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Abstract: This is Part III of a series on the existence of uniformly bounded extension operators
on randomly perforated domains in the context of homogenization theory. Recalling that randomly
perforated domains are typically not John and hence extension is possible only from W'? to W',
r < p, we will show that the existence of such extension operators can be guaranteed if the weighted
expectations of four geometric characterizing parameters are bounded: The local Lipschitz constant
M, the local inverse Lipschitz radius 6~! resp. p~!, the mesoscopic Voronoi diameter d and the local
connectivity radius Z.
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1. Introduction

Let p(w) € R? be a stationary ergodic connected random open set with random variable w and let
£ > 0 be the smallness parameter. The concept of stationary ergodic random open sets was introduced
in detail in Part I [5], and we will give a simplified version below, which focuses on the properties used
in the present Part III.

For a bounded open domain Q, we then consider p®(w) = ep(w), Q;(w) = QNp*(w) and I'*(w) :=
Q N Jp*(w) with outer normal vre(,). In order to simplify notation, we keep in mind that p and Qj, are
random variables and drop the explicit writing of w.

Denoting W(;”gQ(Qf)) = {u e whr (QS) D ulpg = O} one would classically be interested in a family of

extension operators U, : wi? (Q;) — W'P(Q) such that for some C independent from & it holds

0,0Q

IVU:ullrrq) < ClIVullrqg) » Uil < Clldlgs - (1.1)

However, estimates of the form Eq (1.1) are known to exist only for (global) John domains but from
Part I we know that even random Lipschitz domains are mostly not (globally) John. We recall the
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Figure 1. Left: In a random domain P (also in the stationary case) there may always
be two points arbitrary close to each other in the Euclidiean distance, but the—smallest—
dottet path within P can be arbitrarily long, contradicting (1.2). Even if Eq (1.2) holds, a
system of statistically significant arbitrarily thin pipes (middle: grey area) can contradict Eq
(1.3): When the pipes become thin, inf cga\p |y(#) — 2| can tend to zero but |x — y| as well as
|x — ()| |y(¢) — y| remain bounded.

definition of a John domain and refer to Figure 1 for an illustration of issues arising in the context of
infinite random geometries:

Definition (John domains). A bounded domain P c R? is a John domain if there exists &, > 0 s.t. for
every x,y € P with |x — y| < ¢ there exists a rectifiable path y : [0, 1] — P from x to y with

1
lengthy < —|x —y| and (1.2)
E
Vie©,1): inf [y -z > ERZYOIO = (1.3)
Z€RI\P lx —

On the other hand Part I [5] gives rise to the hope that we can find 1 < r < p and a family of
extension operators U, : W(;,’gQ(Qf)) — W'(Q) for scalar valued functions resp. U, : W(I)ZSQ(Q;) -
W (R?) for vector valued functions such that

1 C 1 C
— VU u| < —/ vufl , — Ul < —/ ul’| 1.4
Tl R I Q) Jo M = i ) 14

QnNep Qnep

where the full support of U u lies within B s(Q) for £ small enough and some fixed 5 € (0, 1) depending
on p.

In Part I we have established a general abstract framework for the derivation of uniform bounds on
extension operators and except for two special examples, the results in Part I are rather vague, missing
a general theory to deal with the connectivity of the domain. The connectivity for general geometries
will be the main topic of the present work. We note at this point that connectivity is also the major issue
for other former works to restrict to inclusions of an absolutely bounded diameter [3, 10]. Our method
of proof, based on Part I, is different from other proofs in the literature, particularly the literature
for periodic [7] or John [2, 8] domains, even though some patterns recur such as the construction of
suitable paths along overlapping sets of an open covering. For a further overview over the history and
the literature, the reader is referred to Parts I and II [6].

Let us finally note that replacing Eq (1.1) by Eq (1.4) also affects the analysis in the homogenization
process and we refer to Part II [6] where this has been discussed.

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.



1412

1.1. The setting

Throughout this work, we use (e;);-, ., for the Euclidean basis of RY. Given a metric space (M, d)
we denote B,(x) the open ball around x € M with radius » > 0. The surface of the unit ball in R? is
S, Furthermore, we denote

VACR:  BA):=| JBW).
XeA
A sequence of points will be labeled by x := (x;);cy-

In what follows, we will assume that p = p(w) is also a random connected domain, that is Lipschitz
for almost every realization. We formally introduce the concepts of stationarity and ergodicity of
stochastic processes in Section 2.4. If no confusion occurs, we drop (w) in the notation wherever
possible in order to improve readability.

According to Part I Chapter 3 for every stationary ergodic random open set p the following can be
established.

Lemma 1.1. Let p be a stationary ergodic random open set. Then there exists v > 0 and a positive,
monotonically decreasing functions fp with fp(R) — 0 as R — oo and a random point process X, =
(X,) ery Jointly stationary with p such that

b B%(XI) cp,
e foralla,b e N, a # b, it holds |x, — x,| > 2,
e P(Br(0) Nx, = 0) < fp(R).

Jointly stationary in the sense of Part I means that both of the joint distributions of x, and p are
invariant over all shifts x € R or over all shifts x € 2rZ¢. Constructing from X, = (x,),cy a Voronoi
tessellation of cells (G,),e of diameter d, = d(x,) := SUP, yeq, |x — y|, then according to Part I for some
constant C > 1

ae.

P(o(x,) > D) < fo(D) := Cfp(C™'D). (1.5)
Furthermore, for any x € x, and y € p let
T(x,y) :={y: [0,1] = ply € C(0, 1];p), ¥(0) = x, y(1) =y}
denote the set of all continuous paths from x to y inside p. Given x € x, we further denote
Z(x) :=1r+inf {R > 1 : Yy € Bsyy(x)Iy € T(x,y) : ¥([0, 1]) € Br(x)} . (1.6)

Connectedness ensures Z(x) < oo for every x € X,. Denoting . (x) := Z(x)/d(x) we consider
monotonically decreasing functions fo, f# : [0,o0) — R given through

J#(R) :=P(#(x)) > R),  [fo(S) :=P(L(x)>S). (1.7)
We call Z# the connectivity radius and .7 the stretch factor.

Definition 1.2 (Local (6, M)-Regularity). The domain p c R is called (6, M)-regular in p, € dp if
there exists an open set U C RY! and a Lipschitz continuous function ¢ : U — R with Lipschitz
constant greater or equal to M such that dp N Bs(po) is subset of the graph of the function ¢ : U —
RY, % (X, ¢(X)) in some suitable coordinate system.

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.
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Definition 1.3. For a stationary random Lipschitz domain p ¢ R? with r from Lemma 1.1 and for every
p€opandneNU{0}

1
6(p):= 3 sup{IM > 0 : pis (6, M) -regular in p} , (1.8)
0<2v
Mg(p) = in£inf{M : pis (n, M)-regular in p} , (1.9
n>
pu(p) = sup r(4Me(p’ +2) (1.10)
R<é(p)

For every p € dp it holds that
R, > R, 1implies Mg, (p) > Mg,(p).

Since no confusion occurs, we write 6 = ¢, for simplicity.

Definition 1.4 (Extension order). The geometry is of extension order n € N U {0} if there exists C > 0
such that for almost every p € dp there exists a local extension operator

U, : Wl’p(Bég(p)(P) np) — Wl’p(Bépn(p)(p))’
”VWHMHLP(B%pn(p)(p)) <C (1 + M%(;(p)(P)) ”VMHLP(B%MP)(P)) : (1.11)

In particular, we assume that » € N and C > 0 in the above definition are deterministic and global.
Part I shows that every locally Lipschitz geometry is of extension order n = 1 and C is independent
from the geometry, though better values (i.e., n=0) for n are possible for some geometries. A random
distribution of n among the values 0 and 1 could be handled within the theory developped in Part I
and in the present paper, but this would lead to additional effort in notation and presentation with no
additional insight.

Definition 1.5 (Inner microscopic regularity, see Figure 2). Given n € N and p := 27°p,, the inner
microscopic regularity a € [0, 1] is

«a = inf {C~Z >0: Vp S 6p Ely EP: Bﬁ(p)/32(1+Mp(p)(p)‘?)(y) - Bﬁ(p)/g(p)ﬂp} .

As demonstrated in Part I, the values of @ and n as well as the distribution of M and p, are crucial
for the validity of Eq (1.4) for a given pair (r, p).

1.2. Main Result: Uniform extension estimates for stationary ergodic random sets p(w)

We find the following main result.

Theorem 1.6. Let Q c R? be a bounded Lipschitz domain. Let p(w) be a stationary ergodic random
connected open set in R of extension order n and with inner microscopic regularity «.. Furthermore
let X, be a jointly stationary point process satisfying Assumption 1.1. Given constants 1 <r < s < p
and q, g € [1, o) with i + [l] + é = 1 and writing

Pir :=P(for x e x, : d(x) € [k,k+ 1), Z(x) € [R,R + 1))

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.



1414

Figure 2. A covering of dp by balls of radius p(p). a relates the radius r of the small grey
balls with p: Its purpose is to have a small region of known radius p(p)/32(1 + Mp,(p)?)
close to the center of the large ball, not intersecting the large neighboring ball (see left) and
still inside “twice the neighboring balls” (right). In case p has “spikes”—like in this figure—
then « is larger than 0. If p is locally almost flat or has only cusps, then a can be chosen to
be 0.

let the following hold for s, := w
]El - Z (k + 1)d(q+1)+3drq+r(q—1) (R + l)d(q+1)+srq+r(q—l)PkR < OO, (1'12)
k,R=1
L [(n+a)(d—1)+r]+d-
E, = E(5(1 M) 2) < o0, (1.13)
E3 — E(ﬁgzl—d)(i’q—l)+2+dMggn+d—2) < 00, (1 14)
Alternatively let d and . be independent and writing
Pox :=P(for x € x, : d(x) € [k, k+ 1))
Pyg :=P(forxex,: L(x)el[S,S +1))
replace condition Eq (1.12) with
E, = Z (k + 1)d(q+1)+d(3r+s,)q+r(q—1> (S + 1)d(q+1>+ds,q+r(q—1) < 00, (1.15)

kS=1

Then there exists By € (0, 1) not depending on w such that for almost every w there exists an extension
operator ‘U,, : Wlt)f (pw)) — Wllo’cr(Rd) and a constant C,, and Ny > 1 such that for every N > N it
holds

1 1 z
—_— VU u <C,| —— / Vul| (1.16)
INQ| Jno INQJ P(@)NE, 5 (NQ)

1 1 ?
—_— ‘U u” <C, (— / |u|pJ ) (1.17)
INQ| /o INQ| P@INE 5, (NQ)

Remark 1.7. Of course it is desireable to get moment estimates on C,, but there is a problem involved
here: On one hand, C,, is clearly related to E,,... E4,. However, for a given fixed N there arises the
following type of inequality in the proofs which is clearly related to Es:

1

o
. S(1-d)rG-1)42+d fpad+d-2 T
INQ| Jno

1
VU u|" < | —= / i
INQ| P(WINE 5, (NQ) ! on

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.
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1 / ;
g IVulp] "
('NQ| PWINE g (NQ)

and similar terms appear for E,, E, and Es. Now the first bracket on the right hand side converges
to a positive number by the ergodic theorem. However, for our given w it may become very large
with its maximum being not related to E; or w in a currently quantifyable way. On the other hand, if
u = u(x, w) is a random function and we go back to the very begining of Part I, averaging over €2 in all
calculations, we could get the following:

r

e (] ’
VU u|" < C(E, +E, +E3) 7 (E— |Vu|p] .
NQ INQI Jpwine 4 v0)

1
E——
INQ|
with C not depending on w or N.

Remark 1.8. Observe that we do not impose bounds on 6~! because the above formula already contains
bounds on p~!. Through the formula 6~! o p~!(1 + M) we can replace the bounds on p~! by bounds on
67! and vice versa.

Remark 1.9. Theorem 1.6 shows that if the distribution of §, M, d, .¥ is good enough, we can have
any r < p. Finally, if ¢ is bounded away from 0 and M, d, .¥ are uniformly bounded from above, we
are back in the minimally smooth setting which allows r = p.

1.3. Discussion

We may apply a rescaling N = &~ for some & > 0. Writing
. X
(U] () 1= [ Utz ()

inequality (1.16) reads

U / |Vu|”] .
|Q| / | [lQl [ep(@)]NB, 15, (Q)

The important insight is that XE 5@ —> XQ in LP(RY) for any 1 < p < oo and hence in the limit T u
is determined mostly by the values of u(x) for x € Q. Moreover it was shown in Part I that u|(p)naq = 0
implies that the support of U u will ultimately reduce to Q in the limit.

Theorem 1.6 has a rather broad range of geometries it may be applied to. It also gives a hint
how probabilistic construction of random geometries might be modified to ensure the existence of
extension operators. One particular question that the author was asked frequently on seminar talks
and workshops is the applicability of the above result to the boolean model treated in Part I. This is
a geometry constructed by assigning to a family of random points balls with radius 1 around these
points. The above result is then applicable if the probability of “touching”, i.e., the boundaries of
two balls meet in precisely 1 point, has probability zero and the distribution of “small overlap” and
“small distance” of two different balls is sufficiently small. We refer to Section 6 of Part I where such
a calculation is carried out in detail.

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.



1416

1.4. Structure of the article

In Section 2 we collect some results from Part I and modify the Voronoi integration lemma from
there including a new and shortened proof. In Section 3 we prove Theorem 1.6 based on one of the
main results from Part I. An outline of the proof is provided at the beginning of Section 3.

2. Preliminaries from Part I

The constant C on the right hand side of Eq (1.16) depends on averaged weights of 6, M, d,, .7,
and Z, related to Egs (1.12)—(1.15). In order to judge whether these averages are bounded as n — oo,
we will rely on the integration theory that is recalled below. In particular, this theory is connected to
the ergodic theorems and the Palm measure. We start by briefly explaining how the following results
will be applied later on.

In Section 2.1 we recall p-regularity introduced in Part I. This concept allows us to cover any closed
sets by a suitable family of open balls such that the covering is locally finite and uniformly bounded by
a constant. While in Part I this was used to cover only the boundary of p in terms of p,, we will later
in Section 3.3 use this result to extend the covering to the interior full domain.

In Section 2.2 we construct from (5, M) (notably only defined on dp) various integrable functions
on R¢ which are denoted e.g., P[.1rds O 1rds M| re. However, we emphasize at this point that the
distribution of p,(x), 6(x) or M(x) are w.r.t. the condition that x € dp(w). Hence, it is necessary to
control integrals over the functions p| | rd, 0| re, M| _jre by integrals over the functions p,(x), 6(x) or
M (x), which leads to Lemma 2.6.

Section 2.3 provides a frequently used Poincaré inequality and in Section 2.4 we introduce the
ergodic theorems on p and dp which will ensure that all the above mentioned averaging integrals
converge to their expectation as the support grows infinitely large.

Finally in Section 2.5 we study functions

b(y) := Z XB%(x)(x)(x)b(x)n%(x)g ’

xeX,

and provide an estimate on the expectation of b?, g € [1, c0). This will help us to control integrals that
enter the constant C from the mesoscopic geometric properties.

2.1. Local n-Regularity

We summarize the concept of n-regularity and its major consequences from Part I. Note that
Lemma 2.2 was proved in Part I only for I' = dp. However, the only property of dp used for the
proof is its closedness.

Definition 2.1 (- regularity). LetI" be a closed set. For a functionn : I' — (0, r] we call I" p-regular if

2

Lemma 2.2. Let T be a locally n-regular set forn : I' — (0,v). Thenn : p — R is locally Lipschitz
continuous with Lipschitz constant 1 and for every € € (0, %) and p € B,,(p) NT it holds

1
Vp € r’ €€ (0’ _)7 ﬁ € Bsn(p)(p) NnI: 77(13) > (1 - 8)77(17) . (21)

1 _
——-n(p) > 1(B) > n(p) ~Ip = pl > (1 = &)(p). 2.2)

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.
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lp— pl < emax{n(p),n(p)} = Ip-pl< 1%3 min {(p), n(p)} . (2.3)

Theorem 2.3. Let " C RY be a closed set and let n(-) € C(I') be bounded and satisfy for every & € (O, %)
and for |p — p| < en(p)
l1-¢ - ~
T2z 1) > 1p) > nlp) =1p = pl > (1 = &)n(p). 2.4)
and define 7j(p) = 27%n(p), K > 2. Then for every C € (0, 1) there exists a locally finite covering of
I" with balls By, (pk) for a countable number of points (pi)ey C I such that for every i # k with
Bispo(Pi) N Bijipo (pi) # 0 it holds

21(—1 -1 K-1

—xr 1P <P < S )

%1 (2.5)
and o min {i)(po), (P} 2 1pi = pil 2 € max {ii(p:), 7(pe)}

Remark. The fact that Eq (2.5) can be satisfied for any holds for any given C € (0, 1) (even having in
mind that the choice of points depends on C) is surprising. In fact, n(p) — |p — p| > (1 — &) n(p) in Eq
(2.4) seems to contradict Eq (2.5). However, we have to keep in mind that Eq (2.5) holds for 7 = 27%p,
K > 2. Now suppose |p — p| = 27Xn(p) and n(p) > n(p). Since Eq (2.4) holds for every & € (0, %) we
find for & = 27X that n(p) > (1 — 27X)n(p) and hence

2K 1
26T

So the above calculation shows that the lemma to hold for every C < 1 is plausible. The major difficulty
in the original proof is to provide an algorithm which provides the covering as claimed.

n(p) = |p—-pl=np).

In Part I Theorem 2.3 lead immediately to the following corollary.

Corollary 2.4. Let v > 0 and let p C RY be a locally (6, M)-regular open set, where we restrict §

by 6(-) < ;. Given n € N there exists a countable number of points (pi)iey C Op such that Op is

completely covered by balls By, (pr) where p (p) := p, (p) := 27p, (p). Writing
Pk = Pk = Pa(Pr) O := 6(pi)
for two such balls with B, (pi) N Bp,(pi) # 0 it holds

5. _  16_
1P S Px < 5P (2.6)
and % min {p;, Pk} > |pi — pil = %max {01, Pr} -
Furthermore, depending on the inner microscopic regularity @ € [0,1] there exists t,ox =
m and Y, such that B, (ynex) C Bsys(pr) N p and By, (ye) N BZI‘"W()} j) = 0for
k # j.

Remark 2.5. Given the covering from Corollary 2.4 Lemma 4.4 and Remark 4.5 from Part I imply

#{j: xe By, ()} < OO+ Mg gy,

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.
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2.2. Integration of 6 and M

Given c € (0, 1] let n(p) = cd(p) or n(p) = cp,(p), n € N and r € C*!(dp) and define the functions

Mire(x) :=inf {n(%) : ¥ € dps.t. x € Bpn(D)} , (2.7)
My z0(x) = sup {M,(%) © € dpsit. x € By (@) (2.8)
where inf () = sup@ := O for notational convenience. We also write M, re(x) := M|, re(x) and

Nre(X) := Ny re(x). The relations between n, M : dp — R and 7y, e, My, re : R? — R as well as
integrability and measurability are discussed in Part I. Furthermore, we define

Py =P N | Brn(). 2.9)

x€op

Lemma 2.6. Letr > 0, let P C RY be a Lipschitz domain and let n,r : 6P — R be continuous such that
n < vand P is - and r-regular. For & € (0, 1] let n(p) = €6(p) or n(p) = gpu(p), n € N. For ij := 1 ga
there exists a constant C > 0 only depending on the dimension d such that for every bounded open

domain Q and k € [0, 4) it holds

/ X0l * < C / N My (2.10)
ApNQ Bi(Q)r\ﬁP 4v
~—Q g7 . < l—a yqr . d-2 ) )
/Aq,mQ T M[k%’é]’Rd - C/B;(Q)mapn M[kg’f]’R‘lM[%],R”’ (2.11)
Finally, it holds
N 3
xe€B,) = np)>ix) > Zn(p)- (2.12)

2.3. A fundamental Poincaré inequality

We define for a € RY and 6 > 0 the operator

Mgu::][ u. (2.13)
Bs(a)

The following two estimates are special cases of results already proved in Part 1.

Lemma 2.7. There exists C > 0 depending only on the dimension d such that for a,b € R? with
0 < 6, < 0y and for either i € {a, b}

1-d
5,
M= Mo < c(a;,—d (_) i a;-d) / Vul 2.14)
0p ng(b)UCOHV(Bai({ll,b}))

Proof. Inequality (2.14) follows from Part I Lemma 2.10 and Corollary 2.11. m|

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.
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2.4. Ergodic theorem and Palm measure

In order to make clear what we mean by a random stationary ergodic Lipschitz domain we briefly
introduce the technical details which will be used for the averaging property given by the ergodic
theorem [9, 11] below.

Definition 2.8. Throughout this work, (Q, %, P) is a probability space with a dynamical system on Q,
1.e., a family (7,),cre Of measurable bijective mappings 7, : Q +— Q satisfying (i)—(iii):

(1) Tx 0Ty = Tyyy , To = id (Group property)
(i) P(r_,B) =P(B) Vxe€R?, Be.Z (Measure preserving)
(i) A: RT'xQ—Q (x, w) — T, is measurable (Measurability of evaluation)

We further assume that (7,),z« 1s ergodic, i.e., a P-measurable function satisfies f(7,-) = f(-) if
and only if f is constant.

Definition 2.9 (Stationary). Let X be a measurable space and let f : Q x RY — X. Then f is called
(weakly) stationary if f(w, x) = f(7,w,0) for (almost) every x.

Although the original definition is different, it is sufficient for this work (see [4] Section 2) to say
that a random Lipschitz domain p(w) is stationary if yp,(x) is stationary and there exists P C € such
that

Xp() (%) = xp(T w) .
A random measure is a measurable mapping
pe 1 Q= MR, W = f
which is equivalent to either one of the following two conditions
1. For every bounded Borel set A € R? the map w > u,,(A) is measurable
2. For every f € C.(R?) the map w +— [ f du,, is measurable.

A random measure is stationary if the distribution of y,(A) is invariant under translations of A that is
U,(A) and p, (A + x) share the same distribution. The Palm measure is defined as

up(A) = / / Xa(Tsw) duy, (5) dP(w)
a Jo,1

on the measurable space ) and in case y, = £ we find up = P. By a deep theorem due to Mecke
(see [1,9]) every B(R?) x B(Q)-measurable non negative or up X L- integrable functions f satisfies the
Campbell formula

/ £, 720) At (%) dP() = / / @) dpp(w) .
Q JRA R JQ

We denote by
Eu.(f) = / fdup the expectation of f w.r.t. up. (2.15)
Q

For random measures we find the following.

Networks and Heterogeneous Media Volume 18, Issue 4, 1410-1433.
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Theorem 2.10 (Ergodic Theorem [1] 12.2.VIII). Let (QQ, %, P) be a probability space, Q be a bounded
open domain with Lipschitz boundary and let f : Q — R be measurable with fg |fldup < co. Then

for P-almost all w € Q
1

n|Q

In our setting, the above implies in total for any differentiable function f : R?® — R that almost
surely

/ ° f(Tw) duy(x) = B, (f). (2.16)

lim i f,0,M) =E,,.(f(p,0,M)). 2.17)
n=e 1 |Ql Japwinng

lim ! / fo,%,)=E(f(d,Z%,.7))PP). (2.18)
n—oo pd |Q| p(w)NnQ

Since the essential property of f in Eq (2.16) is its stationarity, we infer that Eq (2.18) also holds
for “non-local” functions such as b in Eq (2.19) in the following Lemma 2.11.

2.5. A Voronoi-integration lemma
We state and prove a variant of a Voronoi integration lemma that was proved in Section 4 of Part I.

Lemma 2.11. Let X, be a stationary and ergodic random point process with minimal mutual distance
2v for x > 0. Given fixed constants n,& > 0 let

DY) 1= D Koo (D)) (2.19)

xeX,

and write Py g := P(d(x) € [k,k + 1), Z(x) € [R,R + 1)). Then there exists C > 0 depending only on d
and v such that for any r > 1 it holds

[s6] 2 (e8]
E(b”) < C[Z k"] [Z (KR) PO+ (=1 g REPp, o | (2.20)

k=1 k,R=2

Proof. In what follows C is a varying constant depending only on d and r. W.l.o.g letr = 1. We write
b; = d(x)), R; = Z(x;), B; := Bg,(x;). Let

Xir(@) = {5 € X, 0 velkk+ 1), ReRR+D}, A= | ) B

)C,'GXk’R
We observe that the mutual minimal distance of points in x, implies
VxeRY: #[{xieXuz: xeB)<CR+ 1D (k+ 1), (2.21)

which follows from the uniform boundedness of the B; for x; € X,z and the minimal distance of
|xl~ - X j| > 2r. Then for every y € R?, M > 0 it holds by stationarity and the ergodic theorem for every
y € R?

. |Awr N By(0) . _
P(y € Axr) = 1\1,1_1)11 g = 1\1/1_1}30 By (0!

5 BAO) BxOn | B

xiEXk,R
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< C lim By (0)]! Z R+ 1) (k + 1) (2.22)
e xiEXk,RﬂBN(O)
< C lim #{x; € X, r N By(0)}
N—oo #{x; € X, N By(0)}
— CPr (R + DYk + 1) .

R+ D% (k+ 1) (2.23)

In the last inequality we made use of the fact that every ball Bg,(x;), x; € X y, has volume smaller than
C R+ 1) (k+1)" and #{(x; € x, N By(0)} < C[By(0)]. We note that for L +1 =1

/ (ZXB b't%’f) < /Q [ki y (Z e (k+1)"(R+1)f)}

1 R=1 XEX/\R
o) q oo P
s/[z a/kR} [Z osz[Z e, (k+1)'7(R+1)f]]
Q\k.r=1 kR=1 Xi€XR
Due to Eq (2.21) we find

D e < Xaee R+ 1 e+ 1) |57

)CEX/(w R

and obtain for g = l% and C, := (ZZ’RZI cv,'iR)5 |S‘H|p due to Eq (2.22):

p
1 {Z xBib(x>"%<x)f]

BN O Jayo0) | S

1
<C
BN O e,

[Z @ o, R+ 1P (k + 1)dp+'7p]
k,R=1

e [Z @ kB (Akr) R+ DT ke + 1)"”+np]

k,R=1

[Z 0[; (k + 12D+ (R 4 1)d(p+1)+{pp )

k,R=1

For the sum 3 7%_, aZ’  to converge, it is sufficient that QZ, = (k+1)"(R+1)" for some r > 1. Hence,
for such 7 it holds ay g = (k + 1)/ (R + 1)™"/4 and thus Eq (2.20). o

3. Proof of Theorem 1.6

In this section, we will prove Theorem 1.6. The proof consists of 5 sections: In Section 3.1 we
quote one of the main results from Part I. This is a an estimate of the extended gradient field by the
original gradient field and the difference of local averages. This makes it clear that one has to estimate
differences of local averages by the gradient field “connecting” the two averaging regions. Since the
geometry p is connected, we identify in Section 3.2 a constant 8 € (0, 1) such that for M € N large
enough the set Q,, := MQ is connected through paths inside B;;(Q,,). In Section 3.3 we extend the
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covering Corollary 2.4 of dp to a full covering of p using also the seeds x,. This covering will provide
a basis to suitably integrate the gradient along paths connecting the averaging regions. In Section 3.5
we will finally prove the main theorem.

3.1. The Main Result from Part I

Based on the notation from Section 1.1 we use the Voronoi tessellation (G,) ey With seeds (x,) e =
x, and a partition of unity (®,)qee With support B:(G,). The gradient of @, is locally bounded by the
number of sets B%(Ga) interacting. Since the number of cells G, interacting with B,(G,) is bounded by

(Part I, Lemma 2.19) (4b(xu)r‘1)d we obtain

VxeByG): VD] < 2(die ) (3.1)

Furthermore, there exists by Corollary 2.4 (cited from Part I) a complete covering of dp by balls
A; = ]B%ﬁn(p?)(p?), (p;?)ieN C dp, where p,(p) := 27°p,(p) and where Eq (2.6) holds for any two points
pi> pr With A; N A, # 0. Finally there exists a partition of unity (¢;);q,(0) With support of ¢; in A; and
¢o with support in R“\dp such that 3.y ¢; = 1.

Given n € {0, 1} and a € [0, 1] from Definitions 1.4 and 1.5 we chose

Thai = pn,t/32(1 + Mﬁn,i(pn,i)a) (32)
and some Yy, ,; such that
Bn,mi = Brn,a,i(yn,a,i) cpn Béﬁn,i(pn,i)- (33)
and for every p; € dp and x, € Xx,, we define
Thaill 1= ][ u, Muu = ][ u, (3.4)
Bn,ar,i B 1% (xa)

local averages close to dp and in x,. We finally have to recall from Lemma 4.4 of Part I that

#{7: x e Bopy)} < OO+ Mg g0, (3.5)

Theorem 3.1. Let p € RY be a stationary ergodic Lipschitz domain of extension order n with t > 0
from Lemma 1.1 and inner regularity a € [0, 1] (Definitions 1.4 and 1.5). Then for every 1 < r < p
there exists a linear extension operator
. 1, 1,r d
Une : Wyl (p) - Wit (R)

loc oc

and C > 0 such that with

Ton M) := ((1 " M[%%]’R")n(d_l) (1 * M[éﬁ],Rd)r (1 + M[ﬁn],Rd)a(d_l))

for every bounded Lipschitz domain Q the operator ‘U, , satisfies

1 , 1 " ;
T \% 7/{noz —C T anM T v b
|Q|/Q| (Unar)] < (IQI L )) (IQI /B‘.(Qm,,' ”')
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1;1 i nat’/l_}\/(5 (36)
i 2Pt )
1] 91D, 0,0, '
+— T (M~ M)
|Q| Q ;a:(%>0b:8%;<0 Dl+
T b
U, — a/,n(M)) (—/ Iul”) . (3.7)
IQI/ | (IQI 0 Q e
where
D= ) 10 (3.8)
a#0:9,D,<0

Remark. We recall in this context Remark 1.8 on the lack of a dependence on ¢ for the above Theorem.

3.2. The support lemma

Definition 3.2. Given a domain Q C R¢ and a stationary random domain p with the jointly stationary
point process X, we define the sets

XI(Q) = {xa €X;: Bb(xa)(xa) N Q * 0} )
CQx) = | Bawya). (3.9)

Xa€%:(Q)

Remark 3.3. Since B,(x,) C G, the last definition implies x, € x,(Q) for every x, € X, with yoxz,,) %
0.

In order to estimate the terms ( T it —M; u) and (Msu - Mu ) in Eq (3.6) we integrate the gradient
along paths connecting the centers of the balls underlying the deﬁmtlon of 7, .. and Mg in Eq (3.4).
However, in doing so we cannot possibly avoid quitting the domain Q but we can avoid quitting the
domain C(Q, x,). In homogenization, we start with a given domain Q and scale p by € and study the
intersection QNep. Alternatively, we can study the intersection pANQ, N = &£~!. The follwoing lemma
now states that if the distribution of % is lucky, i.e., it decreases fast enough for large #, the probability
to find x, € X,(NQ) with By, (x,) ¢ Bys(NQ) tends to O for some gy € (0, 1) and almost surely there
exists Ny such that for N > N, the maximal support of paths lies in C(NQ, x,) C Bys (NQ). The
fact By € (0, 1) then causes that C(Q, ex,) C B,i4(Q), i.e. the paths leaving Q lie in a comparatively
thin strip around Q. We finally note that in the periodic case we can assume that 8, = 0 and hence

C(Q, &x,) C B.(Q).
Lemma 3.4. Recalling (1.5) and (1.7) assume that

1. either there exist C > 0 and By, Bz > d + 1 such that for every D > 1, r > 1 it holds f,(D) < CD™?
and fz(r) < CrP=

2. or d and . are independent and there exist C > 0 and B, > d + 2, B~ > 1 such that for every
D>1, S > 1itholds f,(D) < CD™® and f+(S) < CS#~.
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Then there exists By € (0, 1) such that the following holds: For every bounded open set Q with 0 € Q
there almost surely exists a constant Ny > 0 such that for every N > N,

CINQ,x,) C Byu(NQ).

Remark 3.5. The scaling N*of the radius of B s, (NQ) implies that the additional mass of C(NQ, x;) \
NQ becomes asymptotically negligible.

Proof. We consider two balls B,(0) ¢ Q c Bg(0) with r > 0. We write Qy := NQ and B];\;go

B s+ (Q) and Sf\}go = NﬁO\Bk M2 for By € (0,1). Our aim is to show that for the events By :=

(C(Q, X,) C BO’EN ) it holds P(By) — 1 as N — oo, provided S is chosen properly. For this we use
270 N Bo

P(=By) < P(Ay A =By) + P(-Ay)

where Ay :=(QycByY). Qy:= U Bug)(%a) . (3.10)
Xa€X:(NQ)

Step 1: It holds x,(NQ) C QN and we find

P(-Ay) < ) B(3x, € (Byg " \ByY) N x, 1 By, () N Qy # 0)

2 T

IA

P(Ax, € (Syg %) Nx, 1 v, > N + k)

k

Il
[«

We use the very rough estimate # (S];,J'ﬁIOQN) Nx, < (NR + NP + k + l)d to find
P(-Ay) < Z (RN + N + k + 1) AN + k)
< Zk:(
" Bo 4 )\ (NP s
<sc [ (RNt (W) 0

< C(Nd+1—,3b + Nﬁo(d+1—ﬁb)) ,

RN + NP + k + l)d (Nﬁ0 + k)_'/ih

where in the last inequality we used (d — 1)-times integration by parts and C depends on d, §, and R.
Step 2: We now assume that Ay holds true. Since

CQuvx)= ) Bawt

*a€X(NQ)

and since x,(NQ) C ()N C Bygy0,0, it holds

+00

P(Ay A =By) < Z P(3xa € (SJ_VIE)I’QN) Nx.(Qy) : B, (Xa) ¢ Bo’ﬁf”
k=1 2 ON’ﬁO
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< Zk: P(Hxa e (S ) N %, Bu () ¢ BZ’% ﬁo)
<D D, B(Rux (@)= N+
k xaes;vlzol’QN Xy
NR+1
<C Y (NR=k+1) f4(N* +)
k=0

< CNd/ f%(NﬁO + _x)d_x < CNd_ﬂOﬁ(@'H .
0

IfBs >d+1and B, >d + 1 it holds
(Nd“—ﬁn + N,Bo(d+1—ﬁn)) + N9PoBz+l _5 ) a5 N — oo

and the first statement of the lemma almost surely holds due to Eq (3.10).
Step 3: Alternatively we can assume that d, and S, are independent with
R, <d,S,. Then

(o)

P(R, > R) < / P(d, > D) P(S, > S)dS dD

max{1,R/D}

< c/ D—ﬁb/ S#7ds dD
r max{1,R/D}

R o) 00 00
< C( / D7 / SP7ds dD + / D7 / §B7ds dD)
T R/D R 1
R R l—ﬁy
< c(/ D (B) dD + R“'BD) < CR" .

From here we conclude from the first part.

3.3. An extended covering lemma
For x € p let
n(x) := min {dist(x, ap), %} and 7= in. (3.11)
Then we find the following:

Lemma 3.6. Let p be a connected open set which is locally (5, M)-regular and has inner regularity
a € [0, 1]. Fort > 0let X, = (x;)rar be a family of points with a mutual distance of at least 2x satisfying
dist(xz, dp) > %r and let n € N and 0x = (pi)ay C Op with corresponding (Di)ien = (Pni)rers
(Cna)iar = Onediay a1d Yoy = Odien 1= Onai)ien like in Corollary 2.4. Then there exists a family

of points X = (ﬁj)jeN C p with X, C X such that with iy := 7(py), By := B;, (Pr) and By := B, (py) the
SJamily (By)ien U (Bk)keN covers p and
| -
o S < e < 217
BinB;,#0 = (3.12)

S A 1 L.
and 3min{7;, i} = |pi — Pil = 5 max U
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Furthermore, B, N B i # 0 implies

1 1 4
5. <P < =D 4. < |p: = pi| < =p 3.13
7P ST < 3P 40 < (b - pid < 3pe (3.13)
i.e. B, (yx) N B%ﬁj(ﬁj) =0andx € ﬁifor some i implies
: 4.
VYpedp: dist(x, dp) > gp,,(p). 3.14)
Finally, there exists C > 0 such that for every x € p
#{jeN: xeBy(p))] +#{keN: XEBﬁk(pk)}SC. (3.15)
Proof of Lemma 3.6. We recall p, = p(pi) := 2p(pi) and 1, = 32(1+M) and that Eq (2.6) holds.

Furthermore, B, (yx) C Bp,/3(px) N p and hence we also find B, (y) N Brj(yj) =0 fork # j.

If we define p; := p\ Uy Br and observe that p; is n-regular (for n defined in Eq (3.11)). Then
Lemma 2.2 and Theorem 2.3 yield a cover of pj by a locally finite family of balls By = By, (Pr), where
(P)reay C Pp. and where Eq (3.12) holds. Looking into the proof of Theorem 2.3 we can assume
w.l.o.g. that (xg)renw C (Pr)rey by suitably bounding 7.

Furthermore, we find for B, N B ; # 0 that on one hand

- A - S 1 R 4.
Ai+be=|pj—pd 247 = 7;< 3Pr and P = pil < 3Pk

On the other hand p; ¢ By by construction of (Ei) . Hence 7j; > 4pk Finally, B, (x) N B1 (p ]) 0

follows from p, < 44j; < |13j - pk|.
If x € B; let px € Op with |p, — x| = dist(x, dp) and chose some p; with p, € B;. Then the above
implies

. . 3. 4.
|py — x| = dist(x, dp) > 37}; > 2P > gpn(px)-

To see Eq (3.15) let x € p and let p; such that 77; is maximal among all Ej with x € Ej. Let p; with
xeBNB ; and observe that both | pi— D j| and 7j; are bounded from below and above by a multiple of
i7;. It x € B; N By N B}, |p; — pi| 1s bounded from above and below by #;, hence by #;. This provides
a uniform bound on #{ JEN: x€ Bﬁj(ﬁ j)} The second part of Eq (3.15) follows in an analogue
way. O

3.4. Set-paths

We recall the notations given in Eqgs (2.7) and (2.8). In the below formula (3.17) we furthermore
highlight that with the text following Eqs (2.7) and (2.8) we could also provide the following upper
estimate:

BN < X&) B[ 510 OM3,00E) + ro,, (©)dist(€, Op)™".

Here we make use of the notation (2.9) modified as p, = pj,;z« for notational convenience.
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Lemma 3.7. There exists a constant C > 0 such that the following holds:

Let p be a connected open set which is locally Lipschitz regular and has inner regularity a € [0, 1]
and extension order n € NU{0}. Fort > 0 let X, = (x3)renr be a family of points with a mutual distance of
at least 2v satisfying dist(x;, dp) > %r and 0X := (pi)ien C Op with corresponding (P = Brit)rere

(Cneiiar -= Cnar)iar and Yoy = Oidran = Onak)iay like in Corollary 2.4.
If x € X, with b, := B 1 (x) and either y € Y N Bayy(x) with by = By, (v) or y € X N Bayy(x) with

8

b,=B i () then there exists an open set y(x,y) C (p N By (x)) with b, U by, C y(x,y) and such that
for C independent of u € L' (p), x, y and p

loc
fb fb
X y

3E) = Xy O P[5 s OM0 0 MUV () + o, (€) dist(E, Op)'™" (3.17)

< C/ 3|Vu| (3.16)
y(x.y)

where

Proof. We cover p by a set of balls given by Lemma 3.6 and write for simplicity p = p,. Given x € X,
andy € yy, UX, N Byyy(x) lettheny : [0,1] - pN B%(x)_%(x) be a continuous path with y(0) = x and
(1) = y. Such vy exists because of the definition of &% in Eq (1.6).

Step 1: We chose a finite sequence of points (Y;); as a discrete equivalent of y using the following
algorithm:

1. Set Yy := xand by := B%n(x)(x) = Bé(x), tp = 0.

2. For i € NU{0}: If y(t) € b; for every t > t; cancel loop. Otherwise define #;,; :=
sup{T >ty : VYt € (t,T): y(t) € b;} and chose &€ > 0 and
e either Y. € 0x with b,‘+1 = Bﬁ(Yi+1)(Yi+l)
eor Y, € xwith by = By, (Yis1)
such that it holds y(#;,1) € b;,;.

.....

biN by # O foreveryie€{0,...,I—1}and y([0,1]) C U, b;.

Step 2: For two points p;, p, € X with 7j; := 7j(p;) and B;,(p2) N By, (p1) # 0 and i > 1, we find
due to Eq (3.12) that B%ﬁz(ﬁz) C By, (p1). Hence for the convex hull holds COHV(B%ﬁZ(]Ah) U B%ﬁl (131)) -
Bj, (P1) and according to Eq (3.12) together with Lemma 2.7 we find

< Cni_d / [Vu|
B, (P1)
We define y(p1, p2) = ¥(pa, p1) := By, (P1).

Let pi1,p» € Xy, with p; := p(p;) and Bs,(p2) N Bs (p1) # 0. We find for r; and y; given by
Corollary 2.4 w.l.o.g. B, (y2) C Bss(p1) and r; < r,. Furthermore, there exists a connected set
¥(y1,y2) consisting of B,,(y,) and of two cylinders inside pN B% 5([]])(191) of radius r; and length smaller
than p(p;) (1 + M)" (py) such that B, (y;) € ¥(y1,y2) and B,,(y2) C ¥(y1,y2). Together this implies with
Lemma 2.7

i 4
M8 — M
P2 P

d-1) ~1-d
IMRu = M| < M (p1)py / |Vl
meéd(p])(Pl)
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We define 7(p1, p2) = 7(p2. p1) := P N B, (p1)-
Let p; € Xy, p» € X with py 1= p(py), 7> := 7)(p2) and By, (p2) N B;, (p1) # 0. According to (3.13) we
find B 1, (P2) € Bys,(p1) and from here we conclude similar to the previous case

1
M;Z(PZ)M_M;]] CM(Z(d l)(p )~1 d/ |VM|

PQB%O-(F”(PO

We define 77(p1, 132) =y(p,p1) =pNB '5(p1)(l?1)

.....

every pomt appears only once in the sequence (otherwise the path may be shortened). Let y(x, y) =

Ué;(l) y(Y;, Yii1). Then y([0, 1]) C y(x,y) and by Step 2, the total bound on the number of local overlaps
(3.15) of B,, and estimate (3.5) on the local bound on the number of overlapping Bj,(p;), the condition
(3.14), Remark 2.5 and the triangle inequality we find C > 0 such that Eqs (3.16) and (3.17) holds. O

3.5. Proof of Theorem 1.6

Proof. Throughout the proof, C > 0 is a varying constant depending on s, r, ¢, 4, , d, Q but not on p or
N.

Step 1: For simplicity of notation, set N = 1 during Steps 1 and 2 but keep in mind that the constant
C below does not depend on Q unless this is state explicitly. In view of Theorem 3.1 it remains to
derive estimates on the terms

= “L. = Mu)| (3.18)
h IQI "L 191 (Ths )
1 8,0, 0,0 '
hii= / > %(MS — Mu) (3.19)
Q Q |4 ;.50 b: 0, <0 I+

in terms of C(Q, p) (ﬁ fp(w)mC(Q,xr) IVul”);.
Denoting ¢; := p;} and ¢ = p;’l[ﬁn] observe ¢; < ¢ and apply Lemma 3.7 and Jensens inequality:

I < / @ C¢i/ 31Vul
|Q| Q\p Z 0 ¥ (Xasyi)

a i#
dx / dy " 0,0 3 Iy Crany )l ™ E W 0) IVl ().
|Q| Qp  ytuw

a i#0

r

We write B, := B, (x,) and make use of ®,¢; [y(xa, y)I"™" < @y Bal ™", ¥ (x4, y;) € By and ¥, ¢; <
1 to find for s € (r, p) from Holder’s inequality

1
hsC Y ( / o3 () Bl IVul (y)dy)( /Q \ dw)
1Y

Xa€x:(Q)

r

1 a: r—1 .r )i '
<C — 0, |B \v d
< [XQ;Q)lQl(/Ba Bl 500 [Vl 0)dy )
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s=r

(Z I(lll(l /Q\pb”fcp )] (3.20)

Xa€x:(Q)

From Jensen’s inequality and the fact that <d and be <1 we find

1 (1/ N ~)'Sr 1 18
— = TP < — Cvr . (3.21)
Z 1QI\ 2% Jowp 1Ql /oo

Xa€%:(Q)

«
|
<

Next, we simplify the notation and write f. f := ﬁ Jeox [+ For g and g with i %1 + ;% = litthen
holds

1 r ;
o ( / o BT () [Vl (y)dy)
X4 €%(Q) Ba
1 (r+1)-r ,
<Cis D, / o [B) 7 5°0) IVul* ()’
Ql x,€%,(Q)  Ba
1
q
sc(f( Z 2. 00 (B, |“’““]) (f ) (][wuv’) (3.22)
C\rex(Q

Now define ®,; := ‘91’)%. Since the number of cells interacting with the support of @, is limited by
I+
2
(4b(xa)r“) and with Eq (3.1) we observe D < 3, d(x,)* x¢,(x). Hence by a similar calculation to
the estimate of /;

r

L, <
|Q| Q\p

C -1 F r r
<5 ] dx / dy D D02 Y Iy, 1) By y(03 ) IVl ()
Ql Jow  Jytem) 7

a

Z‘Dalzl)l+q’b1/ 31Vul

a ¥ (XasXp)

We make use of @, Dy, [y(xs, xp)|" < Dy, |Bal”, (x40 x5) € B, and Y, Dy, < 1 as well as the
definition of C(Q, x,) to find that

C
I b3rdB r—1,r \v/ d)
ws Y |Q|(/C<Q,Xr> Bl §0) 1Val” ()dy

X2€x:(Q)

q
1
S Cl|— b3rd B r—1
= [|Q| /C(Q,xg [Z 1Bl )]
o) (6 Lo
(lQl /C(Q,xo3 Q| C(Q,xr)l ul (3.23)

Step 2: We continue deriving an estimate on @1‘ fC(Q ) 3% in terms of (6, M).

=

Qul—
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We first observe that
G ~ \(1-d)rg d—1)rg d—-1)rg
[osrsc| o paemi b e o
CQ.x) P3o/sNCQ.X) 501 P50 30500
. g\
+C / (dist(, ap)' ™) (3.24)
CQxI\py,,

Since the first integral on the right hand side can be estimated using Lemma 2.6, we focus on the
second integral. Because of Lemma 2.2 it holds for the support

P, 2PN | JBi.  where  Bii=B, ., (p0)
k

for the family of points p; given by Corollary 2.4 resp. Lemma 3.6. Using that the covering with By is
absolutely locally bounded it holds

/ xrip, (@) (disté, op)' )" de
CQ.xv) s

scq( / r”7(1‘d)+z / (dist&, ap)' )" | .
CQ.x) 7 PNBe(pi)\Bi)

and using
~ T
/ (dist(f, 0p)1‘d) ‘<cC / p=Drapd=1q,
PN(B:(pi)\By) %ﬁn(m)
< Cypn(pi) =T
< Cofpu(pi) TR (b B, ()|
<(, / ﬁn(pk)“‘d”’q‘””“’ﬂgf (Pr)
pNBy
we find

[ sy, @ (disceom)" ce
CQ.x:) 5

<c, (/ i-d) +/ ﬁzl’[;2<ra—1)+1+dM%ﬁn]) (3.25)
C(Q,Xr) me(QaXr)

Step 3: Let now N > 1, i.e., replace Q by NQ in the above calculations. We observe from Lemma 3.4
for sufficiently large N, and every N > N, that

C(NQ,x;) C Bys(NQ) C 2NQ. (3.26)

Given Theorem 3.1, the definition of /; and I, as well as Egs (3.20)—(3.25) we find

r

C ?
IVUU" < (Ciy + Con(Coo + Can)) (—0 Wp)
INQ| pNB, 5, (NQ)

1
INQI| Jno
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where the finite positive constants Cy, Co depend only on r, s, p and ¢, g as well as d, r and Q but not
on N and where

| 2 | :

C N = fa,n) , C N = ( / fmes) s
b (|NQ| B.(NQ) NN PA2NQ

. 1

S
INQI| Jprang

frnic)

with f,, given by Theorem 3.1 and

q q
fmes = ( Z XBQDZ |Ba|s(r+rl)—r] +( Z b3rd |B |r 1]

Xa€X:(Q) Xa€x:(Q)
~(1 d)(rg-1)+1+d yrad
f mic += Py, [Bnl M[ﬁn,ﬁn] :

It remains to show that C; y, i = 1, 2, 3, are bounded independently from N. Due to the ergodic theorem,
this is guarantied if

1\11im CI,N + CZ,N + CS,N = Efcx,n + Efmes + Efmic < 00. (327)

Step 4: Using Lemma 2.6 and M3 sypa > Mg pa > Mg, pe as well as Mz > M3 ¢y g 00 Jp we infer

= 1 _[(n+a)(d—1)+r]
C’ <—— 1+Mﬁ§R,1pr
N TINQ) IBB(NQ)( ERE )
1 L [(n+a)(d—1)+rl+d-2
< —— 5(1+M365 Rd)p
INQ sl
Bar (NQ)NIp
1 L [(n+a)(d-1)+r]+d-2
ol + M46)1

~INQI e, vaynap

Taking the limit N — oo and using the ergodic theorem in its form Eq (2.17) we obtain the condition

p=r
p

lim C

L [(n+a)(d—1)+r]+d-2
E((S (1 + M: )” )
N—oo

=2

Similarly we can show that

lim Cq < E( (1-d)(rg-1)+2+d Mad+d 2)'

N—>oo

Step 5: We observe from the lower bound on d and % that

q
~ r s(r+1)-r
fmes < f = C[ E XBabzd |Ba| " )

Xa€%:(Q)

Lemma 2.11 now shows that

lim €3, <Ef < Ef
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(o)

< Z (k + l)d(q+l)+3drq+r(q—l) (R + l)d(q+1)+Wq+r(q—l) PkR )
kR=1
Step 6: Steps 4 and 5 imply (3.27) and the theorem is thus proved in the first case. In the second case,

if . and b are independent, we can proceed in a similar way except that B, := B o, y(x,)(¥,) and we
use Part I Lemma 3.18 and thus

E f < Z (k + 1)d(q+l)+d(3r+s,)q+r(q—1) (S + l)d(q+1)+ds,q+r(q—1) Pn,kpy,s _
kS=1
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