1= -
Cc+ u)*(y + Bupy)?
( 1*)a(31/1* Buiy)
Cy = B
1) (Y + Buyy)
Upx U2 % * QU *

T (Ctun )2y + Bure) (¢ +ur)(y + Bury)’ (1.5)

C4 = —02,
QU

2

(c+u
a

Cs = - b,
c+ Uy,
QU U, QU U

c+up  (c+un)?

Ce =
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The corresponding characteristic equation of Eq (7.4) reads as follows:

s1—c1 —bze™™ -y

=0.
—c4 —cee™* " s1—c5

det

By Eq (7.6), one has
M 4+ C157+ Gy + (T357 + C)e” T =0,

where
¢ = —(c1 +cs),
Cy = C1C5 — C2C4,
C3 = —C3,

5'4 = C3C5 — CC¢q.

(7.6)

(7.7)

(7.8)

If we assume that s = iy = (cos 5 +isin ’%) is the root of Eq (7.7), then by Eq (7.7), we have

(nx? + ny) cos y7 + nay? sin y v = nay* + nsy?,
n3x? cos xT — (nix? + ny) sin xt = nex*? + nyy’,

where

_ qr
n; = c3COS 7,
ny = Cy,

_ .. qr
ns = C3Sin 7,
ng = —cCosgrm,

- qr
ns = c1 COS 7,
ng = —SI(gm,

T

_ .. q
ny = CyS1n ——.
2

In view of Eq (7.9), one has

(nx? + ka)* + (n3x")* = (nax™ + nsy?)* + (nex™ + nyx?)’

which results in
ex* + ex* + ey + ex! + e =0,

where
_ .2 2

€ = 2(ksks + ngny),

e = 14— —
€ = —2nin,y,

€5 = —n%.

If we let 7 = x4, then Eq (7.12) becomes

6124 + 6223 + 6322 + €7+ 6 = 0.

(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

Note that €, > 0 and €5 < 0, and thus Eq (7.14) has at least one positive real root. Thus Eq (7.7) has
at least one pair of purely roots. Making use of the work of Sun et al. [26], the following results can be

easily derived.
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Lemma 7.1 Assume that €, > 0(i = 2,3,4). Let yo be a root of Eq (7.12). Then Eq (7.7) has a pair of

purely imaginary roots +iy, if T = 10;(i = 1,2,3,---,) where
2q q q 2q q q
1 (n + nsy )iy, +ny) + (n + n7yon
Too; = — |arccos Xo KMo 7 2 6)20 X M3Xo + 2in|, (7.15)
X0 (mixg + m)? + nax,’
wherei=0,1,2,---.
Here we omit the proof of Lemma 7.1. One can refer to the work of Sun et al. [26].
We now give the necessary assumption as follows.
(A5) JiJa + Jindan > 0, where
_ 2g -1 _ -1
Ji = 2q)((2)q cos @q— D +qicix; ' cos 4= Dr
_ -1 1. - .
+ qC3x; ' cos (g - r COS X0Too0 + 3w, "sin (g - Dr sin x0T000,
1. 2g-Dm 1. - Dr
Jip = 2q/\/(2)q "sin 2q—-Dx + qiC1x; "sin (g-1)
2 (7.16)
_ g1 (g—Dr . _ g1, (g-Dn
—qc3x, COS S1N X0Tooo + gC3), SIN T COS X0T000,
T = (24 qr . - g 49T
21 = | C3X, COS ) + C4 )Xo SIN X 0Too0 — | C3X SIN X X0 COS X0T0005
_ = .4 qn - - g .. qr .
Ja =|C3x, cos 5+ €4 ) X0 €OS ¥oTooo — | E3X SIN == | o SINX0T000-

Lemma 7.2 Let s(t) = pi(1) + ip(7) be a root of Eq (7.7) around T = Tooo such that pi(Top) =
O’pZ(TOOO) = X0, then Re [%:I ' > 0.

T=T000,X=X0

Proof: In view of Eq (7.7), we obtain

d d
(2q52q_1 + lelsq_l) ﬁ + 6]53sq_1e‘”d—j_
_er [ds _ _
—e 7 (—T + s) (¢35 +¢4) = 0. (7.17)
dr
It follows from Eq (7.17) that
ds|' U
i R/ Oy (7.18)
dr J(s) s
where - 1 1
— q- = od- = (q-1,=sT
Ji(s) 2q_sST ) + qcl_s + gc3sT e, (7.19)
Jo(s) = se” T (C387 + C4) .
Then
d J Judo + JioJ
Re{d—s} = Re{ 1(5)} St e L) (7.20)
T T=T000:X=X0 Ja(s) T=T000:X=X0 J21 + J22
By (As), we derive
ds1
Re {l—s] } > 0. (7.21)
dr B B
T=T000,X=X0

The proof is complete.
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Next, we present the assumption as follows:
(Ag) €1 +C3>0,00 +C4 > 0.

Lemma 7.3 If we assume T = 0 and (A) is fulfilled, then System (7.1) keeps a locally asymptotically
stable state.

Proof: When 7 = 0, then Eq 7.7 can be rewritten as follows:
B+ (E1+83)A+ T +84 =0, (7.22)

where 4 = s?. In view of (A¢), we conclude that the two roots A;(i = 1,2) of Eq (7.22) satisfy
larg(4;)| > %(l’ = 1,2,). Thus Lemma 7.3 is true. The proof is complete.
On the basis of the analysis above, one can establish the following assertion.

Theorem 7.1 If (As) and (Ag) hold, then the equilibrium point E(u;., uy.) of System (7.1) remains locally
asymptotically stable if T € [0, 7o), and System (7.1) will generate a cluster of Hopf bifurcations
around the equilibrium point E(uy., u.) when T = To.

Remark 7.1 In this section, we design a suitable dislocated feedback controller to control the Hopf
bifurcation of System (1.6). The controlled System (7.2) and the uncontrolled System (1.6) have different
positive equilibria. It is shown that we change the position of the equilibrium point to achieve control
the local asymptotic stability of the equilibrium point and the critical value of Hopf bifurcation of
System (1.6).

Remark 7.2 Mohd Aris and Jamaian [27] introduced a delay into Model (8.3) and investigated the
dynamics of the proposed fractional delayed chemostat model. In this paper, we consider the stability
and Hopf bifurcation and the new controller design issue of a new fractional delayed chemostat model
(namely, Model (1.6)). The obtained results are novel.

Remark 7.3 In Section 6 and 7, we adopt a speed feedback controller and a dislocated feedback
controller to adjust the stability domain of the system and the delay length of the onset of Hopf
bifurcation. For the speed feedback controller, we add a perturbation term with speed variation and
this controller does not change the position of the equilibrium point. For the dislocated feedback
controller, we add a perturbation term with a state variable, and this controller changes the position of
the equilibrium point.

Remark 7.4 By designing the dislocated feedback controller, the controlled System (7.2) and the
uncontrolled System (1.6) have different equilibrium points. From view point of ecology, we know that
the concentrations of the substrate and the concentrations of the cell mass will tend to different values,
compared with the concentrations of the substrate and the concentrations of the cell mass in original
system (1.6) when the time t — +oco. Moreover, the critical values of time delay in the controlled
system (7.2) have a close connection with the control parameter o, and the positive equilibrium of the
controlled system (7.2).

Remark 7.5 In [27], the authors adopted the time-delay feedback controller and the traditional
feedback controller to adjust the stability and Hopf bifurcation of the proposed models. In this paper, we
apply the speed feedback controller and the dislocated feedback controller to adjust the the stability and
Hopf bifurcation of the proposed Model (1.6), which is different from the previous work [27]. According
to this idea, our controllers are new.
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8. Computer simulation diagrams

Example 8.1 Consider the following fractional-order chemostat model incorporating delay:

A% u, (1) 2.5u,(t — Tua(t)

= 0.43 X 0.15 — 0.43u, (1) - ’
PR X "0~ 085 + (- 0)(0.52 + 3.25m(0) 8.1)

d*u, (¢ 2.5u,(t — t
T2 () 43 % 0.35 — 0.43uy(r) — 22l = Do)

dr-87 0.85+u;(t—1)
0.25 T T T T 1.3
1.2
0.2r
U\ L1
(I ]
o1s[ || I « 1
‘ H “ \h\ t
oaf || L N
= LI YV S 08
| VAV ]
oosi ||| 1] |/ /
AR
{1 4 0.6 NA A A b
07\‘ I | VWA
‘ | 0.5
O.OSJ‘ |

| 04t ||
‘

I I I I I I I I
50 100 150 200 250 0 50 100 150 200 250

13

12F

15

11p

1h

0.9

U,

0.8

0.7

0.6

051

0.4r

. . . . . .
-0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 u,(® -01 o0
u(t)
1

Figure 1. Matlab simulation figures of System (8.1) concerning the delay 7 = 3.92 < 7 =
4.25. The positive equilibrium point £(0.0592,0.5634) maintains a locally asymptotically
stable position.

It is easy to acquire that System (8.1) has a positive equilibrium point £(0.0592,0.5634). With
Matlab software, we can easily obtain 7y = 4.25. One can verify that the conditions (A;) and (A;) in
Theorem 5.1 hold. To check the correctness of the conclusions of Theorem 5.1, we now choose both
two delays. One is 7 = 3.92 and another is 7 = 4.85. For 7 = 3.92 < 1y = 4.25, we get the simulation
plots which are presented in Figure 1. In view of Figure 1, we know that u; — 0.0592, u, — 0.5634 as
t — oo, which shows that the positive equilibrium point £(0.0592,0.5634) of System (8.1) will remain
in a locally asymptotically stable state when the time ¢ gradually approaches infinity. From the view
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point of ecology, the concentrations of the substrate and the concentrations of the cell mass will tend to
the values 0.0592 and 0.5634, respectively. For 7 = 4.85 > 1( = 4.25, we get the simulation plots which
are presented in Figure 2. In view of Figure 2, we know that u;, u, are to remain in periodic motion as
t — oo, which shows that the Hopf bifurcation of the system will arise near the positive equilibrium
point £(0.0592,0.5634) when the time ¢ gradually approaches infinity. From the view point of ecology,
the concentrations of the substrate and the concentrations of the cell mass will keep periodic motion
around the values 0.0592 and 0.5634, respectively. In addition, the bifurcation diagrams are provided to
display the bifurcation value more intuitively (see Figures 3 and 4). Obviously, Figures 3 and 4 show
that the bifurcation value is equal to 4.25. Moreover, we also give a table to show the relation of wy and
7o (see Table 1).

0.25 : : : : 1.6
0.2 14}
0.15}
1.2t
0.1
1
=, 005 =
=]
0.8
0
0.6
-0.05
-0.1 04f
-0.15 : ! . . 0.2
0 50 100 150 200 250 0 50 100 150 200 250

15

u,()
u, 0

0.6

0.4

02 ‘ ‘ ‘ ‘ ‘ ‘ ‘
-0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 u,(t) -02 o0
u,(®) !

Figure 2. Matlab simulation figures of System (8.1) concerning the delay 7 = 4.85 >
79 = 4.25. Two states (u;, u,) of System (8.1) will oscillate periodically around the positive
equilibrium point £(0.0592, 0.5634).
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0.07

0.065 -

0.06

0.055

0.051

0.045
0

. . . .
1 2 3 4
T

Figure 3. Bifurcation diagram of System (8.1): The delay 7 versus the state variable ;. The
bifurcation value of System (8.1) is 4.25.

0.595

059
0.585
058}
0575}

= 057
0.565
056
0.555
0551

0.545
0

Figure 4. Bifurcation diagram of System (8.1): The delay 7 versus the state variable u,. The
bifurcation value of System (8.1) is 4.25.

Table 1. The interrelation of w, and 7 of System (8.1).

Wy To
0.9725 1.0235
1.5093 2.4784
2.2534 3.7731
2.8892 4.250
3.2587 4.9783
3.9987 5.4688
4.8734 6.6623
5.2908 7.8721
6.2148 8.6544
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Example 8.2 Consider the following fractional-order controlled chemostat model incorporating delay:

d°®u, (1) 2.5u,(t — Dua(t)
&M 043 %0.15 — 0.43uy(r) — ,
A % 4 = 85 T = 1) (052 1 3.55m1)
d’ uy (1) 2.5u1(t — Duy (1)
& W) _ 043 %035 — 0.43u,(f) — 8.2
A8 % w0 = 085 T u—1) (8.2)
2.5u1(t — Dus (1)
— 0,043 % 0.15 = 0.43u,(1) - ,
Qi % N0 = 085 Tt = 1052 + 3.25m0,0)
0.2 ZJ‘
0.15f J
- 01 - 1'5“ “ﬂ‘
g 0.05 g ‘ ‘\ﬁ\ )
lm‘“ \H‘ H o
° \\“\‘\ﬂ‘mc‘“\f\\e“ﬁ\@ i
oot [ [V~
0.05 \,“ ||V

25

15F

u®

0.5F

-01  -0.05 0 0.05 01 0.5 02 025 u® -01 o
u, ()
1

Figure 5. Matlab simulation figures of System (8.2) concerning the delay 7 = 3.7 < 1o =
4.05. The positive equilibrium point £(0.0592,0.5634) maintains a locally asymptotically
stable position.
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Figure 6. Matlab simulation figures of System (8.2) concerning the delay 7 = 4.95 > 1y =
4.05. Four state states (u;, up) of System (8.2) will oscillate periodically near the positive
equilibrium point £(0.0592,0.5634).

It is easy to see that System (8.2) has a positive equilibrium point £(0.0592,0.5634). Let 0, = 2.96.
By virtue of Matlab software, we can easily obtain 7oy = 4.05. One can verify that the conditions (A3)
and (A4) in Theorem 6.1 hold. To check the correctness of the conclusions of Theorem 6.1, now we choose
both two delays. One is 7 = 3.7 and another is 7 = 4.95. For 7 = 3.7 < 7¢¢ = 4.05, we get the simulation
plots which are presented in Figure 5. In view of Figure 5, we know that #; — 0.0592 and u, — 0.5634
as t — oo, which shows that the positive equilibrium point £(0.0592, 0.5634) of System (8.2) will keep
locally asymptotically stable state when the time ¢ gradually approaches infinity. From the view point
of ecology, the concentrations of the substrate and the concentrations of the cell mass will tend to the
values 0.0592 and 0.5634, respectively. For 7 = 4.95 > 7y, = 4.05, we get the simulation plots which
are presented in Figure 6. In view of Figure 6, we know that u;, u, are to remain in periodic motion as
t — oo, which shows that the Hopf bifurcation of system will arise near the positive equilibrium point
E(0.0592,0.5634) when the time ¢ gradually approaches infinity. From the view point of ecology, the
concentrations of the substrate and the concentrations of the cell mass will keep periodic motion around
the values 0.0592 and 0.5634, respectively. In addition, the bifurcation diagrams display the bifurcation
value more intuitively (see Figures 7 and 8). Obviously, Figures 7 and 8 show that the bifurcation value is
equal to 4.05. Moreover, we also give a table to show the relation of ¢ and 7 (see Table 2).
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Figure 7. Bifurcation diagram of System (8.2): The delay 7 versus the state variable ;. The
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bifurcation value of System (8.2) is 4.05.

Figure 8. Bifurcation diagram of System (8.2): The delay 7 versus the state variable u,. The
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bifurcation value of System (8.2) is 4.05.

Table 2. The interrelation of ¢ and 7y, of System (8.2).

Yo Too
0.3352 1.1341
0.4098 2.1058
0.5542 3.4525
0.6021 4.050
0.7091 4.8509
0.8961 5.1875
1.1968 6.2875
1.5875 7.2768
1.9177 8.0939
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Example 8.3 Consider the following fractional-order controlled chemostat model incorporating delay:

A% u, (1) 2.5u1(t — Dus (1)
———= =043 x0.15-0.43u,(t) - ,
do‘éiw( ) (1) (20585(+ ul()t —(r)))(o.sz +3.25u,(0) 83)
Tuy(t Du(t — 1)uy(t
———= =0.43x0.35 - 0.43u,(¢t) — - 1).
A% )= S5t MW
|
0.2r ‘n‘ B 1,2*”
| I
I g
015} || M‘ 1H|
“MH “‘\ CA‘V “‘ \
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7 | | il ‘J /! VAAAA A~~~ = ﬂ I
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Figure 9. Matlab simulation figures of System (8.3) concerning the delay 7 = 4.35 < 1oy =
4.72. The positive equilibrium point £(0.0611,0.4573 maintains a locally asymptotically
stable position.

It is easy to see that System (8.3) has a positive equilibrium point £(0.0611,0.4573). Let o, = 0.5.
Using Matlab software, we can easily obtain 7oy = 4.72. One can verify that the conditions (As) and (Ae)
in Theorem 7.1 hold. To check the correctness of the conclusions of Theorem 7.1, we now choose both
two delays. One is 7 = 4.35 and another is 7 = 5.65. For 7 = 4.35 < 1999 = 4.72, we get the simulation
plots which are presented in Figure 9. In view of Figure 9, we know that u; — 0.0611, u, — 0.4573
as t — oo, which shows that the positive equilibrium point £(0.0611,0.4573) of System (8.3) will
remain in a locally asymptotically stable state when the time ¢ gradually approaches infinity. From the
view point of ecology, the concentrations of the substrate and the concentrations of the cell mass will
tend to the values 0.0611 and 0.4573, respectively. For 7 = 5.65 > 1yy = 4.72, we get the simulation
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plots which are presented in Figure 10. In view of Figure 10, we know that u;, u, are to remain in
periodic motion as t — oo, which shows that the Hopf bifurcation of system will arise near the positive
equilibrium point £(0.0611,0.4573) when the time ¢ gradually approaches infinity. From the view point
of ecology, the concentrations of the substrate and the concentrations of the cell mass will keep periodic
motion around the values 0.0611 and 0.4573, respectively. In addition, the bifurcation diagrams display
the bifurcation value more intuitively (see Figures 11 and 12). Obviously, Figures 11 and 12 show that
the bifurcation value is equal to 4.72. Moreover, we also give a table to show the relation of y, and 7
(see Table 3).
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Figure 10. Matlab simulation figures of System (8.3) concerning the delay 7 = 5.65 > 7y =
4.72. Four state states (uy, u;) of System (8.3) will oscillate periodically near the positive
equilibrium point £(0.0611,0.4573.
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Figure 11. Bifurcation diagram of System (8.3): The delay 7 versus the state variable u;. The
bifurcation value of System (8.3) is 4.72.
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Figure 12. Bifurcation diagram of System (8.3): The delay 7 versus the state variable u,. The
bifurcation value of System (8.3) is 4.72.

Table 3. The interrelation of y, and 7o of System (8.3).

X0 T000
0.8312 1.2577
1.1452 2.0921
1.8025 3.3387
2.4418 4.720
3.6088 5.6032
4.2839 6.5875
4.6872 7.6783
5.2916 8.0832
5.8765 8.9877

Remark 8.1 In Tables 1-3, 1y, 7¢0, and Ty stand for the critical delay values, and wy, ¥y, and x o are
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frequency values.

Remark 8.2 In Examples 8.1-8.3, All the selected parameters have realistic biological significance
and satisfy the conditions of Theorems 5.1, 6.1, and 7.1, respectively. Thus the quantitative results have
practical meaning in biology.

Remark 8.3 We choose 0, = 0.5 by virtue of Theorem 7.1. In fact, we can choose other values which
satisfy the assumptions of Theorem 7.1.

Remark 8.4 On the basis of Eqs (5.13), (6.14), and (7.15), we can obtain the interrelation of wy and 7
of System (8.1), the interrelation of Yy and toy of System (8.2), and the interrelation of o and Ty of
System (8.3).

9. Conclusions

During the past decades, integer-order delayed differential equations have played a great role in
depicting the interaction among variables of systems in the natural world [28-32]. Recently, with the
development of fractional-order differential equations, many scholars have argued that fractional-order
differential equation is more effective tool to portray the interaction among variables of the system
than integer-order delayed differential equations. In this work, drawing on the previous works, we
formulate a novel fractional-order chemostat model incorporating delay. We have discussed the well-
posedness, involving the boundedness of solution, and the existence and uniqueness of the solution
of the developed fractional-order chemostat model. The parameter conditions on the boundedness of
the solution, the existence and uniqueness of the solution of the developed fractional-order chemostat
model are obtained. The stability behavior and bifurcation phenomenon of this model are analyzed via
the stability theorem and the Hopf bifurcation theory of fractional-order differential equations. The
delay-independent parameter condition on the stability and the onset of Hopf bifurcation of the proposed
model are acquired. The delay threshold value to ensure the onset of Hopf bifurcation of this model
is found. In order to control the delay length of the emergence of Hopf bifurcation and the stability
domain of this model, the reasonable speed feedback controller and the dislocated feedback controller
are effectively designed. The impact of delay and control parameters of these controllers are displayed.
In order to check the validity of the derived theoretical outcomes, three numerical examples with their
Matlab simulations are provided. The gained conclusions have crucial theoretical guiding significance
for stabilizing and balancing and the concentrations of the substrate and the cell mass in chemistry.
Moreover, the research methodologies and control strategies can also be used to deal with the control
of bifurcation and chaos in abundant integer-order and fractional-order dynamic models. In addition,
we can obtain the same results on the existence and uniqueness of solution and the boundedness of
solution of Model (1.6) and Model (1.6) with 7 = 0. As for the bifurcation issue, there is different
results on Model (1.6) and Model (1.6) with 7 = 0, so we leave it for future work. In this paper, we only
consider the single fractional order gq. We will establish stability/bifurcation theory for incommensurate
fractional-order systems in the near future. In addition, in this paper, we mainly explore the effect of
delay on the stability and Hopf bifurcation of Model (1.6) and its controlled Systems [33-36]. In the
near future, we will also investigate the influence of the fractional order ¢, compare the controlled and
uncontrolled systems quantitatively, and provide sensitivity analyses with respect to the key parameters.
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