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Abstract: A new ensemble Monte Carlo (EMC) method is proposed and applied to numerically
simulate a parabolic optimal control problem with random coefficients. The state equation is
discretized by the EMC method, which shares a common coefficient matrix with multiple right-hand
vectors. It saves the computational cost compared with the Monte Carlo (MC) method. For this new
EMC method, it is unconditionally stable and does not need to subgroup the samples in the simulation.
Under natural regularity condition, some error estimates are obtained for the EMC approximation of
the optimal control problem. Two numerical examples are presented to test the theoretical results.
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1. Introduction

In this paper, we consider the optimal control problem parameterized by ω ∈ Ω

min
q̄∈Qad

J(ū, q̄) =
1
2
∥ ū(ω, t, x) − ud(t, x) ∥2L2(0,T,L2(D)) +

λ

2
∥ q̄(t, x) ∥2L2(0,T,L2(D)) (1.1)

subject to 
∂tū(ω, t, x)−∇ · (a(ω, t, x)∇ū(ω, t, x)) = q̄(t, x) + f̄ (ω, t, x), in (0,T ] × D,

ū(ω, t, x) = 0, on (0,T ] × ∂D,

ū(ω, 0, x) = g(x), in D,

(1.2)

where Ω is a sample space, D ⊂ R2 is a bounded convex polygonal domain, and ∂D is the boundary
of D. The differential operators ∇· and ∇ are with respect to x ∈ D, and ud ∈ L2(0,T ; L2(D)) is
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given as the desired state and λ > 0 is a given regularization parameter. The admissible control set
Qad ⊂ L2(0,T, L2(D)) is defined by

Qad = {q̄ ∈ L2(0,T, L2(D)) : qa ≤ q̄(t, x) ≤ qb a.e. in (0,T ] × D}. (1.3)

For simplicity, we only consider qa, qb to be two constants with qa < qb.
Optimal control problems widely arise in engineering and applied sciences. For deterministic

optimal control problems, there are large mathematical theories and computational approaches (see,
e.g., [1–4]). However, the boundary conditions, material parameters, and external loading are often
not precisely measured. Therefore stochastic models are more realistic. Just like the deterministic
optimal control problems, it is very difficult to obtain the analytical solution for stochastic optimal
control problems (SOCPs). Numerical solutions are a good choice for the application of these
problems. The study of numerical approximation for SOCPs has attracted much interest in the last
few decades (see, e.g., [5–9]).

The numerical methods of stochastic differential equation play an important role in the numerical
approximation of SOCPs. Some discretization schemes, such as generalized polynomial chaos (gPC)
expansions [10], sparse-grid stochastic collocation, the multi-grid method [11], the stochastic
Galerkin method [12, 13], and a hybrid model reduction method [14], have been studied. For
stochastic problems,the MC method is another important method. the multilevel MC finite element
methods in [5] and the quasi-MC method in [7] are used to solve an elliptic optimal control problem
with random coefficients. The problems (1.1) and (1.2) is similar to the problem considered in [5]
or [11]. It is a parameterized optimal control problem. As stated in reference [5], the statistical
properties of control q is the initial guess for the corresponding robust control.

For the stochastic evolution equations, when we use the MC method, an ensemble approach is
widely used method (e.g., [15–19]). The ensemble method shares a common matrix with multiple
right-hand sides (RHSs) by introducing an ensemble average of random coefficients. Thus, it greatly
reduces the storage requirements and computational cost. This ensemble method sometimes must
subgroup the samples to meet the stability condition.

In this paper, we improve the ensemble Monte Carlo (EMC) method in [20] to make it even more
efficient by choosing ā > amax/2 (the definitions of ā, amax can been seen in expressions (2.2) and (3.5)),
but not the ensemble mean ā = 1

N

∑N
i a(ωi). For the SOCP (1.1) and (1.2), we use the discretize-then-

optimize approach. The state Eq (1.2) is first discretized by the improved EMC linear conforming finite
element method. Then the existence and uniqueness of the solution of the discretized optimal control
problem are analyzed. After this, we get the error estimate for the EMC approximation as follows:

λ ∥ q − qτh ∥L2(Ω;L2(0,T ;L2(D))) + ∥ u − uτh ∥L2(Ω;L2(0,T ;L2(D)))

+ ∥ z − zτh ∥L2(Ω;L2(0,T ;L2(D)))≤ C(τ + h2),

where (q, u, z) and (qτh, uτh, zτh) are the continuous and discrete optimal controls triples, respectively.
The structure of the rest of the paper is as follows. In Section 2, we present some notation, the

first-order optimality conditions, and the regularities of the state and the control. In Section 3, we
focus on the discretization of the SOCP (1.1) and (1.2). We discuss the ensemble scheme for the
state equation and adjoint equation, and variational discretization of the control variable. In Section 4,
we prove an a priori estimate for the L2(0,T, L2(D)) error of the EMC approximation for the optimal
control problem. Some numerical experiments are carried out to verify the validity of this algorithm in
Section 5. In Section 6, some summaries are given. The proofs of some theorems are in the Appendix.
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2. The problem setting

2.1. Notation

Let (Ω,A,P) be a complete probability space, where A ⊂ 2Ω is a σ-algebra, P : A → [0, 1] is a
probability measure, and X = {υ : υ ∈ L2(0,T ; H1

0(D)), ∂tυ ∈ L2(0,T ; H−1(D))}. Given a Banach space
Y = L2(0,T ; L2(D)), the space Lp(Ω,Y) is the set of strongly measurable functions (υ : Ω → Y) such
that ∥ υ ∥Lp(Ω,Y)≤ ∞, where

∥ υ ∥Lp(Ω,Y)=


(∫
Ω

∥ υ ∥
p
Y dP(ω)

)1/p

, for 1 ≤ p < ∞,

essupω∈Ω ∥ υ(ω) ∥Y , for p = ∞.

We use the following notation for the different inner products and the corresponding norms:

(v, u) = (v, u)L2(D), ∥ u ∥=∥ u ∥L2(D);

(v, u)I = (v, u)L2(0,T ;L2(D))), ∥ v ∥I=∥ v ∥L2(0,T ;L2(D));

(v, u)Ω = (v, u)L2(Ω;L2(0,T ;L2(D))), ∥ v ∥Ω=∥ v ∥L2(Ω;L2(0,T ;L2(D)));

∥ v ∥r=∥ v ∥Hr(D)=

∑
|α|≤r

∥ Dαv ∥2


1
2

.

Th is a quasi-uniform triangulation of the domain D, where D̄ = ∪K∈Th K̄. The mesh size h :=
maxK∈Th hK , where hK is the diameter of K. Vh denotes the finite element space.

Vh := {υh ∈ H1
0(D); υh|K is a linear polynomials,∀K ∈ Th}.

For the time interval (0,T ], we use a uniform partition with the step size τ. (0,T ] = I1∪ I2∪ · · ·∪ IN

with the subintervals In = (tn−1, tn] of size τ and the time points 0 = t0 < t1 < · · · < tN−1 < tN = T.
For convenience, here, we use the following notation:

(v, u)In = (v, u)L2(tn−1,tn;L2(D)), ∥ v ∥In=∥ v ∥L2(tn−1,tn;L2(D)) .

Define φ̂ = 1
T

∫ T

0
φdt. According to the definition, for any constant C, we get

(C, φ − φ̂)L2(0,T ) = 0, (2.1)

and ∥ φ̂ ∥L2(0,T )≤∥ φ ∥L2(0,T ).
In the following, C is a positive constant and has different values in different places, which is

independent of h, τ, and ω. Cω is also a positive constant and has different values at different locations,
which is dependent on ω and independent of h, τ.
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2.2. The state equation

We first make the following assumptions on the input data.
Assumption (1): There are two positive constants amin, amax such that, for any x ∈ D̄, t ∈ [0,T ],

P(amin ≤ a(ω, t, x) ≤ amax) = 1. (2.2)

Assumption (2): q̄(x) ∈ L2(0,T ; L2(D)), g(x) ∈ H1
0(D), f̄ ∈ L2(Ω; L2(0,T ; L2(D))).

Assumption (3): Almost surely (a.s.),ω ∈ Ω, a(ω, t, x) ∈ C([0,T ],C1(D̄)). For all (t, x) ∈ [0,T ]×D̄,
there is a constant θ1 such that P(|∇a(ω, t, x)| ≤ θ1) = 1, where θ1 is independent of ω.

Assumption (4): The coefficient a(ω, t, x) has Lipschitz continuity with respect to time t, i.e.,

∥ a(ω, b, x) − a(ω, c, x) ∥C(D̄)≤ L | b − c |, a.s. ω ∈ Ω, (2.3)

where b, c ∈ [0,T ], and L is independent of ω.
From now on, the subscript ω denotes the dependence of ω. The variational form of (1.2) is to find

ūω ∈ X such that (∂tūω, υ)I + (aω∇ūω,∇υ)I = ( f̄ω, υ)I + (q̄, υ)I , ∀υ ∈ X,

ūω(0) = g(x).
(2.4)

For any ω ∈ Ω, ūω is a weak solution of problem (1.2) if and only if ūω ∈ L2(0,T ; H2(D)) ∩
H1(0,T ; L2(D)) ↪→ C([0,T ],H1

0(D)) and satisfies problem (2.4) (see Chapter 7 of [21]).
For the weak solution ūω of problem (1.2), we have the following result.

Theorem 2.1. Let Assumptions (1)–(3) hold. Then, for ω ∈ Ω a.s., there is a unique weak solution
ūω ∈ L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) for problem (1.2) and it holds that

∥ ∇ūω ∥2I≤ C(∥ q̄ ∥2I + ∥ f̄ω ∥2I + ∥ g ∥2). (2.5)

Proof. For a fixed ω ∈ Ω, Eq (1.2) is a deterministic parabolic partial differential equation (PDE). We
can obtain the unique solution ūω ∈ L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) by referring to Theorem 5 on
page 384 in reference [21].

In problem (2.4), we choose υ = ūω and get

(∂tūω, ūω)I + (aω∇ūω,∇ūω)I = ( f̄ω + q̄, ūω)I . (2.6)

Using Poincare’s inequality, we have

1
2
∥ ūω(T ) ∥2 −

1
2
∥ g(x) ∥2 +amin ∥ ∇ūω ∥2I≤ C ∥ q̄ + f̄ω ∥I∥ ∇ūω ∥I , (2.7)

where C is independent of ω. Furthermore, by Young’s inequality, we can obtain the desired result of
inequality (2.5).
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2.3. The optimal control problem

For ω ∈ Ω a.s., we consider the following optimal control problem parameterized by ω ∈ Ω:

min
q̄∈Qad

Jω(q̄) =
1
2
∥ ūω(q̄) − ud ∥

2
I +

λ

2
∥ q̄ ∥2I , (2.8)

where ūω(q̄) is the weak solution of the parabolic problem (1.2). To begin with, we consider the
existence and uniqueness of the solution to problem (2.8).

Theorem 2.2. Suppose that Qad is nonempty. Then, for ω ∈ Ω a.s., a unique global solution qω ∈ Qad

exists for the problem (2.8).

Proof. For a fixed ω ∈ Ω, the problem (2.8) is a deterministic infinite dimensional optimization
problem. Qad is closed and convex. The cost functional Jω is strictly convex. Due to λ > 0, it is
enough to consider the minimizing sequence and argue it in a classical way to verify the existence of
the global solution for problem (2.8). The uniqueness follows from the strict convexity of Jω. For the
details one can refer to [1] or [4].

The subscript ω of qω indicates that qω is the solution of problem (2.8) for a given ω ∈ Ω. The next
result gives the first-order optimality condition of problem (2.8). For the proof, one can refer to [1].

Theorem 2.3. A feasible control qω ∈ Qad is a solution of problem (2.8) if and only if a state uω ∈
L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) and an adjoint state zω ∈ L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) exist
such that the following hold:

(∂tuω, υ)I + (aω∇uω,∇υ)I = ( f̄ω + qω, υ)I ,∀υ ∈ X, uω(0) = g(x); (2.9)
−(∂tzω, υ)I + (aω∇zω,∇υ)I = (uω − ud, υ)I ,∀υ ∈ X, zω(T ) = 0; (2.10)

(zω + λqω, q̄ − qω)I ≥ 0, ∀q̄ ∈ Qad. (2.11)

Now we define a map q : Ω × (0,T ] × D→ R such that

q(ω, ·, ·) := arg min
q̄∈Qad

Jω(q̄), (2.12)

where q(ω, ·, ·) is the solution of problem (2.8) for a given ω ∈ Ω. The next theorem explains that q
is measurable.

Theorem 2.4. For each ω ∈ Ω, the map ω→ q(ω, ·, ·) is measurable.

Proof. This can be proved analogously to the proof of Theorem 3.4 in [5].

3. The ensemble scheme approximation of optimal control problem

In this section, we first introduce a projection Rω,h. Second, we present the discretization of the
state equation and the corresponding results. Finally, we discretize the optimal control problem.

Let Rω,h : H1
0(D)→ Vh be the Ritz projection operator given by

(aω∇u,∇υh) = (aω∇Rω,hu,∇υh), ∀υh ∈ Vh. (3.1)

Networks and Heterogeneous Media Volume 20, Issue 3, 732–758.
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We then have
∥ ∇Rω,hu ∥≤

amax

amin
∥ ∇u ∥ . (3.2)

For the projection operator Rω,h, the following error estimates also hold (see, e.g., [22]).

Lemma 3.1. Suppose that u ∈ H2(D) ∩ H1
0(D) for the Rω,h defined by Eq (3.1), the following

estimates hold:
∥ Rω,hu − u ∥ +h ∥ Rω,hu − u ∥1≤ Ch2 ∥ u ∥2,

∥ Rω,hu − u ∥H−1(D)≤ Ch2 ∥ u ∥1,
(3.3)

where C is a positive constant independent of h, τ, and ω.

3.1. The discretization of the state equation

Choose a positive constant ā which satisfies ā > amax
2 . For ω ∈ Ω a.s., the new EMC approximation

for problem (2.4) is defined as follows: Find ūn
ω,h ∈ Vh such that for n = 1, · · · ,N ūn

ω,h − ūn−1
ω,h

τ
, υh

 + (ā∇ūn
ω,h,∇υh) + ((an

ω − ā)∇ūn−1
ω,h ,∇υh) =

(̂
q̄

n
+ ̂̄fωn

, υh

)
,∀υh ∈ Vh,

ū0
ω,h =gh(x),

(3.4)

where ̂̄qn
= 1

τ

∫
In

q̄dt, gh(x) = Rω,hg.

Remark 3.1. Under Assumption (1), for the constant ā, it is clear that

θ = sup
(ω,t,x)∈Ω×[0,T ]×D̄

|ā − a(ω, t, x)|, θ < ā, (3.5)

where θ is independent of ω. For the choice of ā, the stability condition (Theorem 1 of [20])
holds naturally.

The resulting coefficient matrix of the problem (3.4) is only dependent on the constant ā. This is
the key feature of the ensemble method. That is, the discrete systems share a unique coefficient matrix
and multiple right-hand-side vectors. These systems can be efficiently computed by many existing
algorithms, such as LU factorization method, GMRES (Generalized minimum residual) method, etc.

Next, we present some results about the fully discrete scheme in problem (3.4).

Theorem 3.1. Let Assumptions (1) and (2) hold. Then, for ω ∈ Ω a.s., a unique solution {ūn
ω,h}

N
n=1 exists

for the fully discrete scheme (3.4). Moreover

∥ ūN
ω,h ∥

2 +θk ∥ ∇ūN
ω,h ∥

2 +(ā − θ)k
N∑

n=1

∥ ∇ūn
ω,h ∥

2 ≤ C
(
∥ q̄ ∥2I + ∥ f̄ω ∥2I +(θk + 1) ∥ ∇g ∥2

)
. (3.6)

Theorem 3.2. Let Assumptions (1)–(4) hold. Then the numerical solution of problem (3.4) satisfies

1
τ

N∑
n=1

∥ ūn
ω,h − ūn−1

ω,h ∥
2 +(2ā − amax)

N∑
n=1

∥ ∇(ūn
ω,h − ūn−1

ω,h ) ∥2

+amin ∥ ∇ūN
ω,h ∥

2≤ C
(
∥ ∇g ∥2 + ∥ q̄ ∥2I + ∥ f̄ω ∥2I

)
.

(3.7)
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3.2. The discretization of the optimal control problem

Here, we discretize the problem (2.8) via the variational discretization approach developed in [23].
For ω ∈ Ω a.s., the variational discretization of problem (2.8) reads as follows:

min
q̄∈Qad

Jω,τh(q̄) =
1
2
τ

N∑
n=1

∥ ūn
ω,h(q̄) − ûω,d

n
∥2 +

λ

2
∥ q̄ ∥2I , (3.8)

where
{
ūn
ω,h(q̄)

}N

n=1
is the solution of problem (3.4). The key idea of the variational discretiation is only

to discretize the state and adjoint state space, not to discretize the control space Qad. The control is
obtained from a projection of the adjoint state. Hence problem (3.8) is again an optimization problem
in infinite dimensions. Thus, all techniques we used previously to study the problem (2.8) can also be
used for problem (3.8). A detailed study of the variational discretization, together with its numerical
implementation and comparisons to classical discretizattions, can be found in [23] or Chapter 3 of [1].

Theorem 3.3. Suppose that Qad is nonempty. Then, forω ∈ Ω a.s., a unique global solution qω,τh ∈ Qad

exists for the problem (3.8).

Proof. Analogously to Theorem 2.2, one can show that for ω ∈ Ω a.s., the problem (3.8) admits a
unique global solution, which we denote it as qω,τh.

The next theorem gives the first-order optimality condition of problem (3.8) with an
ensemble scheme.

Theorem 3.4. A feasible control qω,τh ∈ Qad is a solution of problem (3.8) if and only if a state un
ω,h ∈ Vh

and an adjoint state zn
ω,h ∈ Vh exist such thatun

ω,h − un−1
ω,h

τ
, υh

 + (ā∇un
ω,h,∇υh) + ((an

ω − ā)∇un−1
ω,h ,∇υh) = (q̂ω,τh

n
+ ̂̄fωn

, υh),∀υh ∈ Vh,

u0
ω,h = gh(x), n = 1, · · · ,N,

(3.9)

−

zn
ω,h − zn−1

ω,h

τ
, υh

 + (ā∇zn−1
ω,h ,∇υh) + ((an+1

ω − ā)∇zn
ω,h,∇υh) = (un

ω,h − ûd
n, υh),∀υh ∈ Vh,

zN
ω,h = 0, aN+1

ω = 0, n = 1, · · · ,N,

(3.10)

(q̄ − qω,τh, zω,τh + λqω,τh)I ≥ 0, ∀q̄ ∈ Qad, (3.11)

where zω,τh|[tn−1,tn) = zn−1
ω,h .

Remark 3.2. Given Theorem 3.4, we know that the adjoint equation is also an ensemble scheme.
Therefore, for all ω, we solve the optimal control problem (2.8) using an optimization algorithm, such
as a projected gradient algorithm, a primal-dual active set strategy, or a conjugate gradient method,
etc., via a unique coefficient matrix, which greatly reduces the computational cost.
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We introduce the discrete control qτh : Ω× [0,T ]×D→ R whose realization qτh(ω, ·) is the solution
of problem (3.8) for the given ω ∈ Ω and a mesh size h, τ. Precisely, let qτh : Ω × [0,T ] × D → R
such that

qτh(ω, ·) = arg min
q̄∈Qad

Jω,τh(q̄), a.s. ω ∈ Ω. (3.12)

Thus qτh is indeed measurable for ω→ qτh(ω, ·, ·), which can be proved analogously to the proof of
Theorem 3.4 of [5].

Theorem 3.5. Let Assumptions (1)–(3) hold and qτh be the solution of problem (3.12). Then for any
q̄ ∈ Qad, the following holds:

∥ qω,τh ∥
2
I≤ C

(
∥ q̄ ∥2I +(θτ + 1) ∥ ∇g ∥2 + ∥ f̄ω ∥2I + ∥ q̄ ∥2I + ∥ ud ∥

2
I

)
. (3.13)

Proof. We begin by establishing the bound in inequality (3.13). From the optimality of qω,τh together
with the estimate (3.6), it follows that for any q̄ ∈ Qad, the following holds:

∥ qω,τh ∥
2
I ≤ Jω,τh(q̄)

=
τ

2

N∑
n=1

∥ ūn
ω,h − ûd

n
∥2 +

λ

2
∥ q̄ ∥2I

≤

N∑
n=1

τ ∥ ūn
ω,h ∥

2 +

N∑
n=1

τ ∥ ûd
n
∥2 +

λ

2
∥ q̄ ∥2I

≤ C
(
∥ q̄ ∥2I +(θτ + 1) ∥ ∇g ∥2 + ∥ f̄ω ∥2I + ∥ ud ∥

2
I

)
,

from which we obtain the desired result.

If Qad is bounded, or qa, qb is bounded, then qω,τh ∈ L2(Ω; L2(0,T ; L2(D)).

Corollary 3.1. Suppose that uω,τh ∈ L2(0,T ; L2(D)), ud ∈ L2(0,T ; L2(D)), and Assumptions (1)–(3) are
satisfied. Then the numerical solution of problem (3.10) satisfies

∥ z0
ω,h ∥

2 +amin

N∑
n=1

τ ∥ ∇zn−1
ω,h ∥

2 +(ā − θ)τ ∥ ∇z0
ω,h ∥

2≤ C
τ

ā − θ

N∑
n=1

∥ un
ω,h − ûd

n
∥2 .

Proof. According to problem (3.10), we choose υh = zn−1
ω,h and get

−

zn
ω,h − zn−1

ω,h

τ
, zn−1
ω,h

 + (ā∇zn−1
ω,h ,∇zn−1

ω,h ) + ((an
ω − ā)∇zn

ω,h,∇zn−1
ω,h ) = (un

ω,h − ûd
n, zn−1

ω,h ). (3.14)

On the basis of Eq (3.14), all steps of the proof of Theorem 3.1 can be repeated similarly to obtain
the desired result.

Corollary 3.2. Suppose that uω,τh ∈ L2(0,T ; L2(D)), ud ∈ L2(0,T ; L2(D)), and Assumptions (1)–(4) are
satisfied. Then the numerical solution of problem (3.10) satisfies

1
τ

N∑
n=1

∥ zn
ω,h − zn−1

ω,h ∥
2 + (2ā − amax)

N∑
n=1

∥ ∇(zn
ω,h − zn−1

ω,h ) ∥2 +amin ∥ ∇z0
ω,h ∥

2

≤Cτ
N∑

n=1

∥ un
ω,h − ûd

n
∥2 .
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Proof. According to problem (3.10), we choose υh = zn−1
ω,h − zn

ω,h and have

−

zn
ω,h − zn−1

ω,h

τ
, zn−1
ω,h − zn

ω,h

 + (ā∇zn−1
ω,h ,∇(zn−1

ω,h − zn
ω,h))

+((an+1
ω − ā)∇zn

ω,h,∇(zn−1
ω,h − zn

ω,h)) = (un
ω,h − ûd

n, zn−1
ω,h − zn

ω,h).

(3.15)

On the basis of this representation, all steps of the proof of Theorem 3.2 can be repeated similarly
to obtain the desired result.

4. Error analysis of the ensemble method for the SOCP

In the subsequent analysis, we first introduce the following three auxiliary problems. P0((0,T ],Vh)
denotes the space of the piecewise constant defined on

⋃N
i=1 Ii = (0,T ] with values in Vh.

For qω,τh ∈ Qad, find uω(qω,τh) ∈ L2(0,T ; L2(D)) such that
∂tuω(qω,τh) − ∇ · [aω∇uω(qω,τh)] = qω,τh + f̄ω, t, x ∈ (0,T ] × D,
uω(qω,τh) = 0, x ∈ ∂D, t ∈ (0,T ],
uω(qω,τh)(x, 0) = g(x), x ∈ D.

(4.1)

For uω,τh ∈ P0((0,T ],Vh), find zω(uω,τh) ∈ L2(0,T ; L2(D)) such that
−∂tzω(uω,τh) − ∇ · [aω∇zω(uω,τh)] = uω,τh − ud, t, x ∈ (0,T ] × D,
zω(uω,τh) = 0, x ∈ ∂D, t ∈ [0,T ],
zω(uω,τh)(x,T ) = 0, x ∈ D.

(4.2)

And for uω,τh ∈ L2(0,T ; L2(D)) , find zω(uω(qω,τh)) ∈ L2(0,T ; L2(D)) such that
−∂tzω(uω(qω,τh)) − ∇ · [aω∇zω(uω(qω,τh))] = uω(qω,τh) − ud, t, x ∈ (0,T ] × D,
zω(uω(qω,τh)) = 0, x ∈ ∂D, t ∈ [0,T ],
zω(uω(qω,τh))(x,T ) = 0, x ∈ D.

(4.3)

Since qω,τh ∈ Qad ⊂ L2(0,T ; L2(D)), one concludes from Theorem 2.1 that the problem (4.1)
admits a unique solution uω(qω,τh) ∈ L2(0,T ; L2(D)). Similarly, the problem (4.2) admits a unique
solution zω(uω,τh) ∈ L2(0,T ; L2(D)) and problem (4.3) admits a unique solution
zω(uω(qω,τh)) ∈ L2(0,T ; L2(D)). Here, uω,τh ∈ P0((0,T ],Vh) and zω,τh ∈ P0((0,T ],Vh) are the fully
discrete finite element approximations of uω(qω,τh) and zω(uω,τh), respectively.

Theorem 4.1. Let uω(qω,τh) ∈ L2(0,T ; L2(D)) and uω,τh ∈ P0((0,T ],Vh) be the solutions of problems
(4.1) and (3.9), respectively. Assume that Assumptions (1)–(4) hold. Then we have the following error
estimate:

∥ uω,τh − uω(qω,τh) ∥I≤ Cω(τ + h2). (4.4)

Theorem 4.2. Let zω(uω,τh) ∈ L2(0,T ; L2(D)) and zω,τh ∈ P0((0,T ],Vh) be the solutions of problems
(4.2) and (3.10), respectively. Assume that Assumption (1)–(4) hold. Then we have the following
error estimate

∥ zω,τh − zω(uω,τh) ∥I≤ Cω(τ + h2).
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Now we are ready to obtain the main result of this paper for the error estimates between the solutions
of the continuous and discretized optimal control problems.

Theorem 4.3. Let (uω, zω, qω) ∈ L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) × L2(0,T ; H2(D)) ∩
H1(0,T ; L2(D)) × Qad and (uω,τh, zω,τh, qω,τh) ∈ P0((0,T ],Vh) × P0((0,T ],Vh) × Qad denote the
solutions of the problems (2.8) and (3.8), respectively. Assume that Assumptions (1)–(4) hold. Then a
positive constant Cω exists such that

λ ∥ qω − qω,τh ∥I + ∥ uω − uω,τh ∥I + ∥ zω − zω,τh ∥I≤ Cω(τ + h2). (4.5)

Moreover

λ ∥ q − qkh ∥Ω + ∥ u − ukh ∥Ω + ∥ z − zkh ∥Ω≤ C(τ + h2). (4.6)

5. Numerical results

In this section, to verify numerically the assertion of Theorem 4.3, we use MATLAB R2018b on a
PC with an Intel(R) Core(TM)i5-9500 CPU with 3.00GHz of memory to simulate the
following examples.

To obtain the expectation of the optimal control, the group is simulated by using the ensemble
schemes (3.4) and (3.8). The optimal control problems are solved by the gradient projection method
under the ensemble scheme. Define

∥ u ∥Ω≈

√√
1
M

M∑
i=1

N∑
n=1

τ ∥ un
i ∥

2,

where M denotes a set of M random samples selected by the MC sampling.

5.1. Example 1

This numerical example is a constrained problem defined on the unit square D = [0, 1] × [0, 1],
qa = 1, qb = 6, λ = 0.1, a = 1 + (1 + ω)sin(t)sin(x1x2), ω ∼ U(0, 1), and g = sin(πx1) sin(πx2). The
exact state is u = (t + 1) sin(πx1) sin(πx2), and the exact adjoint state is
z = 0.5

(
exp(t)sin(πx1)sin(πx2) − exp(1)sin(πx1)sin(πx2)

)
. The optimal control q, ud, and f can be

derived by simple calculation.

To test the convergence order of inequality (4.5), setting the parameter ā = 1.23, we list the
computational results in Tables 1 and 2 only for ω = 0.1. We also computed ω = 0.5 and ω = 0.9.
The results are similar and have not been listed. In Tables 1 and 2, the results match the theory of the
formula (4.5).
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Table 1. Error of the control q, the state u, and the adjoint state z with a fixed space step
h = 1/27 (ω = 0.1).

k ∥ q − qτh ∥I Rate ∥ u − uτh ∥I Rate ∥ z − zτh ∥I Rate

1/2 1.517138 0.063970 0.191409
1/4 0.824601 0.880 0.040922 0.645 0.100292 0.932
1/8 0.428522 0.944 0.021942 0.899 0.050188 0.999
1/16 0.217731 0.977 0.011300 0.957 0.025065 1.002
1/32 0.109788 0.988 0.005784 0.966 0.012556 0.997

Table 2. Error of the control q, the state u, and the adjoint state z with a fixed time step
τ = 1/10000 (ω = 0.1).

h ∥ q − qτh ∥I Rate ∥ u − uτh ∥I Rate ∥ z − zτh ∥I Rate

1/2 1.506474 0.490086 0.171945
1/4 0.513849 1.552 0.184501 1.409 0.061813 1.476
1/8 0.137137 1.906 0.051546 1.840 0.017118 1.852
1/16 0.035334 1.956 0.013264 1.958 0.004413 1.956
1/32 0.009070 1.962 0.003341 1.989 0.001131 1.965

To test the convergence order of inequality (4.6), we list the computational results in Tables 3 and 4.
In Tables 3 and 4, the results match the theory of formula (4.6).

Table 3. Error of the control q, the state u, and the adjoint state z with a fixed time step
τ = 1/10000, M = 10.

h ∥ q − qτh ∥Ω Rate ∥ u − uτh ∥Ω Rate ∥ z − zτh ∥Ω Rate

1/2 1.50906 0.49049 0.17219
1/4 0.51470 1.552 0.18419 1.413 0.06189 1.476
1/8 0.13734 1.906 0.05141 1.841 0.01713 1.853
1/16 0.03537 1.957 0.01324 1.958 0.00442 1.956
1/32 0.00906 1.965 0.00334 1.985 0.00113 1.967
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Table 4. Error of the control q, the state u, and the adjoint state z with a fixed time step
h = 1/27, M = 10.

k ∥ q − qkh ∥Ω Rate ∥ u − ukh ∥Ω Rate ∥ z − zkh ∥Ω Rate

1/2 1.49782 0.05943 0.18976
1/4 0.78166 0.938 0.03514 0.758 0.09619 0.980
1/8 0.39998 0.967 0.01851 0.925 0.04724 1.026
1/16 0.20254 0.982 0.00947 0.966 0.02339 1.014
1/32 0.10180 0.992 0.00485 0.966 0.01167 1.003

The mean of the computational result for the control q is presented in Figure 1.

Figure 1. The computational mean of optimal control at t = 0.4375 derived by the EMC
method (left). The exact mean of optimal control q (right) .

We also use the EMC and MC methods with the gradient projection method to simulate this
numerical example. The computational results are listed in Table 5.

From Table 5, the EMC method is superior to the MC method.

Table 5. Computation time and iteration numbers for the average error with q.

M (Sampling number) 10 20 40 80

MC
Time (s) 45.06 89.21 179.32 359.81
Iterations 30 60 120 240
Average error 0.0616 0.0613 0.0613 0.0614

EMC
Time(s) 6.02 11.26 22.52 44.76
Iterations 30 60 120 240
Average error 0.0622 0.0627 0.0621 0.0624
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5.2. Example 2

We replace the coefficient of Example 1 as follows:

a = 10 + exp
(
[ω1 cos(πx1) + ω2 sin(πx1)] exp(−1/10)

+[ω3 cos(πx2) + ω4 sin(πx2)] exp(−1/10)
)
,

where ωi ∼ U(0, 1), i = 1, 2, 3, 4, are independent and uniformly distributed random variables, where
we choose ā = 13.
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Figure 2. The density function of J(q, uh) with the control q = 1, h = 1/23, and sampling
number M = 100 for the time step τ = 1/27 (left), τ = 1/210 (middle), and τ = 1/213 (right).

We use kernel density estimation to approximate the probability density functions of J(q = 1, uh)
with 100 samples, via the EMC and MC methods. The computation results are listed in Figure 2. From
Figure 2, the probability density functions computed by the EMC and MC methods tend to be the same
when τ→ 0.

To test the convergence order, the corresponding computational results are listed in Tables 6 and 7.
These results verify the theoretical results.

From Figure 2, and Tables 6 and 7, we find that the EMC method is an efficient stochastic numerical
method.

Table 6. Error of the control q, the state u, and the adjoint state z with a fixed space step
h = 1/27, where M = 10.

k ∥ q − qτh ∥Ω Rate ∥ u − uτh ∥Ω Rate ∥ z − zτh ∥Ω Rate

1/2 1.53054 0.02235 0.20775
1/4 0.88568 0.789 0.01346 0.732 0.11309 0.877
1/8 0.47681 0.893 0.00724 0.894 0.05831 0.956
1/16 0.24317 0.971 0.00379 0.935 0.02956 0.980
1/32 0.12327 0.980 0.00200 0.922 0.01490 0.989
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Table 7. Error of the control q, the state u, and the adjoint state z with a fixed time step
τ = 1/10000, where M = 10.

h ∥ q − qτh ∥Ω Rate ∥ u − uτh ∥Ω Rate ∥ z − zτh ∥Ω Rate

1/2 1.54878 0.48432 0.17606
1/4 0.55555 1.479 0.18256 1.408 0.06607 1.414
1/8 0.15100 1.879 0.05139 1.829 0.01860 1.829
1/16 0.03907 1.950 0.01326 1.954 0.00482 1.948
1/32 0.01006 1.957 0.00335 1.987 0.00124 1.959

6. Conclusions

In this paper, we establish a new ensemble MC method to simulate a stochastic parabolic optimal
control problem. This new ensemble scheme saves the computational cost by sharing a single
coefficient with multiple right-hand sides. Compared with the methods in [20], the new ensemble
avoids making subgroups for the stability condition after sampling.

This method can be applied to other stochastic evolutional problems, such as the stochastic
convection diffusion problem or the stochastic convection diffusion optimal control problem. This
method can also be combined with multi-level methods.
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Appendix A

A.1. The proof of Theorem 3.1

Proof. (1) For every 1 ≤ n ≤ N, according to the Lax–Milgram lemma, we can obtain the existence
and uniqueness of the solution for problem (3.4).

(2) The proof is similar to Theorem 1 of [20]. Choosing υh = ūn
ω,h in problem (3.4), we have

1
τ

(
ūn
ω,h − ūn−1

ω,h , ū
n
ω,h

)
+

(
ā∇ūn

ω,h,∇ūn
ω,h

)
+

(
(an

ω − ā)∇ūn−1
ω,h ,∇ūn

ω,h

)
=

(
1
τ

∫
In

(q̄ + f̄ω)dt, ūn
ω,h

)
.

Multiplying both sides by τ and using the polarization identity and expression (2.2), we get

1
2
∥ ūn

ω,h ∥
2 −

1
2
∥ ūn−1

ω,h ∥
2 +

1
2
∥ ūn

ω,h − ūn−1
ω,h ∥

2 +kā ∥ ∇ūn
ω,h ∥

2

≤ −τ((an
ω − ā)∇ūn−1

ω,h ,∇ūn
ω,h) +

(∫
In

q̄ + f̄ωdt, ūn
ω,h

)
.

(A.1)

The Cauchy–Schwarz inequality, Young’s inequality, and µ, α > 0 imply

τ | ((an
ω − ā)∇ūn−1

ω,h ,∇ūn
ω,h) |≤ τθ ∥ ∇ūn−1

ω,h ∥ ∥ ∇ūn
ω,h ∥

≤ τθ

(
1

2µ
∥ ∇ūn−1

ω,h ∥
2 +

µ

2
∥ ∇ūn

ω,h ∥
2
)
.

(A.2)

Utilizing Poincare’s inequality and Young’s inequality, we have∣∣∣∣∣∣
(∫

In

q̄dt, ūn
ω,h

)∣∣∣∣∣∣ ≤ τ1/2 ∥ q̄ ∥In∥ ūn
ω,h ∥≤ C

(
1

4α
∥ q̄ + f̄ω ∥2In

+αk ∥ ∇ūn
ω,h ∥

2
)
. (A.3)

Inserting the estimates of inequalities (A.2) and (A.3) into inequality (A.1), we have

1
2

(
∥ ūn

ω,h ∥
2 − ∥ ūn−1

ω,h ∥
2
)
+ τ

[
ā − α −

(
µ

2
+

1
2µ

)
θ

]
∥ ∇ūn

ω,h ∥
2

+
τ

2µ
θ
(
∥ ∇ūn

ω,h ∥
2 − ∥ ∇ūn−1

ω,h ∥
2
)
≤

C
4α
∥ q̄ + f̄ω ∥2In

.

(A.4)

Multiplying both sides by 2, choosing µ = 1 and α = ā−θ
2 , and using expression (3.5), summing n

from 1 to N, we can obtain

∥ ūN
ω,h ∥

2 − ∥ ū0
ω,h ∥

2 +(ā − θ)τ
N∑

n=1

∥ ∇ūn
ω,h ∥

2

+

N∑
n=1

τθ
(
∥ ∇ūn

ω,h ∥
2 − ∥ ∇ūn−1

ω,h ∥
2
)
≤

C
ā − θ

∥ q̄ + f̄ω ∥2I .

(A.5)

According to inequality (3.2), we have

∥ ∇ū0
ω,h ∥=∥ ∇Rω,hg ∥≤

amax

amin
∥ ∇g ∥,

∥ ū0
ω,h ∥≤∥ ∇ū0

ω,h ∥≤
amax

amin
∥ ∇g ∥ .

(A.6)
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Combined with this, from inequality (A.5), we can get

∥ ūM
ω,h ∥

2 +θτ ∥ ∇ūN
ω,h ∥

2 +(ā − θ)τ
N∑

n=1

∥ ∇ūn
ω,h ∥

2 ≤
C

(ā − θ)
∥ q̄ + f̄ω ∥2I +(θτ + 1)

a2
max

a2
min

∥ ∇g ∥2, (A.7)

which implies inequality (3.6).

A.2. The proof of Theorem 3.2

Proof. Taking υh = ūn
ω,h − ūn−1

ω,h in Eq (3.1), we can obtain ūn
ω,h − ūn−1

ω,h

τ
, ūn

ω,h − ūn−1
ω,h

 + (ā∇ūn
ω,h,∇(ūn

ω,h − ūn−1
ω,h ))

+((an
ω − ā)∇ūn−1

ω,h ,∇(ūn
ω,h − ūn−1

ω,h )) =
(
1
τ

∫
In

(q̄ + f̄ω)dt, ūn
ω,h − ūn−1

ω,h

)
.

(A.8)

Rearranging Eq (A.8), we derive

1
τ
∥ ūn

ω,h − ūn−1
ω,h ∥

2 +ā ∥ ∇(ūn
ω,h − ūn−1

ω,h ) ∥2= (an
ω∇ūn−1

ω,h ,∇(ūn−1
ω,h − ūn

ω,h)) +
(
1
τ

∫
In

(q̄ + f̄ω)dt, ūn
ω,h − ūn−1

ω,h

)
.

(A.9)
Using the polarization identity and Young’s inequality, the right-hand side of Eq (A.9) yields

(an
ω∇ūn−1

ω,h ,∇(ūn−1
ω,h − ūn

ω,h)) +
(
1
τ

∫
In

(q̄ + f̄ω)dt, ūn
ω,h − ūn−1

ω,h

)
≤

1
2
∥ an

ω
1/2
∇ūn−1

ω,h ∥
2

+
1
2
∥ an

ω
1/2
∇(ūn−1

ω,h − ūn
ω,h) ∥2 −

1
2
∥ an

ω
1/2
∇ūn

ω,h ∥
2 +

1
2
∥ q̄ + f̄ω ∥2In

+
1
2τ
∥ ūn

ω,h − ūn−1
ω,h ∥

2 .

(A.10)

Using expressions (2.2) and (3.5), we obtain

1
2τ
∥ ūn

ω,h − ūn−1
ω,h ∥

2 +

(
ā −

amax

2

)
∥ ∇(ūn

ω,h − ūn−1
ω,h ) ∥2

≤
1
2
∥

√
an−1
ω ∇ūn−1

ω,h ∥
2 −

1
2
∥

√
an
ω∇ūn

ω,h ∥
2 +

1
2
∥

√
an
ω∇ūn−1

ω,h ∥
2

−
1
2
∥

√
an−1
ω ∇ūn−1

ω,h ∥
2 +

1
2
∥ q̄ + f̄ω ∥2In

.

According to inequality (2.3), we get

1
2τ
∥ ūn

ω,h − ūn−1
ω,h ∥

2 +

(
ā −

amax

2

)
∥ ∇(ūn

ω,h − ūn−1
ω,h ) ∥2

+
1
2
∥

√
an
ω∇ūn

ω,h ∥
2 −

1
2
∥

√
an−1
ω ∇ūn−1

ω,h ∥
2≤

1
2

Lτ ∥ ∇ūn−1
ω,h ∥

2 +
1
2
∥ q̄ + f̄ω ∥2In

.

(A.11)

Summing n from 1 to N and multiplying both sides by 2, we obtain

1
τ

N∑
n=1

∥ ūn
ω,h − ūn−1

ω,h ∥
2 +(2ā − amax)

N∑
n=1

∥ ∇(ūn
ω,h − ūn−1

ω,h ) ∥2 +amin ∥ ∇ūN
ω,h ∥

2

≤amax ∥ ∇ū0
ω,h ∥

2 +Lτ
N∑

n=1

∥ ∇ūn−1
ω,h ∥

2 + ∥ q̄ + f̄ω ∥2I .
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According to Theorem 3.1, we have

1
τ

M∑
n=1

∥ ūn
ω,h − ūn−1

ω,h ∥
2 +(2ā − amax)

M∑
n=1

∥ ∇(ūn
ω,h − ūn−1

ω,h ) ∥2 +amin ∥ ∇ūM
ω,h ∥

2

≤

(
τLC
ā − θ

+ amax

)
∥ ∇ū0

ω,h ∥
2 +

( L
ā − θ

)
∥ ū0

ω,h ∥
2 +

( LC
ā − θ

+ 1
)
∥ q̄ ∥2I .

Combining inequalities (A.6), we can get the desired result of inequality (3.7).

A.3. The proof of Theorem 3.4

Proof. Define the discrete adjoint state {zn−1
ω,h }

N
n=1 ∈ Vh such that

−

zn
ω,h − zn−1

ω,h

τ
, υh

 + (ā∇zn−1
ω,h ,∇υh) +

(
(an+1

ω − ā)∇zn
ω,h,∇υh

)
= (un

ω,h − ûd
n, υh),∀υh ∈ Vh,

zN
ω,h =0, aN+1

ω = 0, n = 1, · · · ,N.

(A.12)

For every 1 ≤ n ≤ N, according to the Lax–Milgram lemma, we can obtain the existence and
uniqueness of a solution for Eq (A.12). Due to the linearity of the state equation, the cost function Jω,τh

is strictly convex. Hence, via Theorem 1.46 of [1], a unique qω,τh ∈ Qad exists such that

0 ≤ (λqω,τh, q̄ − qω,τh)I + τ

N∑
n=1

(un
ω,h − ûd

n, un
ω,h(q̄) − un

ω,h), ∀q̄ ∈ Qad. (A.13)

Taking υh = un
ω(q̄, qω,τh) = un

ω,h(q̄) − un
ω,h in Eq (A.12) and summing n from 1 to N, we obtain

τ

N∑
n=1

(
un
ω,h − ûd

n, un
ω(q̄, qω,τh)

)
=

N∑
n=1

−
(
zn
ω,h − zn−1

ω,h , u
n
ω(q̄, qω,τh)

)
+ τ

N∑
n=1

(
ā∇zn−1

ω,h ,∇un
ω(q̄, qω,τh)

)
+ τ

N∑
n=1

(
(an+1

ω − ā)∇zn
ω,h,∇un

ω(q̄, qω,τh)
)
=

N∑
n=1

(
zn−1
ω,h , u

n
ω(q̄, qω,τh) − un−1

ω (q̄, qω,τh)
)

+ τ

N∑
n=1

(
ā∇zn−1

ω,h ,∇un
ω(q̄, qω,τh)

)
+ τ

N∑
n=1

(
(an

ω − ā)∇zn−1
ω,h ,∇un−1

ω (q̄, qω,τh)
)
.

(A.14)

According to problem (3.4), taking υh = zn−1
ω,h and summing n from 1 to N, we can obtain

N∑
n=1

(
un
ω(q̄, qω,τh) − un−1

ω (q̄, qω,τh), zn−1
ω,h

)
+ τ

N∑
n=1

(ā∇un
ω(q̄, qω,τh),∇zn−1

ω,h )

+ τ

N∑
n=1

(
(an

ω − ā)∇un−1
ω (q̄, qω,τh),∇zn−1

ω,h

)
=

N∑
n=1

(q̄ − qω,τh, zn−1
ω,h )In = (q̄ − qω,τh, zω,τh)I .

(A.15)

Therefore, we obtain

τ

N∑
n=1

(
un
ω,h − ûd

n, un
ω,h(q̄) − un

ω,h

)
= (q̄ − qω,τh, zω,τh)I . (A.16)

Combining Eqs (A.16) and (A.13), we can obtain the desired result of inequality (3.11).
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A.4. The proof of Theorem 4.1

Proof. The following proof idea comes from [24–26]. For a fixed ω, consider the dual problem
−∂tφω − ∇ · (a(ω, t, x)∇φω) = f , t, x ∈ (0,T ] × D,
φω = 0, x ∈ ∂D, t ∈ [0,T ],
φω(T ) = 0, x ∈ D.

Then, according to [21] for f ∈ L2(0,T ; L2(D)) and Assumptions (1)–(3), we have φω ∈

L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) and

∥ φω(0) ∥1≤∥ f ∥I , (A.17)

∥ φω ∥L2(0,T ;H2(D)) + ∥ ∂tφω ∥I≤ C ∥ f ∥I , (A.18)

where C is a positive constant independent of ω, with φω ∈ L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) ↪→
C([0,T ],H1(D)). We use φn

ω to denote φω(tn) (n = 0, 1, · · · ,N). In addition, we have

(uω(qω,τh) − uω,τh, f )I = (uω(qω,τh),−∂tφω − ∇ · (aω∇φω))I − (uω,τh,−∂tφω − ∇ · (aω∇φω))I

= (g(x), φω(0)) + (qω,τh + f̄ω, φω)I − (uω,τh,−∂tφω − ∇ · (aω∇φω))I

= (g(x), φω(0)) + (qω,τh + f̄ω, φω)I − (gh(x), φω(0)) −
N∑

n=1

(un
ω,h − un−1

ω,h , φ
n−1
ω ) − (aω∇uω,τh,∇φω)I

= (g(x) − gh(x), φω(0)) + (qω,τh + f̄ω, φω)I −

N∑
n=1

(un
ω,h − un−1

ω,h , φ
n−1
ω ) − (aω∇uω,τh,∇φω)I

= (g(x) − gh(x), φω(0)) +
N∑

n=1

(q̂ω,τh
n
+ f̄ω, φω)In −

N∑
n=1

(un
ω,h − un−1

ω,h , φ
n−1
ω ) −

N∑
n=1

(aω∇uω,τh,∇φω)In .

(A.19)
Note that the qω,τh is piecewise constant with respect to time but, in general, qω,τh is not a finite

element function with respect to space (see, e.g., [1, 23, 27]). We substitute υh = R̂ω,hφω
n

(where
R̂ω,hφω

n
= 1

τ

∫
In
Rω,hφωdt) into problem (3.9) and obtain

1
τ

(un
ω,h − un−1

ω,h , R̂ω,hφω
n
) + (ā∇un

ω,h,∇R̂ω,hφω
n
) + ((an

ω − ā)∇un−1
ω,h ,∇R̂ω,hφω

n
) = (q̂ω,τh

n
+ ̂̄fωn

, R̂ω,hφω
n
).

Summing n from 1 to N, we get

N∑
n=1

(un
ω,h − un−1

ω,h , R̂ω,hφω
n
) +

N∑
n=1

(ā∇un
ω,h,∇R̂ω,hφω

n
)In

+

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇R̂ω,hφω
n
)In −

N∑
n=1

(q̂ω,τh
n
+ ̂̄fωn

, R̂ω,hφω
n
)In = 0.

(A.20)
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Substituting Eq (A.20) into Eq (A.19) yields

(uω(qω,τh) − uω,τh, f )I

= (g(x) − gh(x), φω(0))︸                    ︷︷                    ︸
1O

+

N∑
n=1

(q̂ω,τh
n
+ f̄ω, φω − R̂ω,hφω

n
)In︸                                   ︷︷                                   ︸

2O

+

N∑
n=1

(un
ω,h − un−1

ω,h , R̂ω,hφω
n
− φn−1

ω )︸                                   ︷︷                                   ︸
3O

+

N∑
n=1

(ā∇un
kh,∇R̂ω,hφω

n
)In +

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇R̂ω,hφω
n
)In −

N∑
n=1

(aω∇uω,τh,∇φω)In︸                                                                                                      ︷︷                                                                                                      ︸
4O

.

(A.21)

By inequalities (3.3) and (A.17), we derive

1O ≤| (g(x) − gh(x), φω(0)) |≤ ||g(x) − gh(x)||H−1 ||φω(0)||1 ≤ h2 ∥ g ∥1 ∥ f ∥I . (A.22)

According to Eq (2.1) and inequality (A.18), Theorem 3.5, and the Cauchy inequality, we can obtain

2O ≤ |
N∑

n=1

(q̂ω,τh
n
+ f̄ω, φω − R̂ω,hφω

n
)In |≤|

N∑
n=1

(q̂ω,τh
n
, φω − Rω,hφω + Rω,hφω − R̂ω,hφω

n
)In |

+ |

N∑
n=1

( f̄ω, φω − φ̂ω
n
+ φ̂ω

n
− R̂ω,hφω

n
)In |

= |

N∑
n=1

(q̂ω,τh
n
, φω − Rω,hφω)In | + |

N∑
n=1

( f̄ω, φω − φ̂ω
n
+ φ̂ω

n
− R̂ω,hφω

n
)In |

≤(∥ qω,τh ∥I + ∥ f̄ω ∥I) ∥ φω − Rω,hφω ∥I + ∥ f̄ω ∥I

 N∑
n=1

∥ φω − φ̂ω
n
∥2In

1/2

≤Ch2(∥ qω,τh ∥I + ∥ f̄ω ∥I) ∥ φω ∥L2(0,T ;H2(D)) +Cτ ∥ f̄ω ∥I∥ ∂tφω ∥I

≤C
[
h2(∥ qω,τh ∥I + ∥ f̄ω ∥I) + τ ∥ f̄ω ∥I

]
∥ f ∥I .

(A.23)

For the third term, we have

3O =
N∑

n=1

(un
ω,h − un−1

ω,h , R̂ω,hφω
n
− φn−1

ω )

=

N∑
n=1

(
un
ω,h − un−1

ω,h ,
1
τ

∫
In

Rω,hφω − φωdt +
1
τ

∫
In

φωdt − φn−1
ω

)

=

N∑
n=1

(
un
ω,h − un−1

ω,h ,
1
τ

∫
In

Rω,hφω − φωdt
)

︸                                           ︷︷                                           ︸
I

+

N∑
n=1

(
un
ω,h − un−1

ω,h ,
1
τ

∫
In

φωdt − φn−1
ω

)
︸                                       ︷︷                                       ︸

II

.

For the first part (I), the Cauchy inequality implies

I ≤
1
τ

 N∑
n=1

∥ un
ω,h − un−1

ω,h ∥
2


1
2
 N∑

n=1

(∫
In

∥ Rω,hφω − φω ∥

)2
1
2

.
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By Hölder’s inequality, we can get∫
In

∥ Rω,hφω − φω ∥≤ k
1
2 ∥ Rω,hφω − φω ∥In .

Therefore, we can deduce

I ≤
1
τ1/2

 N∑
n=1

∥ un
ω,h − un−1

ω,h ∥
2


1
2

∥ Rω,hφω − φω ∥I .

By Theorem 3.2, 3.5, and the error estimates of inequalities (3.3) of the Ritz projection, we have

I ≤ C2h2 ∥ φω ∥L2(0,T ;H2(D)) .

For the second part (II), standard error analysis yields (see, e.g., [22] and [24])

II ≤ τ1/2

 N∑
n=1

∥ un
ω,h − un−1

ω,h ∥
2


1
2

∥ ∂tφω ∥I .

Utilizing Theorem 3.1, we get
II ≤ C1τ ∥ ∂tφω ∥I .

Furthermore, by inequality (A.18), we can derive

3O ≤max {C1,C2}h2 ∥ φω ∥L2(0,T ;H2(D)) +max {C1,C2}τ ∥ ∂tφω ∥I

≤C(τ + h2) ∥ f ∥I .
(A.24)

For the fourth term, we have

4O =
N∑

n=1

(ā∇un
ω,h,∇R̂ω,hφω

n
)In +

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇R̂ω,hφω
n
)In −

N∑
n=1

(an
ω∇uω,τh,∇φω)In

+

N∑
n=1

((an
ω − aω)∇uω,τh,∇φω)In

=

N∑
n=1

(ā∇un
ω,h,∇R̂ω,hφω

n
)In −

N∑
n=1

(ā∇un
ω,h,∇Rω,hφω)In +

N∑
n=1

(ā∇un
ω,h,∇Rω,hφω)In

+

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇R̂ω,hφω
n
)In −

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇Rω,hφω)In +

N∑
n=1

((an
ω

− ā)∇un−1
ω,h ,∇Rω,hφω)In −

N∑
n=1

(an
ω∇uω,τh,∇φω)In +

N∑
n=1

((an − aω)∇uω,τh,∇φω)In .

Using Eq (2.1), we can obtain

N∑
n=1

(ā∇un
ω,h,∇(R̂ω,hφω

n
− Rω,hφω))In = 0,

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇(R̂ω,hφω
n
− Rω,hφω))In = 0.
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Hence, we can obtain

4O =
N∑

n=1

(ā∇un
ω,h,∇Rω,hφω)In +

N∑
n=1

((an
ω − ā)∇un−1

ω,h ,∇Rω,hφω)In

−

N∑
n=1

(an
ω∇uω,τh,∇φω)In +

N∑
n=1

((an
ω − aω)∇uω,τh,∇φω)In

=

N∑
n=1

(ā∇un
ω,h,∇Rω,hφω)In +

N∑
n=1

((an
ω − ā)∇un

ω,h,∇Rω,hφω)In −

N∑
n=1

(an
ω∇uω,τh,∇φω)In

+

N∑
n=1

((an
ω − aω)∇uω,τh,∇φω)In +

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇Rω,hφω)In

=

N∑
n=1

(an
ω∇uω,τh,∇(Rω,hφω − φω))In +

N∑
n=1

((an
ω − aω)∇uω,τh,∇φω)In

+

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇Rω,hφω)In

=

N∑
n=1

(an
ω∇uω,τh,∇(Rω,hφω − φω))In +

N∑
n=1

((an
ω − aω)∇uω,τh,∇φω)In

+

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇(Rω,hφω − φω))In +

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇φω)In .

The property of the Ritz projection of Eq (3.1) implies

N∑
n=1

(an
ω∇uω,τh,∇(Rω,hφω − φω))In = 0.

Hence, we have

4O =
N∑

n=1

((an
ω − aω)∇uω,τh,∇φω)In +

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇(Rω,hφω − φω))In

+

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇φω)In .

Using the Cauchy inequality and the property of Lipschitz continuity, we deduce

∣∣∣∣∣∣∣
N∑

n=1

((an
ω − aω)∇uω,τh,∇φω)In

∣∣∣∣∣∣∣ ≤ Lτ

 N∑
n=1

τ ∥ ∇un
ω,h ∥

2


1
2

∥ ∇φω ∥I .
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Further, using the Cauchy inequality, we can obtain∣∣∣∣∣∣∣
N∑

n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇(Rω,hφω − φω))In

∣∣∣∣∣∣∣
≤

N∑
n=1

θh ∥ ∇(un−1
ω,h − un

ω,h) ∥In∥ φω ∥L2(In;H2(D))

≤θh

 N∑
n=1

∥ ∇(un−1
ω,h − un

ω,h) ∥2In


1
2

∥ φω ∥L2(0,T ;H2(D))

=θhτ1/2

 N∑
n=1

∥ ∇(un−1
ω,h − un

ω,h) ∥2


1
2

∥ φω ∥L2(0,T ;H2(D)) .

By Green’s formulation, we can get

N∑
n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇φω)In

= −

N∑
n=1

(un−1
ω,h − un

ω,h,∇(an
ω − ā) · ∇φω)In −

N∑
n=1

(un−1
ω,h − un

ω,h, (a
n
ω − ā)∆φω)In .

The Cauchy inequality, Theorem 3.2 and 3.5 imply∣∣∣∣∣∣∣
N∑

n=1

((an
ω − ā)∇(un−1

ω,h − un
ω,h),∇φω)In

∣∣∣∣∣∣∣ ≤τθ1

 N∑
n=1

1
τ
∥ un

ω,h − un−1
ω,h ∥

2


1
2

∥ ∇φω ∥I

+ τθ

 N∑
n=1

1
τ
∥ un

ω,h − un−1
ω,h ∥

2


1
2

∥ ∆φω ∥I .

Therefore, we can obtain

4O ≤θhτ
1
2

 N∑
n=1

∥ ∇(un−1
ω,h − un

ω,h) ∥2


1
2

∥ ∆φω ∥I +Lτ

 N∑
n=1

τ ∥ ∇un
ω,h ∥

2


1
2

∥ ∇φω ∥I

+ τθ1

 N∑
n=1

1
τ
∥ un

ω,h − un−1
ω,h ∥

2


1
2

∥ ∇φω ∥I +τθ

 N∑
n=1

1
τ
∥ un

ω,h − un−1
ω,h ∥

2


1
2

∥ ∆φω ∥I .

Together with this, by inequality (A.18), Theorem 3.2, 3.1, 3.5, Sobolev’s embedding theorem, and
the Young’s inequality, we have

4O ≤C((τ + τ
1
2 h) ∥ ∆φω ∥I +τ ∥ ∇φω ∥I)

≤C((τ + τ
1
2 h) ∥ ∆φω ∥I +τ∥ φω ∥L2(0,T ;H2(D)))

≤C(τ + h2) ∥ f ∥I .

(A.25)

Combining Eq (A.21), inequalities (A.22)–(A.25) and (3.13) and setting f = uω(qω,τh) − uω,τh, we
can obtain inequality (4.4).
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A.5. The proof of Theorem 4.2

Proof. For a fixed ω, consider the dual problem
∂tψω − ∇ · (a(ω, t, x)∇ψω) = f (x), t, x ∈ (0,T ] × D,
ψω = 0, x ∈ ∂D, t ∈ [0,T ],
ψω(0) = 0, x ∈ D.

According to [21] for f ∈ L2(0,T ; L2(D)) and Assumptions (1)–(3), we have ψω ∈ L2(0,T ; H2(D))∩
H1(0,T ; L2(D)) and

∥ ψω ∥L2(0,T ;H2(D)) + ∥ ∂tψω ∥I≤ C ∥ f ∥I . (A.26)

Thus it is reasonable for us to use ψn
ω to denote ψω(tn) (n = 0, 1, · · · ,N) because

ψω ∈ L2(0,T ; H2(D)) ∩ H1(0,T ; L2(D)) ↪→ C(Ī,H1(D)). Furthermore, we have

(zω(uω,τh) − zω,τh, f )I = (zω(uω,τh), ∂tψω − ∇ · (aω∇ψω))I − (zω,τh, ∂tψω − ∇ · (aω∇ψω))I

= (uω,τh − uω,d, ψω)I −

N∑
n=1

(zω,τh, ∂tψω)In − (aω∇zω,τh,∇ψω)I

= (uω,τh − uω,d, ψω)I +

N∑
n=1

(zn
ω,h − zn−1

ω,h , ψ
n
ω) − (aω∇zω,τh,∇ψω)I .

(A.27)

Substituting υh = R̂ω,hψω
n

into problem (3.10) yields

−

zn
ω,h − zn−1

ω,h

τ
, R̂ω,hψω

n
 + (ā∇zn−1

ω,h ,∇R̂ω,hψω
n
) + ((an

ω − ā)∇zn
ω,h,∇R̂ω,hψω

n
) = (un

ω,h − ûω,d
n
, R̂ω,hψω

n
).

Summing n from 1 to N, we get

−

N∑
n=1

(zn
ω,h − zn−1

ω,h , R̂ω,hψω
n
) +

N∑
n=1

(ā∇zn−1
ω,h , R̂ω,hψω

n
)In

+

N∑
n=1

((an
ω − ā)∇zn

ω,h, R̂ω,hψω
n
)In −

N∑
n=1

(un
ω,h − ûω,d

n
, R̂ω,hψω

n
)In = 0.

(A.28)

We note that
N∑

n=1

(un
ω,h − ûω,d

n
, R̂ω,hψω

n
)In =

N∑
n=1

(uω,τh − uω,d, R̂ω,hψω
n
)In .

Substituting Eq (A.28) into Eq (A.27) yields

(zω(uω,τh) − zω,τh, f )I =

N∑
n=1

(uω,τh − uω,d, ψω − R̂ω,hψω
n
)In︸                                    ︷︷                                    ︸

1O

+

N∑
n=1

(zn
ω,h − zn−1

ω,h , ψω − R̂ω,hψω
n
)︸                                ︷︷                                ︸

2O

+

N∑
n=1

(ā∇zn−1
ω,h ,∇R̂ω,hψω

n
)In +

N∑
n=1

((an
ω − ā)∇zn

ω,h,∇R̂ω,hψω
n
)In −

N∑
n=1

(aω∇zω,τh,∇ψω)In︸                                                                                                      ︷︷                                                                                                      ︸
3O

.

(A.29)
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1O =
N∑

n=1

(uω,τh − uω,d, ψω − R̂ω,hψω
n
)In =

N∑
n=1

(uω,τh − uω,d, ψω − ψ̂ω
n
)In +

N∑
n=1

(uω,τh − uω,d, ψ̂ω
n
− R̂ω,hψω

n
)In .

Using the Hölder’s inequality or the property of L2 projection, we can obtain that

∥ ψ̂ω
n
− R̂ω,hψω

n
∥In≤∥ ψω − Rω,hψω ∥In .

Finally, we can deduce

1O ≤
N∑

n=1

∥ uω,τh − uω,d ∥In∥ ψω − ψ̂ω
n
∥In +

N∑
n=1

∥ uω,τh − uω,d ∥In∥ ψω − Rω,hψω ∥In .

On the basis of this representation, all steps of the proof of Theorem 4.1 can be repeated similarly
to obtain the stated result.

A.6. The proof of Theorem 4.3

Proof. It follows from the continuous optimality conditions (2.11) and discrete optimality conditions
(3.11) that

(zω + λqω, q̄ − qω)I ≥ 0, ∀q̄ ∈ Qad, (A.30)

(zω,τh + λqω,τh, q̄ − qω,τh)I ≥ 0, ∀q̄ ∈ Qad. (A.31)

Choosing q̄ = qω,τh in inequality (A.30), q̄ = qω in inequality (A.31), we have

(zω + λqω, qω,τh − qω)I ≥ 0,
(zω,τh + λqω,τh, qω − qω,τh)I ≥ 0.

Adding the two inequalities yields

λ ∥ qω − qω,τh ∥
2
I≤(zω,τh − zω, qω − qω,τh)I

≤(zω,τh − zω(uω(qω,τh)) + zω(uω(qω,τh)) − zω, qω − qω,τh)I

=(zω,τh − zω(uω(qω,τh)), qω − qω,τh))I + (zω(uω(qω,τh)) − zω, qω − qω,τh)I

=(zω,τh − zω(uω(qω,τh)), qω − qω,τh))I + (uω(qω,τh) − uω, uω − uω(qω,τh))I

≤(zω,τh − zω(uω(qω,τh)), qω − qω,τh))I

=(zω,τh − zω(uω,τh), qω − qω,τh)I + (zω(uω,τh) − zω(uω(qω,τh)), qω − qω,τh)I .

(A.32)

Following problems (4.2) and (4.3), we have

−(∂t(zω(uω,τh) − zω(uω(qω,τh))), v)I + (aω∇(zω(uω,τh) − zω(uω(qω,τh))),∇v)I = (uω,τh − uω(qω,τh), v)I .

inequality (A.18) implies

∥ zω(uω,τh) − zω(uω(qω,τh)) ∥I≤ C ∥ uω,τh − uω(qω,τh) ∥I . (A.33)

Using inequalities (A.32) and (A.33), Theorem 4.1 and 4.2, we can obtain

λ ∥ qω − qω,τh ∥I ≤∥ zω,τh − zω(uω,τh) ∥I + ∥ uω,τh − uω(qω,τh) ∥I
≤ Cω(τ + h2).

(A.34)
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Regarding ∥ uω − uω,τh ∥I , by the triangle inequality, we have

∥ uω − uω,τh ∥I≤ ∥ uω − uω(qω,τh) ∥I + ∥ uω(qω,τh) − uω,τh ∥I . (A.35)

According to problems (2.9) and (4.1), we have

(∂t(uω − uω(qω,τh)), v)I + (aω∇(uω − uω(qω,τh)),∇v)I = (qω − qω,τh, v)I .

Using Theorem 2.1, we can get

∥ uω − uω(qω,τh) ∥I≤ Cω ∥ qω − qω,τh ∥I . (A.36)

Using inequalityies (A.34)–(A.36) and Theorem 4.1, we can derive

∥ uω − uω,τh ∥I ≤∥ qω − qω,τh ∥I + ∥ uω(qω,τh) − uω,τh ∥I ,

≤ Cω(τ + h2).
(A.37)

Regarding ∥ zω − zω,τh ∥I , by the triangle inequality, we have

∥ zω − zω,τh ∥I≤ ∥ zω − zω(uω,τh) ∥I + ∥ zω(uω,τh) − zω,τh ∥I . (A.38)

Following problems (2.10) and (4.2), we have

−(∂t(zω − zω(uω,τh)), v)I + (aω∇(zω − zω(uω,τh)),∇v)I = (uω − uω,τh, v)I .

This, together with inequality (A.18), implies

∥ zω − zω(uω,τh) ∥I≤ Cω ∥ uω − uω,τh ∥I . (A.39)

Using inequalities (A.37)–(A.39) and Theorem 4.2, we can obtain

∥ zω − zω,τh ∥I ≤∥ uω − uω,τh ∥I + ∥ zω(uω,τh) − zω,τh ∥I

≤ Cω(τ + h2).

This, together with inequalities (A.34) and (A.37), yield inequality (4.5). It is clear that inequality
(4.6) follows from inequality (4.5).
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