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Abstract: This paper focuses on the new (3+1)-dimensional Date-Jimbo-Kashiwara-Miwa (DJKM)
equation with some variable coefficients and derives its new analytical solutions. Based on the (2+1)-
dimensional DJKM equation, this equation adds an additional spatial dimension (z) and introduces
time-dependent coefficients. Therefore, it is more suitable for describing dynamic wave behaviors in
inhomogeneous media. Firstly, by virtue of the Hirota method, we derive the Hirota bilinear form of
the equation. Secondly, based on the bilinear form, we present three types of solutions, including the
three wave solution and lump-type solution. Finally, by choosing appropriate parameters, we plot some
graphs to intuitively display the physical characteristics of these solutions.
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1. Introduction

Nonlinear evolution equations (NLEEs) have been used to describe complex nonlinear phenomena.
Since the analytical solutions of the NLEEs have a major impact on investigating the physical aspects
of the models, many scholars have been very interested in these analytical solutions [1-3]. Nowadays,
a range of powerful methods have emerged to obtain analytical solutions, such as the Painlevé
approach [4-6], Hirota’s bilinear method [7-9] and the Darboux transformation method [10-12]. By
applying those methods, some analytic solutions of the NLEEs have been obtained, such as N-soliton
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solutions [13], the breather solutions [14], the periodic wave solutions [15], and so on. However,
traditional methods mainly rely on the locality assumption of integer-order derivatives. As a
generalization of integer-order derivatives, fractional derivatives have opened up a broader space for
the research on nonlinear evolution equations through their non-locality property [16, 17]. In the
future, introducing fractional derivatives into the analytical solutions for NLEEs and exploring their
new physical significance will be a greatly meaningful research direction.

Symbolic computation, with its powerful capabilities, has been widely applied across multiple
domains including algebraic operations, equation solving, and matrix calculations. It can effectively
make up for the deficiencies of manual calculation in terms of efficiency and accuracy, and has
become an indispensable tool in related research. In practical research, many scholars have
successfully solved a multitude of intricate mathematical and scientific problems by using symbolic
computation [13, 18-20].

The Date-Jimbo-Kashiwara-Miwa (DJKM) equation is a significant class of nonlinear partial
differential equations with extensive applications across multiple fields of physics. Initially, this
equation was proposed to simulate the propagation laws of long-wavelength shallow water waves
under conditions of low surface tension. Furthermore, in the field of plasma physics, the DJKM
equation also played an important role, for example, it could effectively describe the propagation
characteristics of nonlinear dispersive waves, such as the evolutionary processes of typical wave
phenomena like ion acoustic waves and magnetohydrodynamic waves. In 1981, based on the
Kadomtsev-Petviashvili (KP) equation, Date et al. derived the DJKM equation in [21]. In 2020,
Wazwaz conducted further research on the DJKM equation; in [22], he extended the DJKM equation
to a variable-coefficient form; in [23], he further generalized it to a (3+1)-dimensional DJKM
equation. In 2021, Dong Wang et al. studied the bilinear form and N-soliton solutions of the DJKM
equation with constant coefficients [24]. In 2022, Hengchun Hu et al. conducted the periodic wave
and kink soliton solutions of the DJKM equation with constant coefficients [25]. To our knowledge,
the three wave solution and lump-type solution for the new (3+1)-dimensional DJKM equation with
variable coefficient have not been reported. In this paper, we focus on the study of the new
(3+1)-dimensional DJKM equation with variable coefficient. By employing Mathematica software,
we obtain a variety of analytical solutions for the equation.

In this paper, we concentrate on a new (3+1)-dimensional DJKM equation [23]:

Uyrexy + Hlylly + 2Upgilly + Oltyyll e — Qityyy — 2B8(D U + h(t)(au, + buy + cu,),, = 0. (1.1)
When g(r) = 1 and A(r) = 1, Eq (1.1) simplifies to the following equation [23]:
Uyrory + Aoyl + 2Uyrilly + Ol Uy — Qllyyy — 2BUyy + (alty + buy + cuy) e = 0. (1.2)
This paper primarily investigates some analytical solutions of Eq (1.1), and the results obtained also
encompass the solutions for Eq (1.1).

Using variable transformation:

u(x,y,z,1) = 2(In f(x,y,2, ), (1.3)
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we can obtain the Hirota bilinear form of the (3+1)-dimensional DJKM equation:

D, [(DiDy - 3Bg () DD + %h (1) (aD,% +bD,D, + cDxDZ)) fofl 2+

(1.4)
20,|(Di=3a2) £ 1] 12 =0

where the definition of the general bilinear operator D can be expressed as [26]:

t =t

D;nsz 8= (61 - at/)m(ax - ax/)nf(x’ t)g(xl’ t,) et
In consequence, the (3+1)-dimensional DJKM equation can be converted to the following form:

(=2af; = 4B f2fi + 2ch(D f.f7 + 2bh() [ ff + 2ah() f} = 4 f oS fox = 20,f0 + 4 7 + 4Ffifoc) ¥
f(3aﬁ)ﬁ37 + 418g(t)fxfxt - 2Ch(t)fxfxz - th(t)fxfxy + zﬁg(t)ﬁfxx - Ch(t)fzfxx - bh(t)ﬁifxx - 3ah(t)fxfxx
+ 2fxxfxxy - 4fxfxxxy - f;’fxxxx) + fz(_a/f;’yy - zﬁg(t)fxxt + Ch(t)fxxz + bh(t)fxxy + ah(t)fxxx + fxxxxy) =0.
(1.5)
This article primarily seeks some new solutions of Eq (1.1) by utilizing the Hirota’s bilinear method.
This paper is divided into five sections. In the first section, we introduced the (3+1)-dimensional DJKM
equations and their Hirota bilinear form. Using the Hirota’s bilinear method and Mathematica software,
we calculated the three wave solution and lump-type solution of Eq (1.1) respectively in Sections 2
and 3. We also used Matlab to create some graphs; these graphs provide us with different perspectives
on the solutions, enabling us to understand the nature of the solutions more comprehensively. In the
fifth section, some conclusions are given.

2. Three wave solution

In this section, we will acquire the three wave solution for the new (3+1)-dimensional DJKM
equation. First, we can start with a hypothesis:

f=e""+kicos (o) + ke " + kj sin(03)
2.1)
g; = a;x + bly + CiZ + di(l),

where i = 1,2, 3, d(t), d>(¢), d5(t) are undetermined functions of ¢.
Substituting Eq (2.1) into Eq (1.5), we can obtain a set of equations. Solving these equations, we
can get the three wave solution.

Theorem 2.1. The three wave solution for Eq (1.1) can be simplified as:

_ 2 (Cl] (60-1 - kze_"l) - Clzk] sin (0'2) + a3k3 COS (O’g))

- 2.2)
koe=7' + k3 sin (03) + kq cos (07) + et

under the following constraint conditions:
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o f (a% + a%) ZAh(t) + (af + a%) m, + amy
(0 =

dt,
m g(1)
(af + ag) 2A5h(1) + (af + a%) ’my + ams
dy(1) = dt,
m g(1)
“o f 2a,a5 (af + a%) 2A5h(t) — (a% + a%) ’me + am; J
3(f) = f,
2aazm; g(1)
2 2\ (212 2 212 2
‘- (a2 — a3) (alk + azk —ajk; - a3k ) (2.3)
2o 4(a2+a)(a +a) ’
1 T )\d) T Ay
aaab, — \/ aagag 2a/a2a§a‘2‘ - aa‘]‘a%ag
b= aa? ’
2
2 2)2 2
_@a3 —cmz(a +a2) ag ay —aaz(a +a2) a3 a azbz
, e +a a3b +
3= )
azas + 61%613
where
2
my =20 (a% + ag) , my = (af - a%) by — 2a1a,b,, Ai=aa+bb;+cc,

my = by (a3 — a}) (b — 303) + 2aiabs (b3 - 357).  ma = (a} — @) by + 21420,

ms = by (a} — @3) (b3 — 3b3) + 2a1a2b; (b} — 353).

me = (a% + a3) (2ajarb; + 4aazbsz) + by (a1a2 + a3 + (a% + 5a§) a%) ,

my = by |3 (a3 — a}) (b3 = 3b7) + 3d3 (af — @3) (b} + 3) — af (3a} + a3) (b5 + 303)|
— 2aya3b, (a3 + &) (b} - 353).

anda; #0,a, #0,a3 #0,1=1,2,3, 2 < 0.

Figures 1 and 2 illustrate the three-dimensional plot, density plot, and x-axis plot of the three wave
solution. The selected parameter settings are a; = 1,a, = l,a3 = 1,b, = 1,¢; = 0,¢; = 1,¢3 =
I,ky = 1,ks = 1,a = 1,b = 1,c = 1, = =4 and B = 1. (a)-(c) present the three-dimensional
spatial distribution characteristics of the variable coefficients g(t) and h(t) under different parameter
combinations respectively. As shown in Figure 1, the solution exhibits multiple distinct peaks and
troughs.
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Figure 1. The three wave solution Eq (2.2) withy = 1,z = 1, (a)(d)(g): h(t) = 2,g(¢) = 1;
(d)(e)(h): h(r) = 1, g(1) = csc(®); ()(D)(1): h@) = sin(?), g(1) = sec(r).
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Figure 2. The three wave solution Eq (2.2) with x = 1,7 = 1, (a)(d)(g): h(t) = 2,g(t) = 1;
(d)(e)(h): h(r) = 1, g(2) = csc(®); (c)(D)(A): h(2) = sin(?), g(1) = sec(r).

3. Lump-type solutions

3.1. Lump solution

To generate a lump solution, we can assume:

2 2
=01 +05 +k,
f=o 2 G.1)
o; =ax+ bly + ciz + dl'(t),

where i = 1,2, d,(¢), d,(t), d3(t) are undetermined functions of 7. Substituting Eq (3.1) into Eq (1.5),
we can get the following solution.
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Figure 3. The lump solution Eq (3.2) withy = 1,z = 1, (a)(d)(g) h(?) = 1, g(t) = 1; (b)(e)(h)
h(1) = cos(1), g(t) = 1; ()()(@) h(r) = cos(r), g(r) = csc*(r).
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Figure 4. The lump solution Eq (3.2) with x = 1,7 = 1, (a)(d)(g): h(t) = 1, g(t) =

(b)(e)(h): h(t) = cos(1), g(r) = 15 ()(D)): h(t) = cos(r), g(t) = s’ (1),

Theorem 3.1. The lump solution corresponding to Eq (1.1) can be represented as:
_4(a101 + ay0)
- 0'12 + 0'22 +k°

under the following conditions:

n, + h(t) (a® + a? 2B nsy + h(t) (a® + a3 2B
(1) = f ’ n(lgl(t) ) L, dy(1) = f ’ n(lgl(t) ) B

— Jkaa® + 3kaa®a? + 3kaa*at + kaaa® + kaa,ayb,
1 19> 195 195

dt,

b,

b

kaa?

(3.2)

(3.3)
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where

n =26 (a% + a%)2 , n, = ab, (a% - a%) (3b§ - b%) + 2aa,a,b; (b% - 3b%) ,
ny = ab, (a3 — a}) (36} - b3) + 2aaiab; (b7 - 353). B; = (aa; + bb; + cc;),

anda; #0,a, #0,a3 #0,j=1,2.

Figures 3 and 4 display the lump solution of the DJKM equation. The parameters shared by Figure 3
and 4 are as follows: a; = l,a, = 1,by = 1,c; =1l,co=1,k=1l,a=1,b= l,c=1,a=1and B = 1.
The lump solution presents a typical bimodal structure, with two wave peaks symmetrically distributed
about the horizontal plane. As shown in Figure 3(h),(i), the peak amplitude gradually decays while the
waveform progressively flattens with increasing time z.

3.2.  Lump-type solution
In order to get the Lump-type solution, we assume:
f=0?+02+03 +k,

3.4)
o; =ax+ bly +cz+ dl'(l),

where i = 1,2, 3, d,(t), d,(¢), d3(t) are undetermined functions of ¢. Substituting Eq (3.4) into Eq (1.5)
and solving the equations, we can get the Lump-type solution of Eq (1.1).

Theorem 3.2. The Lump-type solution can be written as:

_ 4(6110'1 +6120'2+6130'3)

) 3.5
0'12+0'22+0'32+k (3-5)
when
Cih(t) + ar Coh(t) + ar Cih(t) + ar.
dl (I) = \[L dl, dz(t) = \[L dl, d3(t) = \[M dl,
r1g() r1g() r1g()
Clgb3C1 - a1a2b3cz + a%b3C1 - a1a3b303 b3 (G%CZ —apaxc + a362 - a2a363)
' 0%63 — apaszC; — arascy + Cl%C3 ’ 27 Cl%C} — ayaszcy — apazcy + 0%63 (36)

(a% + a% + a%) rs + b% (—ré - r% - r§ + 2ryre + 2rgre + 2r7r8)

b

abj ((ajca — are))? + (ares — aze)) ? + (ares — azer) ?)
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where

r = 2(a% +a; + a%) ’B,

I = (—a% +a; + ag) b + (3a% - 3a; + a%) b3by + (3a% +a; - 3a§) b3b,
— 8ayashybsby + 2ay (=367 + b3 + b3) (axbs + a3bs) ,

ry = (a% —a+ a%) b + (—3a% +3a; + a%) bib, + (a% +3a; - 3a§) b3b,
— 8ayasbibsby + 2ay (b} = 3b3 + b3) (arby + azbs)

Iy = (a% +a; - a%) b3 + (—Sa% +a;+ 3a§) bibs + (a% —3a; + 3a§) bybs
— 8ayashibabs + 2as (b} + b3 — 363) (arby + axby) ,

rs= (a% + a%) 2c§ + (a% (ajc1 + arcr) — 2a3 (a% + a%) c3) (ajc; + axcy),

re=(axc3 — ascz) di(1), rr=(aics — ascy) do(1), rg=(aicy — axcy) dx(1),

Ci = ((a% + a%) v a3 (Za% +2a3 + a%)) (aa; + bb; + cc;),

anda; #0,a, # 0,a3 #0,i =1,2,3.

Figures 5 and 6 show the morphology of the Lump-type solution at a; = 3,a, = l,a3 = 1,b3 =
Ley=1lco=1,c3=1,a=1,b=1,c=1,a=1and B = 1. As can be seen from Figure 5(a)—(c), the
Lump-type solution exhibits a distorted band-like morphology. Meanwhile, Figure 5(d)—(f) reveals the
presence of peaks and troughs, which are uniformly spaced.

4. Conclusions

This paper has conducted an in-depth investigation of the new (3+1)-dimensional DJKM equation
using the Hirota’s bilinear method. Firstly, the bilinear form of the DJKM equation was derived through
the D operator. On this basis, with the aid of Mathematica software for numerical calculations, the three
wave solution (Eq (2.2)) and lump-type solutions (Eqgs (3.2) and (3.5)) of Eq (1.1) were successfully
obtained, enriching the solutions of the new (3+1)-dimensional DJKM equation. Finally, by adjusting
the parameters, we plotted three-dimensional and density graphs to analyze the solutions’ physical
properties (Figures 1-6). In the future, we will continue to expand our research on nonlinear evolution
equations (NLEE), including exploring new solution methods and constructing analytical solutions for
fractional-order equations.
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Figure 5. The lump-type solution Eq (3.5) withy = 1,z = 1, (a)(d)(g) A(?) = cos(), g(t) = 1;
(b)(e)(h) A7) = 1, g(7) = csc(®); ()(D)() h(r) = sin(7), g(2) = sec(?).
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Figure 6. The lump-type solution Eq (3.5) with x = 1,7 = 1, (a)(d)(g): h(f) = cos(¢), g(t) = 1;

(b)(e)(h): h(r) = 1,8(1) = csc(t); ()(B)(): h(r) = sin(z), g(r) = sec().
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