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Abstract: In this work, we design an iteration-based unsupervised neural network algorithm and the
theoretical bound of the loss function through Barron space to solve reaction—convection—diffusion-based
magnetohydrodynamic (MHD) coupled systems for 1D and 2D problems. Our algorithm is also be
able to capture the presence of boundary layers. In general, these systems are characterized by strong
coupling in the reaction and convection processes and involve non-diagonally dominant matrices in the
context of convection coupling. Traditional numerical techniques face challenges in approximating these
problems due to the failure of the required maximum principle, which is used for the well-posedness and
further convergence analysis of numerical solutions. We specifically provide a new modified iterative
physics-informed neural network (MI-PINN)-based unsupervised deep learning algorithm to capture
the layer behavior of singularly perturbed strongly coupled steady-state problems, appearing in MHD
flows where theoretical analysis and numerical methods are limited. A different analysis based on the
sigmoid activation function is provided for the steady-state case, which shows that the empirical loss
under the L? norm is bounded and converges for the two layer-based networks- whenever the solution
lies in the Barron space. Additionally, the proposed algorithm improves the neural network’s output
without using the boundary layer functions a priori and does not use hard constraints or interpolation
with the neural network’s solution. The experimental results show that the proposed algorithm performs
very well for MHD flows appearing in the form of strongly coupled systems.
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1. Introduction

Convection—diffusion systems play a pivotal role in modeling magnetohydrodynamic (MHD) flow
problems, which involve the interaction of electrically conducting fluids, such as plasma or liquid metals,
with magnetic fields. These systems are fundamental in describing the transport of physical quantities,
including momentum, heat, and magnetic fields, inside fluid flow. The combined effects of convection,
driven by fluid flow and diffusion due to viscosity, thermal conductivity, or resistivity, are the central
point in understanding the behavior of such flows for applications.

In particular, MHD flows are characterized by coupling the Navier—Stokes equations for fluid motion
with Maxwell’s equations for electromagnetic fields [1-3]. The convection—diffusion equation governs
several key aspects of this coupling. For example, heat transfer inside these coupled systems is described
by a convection—diffusion equation that accounts for the transport of thermal energy by the fluid and
its dissipation through conduction [4]. Similarly, the evolution of the magnetic field in the presence
of a moving conducting fluid follows a convection—diffusion type equation, where magnetic diffusion
competes with the advection of the magnetic field by the fluid [5].

Moreover, these systems arise in a wide range of practical applications. In astrophysical phenomena,
such as solar winds and accretion disks, convection—diffusion processes dictate the dynamics of plasma
flows in the presence of magnetic fields [5,6]. In industrial applications, MHD is utilized in processes
such as electromagnetic casting of metals, where controlling the flow of liquid metal under a magnetic
field is critical to the products’ quality [7]. Furthermore, these flow models are essential in the design of
fusion reactors, where the plasma’s stability and heat transfer must be carefully managed to maintain
optimal operating conditions [4].

The governing equations of MHD flows are derived by combining the Navier—Stokes equations of
fluid dynamics with Maxwell’s equations for electromagnetism. For an incompressible conducting fluid,
the equations are written as follows:

0
p(—u+u-Vu):—Vp+nV2u+J><B,

ot
V-u=0,
J=0c(E+uxB), (d.D
V X B = uyJ,
V-B=0,

where u is the fluid velocity, p is the density, p is the pressure, 7 is the dynamic viscosity, J is the current
density, B is the magnetic field, E is the electric field, o is the electrical conductivity, and yj is the
permeability of the free space.

The MHD system can be simplified under certain assumptions, such as a low magnetic Reynolds
number or under steady-state conditions. In particular, when analyzing boundary layer flows or flows
where convection dominates, the system can be reduced to a coupled system of convection—diffusion
problems of the following form for the magnetic field:

B
%—I:Vx(uxB)—Vx(ngB), (1.2)
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where ¢ is the magnetic diffusivity. In cases where the magnetic field and velocity field are aligned or
nearly aligned, the non-linear convection term V X (# X B) dominates, and the equation above resembles
a steady-state version of one-dimensional (1D) convection—diffusion equation of the following form:
o8 +u-VB=¢eV?B. (1.3)
ot
Assume that the fluid is driven by a constant axial pressure gradient except the flow direction, with a
uniform transverse magnetic field of strength B, applied in the x-direction. Under these assumptions,
the governing equations for the motion of a conducting fluid within the domain Q = (0, 1), in the
presence of the uniform magnetic field By, can be written as a strongly coupled system of the following
form [2, 3, 8]:
&_Viu-MPE=1, xeQ, te(01],

1.4
%—’f—VzB—M%:O, xeQ, te(0,1], (19

with the following boundary and initial conditions:
u(x,t) = B(x,) =0, x€0Q, te(0,1], (1.5)

u(x,0) = B(x,0)=0, x€Q,

where 0Q2 = {0} U {1} is the boundary points of Q and M = By L+/o/p n and L is the characteristic
length in a 1D set-up. This form is known as a singularly perturbed form of a convection-diffusion
system when the diffusion coefficient 0 < € < 1 is arbitrarily small, and its appearance leads to
sharp boundary layers where standard numerical methods often struggle to accurately capture the rapid
variations in the multiple scale [9] solution. In such cases, special numerical techniques such as adaptive
meshing [10-12] are required to capture sharp gradients without introducing spurious oscillations.

The current study presents the MHD flow in a channel under an external magnetic field, which is
perpendicular to the side of the channel. For simplicity, the flow is modeled within a rectangular form
of a pipe (channel), and the cross-section is considered in the x y-plane. The interaction between the
conducting fluid and the external magnetic field induces a magnetic field within the fluid, described as
B = (B, 0, B), while the velocity field of the fluid is given as V = (0, 0, u). Here, the induced magnetic
field B and velocity of the fluid u are functions of x for the 1D steady-state case. The MHD flow is
conducted between two boundary points 9Q = {x) , x; }, where x, denotes the left boundary and x;,
denotes the right boundary, and the interior points are ) = (xg b x}7 2

We have chosen a viscous, incompressible, electrically conducting fluid between the parallel plates.
The fluid starts with a constant pressure gradient in the z-direction. Thus the coupled form of the MHD
flow equations in steady-state 1D case of [13], reduced to the following system:

2
e ML=-1, xeQ

a7 1.6
CEyME=0, xeQ, (1.6)

with boundary condition
ux)=B(x)=0, x€0dQ, (1.7)

The physical representation of MHD flow is shown in Figure 1.
Moreover, boundary layer-induced, convection—diffusion systems arise in scenarios; such as turbulent
interactions between currents and waves [5, 14, 15], tubular models in chemical reactor theory, bio-heat
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flow, neuron transport with small diffusion coefficients [16, 17], and convective flow in fractured porous
media. These problems are categorized as singularly perturbed when the diffusion parameter becomes
arbitrarily small. Another well-known example of such problems is the Korteweg—De Vries (KdV)
equation [18] and non-linear coupled systems of parabolic problems [19].

5
/<

Figure 1. Rectangular channel flow in MHD and its cross section with parallel plates.

The presence of small parameters in the diffusion matrix results in the multiscale nature of the
solution [20,21], characterized by rapid variations in localized regions and slower variations elsewhere.
This phenomenon leads to unbounded solution derivatives with respect to the diffusion parameters. This
makes it challenging to establish the convergence of numerical approximations. Specifically, consistency
analysis requires a priori bounds on the solution’s derivatives, which are difficult to derive for the current
class of problems with zero diagonal entries in the convection matrix.

Hence, convection—diffusion systems in MHD flows often present significant challenges for numerical
simulation due to the presence of boundary layers and sharp gradients [22,23], particularly in regions
near walls or interfaces where the fluid’s velocity, temperature, and magnetic fields change rapidly. As
a result, advanced numerical techniques, such as layer-adapted meshes, are frequently employed to
capture these behaviors accurately [10, 11]. The study of MHD flows is essential in fields like fusion
research, where magnetic fields influence plasma behavior, and in the cooling processes of liquid metals
in nuclear reactors [4]. In these applications, these problems often occur in complex environments
where strongly coupled convection terms lead to thin boundary layers for singularly perturbed problems.
Standard numerical solvers often fail, as they diverge unless the size of the stiffness matrix scales
inversely with the perturbation parameters, resulting in high computational costs, especially for coupled
systems of partial differential equations (PDEs). As discussed in the numerical section of present work,
even layer-adapted meshes can suffer from computational inefficiencies.

In addition, the aforementioned theoretical and numerical research is limited to the availability of the
M matrix structure of the convection coefficient. Having these challenges inside traditional numerical
techniques, modified physics-informed neural networks (PINNs) have shown a remarkable success
in diverse fields of applications, including MHD flows, especially when the M matrix structure is
unavailable in the coupled system of boundary layer model problems, which will be observed in the
present work.

This paper focuses on solving a more general class of strongly coupled steady-state singularly
perturbed convection—reaction—diffusion systems, motivated by MHD flows, where the reaction matrix
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is known to be zero [2, 3, 8]. We employ finite-difference methods on piecewise uniform layer adapted
meshes which are widely available for several different classes of coupled systems in order to check
their effectiveness for the present class of problems.

In recent years, deep neural networks have shown their full potential for solving differential equations
over standard numerical approaches. See, for example, [24-28]. Generally, standard numerical
techniques use appropriate meshes, which require a priori information on the location of large solution
gradients and their widths [23,29]. An appropriate structure of the deep neural networks can relax this
prior information. The numerous contributions of deep learning approaches were mainly started by
Raissi et al., who published a series of papers [24,30,31] on PINNs. A series of comprehensive overviews
and several developments are also available, including GitHub code; see, for example, [32—34].

The flexibility of PINNs in approximating the solutions of differential equations is based on the
universal approximation theorem [35], which states that any continuous functions, including measurable
functions, can be approximated by the deep neural network. However, the theorem itself does not
necessarily imply algorithmic convergence. There have been very few theoretical analyses of PINNs
and their mathematical justifications to date. In the mathematical justification of PINNs, [36] considered
linear second-order elliptic and parabolic PDEs and provided the consistency and convergence of the
PINNs. The authors of [37] provide a generalization of the error bounds for semilinear parabolic PDEs,
1D quasilinear convection—dominated diffusion PDEs, and incompressible Euler equations using a
quadrature rule. The authors of [38] also provided generalization error bounds for the Navier-Stokes
equation. For more details, see [39,40].

PINNs have several key advantages, including meshless properties and adaptability to various
physical scenarios. The basic idea of this algorithm is to use the training points (known information
about the physical scenarios, such as boundary conditions, and unknown information like the interior
of the domain) to train the model and predict an optimal approximation. Backpropagation does this
training [41] and the error is evaluated through the defined loss function. If the loss function does not
satisfy the user-defined tolerance, the current parameters are updated through the backpropagation and
ADAM optimizer (two moments, say Z and [, are used to update the neural parameter 6). Once the
algorithm is fully trained (that is, the optimal parameters are achieved), it can predict an efficient output.
However, the PINN has several open problems, including the theoretical convergence of the algorithms.
The theoretical justification for selecting appropriate hyperparameters, including the number of hidden
layers for the optimal output, is still open. Currently, these hyperparameters are tuned by users on the
basis of experimental results.

PINNSs have shown significant success in several fields despite their challenges to in solving singularly
perturbed problems with interior and boundary layers. Sudden changes in the solution create problems
for accurate prediction [42] through deep learning. The following literature provides the significance of
PINNSs in singularly perturbed problems. The authors of [43] used the corrector/monitor function in
the output of the neural network to predict the layer behavior of the solution. They used the corrector
function according to the layer behavior of the solution. Moreover, [44] developed a new hp-PINN
by defining the test space ( a neural network) and the trial space ( a piecewise polynomial), which can
detect singularities in 1D and 2D problems having rough data. In [45], the authors developed a C-PINN
using a composite asymptotic expansion [46] in the neural network solution. They used two parallel
subnetworks, where the output of these networks was multiplied by a factor of 1 and an exponential
term. Further, sub-network outputs were combined to predict the solutions of linear and nonlinear
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ordinary differential equations (ODEs) and 1D parabolic PDEs. One can see [47,48] other related papers
on singularly perturbed problems with different versions of PINNs. Few theoretical works have been
published to provide the generalization bound of the error term. One work [49] used the Barron space
for higher-dimensional PDEs to find the generalization bound, whereas our work will use the Barron
space for strongly coupled systems to obtain the generalization bound using the sigmoid activation
function and updates the parameters of the neural network accordingly.

Earlier, we mentioned singularly perturbed problems and their difficulties that are based on the
boundary/interior layer prediction. Approximating layer-oriented solutions is difficult for both machine
learning and numerical techniques due to their unbounded derivatives of the singular component. In
general, machine learning algorithms do not cooperate with the boundary condition for layer-oriented
functions. Therefore, machine learning algorithms need the appropriate information or modification to
accurately predict the boundary layers that cooperate with the boundary conditions. We refer to [43,50],
where a proper modification of the neural network output is achieved by adding or multiplying predefined
boundary layer functions. However, in practice, such a priori information is generally unavailable
for practical problems. Therefore, we develop a new PINN algorithm, called the advanced iterative
PINN algorithm, which does not require any a priori information about the solution. We choose
two architectures inside the current algorithm. The first architecture is simple, and it is not able to
detect the boundary layer due to the spectral bias (F-frequency). However, we utilize the output of the
first architecture as an initial guess, which helps us to develop an iterative PINN through the second
architecture. The detailed structure is presented in Section 3.1. We describe the problem statement and
its analytical properties and the corresponding difficulties in the following section.

1.1. Problem statement

Motivated by the diverse applications of singularly perturbed convection—diffusion systems in MHD
flow problems, we consider 1D and 2D steady-state versions of following general class of strongly
coupled boundary layer-originating problems:

Lv(x)] == Lv(x) -F(x) =0, for xe Q= (), x;,),
1D : (1.8)
v(x)) =By, V(x;,)=B,, for xe€dQ={x), x}
where v(x) = [v;(x), v2(x)]” denotes the solution vector of Eq (1.8), and
Lv(x) := =BV (x) + P(X)V'(x) + Q(x)v(x), (1.9)

_ | pu(x) pr(x) | gn® g
Be = diagle;, &}, P(x) = [ por(X) pan(x) ] Q(x) = [ () a0 ]

_ fi(x) _ b1 _ b,
ko= | 0 | m=| B | m |02

and Q = Q U 6Q denotes the closure of Q.
The operators in problem Eq (1.8) will be of the following form, which will be utilized for the further
analysis of the proposed deep learning algorithm for i = 1, 2:

Li[vix)] := =&V (x) + pi(0)v](x) + pp(xX)V)(x) + gi (X)V1(x) + gp(X)Va(x) — fi(x). (1.10)
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Without loss of generality, assume 0 < €; < €, < 1. For simplicity, we choose the 2 X 2 system above
for further study, as the present analysis can be extended analogously for n X n systems. However, the
proposed process will automatically follow in a similar manner for a general class of n X n systems,
where the convection matrix P and the reaction matrix Q are coupled matrices of order n X n and
Be = diagle, 6, ..., €}, where 0 < € < 1 and we control the thickness of the boundary layer in the flow.

Similarly, motivated by Eq (1.1), the general formulation of the 2-D MHD model is defined as
follows [51]:

u,—€Au+u-Vu+Vp+uBxcurlB=f, (x1)eQx(0,T],
B, + o 'curl(curlB) — pcurlu x B) = g, (x,1) € Qx(0,T],
V-u=0, x1)eQx(0,T],

V.-B=0, x1)eQx(0,T],

(1.11)

with the initial and boundary conditions

u(x,0) = up(x), B(x,0)=>by(x), x€Q,
u(x, t)l[)Q =0, (Bx1)- n)lgg =0, (mx CI/H"ZB(X, t))lag =0.

here, Q € R?, Q denotes the boundary, p is the pressure, € is the kinematic viscosity, o is the electric
conductivity, u is the magnetic permeability, f and g are the source functions, u, and b, are given
smooth functions, T is the final time, and » is the unit normal vector outside the 0Q2.

In the context of systems of singularly perturbed problems, recent works such as [10,11,29,52,53]
provide insights into systems with diagonal convection matrices. In addition, systems with convection
matrices that satisfy the properties of the M matrix have been analyzed in [54]. In such cases, both
theoretical and numerical analyses are available, based on the non-standard maximum principle [55],
which is required for the uniqueness of the solution and to obtain the standard error bounds.

However, to the best of our knowledge, no existing literature addresses a theoretical or numerical
convergence analysis through mathematics for systems with non-diagonally dominant nonconstant
matrices in the context of convection coupling scenarios. Therefore, this paper aims to develop a
new deep learning algorithm to approximate solutions for such problems, achieving accuracy up to a
user-defined residual error tolerance.

2. Numerical difficulties for strongly coupled systems

Let us first consider the simple case for the 1D system (1.8) where the convection matrix is a diagonal
matrix, i.e., p;j(x) = 0fori, j = 1,2, and i # j. In this case, the corresponding problem is referred to as
a weakly coupled convection-dominated problem, and the analytical properties of its solution and its
a priori behavior are available. A priori bounds on the derivatives of the components can be derived
through the solution’s decomposition. Let us first decompose the solution into its regular v and singular
v*® components [52,55,56], so that v = v + v*. This decomposition is intended to separate the regular
part which behaves smoothly, i.e., the derivatives of this component upto some order, are bounded.
Hence, it does not lead to a boundary layer component. The components of the singular derivative are
unbounded. This means that this component includes the boundary layer part of the original solution.

The following lemma shows that the continuous solution of the present problem (where the convection
matrix is a diagonal matrix with positive diagonal entries) is unique.
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Lemma 2.1. [57] Letv € C(ﬁ) N C*(Q) solve th_e weakly coupled version of Eq (1.8) and Lv > 0 in Q
andv > 0in {xgd,x})d}. Thenv >0 forall xe Q.

Note that the analytical solution is uniformly bounded from the following lemma. In addition, all
the solution’s components are also uniformly bounded. This means that the solution’s bound does not
depend on the inverse powers of the diffusion parameters.

Lemma 2.2. [55] The continuous solution v of the weakly coupled version of Eq (1.8) satisfies the
following uniform bound:

1
IMlg < max{|Bi|. |Baf} + —|[Fllg.

where py > a* > 0, k=1,2, and |||l denotes the maximum norm over €.

We now state the unbounded behavior of the derivative bounds of the analytical solution for weakly
coupled convection—diffusion systems.

Lemma 2.3. The regular component y = [v", V51" satisfies the following estimates, for &) < & :
10Villa<C, i=0,1,2, j=1,2. [[0v]lla < Cei', [103v5lla < Cs3'.
The singular component v* = [v3,v3]" satisfies the following bounds:

|00vi (0] < C(e7T,, () + &5 T, ()

V()| < Cey' T, (), i=1,2,

V()] < C (67T, (1) + 87T, (1) [2v3(0)| < o' (7T, (1) + £5°T,, (1)
where T, (x) = ¢ @07 /e1 T, (x) = a0 /o2,

These derivative bounds are crucial for the a priori information of the solution. It is important to
note that these derivative components of the singular component become unbounded as € — 0. This
complicates the computational analysis. To address this, we must construct a specialized grid structure,
as described in [22,23,58-60], to rigorously prove the convergence of standard numerical algorithms
on adaptive meshes. However, as we shall show in the numerical Section (5) that the existing standard
computational algorithms do not detect the boundary layers in the present class of problems Eq (1.8).

In general, the maximum principle [55,61] is used to obtain the uniqueness of the continuous or
approximate solution and its stability. It is also useful to ensure that the error satisfies certain bounds
according to the comparison principle. However, the standard maximum principle does not hold even
when the coupled convection matrix is considered an M matrix [54]. Hence, the absence of the maximum
principle significantly complicates the theoretical analysis. In this context, studies such as [54] guarantee
the existence and uniqueness of the solutions of strongly coupled convection-dominated systems by
introducing a non-standard maximum principle, which also restricts the sign of the solution’s derivatives.
This approach provides a foundation for the stability analysis of the continuous solution. Although
the work in [54] focuses on coupled convection processes through M matrix conditions and derives
derivative bounds that do not involve exponential terms (unlike [11,62]). It obtains an approximate
solution according to the following finite-difference scheme on the fitted Shishkin mesh [11, 54, 63]
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(X =1{0=x) <x; <--- <xy = 1}. Let vV = [v;(x;), v2(x;)]” denotes the numerical solution of the

1

following discrete version of the continuous problem Eq (1.8):

LNV = LV —F; =0, for i=1,--- ,N—1,

2.1
Vév = B], V% = BQ, ( )

where
NN ._ 2N +oN N
L = =By, +Piorv; + Qv

P = {pi(xd}ox2, Qi = {gu(x)}oxz, Fi = {fi(x)}x1,

+ N N N N N _ N
vV = vy — 0LV, oy = Viei 7Y oy = Vi = Vi
xVi T - ’ x i T ’ x i ’
hi hi+1 hi
and A = X4 — X, E = % Here, the authors demonstrate that the discrete operator Eq (2.1)

satisfies a non-standard discrete maximum principle, thereby establishing the uniqueness and stability
of the discrete operator. However, our aim is to consider a more general form of convection matrices,
particularly, the non-diagonally dominant matrices, which arise in the steady-state version of the 1D
version of MHD flow problems. We conduct numerical experiments in Section 5 for the scheme Eq (2.1)
on our problem of interest. The scheme struggled to achieve convergence and failed to provide an
oscillation-free solution adapted to the boundary layer. This motivated us to develop the proposed
PINN algorithm, which aims to produce an oscillation-free solution accurately within a user-defined
error tolerance. For coupled systems with certain specific types of convection matrices, only a few
studies are available [11,57,62,64], where the analysis is based on the energy norm without relying
on pointwise derivative bounds for the solution’s components as stated in Lemma 2.3. An interesting
practical scenario arises when p;;(x) = 0 for i = 1, 2, and the remaining coeflicients are not restricted to
constants. In such cases, it has been observed, both theoretically and through numerical experiments on
coarse grids, that existing methods such as [54] fail to solve the general case considered in this paper.

Direct applications of such non-M matrix couplings appear in works such as [1,2,4,6,7,51], which
motivate our consideration of the present form of coupled systems. From an application perspective,
our formulation is relevant for MHD flow problems. For example, reference [1] considers a strongly
coupled MHD system involving a non-M matrix. In this context, reference [2] performs an exponentially
compact higher-order von Neumann analysis. However, their analysis is restricted to constant convection
and reaction coefficients. In reference [51], a related nonlinear model is considered, where the analysis is
limited to high diffusion coefficients and theoretically fails due to unbounded derivatives (see Lemma 2.2
in [51]). Furthermore, the same non-diagonally dominant nature of the stiffness matrix makes the
problem numerically challenging. Our aim, in contrast, is to address a more general case, such as
strongly coupled systems with arbitrarily small diffusion terms and variable convection and reaction
terms. We consider that the solution is continuous or lies inside Barron space.

Hence our focus is on using the recent and increasingly popular class of PINN algorithms, together
with their advanced modifications, to solve more complex and diverse physical problems. To address
the previously discussed challenges, we propose a novel, advanced modified iterative PINN (MI-PINN)
algorithm that is capable of detecting boundary layer phenomena for a broader class of problems in
which the convective flow is not necessarily constant. This approach extends the capabilities of PINNs
to address complex physical problems. In contrast to previous studies [1,2,4,6,7,51], it tackles a more
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general class of problems, specifically, strongly coupled systems with variable convection and reaction
terms and arbitrarily small diffusion coefficients, while effectively handling nonlinearity.

3. Modification of PINNs

This section provides a suitable modification of PINN-based algorithms, including some basic
terminology for solving strongly coupled systems of boundary layer problems (1.8).

3.1. Physics-informed neural networks

A PINN takes input and approximates the output through the neural network structure. For example,
a PINN takes input values from the domain Q and predicts the output using backpropagation along with
the appropriate hyperparameters; see, for example, Table 1. An approximation of a deep neural network
is a composition of the affine transformations and linear/non-linear activation functions. A mathematical
expression of the deep neural network is as follows:

v(x;0) = Ay, 000A,0---0A,000A1(x), k=1,2,---,K—1. 3.1

From Eq (3.1), it is clear that the depth of the neural network architecture is K and the number of
hidden layers is K — 1. Here, the neural network function is defined as v(x; 6); A, : R™' — R"™ denotes
the affine transformation within the layers of the deep network, where n; denotes the number of neurons
in the kth layer; o is the activation function; 6 = {w, b} denotes the parameter of the neural networks;
and o denotes the composition of functions. The parameters of the deep neural network, such as weights
and biases, can be represented mathematically. The matrix representation of the weights for the kth layer
in the depth of the neural network is denoted as wk @ R™ x R™-', where n; denotes the neurons of the kth
layer and n;,, denotes the neurons corresponding to the (k + 1)th layerand k = 1,2,--- , K — 1. The bias
for the kth layer is represented as b* € R"™. We can now easily understand several different structures,
with one output, two outputs, and many more. This process is generally known as the forward pass.

Table 1. Hyper-parameters used for the present numerical experiments via the iterative PINN
architecture for solving coupled systems of problems.

Hyper-parameters Value
Activation function Sigmoid
Optimizer ADAM
Epoch 1000
Learning rate Adaptive Ir
Size of hidden layers 1

No. of neurons in N2’s hidden layer 100

Singularly perturbed problems usually have interior or boundary layers in the solution. The basic
deep learning algorithms do not capture the sharpness of the boundary layers in the solution because
of the high complexity of a singular component arising from spectral bias. The authors of [65] have
shown that deep learning algorithms learn the regular parts faster for these problems compared to the
singular parts, where the solution varies rapidly. To overcome these issues, we develop an advanced
iterative PINN algorithm to efficiently solve coupled systems of singularly perturbed problems in the
following section.
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3.2. Iterative PINN algorithm

The standard PINN architecture in Section 3.1 is a key component of the proposed iterative PINN
algorithm used to solve the coupled system of singularly perturbed problems Eq (1.8) because standard
deep neural networks [65] struggle to capture the layer in the solution due to spectral bias. An overview
of the modified iterative PINN is as follows.

e The accurate prediction of singularly perturbed problems through the PINN uses prior information
of the boundary layer, see, i.e., [25, 43]. Here, we employ the MI-PINN without any
prior information.

e The N1 structure provides an intuitive understanding of the boundary layer’s appearance and helps
us to provide the initial guesses of the neural parameter.

e These initial guesses provide a more accurate representation of the smooth component compared
with random initialization. It is well known that, due to spectral bias, neural networks learn smooth
features more rapidly than singular features. Utilizing the improved initial guesses of the smooth
part, the network N2 can focus more effectively on learning the singular component and achieve
better performance than the traditional PINN approach.

This iterative approach in Figure 2 begins with the initial guesses used to generate an approximate
neural network solution. The N1 architecture produces initial guesses for the N2 architecture after
completing a user-specified number of epochs. Iterative algorithms are applied in the N2 architecture
to minimize the losses of the coupled system of singularly perturbed problems until the user-defined
tolerance is achieved or the provided number of iterations is completed. The general approach of the
systematic flow chart of the newly developed iterative PINN algorithm is given in Figure 2.

The present proposed algorithm uses numerous hyperparameters and a non-linear activation function,
which are all listed in Table 1. These hyperparameters are used in backpropagation to find the optimal
values of the parameters in the neural network. Hence, backpropagation plays a trivial role in updating
the parameters 6 of the network during training and in quantifying the required error of the loss function.

A general way of writing the loss function for the system of ODEs is as follows:

L[v(x;0)] := L™[v(x; )] + L[v(x; 0)],

where L™[v(x; 0)] = [L™[vi(x; 0)], Ly"[v2(x; 6)]]" represents the loss functions corresponding to the
residual of the differential equation at interior points € and

LY[v(x; 0)] = [LY[vi(x; 0)], Ly [va(x; )11

represents the loss functions of the differential equation corresponding to the boundaries 9Q2. The primary
goal of the newly developed algorithm is to minimize the error computed by the abovementioned loss
functions for the layer-oriented approximated solution of the coupled system of singularly perturbed
problems. The proposed iterative algorithm removes the difficulties of spectral bias and the requirement
of a priori information such as the boundary layer functions within the neural network solution by
choosing the initial guesses. In each iteration, the loss function computes the error, which can be
minimized by updating the weights and biases. A general form of the cost function can be expressed in
the following manner:
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Figure 2. This is an architecture of the modified iterative PINN. In this
architecture, we first, find an initial guess of the solutions of the 2D MHD flow, say,
[Vi(x,1;60), Va(X, 1, 60), Bl(x, t;0), Ez(x, t;0), p(x,t;0)]", and the corresponding weight and bias
with the help of the N1 architecture. Next, this initial guess is used in the N2 architecture which
can have a different number of neurons from the N1 architecture and will be updated iteratively
for finding an accurate prediction of [V (X, t; 0), Vo(X, t; 6), bi(x,1;0),by(x,1;0), p(x,t;0)]" for
the coupled system of MHD flows. In this figure, we have only shown the mth iteration, where
I1<r<mc<l.

2
LIV )] = ) Lilvi(x; O)], (3.2)
i=1
where L;[v;(x; 8)] is defined in the following manners:
Li[vi(x; 0)] :=L{"[Vi(xins )] + LY [Vixys )] + LY [Vi(x,: 0], foralli=1,2, (3.3)
where Lf’” (x;0), and Ll.bd(x; 0) are defined in the following manners:

LV O = 5= By 1LV OIF, 1=1,2,

M int=1
M0 .
LYvi(x) ;01 = ML,‘,’[I S Vix 0 = ba P, i=1,2, (3.4)

M! .
L?d[Vi(Xl]m,; 0] = MLbld Zbdb;il |V,'(X;d; 0) — bi2|2, i=1,2.

From the expressions above, we can rewrite L;[v;(x; 8)] in Eq (3.2) as follows fori = 1, 2:

Mins

1
|Li[Vi(Xinss 9)]|2 +oee

Li[vi(x;0)] :=

nt jpi=1
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0 1
M), M

1 b 1 bd
T D Vi@ ) = b + o D Vi) = bl (3.5)
bd bd=1 bd bd=1

where x;,, are the points in the interior of the domain €, and M,,, is the total number of points taken
from the interior of the domain Q, x,(j , denotes the first boundary, and x}) , denotes the second boundary.
Mg , denotes the total number of points taken from the first boundary, and M, }, denotes the total number
of points taken from the second boundary. Here, the total number of points in the interior of the domain
is M;,; = (M — 1), provided that M > 1 is the number of partitions that correspond to the space. The
boundary points M}, M}, help the N2 structure train the boundary regions accurately for singularly
perturbed problems. One can also reduce the total number of points taken from the boundary in order to
reduce the computational cost. However, for singularly perturbed problems with boundary layers, we
need to train the boundary regions more efficiently to capture the boundary layers. Similarly, the loss

function corresponding to the 2D MHD equation Eq (1.11) is defined as follows:

1 M 1 Mpq 1 M
. 712 - 2 112
LI¢] : = MWWZ:IM[&MN + Mbd%|£[§bd]| e Zl | L€,
| o (3.6)
Lig") i = —— > IV gl

mt =1

where ¢ = £X,1,0), & = Enins i3 0), Epa = EvaXpas 623 0)s Eni = EpaKinis linis 0), andg™ =
$"OX,150), Gin = Gin(X,1:6). X € R?, for & = [ug,up]",& = [by,b]", ¢"° = (u"°,B"°) and V -
Gis = (V - iy, V - Biy). Here, u™° and B denote the incompressible condition of the velocity and
magnetic field, respectively. Moreover, x;,, t;, denote the points in the interior of the domain M;,, is the
total number of points in the interior of the domain, x,4, t,; are boundary points, M, is the total number
of points from the boundary, x;,; and #;,; denote the points of the initial condition, and M;,; denotes the
total number of points from the initial condition. We use the uniform partition to generate the input data.
The proposed algorithm takes these input data as X? in the Algorithm 1 and computes the mean square
error. The size of the X? is equal to the size of the sum of the M;,,, My, M;,;; Xg is defined in a similar
way. We can define the component wise MHD loss functions as

LIEKinss tings D], LIEXpas tpa; O)], LIEXini, tinis 0)], for & =u, B,

in the same way as the ODE formulation. In the 2D case, the geometric representation of the point
generation is shown in Figure 3.

In Figure 3, it is clear that the boundary loss function for the 2D problem is formulated on the basis
of the specified boundary conditions on the left, right, front, and back boundaries. The loss function
corresponding to the initial condition is created from the given initial conditions of the system. The
residual loss function is constructed from the velocity residuals, the magnetic field residuals, and the
incompressible conditions. Putting the required values in Eq (3.6), we get the complete loss function
LIU(x, t;6)] of the MHD flow, which is defined as follows:

LIUX, 1;0)] := Llu(x, 1;6)] + LIB(X, 1;0)] + LIu™(x, 1;6)] + L[B"(x, 1; )], (3.7)
where the output of the 2D MHD flow is defined as
UK, 1;,0) = [uy (X, 15 60), uy(X, 1;60), b (X, 1, 0), by(X, 1, 6), p(X, 1, 6)] .
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Figure 3. Generation of the boundary and initial data in 2D. Boundary data are created from
the left, right, front,and back faces of the cube, highlighted in blue color, and the initial data
are created from the bottom face of the cube, highlighted in green color.

For the newly proposed algorithm, we need to define two neural network structures. For simplicity,
we denote N1 as the first structure and N2 as the second structure. We designed these structures in such
a way as to obtain the layer behavior in the approximated solution for the coupled systems. For the
ODE case in Eq (1.8), let us define the output of the N1 architecture as V(x; 0) = [V,(x; 0), ¥2(x; 0)];
for the N2 architecture, the outputs are defined as V(x;6) = [V,(x; 6), V2(x; 0)]7. First, we use the N1
architecture to find the initial guesses and store them as V""(x; 0) = [V]""(x; 6), V1" (x; 6)], which is
directly equal to ¥(x;6) = [V;(x; ), ¥2(x;0)]". Next, N1 is also trained on the boundary data of the
given problem and approximates the output throughout the domain. In between the training and output
processes, backpropagation plays an significant role in updating the parameters on the basis of the
available user-defined epochs through the optimizer, which is computed through the loss functions
(defined in Eq (3.2)). If user-defined epochs are completed, the N1 structure will give initial guesses as
the output form.

After completion of the procedure of the structure N1, we use another network, say N2, with the
output V(x; ) = [V,(x; ), V»(x; 8)]” for the proper implementation of the iterative PINN algorithm. In
this structure, we used the combination of the loss function L;[v;(x;0)] and L,[v,(x;6)] defined in
Eq (3.5) and compute them iteratively. First, we replace N2’s output [V;(x; 6), ¥,(x; 6)]” with the initial
guess of N1’s output [V;(x;6), V2(x; 0)]” and train them iteratively with the help of the combination
of the first and second loss functions, and also use backpropagation for better approximation. During
backpropagation, we use an adaptive learning rate. The adaptive learning rate is used in the proposed
algorithm for better approximation. For early convergence and oscillation-free loss error, we reduce the
learning rate following the same pattern as the increase in iterations. We use the learning rate = 1072
up to the 2nd iteration, 5 x 1073 is used from the 3rd to the 12th iteration, 1072 is used from the 13th
to 25th iteration, 5 x 107 is used from the 26th to the 55th iteration, 10~ is used from the 56th to
the 100th iteration, and next 10~ is used in the proposed algorithm. One iteration is equal to 1000
epochs. This N2 architecture is trained and tested on the same domain points of Q along with the
same hyperparameters used in the structure N1. The architecture N2 approximates the output based
on the user-defined tolerance achieved or up to the user-defined iterations. A general view of the
implementation procedure of the iterative PINN is shown in Algorithm 1. The convergence of the
proposed algorithm is demonstrated through numerical experiments, and these numerical results are
further justified by rigorous theoretical analysis. We have done several 1D and 2D numerical experiments
to check the convergence of the algorithm by fixing the number of neurons in the hidden layer and
varying the number of training iterations. Motivated by the universal approximation bound of the Barron
space for the two-layer neural network mentioned in [66] and [49], we have included an alternative
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convergence proof based on the sigmoid activation function used inside the neural network algorithm,
updating the parameters on the basis of the number of iterations in the theoretical bound section.

4. Convergence of an approximate solution in Barron space

We now establish a universal approximation bound of the difference between the exact and neural
network solutions for the coupled system of ODEs generated through neural network algorithms in the
Barron class framework [66]. This analysis can also be used for MHD flow equations in the steady-state
case, since the solution of the MHD flow equation is continuous. The concept of universal approximation
bound in Barron space is related to the Fourier integral representation of functions. Barron space consists
of those functions whose Fourier transformation exists and is bounded. The Fourier transformation is
defined as follows.

Let F be a Fourier transformation of f € L!(R). Then the Fourier transformation of f(x) is

F(H(s) = \/% fR e f(x)dx.

The inverse Fourier transformation of f € L'(R) is denoted as ¥ ~'(f) and is defined as

2w

- 1 L
F 1 Hx) = Wor f es* f(s)ds.
R

If the given function f can be represented in terms of the following integral form using the Fourier
transformation:

f= fwza(wlx + b)p(dw,, dwy, db).
Q

The function f above can also be represented as a two-layer neural network in the discrete sense
as follows:

1 T
T == i iX + b)),
fo= 2 2w+ b)

where 7 denotes the number of neurons in the hidden layer. Hence, one hidden layer is sufficient to
provide the theoretical approximation using Barron space.

Hence, the concept of Barron space is derived from a two-layer neural network, which consists of a
single hidden layer with 7 € N neurons and an output layer. The representation of a two-layer neural
network having two outputs is given by:

(X)) =13 wpowix+b), forj=12, xeQ 4.1

here, o 1s an activation function and (wy;, Wa;, W1;, b;) are the neural network’s parameters. At the start
of the algorithm, these parameters are randomly chosen under some probability distribution, then the
averaged sum of Eq (4.1) with an infinite width (the number of neurons in the hidden layer) converges
to the following probability integral [49]:

Wp)i(0) = [wpo(wix + b)p(dwp,dwy,db), forj=1,2, xeQ, (4.2)

where p denotes the probability measure.
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Algorithm 1 Modified iterative PINN algorithm for approximation of MHD flow:

Input: Domain (), adaptive learning rate (1), user-selected tolerance (x), epoch (m), [ > 1,
iteration(r), activation function(o-), depth(K = 2), boundary points (X;4), total number of boundary
points (M,,), initial points (X;,;), total number of initial points (M,,;), interior points (X;,), total
number of interior points (M), and time T, § > 0.

Result: u(x, t; 6*), B(x, t; %), p(x, t; 6)

Define N1 > Using Eq (3.1), with the input (x, ¢) and output U(X, ; 6;)
Define N2 > Using Eq (3.1), with the input (x, f) and output U(x, ; 6,)
Initialize 6 = {w1, b1},0, = {w», b>} > wy and w, are weights, b; and b, are biases

Initialize Optimizer 1 (6;)
for epochs = 1 to m do
fork=1to K—1do

Al = wh X5 4 ph > X! are the points from the domain Qx[0,T]and b, =0
Xk = o (A%) > o is taken as sigmoid and A represents the affine transformations
end for
AK = WK XK1 4 pK,
XK = AT,
Ux; 6,) = XF
Compute L[([l(x, t;01)] > Using Eq (3.7)
Compute Vy, (LIUX, 1;6))]) > Backpropagation
Update 6, « 6, — n—= > Through ADAM Eq (4.5)
Vixs
end for
UK, 1;0) = [i(x, 1;,0), I(X, 1, 0), by (x, 1;0), by(x, 1;0), p(x, 1;6)]” > Initial approximation
Set " (x,1;6)) = UX, 1; 6,)
Initialize Optimizer 2 (6,)
Set 02 = 91
Define U(x, t;6,) = fl"ew(x, t;0))
Initialize- r = 1
Compute U, 1;60,) forr = 1 > Using (3.7)
Setr =2 > k 1s used for the required accuracy, also preventing overfitting
while (L[TU(x,1;6,)] > k) or (r < ]) do
for epochs 1 =1 to m; do
fork=1t0o K—-1do
Al = wh X5 4 BY > X9 = X and b, = 0 for simplicity
X5 = o (AY) > o is taken as sigmoid and A% represents the affine transformations
end for
AK = WK XE1 4 K,
XX = AX,

UK, 1,6,) = XX
U, 1;6) = [ (X, 15 62), i1(X, 15 62), b1 (X, 15 62), bo(X, 1, 60), P(X, 15 62)]"

Compute LIUX, t;6,)] > Using (3.7)
Compute Vy,(L[TI(x, t; 6,)]) through back propagation > Back propagation
Update 6, « 6, — n—= > Through ADAM Eq (4.5)
Viro
end for
r=r+1
end while
0 =6, > Optimal parameters
U, 1;0%) = [i11(X, 15 0), (X, 1;65), b1 (X, 15 62), ba(X, 1 62), P(X, 15 65)]" > Final neural network

solution approximation
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Definition 1. Let a function u = v, with some probability measure (p) on the domain Q. We define the
Barron norm of u on Q with the index p € [1,+00], the neural parameters (wi»;, Wazi, Wi, b;), and the
support radius R by

1 —
il gy = inf, {( S o p(dws,dwi,db))" 2 u= [wro(wix +b)p(dws, dwi, db) on &,
p is supported on R X By X R} ,

where Bg = {x € Q : llxll < R}. The corresponding Barron space is then defined as Bﬁ;(ﬁ) =
fu: el g3y < oo

We have provided a clear motivation of the Barron space in Section 4. Basically, our aim is to provide
the convergence of the neural network solution for the steady-state version of MHD systems. Since the
solution of the MHD equation is continuous and lies in the Barron space, see Lemma 1. In particular,
the proof of convergence on Barron space uses cos as an activation function [49], which does not seem
to be effective for the boundary layer in the present class of problems. Hence, we have provided the
convergence based on sigmoid activation functions, which works well experimentally too.

Assumption 1. Let o(sigmoid) be an activation function, defined as o : R — R and note that o is
sufficiently smooth. Let, M| := sup q |0(x)| < co and M,y := sup, . |07 (x)| < oo, for i = 1,2, where
o(x) represents the i-th derivative of o(x).

Lemma 1. Let o(x) be a sigmoid activation function for the proposed neural network in Algorithm 1 and
the neural network parameters 0 be independently and identically distributed (i.i.d.) random variables
drawn from a distribution. Consider a complex-valued function £o(x) € L*(R) N L'(R), in such a way
{€jo(x) := ujo(x) for all x € Qand 0 forall x ¢ Q, and j = 1,2} on a domain Q of the positive side of the
x-axis. We also have uj(x) = Re(F & j0(x)) € Lz(R)ﬂBfQ(R) and uj(x) = Re(F~'u o(x)) € Lz(ﬁ)ﬂﬂi(ﬁ)
for some 0 < R < oo, where F~! denotes the inverse Fourier transformation, and j = 1,2.

Proof. Utilizing the technique presented in [49] for elliptic problems, we employ the sigmoid activation
function to establish the approximation properties within the Barron space’s framework. Let u ;) be a
complex number and consider it to be u;o(s) = " F(s), where F;(s) = |ujo(s). It then holds that
(%) = Re((F'€0)(x), x €R, j= 1,2,

Therefore _

ui(x) =Re((F 'uj)(x)), xeQ,
= Re(\/#zfﬂ feis"ujo(s)ds),
= Re(\%ﬂ f e j(S)ds),
= = [ cos(sx + 6()p(ds),
< \;LZ—” fm,ujds = % fO'(sx + 6(s)u;(ds),

4w — ra)
ui(x) = ﬁmﬂj(ds), x €Q,
uj(x) = [ el ds), x€Q, j=12,

where the measure yu; is defined as u;(D) = fD F(s)ds, for a domain D, ﬁj = Wj/wj, and wy =
%. Since ujy is compactly supported, there is a R < oo for which uj, is supported on Bg. By the
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aforementioned definition of Barron space, u; and g, are supported in Bg. Therefore, p is supported in
R X Bg X R. We then get the bound of u;(x) in the following manner

HMMQQs]ﬁmh@mNmMm<cmmm@@<m,Can:Lz 43)

Hence u;(x) € BZ(Q) Since u;(x) < F'ujo(x), we write ;O 2y < IF ujo(x)lle(Q) Using
Parseval’s identity [|u;(x)|| 2@ < lF'u oIl L@ = = [lujo(x)|l @) and hence u;(x) € L2(Q).

Theorem 1. Consider the activation function for the proposed model to be sigmoid, which satisfies
Assumption 1, and let the neural network parameters be i.i.d. random variables drawn from a
distribution. Let uj(x) € BIZQ(Q). Then for any open set Q and for any T € N, {wj, wy, b}?z1 exist such
that the neural network solution satisfies

V(2 6) = 1,0l < “(%|xn@@) (4.4)

where M is a constant as mentioned in Assumption 1, y(Q) is the Lebesgue measure of Q, and T denotes
the number of neurons in the hidden layer.

Proof. We denote the set of parameters 6; as 6; = {wy;, wy;, b}1<i<. With respect to p}“, C, denotes a
positive constant, and j = 1,2. Here, p]X.T denotes the neural parameters that occur 7 times. By using the
Eq (4.3) and using the parameters as i.i.d. random variables, the difference between the neural network
solution and the exact solution & (x; ) = v;(x; 8) — u;(x) satisfies the following bound:

2
1
pXTHS ||L2(Q) pXT fQ( ,T 1 Wi T e Mj(x)) dx,
2
1
= Tzfg XT( izt W it —Mj(x))) dx,
1
=z fQ o7 21 (WjZiW - Mj(x))de,

1 1 2
- Ep(Wﬂm —uj(x))°dx,
1
Varp(wjz m)d.x
1
L [(Wj2 l+e(”1 x+b)) ] d-x

M@ g |‘|]

T p Wiz

CMAD ()|
]

I/\ II

I/\

I/\

BHQ)'

Remark 1. Consider 3,5, € [0,1). Let &E;; be a bounded error function defined over the L? norm.
Let us use the ADAM optimizer in Algorithm 1 for optimal prediction by minimizing the objective loss
function Eq (3.2). A general form of the ADAM optimizer is as follows:

Zi
NI

where z; = z;/(1 —,31), zi = Pizier + (1 = B1)Ei, Zi =1;/(1 —ﬁé), li = Balioy + (1 —32)8],, and &j;
denotes the error function at the ith iteration and j = 1, 2.

Oiv1 = 6; — 1 (4.5)
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From Eq (4.5), the updation of the weight function in the mth iteration is defined by
IBIZm—l + (1 _ﬁl)ajm

Wil = Wi — Nl s j:1,2.
(1 _IBm) lm +0

On the Basis of zn = Bi1zm-1 + (1 = B1)Ejm, by using all the previous values of z,, through each
iteration, we get the following form for j = 1,2 and 1 <i < m:

Im = 1Zm=i +ﬂ (I = BDEjon-i +,3i1_1(1 — B jm—isty + -+ (A = B1)Eji—1y + (1 _Bl)aji]a

(1 —,3’")['8
If i = m, then

1
Zn = A-B) [,31 20+ B =BEH+L A =BEH + -+ (1 = B)Ejm-r) + (1 _ﬁl)gjm]a Jj=12.

Initially, we use zy = 0 in the algorithm. We then get

- _ d-8) -1 :
In = T [ﬁ’f&o +B G+ + Ejnny + Ejm|, J=1,2,
_ 1-B1)E jm
Zm < ((f';,,/‘[’"+,8’"‘ e+ I+ 1[0 1 <m <m,
- A=B1)Ejm;  (1-B1)
n S =gy Laegp 1
here, &, denotes the maximum value of the error function in the iterations below.
Similarl B Using Young’s inequali 1,, can be written as /I, <
% Nl = T g Young’s inequality, /1, n <
2
(L=BD ||| Ejm
Winet = Wnllzz < 417, — — 1<m <m
(1 _ﬁ]) Zz 18]l 12

Hence, we can conclude that, if the iterations and neurons of the hidden layer increase, then
[Wis1 — Willz2 goes to zero as the number of iterations m goes to infinity.

5. Numerical experiments

We begin with Example 1, whose convection coefficient matrix is either M matrix or not M matrix.
Although it will not satisfy the standard maximum principle, it will meet the continuous and discrete
form of the non-standard maximum principle involving the sign of the solution’s derivatives. Based on
the available numerical methods for a priori defined piecewise uniform adaptive Shishkin-type meshes
{x,-}f)v [23,67], which are dense inside the boundary layer regions. For the numerical calculation using
the finite difference method, we evaluate the errors in the L?> norm and the corresponding error and order
of accuracy are defined by

N 1/2
2
:[Z [V = vy ] . ol =log, (€} /&N), (5.1)
i=0
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In the definition above, Vi\’l for j = 1,2 represents the components of the numerical solution obtained
with N partitions, while V?’l\’ is the solution computed on the same mesh {x;}{), including its midpoints.
Although V?Il" is computed at the midpoints, the error comparison between V?’l and V%V is performed only
at the mesh points {xi}g\’ . Moreover, @?’ and 0'?’ represent the uniform error and order over all values of
&1 and &, considered for the numerical experiments. Here, we have taken £, &, € {1,107}, 1072, 1073).

Example 1. Consider the multiple-scale coupled system (1.8) with the following coupled convection
and reaction matrices with an unknown solution:

| m -1-2x |10+ -2 1+ x+ 347 _
(5.2)
together with the following boundary data
2 2
B, = [1} , By = [2] (5.3)

We begin with the convection coefficient matrix is diagonally dominant. Numerically, we have
observed that the finite difference approach can capture the non-oscillatory behavior of the boundary
layer’s adaptive approximation for coupled systems. In addition, we also demonstrate that the numerical
method analyzed in [54] performs well (see the L? error in Table 2 and Figure 4) in this case.

15| 16

14

1 12

03] L

05}

(a) Numerical velocity v (b) Numerical magnetic field v,

Figure 4. Oscillation-free boundary layer solutions obtained from the numerical scheme for
Ex 1, where the diagonal values of the convection matrix are p; = 4 + xe*, p» =2 + x2, and
g1 = & = 1073, N = 256 partitions

Table 2. L>-norm based errors and orders for the numerical approximations of v, and v»,
where the diagonal values of the convection matrix are p;, = 4 + xe*, and py, = 2 + x* for

Example 1.
N 32 64 128 256 512 1024
v €Y 3.678 x 107" 3489 x 10" 3.194 x 107" 2916 x 107! 2.809 x 107" 2.568 x 107!
! oY 7592 x 1072 1274 x 107" 1315x 107" 5356 x 1072 1.294 x 107! —
v €Y 9.235 x 1071 9.195x 107! 9.007 x 10°!  8.594 x 10™! 7.889 x 10! 6.835 x 107!
. 0.12\/ 6.187 x 1073 2987 x 1072 6.757 x 1072 1.235x 107" 2,070 x 107" —
max{v,. va) GV 9.007 x 107" 8.595x 107" 7.890 x 107" 6.835x 107" 5.536 x 107" 4.310 x 107!

oV 6.757x107% 1.235x 107" 2.070 x 107! 3.040 x 107! 3.611 x 107" —

Our next aim is to consider a strongly coupled system where the convection matrix is not an M-matrix,
by considering the Example 1 with p; = 0 for i = 1,2 in P(x) in Eq (5.2). We first show that the present
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numerical approach (which works well for Example 1) does not produce a convergent solution for this
problem with a nondiagonally dominant convection matrix. Here, one can see that when the scheme
proposed in [54] is applied to our problem of interest, it does not converge at all (see Table 3) and fails
to provide an oscillation-free solution (see Figure 5), even on boundary layer fitted woith Shishkin-type
meshes. However, this numerical method is able to maintain the layer behavior in both component of
the solution without spurious oscillations when the convection matrix is an M-matrix.

(a) Numerical velocity v, (b) Numerical magnetic field v,

Figure S. Oscillation occurs through the numerical scheme in the boundary region when the
diagonal entries of the convection matrix are p; = 0 for i = 1,2 in P(x) from Eq (5.2) and
£ =& = 1073, with N = 256.

Table 3. L>-norm errors and corresponding orders for the numerical approximations of vy,
and v,, where the diagonal values of the convection matrix are p; = 0 fori = 1,2 in P(x) from

Eq5.2.

N 32 64 128 256 512 1024

v, € 1.255x 10" 9212 x 10" 3.426 6.791 2.385x 10° 1.429 x 10"
oY 2874 4.748 9.868 x 107! -5.134  4.060 o

v, € 1.041 x 10" 1.099 x 10> 2.867 4.889 2905 x 10> 1.730 x 10
o) -3.399 5.260 7700 x 107" -5.893  4.069 —
€Y 1.256 x 10" 1.099 x 10> 3.427 6.792  2.906 x 10> 1.731 x 10

max{vi,va} .
oV -3.129 5.0030 -9.868 x 107" -5.419 4.069 —

Now we implement our proposed advanced PINN algorithm to show that this algorithm accurately
detects boundary layers for problems where the convection matrix is an M matrix in Figure 6. Observe
the convergence of the mean square error (MSE) of the advanced PINN solution in Table 4 as the
number of iterations increases.

Table 4. Mean square error of the proposed MI-PINN algorithm over N = 256 uniform
partitions for Example 1, when the diagonal entries of the convection matrix is p;; = 4 +
xe,ppn=2+x>inP(x)and g = & = 1073

Iteration (r) : 14 15 16 17

MSE: 1.972 x 107" 3.190 x 1072 1.334 x 1072 6.824 x 1073

Hence, the present algorithm works well for those problems for which numerical approximations are
already available. We want to note that the errors will decrease up to a certain level once the iterations
increase for the present iterative PINN algorithm over uniform partitions. Hence, it is necessary to
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propose a boundary layer adaptive algorithm via a PINN, which can identify the layer regions without
using prior information about the layers. Therefore, this work not only provides a set of problems that
is not trivial to solve numerically; but also proposes an alternative deep learning-based algorithm for
these problems.

(a) MI-PINN velocity v, (b) MI-PINN magnetic field v,

Figure 6. Oscillation-free boundary layer solutions obtained from Algorithm 1 for Example 1,
where the diagonal values of the convection matrix are p;; = 4 + xe*, p» = 2 + x* in P(x),
and &; = &, = 1073, with N = 256.

In this context, we demonstrate that our proposed PINN approach is effective for Example 1 in both
cases, and compute the errors on the basis of the loss function in Eq 3.2. Specifically, one can refer to
Table 4 and Figure 6 for the results when the convection matrix is an M matrix. Similarly, Tables 5-7
and Figures 7 and 8 present the results when the convection matrix is not the M matrix, considering
the same Example 1 with p; = 0 for i = 1,2 in P(x) from Eq 5.2. This shows that the present PINN
algorithm reduces the errors as the number of iterations increases. One can also see the non-oscillatory
behavior with the modified PINN algorithm, which ensures the validity of the proposed algorithm and
PINN over numerical approaches.

(a) MI-PINN velocity v; (b) MI-PINN magnetic field v,

Figure 7. Solution components of Example 1 through MI-PINN, when the diagonal entries
of the convection matrix are p; = O fori = 1,2 inP(x) and ¢, = 107!, &, = 107", N = 64
uniform partitions.
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Table 5. Mean square error of the proposed MI-PINN algorithm over N = 64 uniform
partitions, when €, = 107!, &, = 10~! where the diagonal entries of the convection matrix are
pii = 0 fori = 1,2 in P(x) for Example 1 and the plot is shown in Figure 7.

Iteration (r) : 1 2 3 4

MSE : 9.476 x 107 3.880 x 107> 1.055 x 107> 9.661 x 10~°

Table 6. Divergence behavior of the N1 structure where the diagonal entries of convection
matrix are p; = 0 for i = 1,2 in P(x) for Example 1, ¢, = 10™* and &, = 107,

N1 Iteration (r) 30 32 34 36
MSE 3.966 3.966 3.966 3.967
(a) MI-PINN velocity v; (b) MI-PINN magnetic field v,

Figure 8. Boundary layer adopted solution components through MI-PINN having the diagonal
entries of convection matrix is p; = 0 fori = 1,2 in P(x) for Example 1 and ¢, = 10~* and
€ = 10_3.

Table 7. Mean square error of MI-PINN over N = 256 uniform partitions, when €, = 1074,
and e; = 1073 the diagonal entries of convection matrix are p; = 0 for i = 1,2 in P(x) for
Example 1 and the plot is shown in Figure 8.

Iteration (r) : 15 16 17 18

MSE : 1.485x 107" 5153 x 1072 8.817 x 107 7.736 x 1073

We have tested Example 1 on the basis of the MSE error of tanh and the swish action function versus
iterations in Table 8, MSE error versus the number of neurons in Table 9, and MSE error versus the
number of hidden layer in Table 10.
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Table 8. Swish and tanh activation-based MSE by the proposed MI-PINN algorithm over
N = 256 uniform partitions, when €, = 107, and €, = 1073 with the diagonal entries of the
convection matrix are p; = 0 for i = 1,2 in P(x) for Example 1, and the plot is shown in
Figure 8.

Iteration (r) : 15 16 17 18
MSE (swish): 3.966 3.066 3.466 3.266
MSE (tanh): 1.948 x 107! 5.066 x 102 9.587 x 10 9.163 x 1073

Table 9. Mean square error versus number of neurons by the proposed MI-PINN algorithm
over N = 256 uniform partitions, when €, = 10™, and & = 1073, where the diagonal entries
of convection matrix is p; = 0 for i = 1,2 in P(x) for Example 1.

Neurons (7) : 50 100 150 200

MSE : 3.946 x 107! 1.485x 107" 1.183 x 10™' 1.008 x 107!

Table 10. Mean square error versus number of hidden layer with fix neurons (v = 100) by
the proposed MI-PINN algorithm over N = 256 uniform partitions through MI-PINN, when
€ =107, and & = 1073, where the diagonal entries of the convection matrix are p; = 0 for
i = 1,2 in P(x) for Example 1.

Hidden layer: 1 2 3 4

MSE : 1.485x 107! 1.338 x 107! 1.089 x 107!  9.946 x 1072

We also want to note that the simple PINN-based architecture N1 is not able to detect the boundary
layers, as depicted in Figure 9. Hence, modifications are necessary, which is the main aim of this work.

2

125
1.00
075 ~
0.50 /

5

Figure 9. Solution components, velocity (v;), and magnetic field (v,) through the N1
architecture, when the diagonal entries of the convection matrix are p; = 0 fori = 1,2
in P(x) in Example 1, and €, = 10™* and &, = 1073, It is clear that the N1 structure is unable to
predict the boundary layer and boundary conditions accurately when N = 256 is considered.
It provides the initial guesses of the neural parameters and guesses regarding the location
of the boundary layer for our present algorithm. Note that the boundary conditions are not
matched through N1.

The remaining examples in this section computationally validate our theoretical justification in
Section 3 and demonstrate that the proposed method applies to both relevant and practical scenarios,
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including fully nonlinear problems, as provided in Example 2.

Example 2. Now consider the following nonlinear coupled system, with an unknown solution. The
physical representation of vy denotes the velocity, and v, represents the magnetic field. Additionally, €,
and €, control the thickness of the boundary layers:

—a V) + V| =2V, + Vi —v, =sinmx, x€Q=(0,1),
7" ’ Y 3 x

—6V) =2V +V, -V +V) =¢,

vi(x) =0, wvy(x)=0, x€0Q ={0,1},

We test the performance of this Algorithm 1 on a non linear problem as the MHD flow is also a
non linear problem. Note that the simple architecture based on the PINNs N1 is unable to detect the
boundary layer and does not satisfy the boundary condition for the nonlinear problem as depicted in
Figure 10.

— v

0.0 02 0.4 0.6 0.8 1.0

Figure 10. Solution components of the velocity (v;), and magnetic field (v,) for the N1
architecture, for the coupled nonlinear system in Example 2 with ¢, = 107! and &, = 107!
with N = 64. Note that the simple PINN is unable to detect the boundary layer accurately. It
provides the initial guesses of the neural parameters and guesses about the boundary layer
only for the present algorithm.

The non-oscillatory behavior of its solution and the MSE based on the user-defined tolerance while
accurately capturing the layer phenomena are provided in Figures 11 and 12 and Tables 11 and 12.

(a) MI-PINN velocity v; (b) MI-PINN magnetic field v,

Figure 11. Solution components of the iterative PINN for the Example 2 with ¢, = 10~! and
e = 107! over N = 64 uniform partitions.
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Table 11. Decreasing behavior of MSE by the proposed MI-PINN algorithm for Example 2
when ¢, = 107!, and &, = 107! over N = 64 uniform partitions.

Iteration (r) : 1 2 3 4
MSE: 1.526 x 1072 1.513x 1072 1.477 x 107> 9.053 x 107>
(a) MI-PINN velocity v, (b) MI-PINN magnetic field v,

Figure 12. Boundary layers’ adaptive solution components for the iterative PINN for
Example 2, when ¢, = 1072 and &, = 107> over N = 256.

Table 12. Decreasing behavior of MSE of MI-PINN for Example 2 when €, = 1072, and &, =
1073 over N = 256.

Iteration (r) : 17 18 19 20
MSE : 6.614 x 107! 3427 x 107" 1.038 x 10" 7.803 x 1072

We test our proposed Algorithm 1 on a 2D steady-state problem with a nondiagonal convection
matrix, as demonstrated in Example 3.

Example 3. We now present a steady-state version of a 2D MHD flow problem with a strongly
coupled convection coefficient P that is not an M matrix, P, is a reaction matrix, and F is a source
function. Here, the velocity and magnetic fields can be considered as the variables v, and v,. For
xe€Q=(-1,1), consider

Be = diagle, &), Pi(x) = [ _01 _01 ]’ Po(x) = [ 8 8 ], Fx) = [ (1) ]

along with the boundary condition v = 0, on 0Q.

To analyze the solution, we utilize the contour plots in Figures 13—15 to examine the layer behavior
of the velocity and magnetic fields obtained from the neural network. The clustering of contour lines
near the boundaries indicates the presence of layer structures in the solution, while the colors in the
contour plots represent the predicted output values of the neural network. In particular, one can see that
the MSE decreases as the number of iterations increases; see, Tables 13—15. The proposed algorithm
has been validated for the two-dimensional MHD flow problem on a uniform partition, where N, Ny,
and N, denote the number of divisions in the x-, y-, and #-directions, respectively. The approximated
solutions are compared with the corresponding exact solutions and their L? error.
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-0.036
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Magnetic Field

0.0300

0.0225

0.0150

0.0075

0.0000

—0.0075

—0.0150

—0.0225

—0.0300
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X

Figure 13. Contour plot of velocity and magnetic field of the MI-PINN when €, = ¢, = 1 for

Example 3.

Table 13. Decreasing behavior of MSE for Example 3 when €; = 1, and €, = 1 over uniform
partitions with N, = 16, and N, = 16, respectively.

Iteration (r) : 1 10 20 30
MSE : 8.580 x 10™* 2529 x 107* 2.053 x 10™* 1.574 x 107
oo Velocity o Lo Magnetic Field veo
075 -0.12 075 0.45
0.50 -0.24 0.50 i 0.30
0.25 -0.36 0.25 0.15
- 000 048 > o000 000
“02s 060 —ozs —oxs
~0:50 -0.72 ~0.50 -0.30
o s _ons —oas
.00 —0.96 ~1.00 —0.60
200 075 050 025 000 025 050 075 100 0,00 ~0.75 050 ~0.25 000 0.25 050 075 100

X

X

Figure 14. Contour plot of velocity and magnetic field for the MI-PINN when €, = €, = 107!

for Example 3.

Table 14. Decreasing behavior of MSE for Example 3 when €; = 107!, and ¢, = 107! over
the uniform partitions with N, = 16, and N, = 16, respectively.

Iteration (r) : 1

10

20

30

MSE :

4.443 x 107!

3.104 x

1073

1.156 x 1073

3.875 x 1074
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Velocity

-0.12
0.50 —-0.24
0.25 -0.36
> 0.00 —0.48
-0.25 —0.60
—0.50 —-0.72

—0.84

10 -0.96

.00
-1.00 —=0.75 —0.50 —0.25 0.00 0.25 050 075 1.00
X

Figure 15.
€ = 107!, and & = 1072 for Example 3.

Magnetic Field

> 0.00

=0.25

—-0.50

=0.75

—1.00
-1.00

-0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

X

Contour plot of velocity and magnetic field for the MI-PINN when

Table 15. Decreasing behavior of MSE for Example 3 when € = 107!, and & = 10 2over the
uniform partitions with N, = 16, N, = 16, respectively.

Iteration (r) : 1 10

20 30

MSE : 4733 x 107!

1.167 x 1072

4.445 x 1073

3.071 x 1073

Example 4. We now consider the original MHD flow equation Eq (1.11) that has velocity u = [uy, u]"

and magnetic field B = [by, b,]".

In this case, we assume Q € [0,1] X [0,1], T =1, and u = € = o = 1. Then the exact solution of the

problem above can be given as follows:

ui(x,y,1) = 10x*(x — 1)>y(y — 1)(2y — 1) cos t,
ur(x,y,1) = —10x(x — 1)(2x — 1)y*(y — 1) cost,
bi(x,y,t) = sin (7x) cos (my) cos t, 5.4)
by(x,y,t) = —sin (my) cos (mx) cos t,

p(x,y,t) = 102x — 1)(2y — 1) cos t.

The source functions f, g and the initial conditions uy, by can be computed using the exact solution.

0.0300 10

0.0225

0.8
0.0150

0.0075

0.0000 >

-0.0300

1.0
>
. -0.0075
0.0

-0.0150
-0.0225
0.0 0.2 0.4 0.6 0.8 1.0
x

(a) Approximate solution of u;

(b) Exact solution of u

02

04

06

08

10

0.0300
1o 0.004
0.0225
0003
08
0.0150 0.002
06 0.0075 0.001
0.6
00000 0000
04
-00075 ., 0001
—0.0150 -0.002
02
-00225 92 -0.003
-0.0300 ~
0.0 0.004
0.0 02 04 06 08 10
x

(¢) L? based error plot of u;

Figure 16. Contour plot of the approximate solution, exact solution, and L? error for the
MI-PINN at t=1 over uniform partitions with N, = 20, N, = 20, and N, = 10, respectively.
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The contour plot of the approximated solutions, the exact solutions, and L? errors are plotted in
Figures 16-19. The decreasing behavior of the MSE can be observed in Table 16, based on the number
of iterations.

1.0
o 0.0300 0.0300 10
0.00500
0.0225 0.0225
0.8 08 0.00375
0.0150 0.0150 08
0.00250
0.6 0.0075 06 0.0075
06 0.00125
> 0.0000
> 00000 - 0.00000
.4 0.4 B
o. -0.0075 0.0075 ~0.00125
~0.0150 ~0.0150 ~0.00250
0.2 0.2
-0.0225 -0.0225 02 -0.00375
- ~0.0300 -0.00500
00 00300 oq
0.0 0.2 0.4 0.6 0.8 1.0
x

0.0 02 0.4 0.6 0.8 10 0.0 02 04 06 08 10
x

(a) Approximate solution of u, (b) Exact solution of u; (¢) L2-based error plot of u

Figure 17. Contour plot of the approximate solution, exact solution, and L?* error for the
MI-PINN at t=1 over uniform partitions with N, = 20, N, = 20, and N, = 10, respectively.

o 0.500 .
0.500 v 0.0075
0375
. 0.375 0.0060
0.250 ’
0.250 0.0045
. 0.125 20050
. 0.125 06
0.000
> 0.000 > 0.0015
- -0.125
’ -0.125 0.0000
~0.250
~0.250 -0.0015
—0.375 : _0.375 ~0.0030
00 ~0.500 0500 —~0.0045
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 04 06 08 10
x 0.0 0.2 0.4 0.6 0.8 1.0 x

(a) Approximate solution of b; (b) Exact solution of b, (c) L?-based error plot of by

Figure 18. Contour plot of the approximate solution, exact solution, and L? error for the
MI-PINN at ¢ = 1 over uniform partitions having N, = 20, N, = 20, and N, = 10, respectively.

: 0.500 1o 0.500 10
0.375 0375
. 0.8 0.006
0250 0.250 oe
0.004
0.125 06 0.125
: 06 0.002
0000 > 0.000
> 0.000
0.4
- -0.125 -0.125
o4 —-0.002
-0.250 ~0.250
—0.004
~0.375 -0375 %2
—-0.006
-0.500 ~0.500 - ‘
0.0 0.0 o 0008
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(a) Approximate solution of b, (b) Exact solution of b, (c) L?-based error plot of b,

Figure 19. Contour plot of the approximate solution, exact solution, and L? error for the
MI-PINN at ¢ = 1 over uniform partitions having N, = 20, N, = 20, and N, = 10, respectively.
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Table 16. Decreasing behavior of MSE for Example 4 when € = 1 over uniform partitions
with N, = 20, N, = 20, and N, = 10, respectively.

Iteration (r) : 5 10 15 20

MSE : 4.672 x 1072 1.587 x 1072 4.656 x 10> 2.419 x 1073

6. Conclusions

We have developed a modified iterative PINN-based deep learning algorithm to solve strongly
coupled systems of singularly perturbed boundary value problems originating from the boundary
layer. Our work addresses the lack of theoretical analysis and numerical challenges, mainly when
the convection matrix does not satisfy the M matrix condition, as frequently encountered in MHD
flows. Furthermore, we have explored the limitations of standard PINN models and highlighted the
numerical difficulties in detecting boundary layers. We have proved that the exact solution of the
defined problems lies in the Barron space with some compact support property under the probability
measure and theoretical convergence of the two-layer neural network within the Barron space. Several
numerical experiments are performed to verify that the proposed deep learning-based algorithm detects
the boundary layers efficiently. The present algorithm performs better than simple PINNs and several
existing numerical approaches.
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