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Abstract: This paper investigates the dynamic behavior of a susceptible—infected—recovered—susceptible (SIRS) epidemic model, taking
information intervention and vaccination measures into account. We find that, both in the deterministic model and the stochastic model,
the basic reproduction number R acts as a critical threshold for the disease’s persistence and extinction. If R < 1, the deterministic
system has a disease—free equilibrium which is globally asymptotically stable. Moreover, the disease will eventually disappear with
probability one in stochastic system, while if R > 1, in deterministic model, the endemic equilibrium is globally asymptotically stable;

similarly, within the stochastic system, a stationary distribution implies the disease will be prevailing.
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1. Introduction

Infectious disease has plagued our society from its
beginning and also influences human health, social welfare,
Therefore, the
study of epidemics is particularly important.

and other related developments [1-3].
Many
studies in the fields of theoretical and mathematical
research have explored methods of disease control [4—
6]. In particular, vaccination has been considered as an
important approach in eliminating diseases [7-9]. Lahrouz
et al. [10] proposed the susceptible—infected—recovered—
susceptible (SIRS) epidemic model to describe the effect of
vaccination.

During disease explosion, awareness created by the media
coverage or education plays an important role in changing
human’s behavior, which can reduce the transmission of
infectious disease [11-13]. Thus, a large number of tools,

including the mass media, have been applied to control
The height of

the epidemic peak and the severity of the disease were

and eliminate epidemic diseases [14].

reduced as a result of media coverage in Xiao et al. [15].
Individuals can better curb disease spread through improved
preventive knowledge, and the effect of media coverage
can be significant [16, 17]. Motivated by the discussion
of Kumar [18], we derived a deterministic model with an
information intervention that we will discuss in this paper as

follows:

ds = ((1 - p)A =65 = 5 + nR — umZS ) dt,

o)
_ BS1
dl = (—(6+c+0)]+ M)dt’ (0
dR = (pA — (6 + )R + 61 + umZS) dt,
dz = (155 - goZ) dt,

where S,I,R, and Z denote the number of susceptible,
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infected, recovered, as well as the information density.
Every parameter in Model (1.1) is taken to be non—negative,

with the rest presented in the list below:

A: Rate of recruitment in the general population;

p: Proportion of the population receiving vaccination;
o: Natural death rate;

c: Mortality caused by disease;

B: Coefficient of disease transmission;

0: Recovery rate;

n: The ratio of susceptible individuals to recovered
individuals;

©(I): A function with positivity;

m: Information interaction rate;

(: Information intensity;

g: Growth rate of information;

g1 Saturation constant;

go: Rate at which information naturally degrades.

In addition, considering the randomness and stochasticity
in reality, applying stochastic models is more useful [19—
22].

noise, parameters like birth and death rates within the

May [23] revealed that, affected by environmental

deterministic system present random oscillations to a certain
extent. As a result, many authors have discussed stochastic
systems, including biological models and epidemic models.
For instance, Dalal et al. [24] studied the asymptotic
behavior in a stochastic human immunodeficiency (HIV)
epidemic model by disturbing 6,a, and u. Tornatore
et al. [25] constructed an stochastic SIRS epidemic model
by disturbing S8 and studied the stability of disease—free
The

dynamics of a stochastic SIRS epidemic model involving

equilibrium by using stochastic analysis theory.

vaccination were analyzed in [26] and the author obtained

the threshold of the disease’s extinction and persistence.

We assume that the coefficient m is stochastically

perturbed as follows:

mdt — mdt + odB(t).

Namely, the rate m is perturbed by Gaussian white noise.

Thus, the deterministic system (1.1) can be given by the
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stochastic differential equation (SDE) as follows:

ds = ((1-p)A-06S — &5 + R — umZS ) dt
~ouZS dB(o),
_ BSI
dl = (=(0+c+0)+25)dt,
dR = (pA — (8 +mR+ 61 + umZS)dt + ouZS dB(),
dz = (&7 - gZ)d1,

(1.2)
where B(f) is standard Brownian motion and o is its
intensity.

Kumar considered the effect of information intervention,
but the random disturbance of the environment was not
involved in the discussion of [18]. Similarly, Lahrouz
et al. [10] took a stochastic factor into account but the
influence of information was not discussed. The effect
of information and stochastic factors will be both taken
account.

In this paper, the following questions will be explored:
(Q1) How does the rate of vaccination affect the system?
(Q2) What role does information intensity play?

In Section 2, we investigate the positivity, boundedness,
and local and global stability of Ey, and E* of the
deterministic system (1.1). In Section 3, the extinction and
persistence of disease in Model (1.2), and we show the
existence of a stationary distribution and ergodicity. A brief
summary and the answer to be questions above are given in

the last section.
2. Equilibrium analysis

The basic reproduction number of (1.1) as follows [27]:

_ Bo(l—p)+pn

T+ +c+0) @D

In addition, the Model (1.1) has two equilibria: The disease—

o(1-p)A+nA PA .
=560 55,-0) and the endemic

=(S*,I",R",Z") whenever R > 1, where

free equilibrium Eq = (

equilibrium E*

oo @+ Opd)
ﬁ 9
1 0+ c+ Op(I)HI*
R = —[pA + o 4 8O ORI,y o)
6+n goB(l + g1I")
. _ gl

gl +gil*)
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and I* is the unique positive root of the following equation:

0+c+ el A
H(I) :(1_1,)/\_w_(5+c+9)[+&
B d+n
Onl  umgn(6 + ¢ + O)p(DI
5+n gG+m(+gl) @3)
2.1. Positivity and boundedness
From the System (1.1), we have
ds dl
— ls=o=1=pA+nR>0, — |;20=0
I ls=0= (1= p)A+nR >0, 7 l1=02 0,
dR dzZ gl
— |g=0= PA+ 0l + umZS >0, — |z—0= >0
7 lr=0=p pm 7 |z=0 T+l

If we consider the inner of this cone, from the Model (1.1),
we can know that the total population N = S + I + R obeys

the equation:

d—NzA—(SN—cI.
dt

(24)
Thus, we have 4{1_1;/ < A-06N, which means sup,_,,, N(¢) < %

Hence, &

According to the fourth equation of Model (1.1) and using

is the boundary of all the solutions S, 7, and R.

. gA
the bound of I/, we know that limsup,_, Z(¢) < PRETTIVNE

Therefore, we derive the following invariant bounded set:

A
I'={(S,LR,Z)eR::0<S +I+R<

g’
0<z<— SN
8o0(0 + g1A)

Thus, the solution will always remain in I' in the non—
negative range of R%.
2.2. Local stability of Ey and E*

For convenience, we denote the variational matrix of the
Model (1.1) as follows:

BI 8S
-0 — g}(—l) - C —W 55 n —/,lmS
D= oD —-0—c—0+ oD 0 0
umZ 0 -0—-n umS
8
0 Tal? 0 2

For infected equilibrium E*, the characteristic of D is given

as:

P2+A L2 +BA2+CA+D, =0,
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where
Ay =go+26+n+ . + umZ*,
e(I)
BI* .
By =go(0+n) +(0+80)|0+ —= +umZ
o(I")
I* 2 *I*
+n(ﬁ* +6)+'BS 7
o(I*) o(I*)
28 I* I*umsS ™ I
IR AL I B . CLL L <
@(I7) (I +&l)° @)
I . I*
+ 800|060 + +umZ* | + o+ ,
% ( o ) g°"( <P(I*))
goBI" gpr
D, = b6 +c+0)+nd+c)+ ————
") T o)1+ g1 I
SumS™.
Theorem 2.1. (i) Local asymptotically  stability is

exhibited by the disease—free state Ey under R < 1;
otherwise, it is unstable.

(ii) The System (1.1) has a unique infected equilibrium
E* and if R > 1 and it is locally asymptotically
stable if the following conditions are satisfied: A1B| >
Cy and A\(B,Cy — A1Dy) > C5.

Proof.
Theorem 2 of [28], the details are omitted.

(i) Clearly A; > 0,D; > 0 and by Routh-Hurwitz
criterion if AjB; > Cyand A;(B,C, — A1D;) > C%,
the characteristic of Jg- has negative or with negative
real parts of the roots. Therefore, if R > 1,AB; >
Ci,Ai(BiC; — A\Dy) > C} and using Hartman-

Grobman theorem [29], we can see that E* is locally

(1) Since the proof follows analogously to to

asymptotically stable.
]

So far, the cases of R > 1 and R < 1 have been studied.

Next, we will investigate the situation of R = 1 [30].
Theorem 2.2. When R = 1, the system will have bifurcation.

Z. For

R = 1, B is the bifurcation parameter. Thus, because R = 1,

B* _ Ad=p)s+n)
T 5(0+n)(0+c+0)

becomes

Proof. Set x; = S,xp = I,x3 = R, and x4 =

Applying new variables, the System (1.1)

dditl =(1-pA-906x — [:0)&)2(; + NX3 — UMXx| X4 := fl’

= _§+c+0)x + i’zlx’g = fo,

dt
dx3
dt
du _ 8%
dt — l+gix;

= pA — (0 +mx3 + Oxp + umx x4 = f3,

- 8oX4 1= fu.
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So the Jacobian matrix associated with the disease—free Proof. Similar to the verification of Theorem A4 in [31], we

equilibrium x* can be written as follows: find that
—ym[(iﬂ]—&p] S
—0 —6-c-6 7 e F(X,Y) =((1 - p)A = 6S - % +nR — umZS,
b= |° 0 0 0 4 ol
o 5 _ gy Hm[sen-op] | A — (6 +nR + 01 + umZS, - 802),
0 9 5-n PA—=(5+17) H Tral & )
0 0 - S 1
8 80 GX,Y) == +c+0)l+ 2L,
@)
We know that Dy-(8") has an zero eigenvalue at R = 1. All
the other eigenvalues are negative. In association with the where X = (S,R,Z) and Y = [. The disease—
zero eigenvalue of Dy-(5%), the right eigenvector is denoted free equilibrium Uy = E; = (Xo,0) with X;, =
y = (1,2, Y3 y4)', where (ASRAR EL0).  When ¢ — oo, we have X —
sonlsen-an] (%, %,O). Clearly X, is globally asymptotically
_1)_m —5—c—0 _ Oum[d+n-8p _
=5 {(6+n)g T o(5)g0(0+1)° } stable. u Fur(il)l(‘t:(r1 )i()/(\,)Y ) = -0+ c+ 00 -
¥ —P)A+y _
n=t A ey Sk e XD =
—p)A+ —p)A+
Vs = 1 {Q ﬂm[(l_l7)(‘5+77)+’717]} W [% - S] > Oas S < 5([:5—4-17)'] Therefore,
SCER Y gop()d+m | ° the conditions are satisfied. Hence, we see that when R < 1,
Y4 = gio- the disease—free equilibrium of the System (1.1) exhibits

global asymptotic stability. O
Similarly, we can see that Dy.(8") associated with the zero

eigenvalue is z = (21,22,23,24), where 71 = 0,22 = 1,23 =
0,74 = 0. Further, we can get a and b,. For the calculation Theorem 2.4. The unique infected equilibrium E* is

of a, and b,, the non—zero second—order partial derivatives globally asymptotically stable, if R > 1 and the following

of f = (fi, f». f5, f4) at (x*, B*) are given as conditions are satisfied:
0*fr _ g, & fr _ 5. & s 2 80, 29BS”
8x28x1 6)(1(9)(?2 8x26[3 3 7790(1*) ’
2 28BS *
Therefore, we obtain p*m?* < min { 12g (;)277 g2 (C + 7 tplfl*))’
2 2
-2((1=p)©&+m) +1p) . 8086~ (6 +1n) 85°(6+m0 gon
= 0+c+0)(6+ ) R, )
ap g0g25(5 n 77)3(5 ot 9)(p(x;) [80<P(x2)( c )( 7) cA2 3enZ 2 6 *2
. 2ng2(0 + g1A)? *
+ 20@(x)N(6 + ¢)(6 + 1) + goum [6 +n = 6p] |, 1800+ &1A) 2085 }
9g?A? ne(l*)

o+n—906p
) E .
8p(x3)(6 + 1)
Proof. Consider a function VinT:

Clearly, a; < 0,b, > 0. O

1 1
V=3l +1+R) = (S +T + RO +my (I—I*—I*]ogl—*)
2.3. Global stability of Ey and E* m m 1
+ (S +D =S+ + Z(R-RY +~(Z -7
For considering the global stability of Ey and E*, we 2 2 2
vary & = F(X,Y), % = G(X.Y), where X = (S,R,Z) €

»dr .
R3, Y() e R' [18]. Now, if we choose

. - a7 . I* 26 S* 26
Theorem 2.3. For R < 1, the disease—free equilibrium my = o(I*) 26 +0)+ 25+ B WNoms = 22 ms =
n

(Xo, 0) is globally asymptotically stable of the Model (1.1). e(I*)
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we can obtain

V<—68-SY-0G+c)I-I)-86R-R)
26 BS*
- =65 -5
" (( D

- %(ymS*(S =SYZ-Z")Y+umZ(I -T")S - S7)

(I =T+ umZ(S — S*)?

+umS (1= 1)Z =Z) = 2@ + DR - R’

+ g (umZ*(R = R*)(S = 8*) + umS(R - R*)\(Z - Z*))
gU-I')NZ -7

— 90(Z — Z")2.
UraD(+ gl ¥~ %)

Applying the bound of § and Z in I, it can be easily seen

that LV < 0 if the following conditions are satisfied:

2 80
a <—|c+
3(

w>m? <min |

26BS*

nso(l*))’

gor’ ( L 298 )

12628 *2 ned*) )’

8005*(5 + 1) 85*(5+mO  gon
cA2 7 3cenzZ? 6827

2ng5(6 + g1A)* ( . 25;;5*)}
9g°A? e )"

Thus, we obtain LV < 0 and LV = 0.

asymptotically stable in I".

Example 2.5. The parameters associated with System (1.1)

are given as follows:

p=05  A=4 p=004, 6=0.02, u=0.009,

m=0.01, ¢=0005 n=0.01, 6=07 g=0.02,

g =0.045, g =1. (2.5)
Set ¢(I) = 1 + I?, we can derive R = 7.3563 >

1, g% = 4.0000 x 10™* < 0.0436, u>m> = 8.10000 x 10~ <
min {3.7023 x 1077,4.7250 x 107°,5.2238, and 1.0196 x

1078,0.0330}. Clearly, Figure 1 support our conclusion.

Mathematical Modelling and Control

Then,
applying LaSalles theorem [32], we see that E* is globally
O

120

—s
—1
100+ —R
1.7
80+ D
6ol 155 ——s =
t
40t
20+
0
0 50 100 150
t
Figure 1. The path of S(#),1(r), and R(¢) for

Model (1.1) and other parameter values given
in (2.5).

3. The analysis of the stochastic system

3.1. Existence of a unique positive solution

The primary results are established via the following

theorems.

Theorem 3.1. The System (1.2) has a unique positive

solution on t > 0 that remains in the region
with a probability one in R* for all initial condition

(S0, 1o, Ro, Zp) € RY.
Proof. Define a C* —function V : RY — R as

V(IS,LR,Z)=(S —1-1logS)+ (I —-1-1logl)
1, 3.1
+§R +(Z—-1-log2).

This function is non—negative. According to Itd’s

formula [33], we can obtain
1
dV = LVdt - (1 - §)MO'ZSdB(t) +ucZSdB(@), (3.2)
where

] 1
LVs(l—p)A+nR+6+’%+umZ+ E,u20-222+(6+c+0)

gl

—+
1+g1 %

1
+ pAR + OIR + umZSR + §,u2a'zZzS2 +
S(l—p)A+25+,8+c+9+g0+£ + (n +um+ pA)M
81
©ro’e’(1+ M?)
28381

pgmM>
8081

+OM* +

=K.
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Because S + I+ R < M and M = max{%,So+Io +R0}.

Similar to [34], we can complete the proof. O

3.2. Extinction of disease

We will study the stochastic extinction of the disease of
Model (1.2).
subsection expediently, we introduce the following linear

In order to prove the main results of this

transformation:
X=8-50,Y=R-Ry,

and let

X ={X,,Y,Z):0>2X>-S0,1>20,0>Y >—-Ry,Z > 0},

' ={(X,1.Y,Z)eX : - <X+I1+Y<0,XY<0,

o00+c)

gA
80(6 + g1A)
The stochastic extinction of the disease for the Model (1.2)
will be seen in the following theorem.

3.3
¥ (3.3)

A
andlsg,OSZ<

Theorem 3.2. (S, I;,R;, Z;) will be the solution of the SDE
model (1.2) for any given initial value (S, Iy, Ry, Zy) € Ri.
If

R <1, (3.4)

and the solution (S, I;, R;, Z;) has the following property:

log <-a <0, a.s.

lim sup

t—o0

lim sup <-b" <0, a.s.

t—o0

1 15
lim sup ;f Ryds =0, a.s.
0

t—o0

log Z,
t
(3.5)

1 !

lim — f (Ss—So)ds =0, as.
t—oo [ 0

where a’ = (6 + ¢+ 0)(1 — R).

Proof. From the linear transformation § = X + Sg,R =Y +

Ry, we have

dlogl = ¢(X)dt
where ¢(X) = ﬁ—(zz}fo)

both sides of the equation above from 0 to 7, we get

— (6 + ¢ + 0). Taking the integral of

15
logl, =logly + f d(X)ds. 3.6)
0
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Under Condition (3.4), we get

dX)<@O+c+HR-1). 3.7
Thus, we can obtain
log 1,
lim sup 085 <0 a.s. (3.8)
t—o0

Thus, based on (3.8), we know that for a infinitesimal ¢ > 0,
fort > Ty,

L(w) < =9+, (3.9)

If t > T}, the fourth equation of Model (1.2) implies that

! gI
Z(t) =e™8" (f e8%ds + Zo)
0 1+ gll
!
<e 8! (f gle®ds + ZO)
0
T '
= 80! (f gle®ds + f gegoxe(—a’+§+gu)sds)
0 T

+ e_golZ().

Thus, we obtain

log Z,(w)

lim sup < min{-go,—a" +¢}.

t—00

Fixing a positive constant € that can be taken as small as

desired, we obtain the following for ¢ > T5:
Z(w) < 0, (3.10)

Integrating both sides from O to ¢ of the third equation of
the Model (1.2), we get

!
(6+n)f Y.ds
t 0

o A (7 R, —R
<O [(ras+ 20 (705 B
t Jo ot Jo t

!

1
+ " f ouZy( X+ So)dBg
0

- OAT, gumA>T» B =T+ umAe b or
5t 2086 + 1A 1 o1
0T umAeTP+T, R, — Ry
- t - 5t o

1 !
+ ;f ouZy(X; + So)dB;.
0
A A
For all ¢ > 0, we have X(r) + So < £ and Z(r) < go(éng]A).

Applying the large numbers for local martingales, we have

1 !
lim sup 7 f ouZy(Xs+So)dB; =0, a.s.
0

1—00
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Then, according an arbitrary value of ¢ and &, we obtain

% fot Y ds < 0, and the fact R(r) > 0, we have
0.8
1 !
lim sup — f Yids = 0. (3.11) 0.6
t—oo 0 =
0.4
In addition
0.2
dX;+ L +Y) =(-6X,+ L, + Y, —d'l,)dt
> [_are(—u’+c)z —5X, + 1, + Yz)] dr. % 20 40 t 60 80 100

Figure 2. The path of I(r) for Model (1.2) and

Integrating from O to 7, we obtain other parameter values given in (3.12).

1 ! ’ ! ,
- f Xy + I+ Yy)ds > —% f T ds — (1),
t Jo tJo 3.3. Persistence of disease

This section aims to derive conditions ensuring the
where () = %(M - M). Because —4& < (X, + I, +

’ . persistence of the disease in the Model (1.2).
Y;) <0, then lim,,, ¢(f) =0 a.s. Thus, we obtain that

Theorem 3.4. For the initial value (S, Iy, Ry, Zo) € R%, let

liminfl fr(X L+ Y)ds>0 as (S1 11, Ry, Z;) be the solution of the SDE model (1.2). If R >
0

e f 1, then
1 1-pA
Thus lim inf n f Sds > % >0, a.s.
t—o0 Ap __Hm8A
0 s t o+ 8o(0+g1A)
A 4 _
lim inf ~ f X+ +Y)ds=0 as. liminf+ [ fas> CEEDRED _ o
=0t o 1 BA(goP+gdm)
8062
e 0K
If we combine the Eqs (3.9) and (3.11), this leads to hgglf? X Ryds > 5+—TI >0, a.s.
im0 + fthds =0 a.s. | 1 5K
o liminf—f Zds> —S5°" >0, as.
t=eo f o go(6 +g1A)
Example 3.3. For numerical simulations, the parameters of "ere K is a positive constant.
it 1.2 h :
System (1.2) are chosen Proof. Because
= = = = = A mgA
p=05A=1, B=001, §=001, u=0.1, as, 2((1 A [6 (1(3)) s (;t +g N ,)dt
m=0017, ¢=0005 n=0001, =08, g=00l, ¢ golo T 81
— ouZ,S dB;.
2 =0045, g =1, o =008 (3.12) THE 145t
If we integrate from O to ¢, then
Note that R = 0.6693 < 1, then by Theorem 3.2, we
. . . o AB umgA 1 ("
know that the disease will extinct for initial (S, Iy, Ry, Zy) = o+ 2 |- S ds
4 . . J go0+giN) |t Jo 3.13
(85,1,4,10) € RI. We provide the following figure g _g (3.13)
-90
(Figure 2) to support our results. (1 -pA - % — OuZ,S sdB;.

Mathematical Modelling and Control Volume 6, Issue 3, 278-289.
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According to the law of large numbers pertaining to Substituting (3.16) into (3.14), we can get

local martingales, then limsup,_,, ; fo ZSsdB; = 0 as. .

Therefore logl; 2 (0+c+0)(R-1) —ﬁf Ids + g1() + g2(0),
0

1 (! 1-pA
1iminf—f Sds > # >0, a.s.
t Jo AB

o0 AB pmgh where
5 tO0F i

Computing g1(t) =log Iy _ﬂ[l(S, -So) + #(Rt - Ro)
8(5) - 4(50) =2 - LA Aum n
o) () 2 - 20|
<-— i (é - S) R ,Bg(()r
R0) £(1) ‘Tﬂn f S sI,dB;.

where ¢(-) is defined by Eq (3.7). This implies that
Since (S, I;,R;,Z;) € T, through application of the large

A
#S) = (@ +c+O(R- 1)—/3(3 —S)- number theorem
Thus, we can obtain lim g1(?) - lim 22(1) ~0. as.
" A t—oo t t—oo t
log I, > log Io+(6+c+9)(7€—l)t—ﬁf (— - SS) ds. (3.14)
0o \0 Therefore
Given the first and third equations of (1.2), we obtain
! - lim inf Id > OFCHMR=D _ o o
o+n n (—o0 BA(g0B+gum) - ’ -
d( 0 o SR[) g0* (3.17)
:[(6 +1) (% - S,) - ((2+(71];ﬂ5,1t - ,um((;+ L ZS, it can be deduced immediately from R > 1.
0 m ¢ The third equation of (1.2) means that
+ %It nl; ZfSt:|dt - (TIJZ[StdBt
Z((6+m| =-S5, I-
1) 62¢(0) &2
75 .dB Applying the large number theorem for local martingales,
-0 .
HEn> @B we have
On the other hand, from the fourth equation of Eq (1.2) tlim ouZ,S dB, = 0.
gl.dt
Zdt = ot g_odZt < g_olrdt - g—er In addition, by (3.17), for any & > 0 (¢ < K), there is a

o . . . ) constant 7 > O such that
Substituting the inequality above into (3.15), we can obtain

1 !
d(6+77 ;+QRz) ?flxdszK—f, fort>T. (3.19)
0 0 0
A A0+ +
>((@0+mn) (— -S ) ( U)(g((;f gﬂm) (| dt Integrating both sides of (3.18) and applying the inequality
Aum(S +7) 80 above, we find that for ¢t > T,
+ —dZt O-MZ[S tdBt'
80 ! ! R, — Ry
— ds > R —
Integrating both sides, we have t f(; Rds 2 6+t f Lsds (6 + )t
(A 2 o (K —p) - R
g—ss ds (0+m) (5+n)t
0
< é(Sr —So)+ 5(577 )(R —Ro) - AL";(Zt ~Z0) If we let t — oo, by the arbitrary nature of &, we get
(3.16) ‘
A + 1 0K
4 AgoB + gum) Id +—fzs dB,. liminf—fdesz—>0, as.
806” AN S+7
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Taking the integral of both sides of the final equation
of (1.2), we obtain
Zi—Z 0 ! !
! 0 > & f Ids — & Zds.
t (6+g1M)1 Jo t Jo
Thus, Eq (3.19) implies that for ¢ > T, we have

1 Z, — Z,
_f Z.ds g6 t 0
t Jo

_ 89 (k-g- .
2 06+ an KO T

Similarly, if we let # — oo, by the arbitrary nature of &, we

can obtain
1 [ oK
lim inf —f Zyds > 8= >0, a.s.
1=t o go(6 +g1A)

3.4. Stationary distribution and ergodicity

This section addresses the long—time behavior of the SDE
model (1.2), focusing on the stationary distribution and its
ergodic property.

Theorem 3.5. For the initial values (S, Iy, Ro, Zo) € R, we
consider Model (1.2). If R > 1, the system has a stationary

distribution n(-), which is an ergodic property.

Proof. Define k; and k; as sufficiently large numbers. Let

1 A 1
U ={(x1,x2,x3,x4) €T : k_1 < X1,X2,X3 < g_a’
1 gA 1
—<py< — - —.
B weran

The positive functions Vi, V,, and V3 are defined for
(S,I,R,Z) € Ri as follows:

1 1
V](S,R,Z) = § +R+ z,

V(D) = lI“’,
q
(A =-p)s+m)

S >
6(6 +1) )
where g represents a positive constant, the value of which

1
Vi3(S,I) = -1
q

will be fixed later. Making use of Itd’s formula, we get

1-pA 1 0 Z R 21272
Ly =-4Loph, B0 s IR, Tk
S Se) S S S S
gl 8o
+pA = +mMR+ 6] + ymZS — ————— + —
pA—-(6+1m) pum G+aD22 2
I -pA
S—T+p/\
N oA N umgA? gl g (3.20)
6  god(6+gN) 722 Z

A A 2,2 2A2 1
+ (’B— +0+ e + ;T ol -,
0 g0(6 + glA) g0(6 + glA)2 S
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S
LV, = —I’q(g% —(@+c+9)
<= +c+O(R-1) (3.21)
_q o A1 —p)d+1)
H qﬁ( 56 +1) _S)’
LV, =I—q(w —S)((5+c+0— ﬁ)
o(0 + 1) (D)
_ 11—4((1 - pA - BT - 68 — umZS +nR)
q ()
sr‘f(w —S)(6+ c+O— é) (3.22)
o0 + 1) q

1 A
+ —umZST9 + BA i
q q6
Since R > 1, we can choose g < 1 such that

)
6+c+0+,8—;<0.

According to Theorem 3.4, for all # > T, there is a constant
K > 0 such that I(r) > § a.s. Thus, combining (3.20)—
(3.22), we obtain

1-pA
<= DR i er R -1
A((1 -
+ 11 A = p)o +m) —S)(6+c+9+ﬁ— é)
o0 +1n) %
oK 323
- — + Ao,
472770
where
1 = (I-pA  BA umgA
0= sup {--——+(— o
(S,I,R,Z)eT 28 6 80(0 + g1A)

O_ZIngZAZ 1 . ZqAZIng .\ ﬂ (A)Z—v
aé(é +g1A)?"S  god(6+Ad)gK? g\ 6
oA umgA?

+pA+ —+

go}
6 goo(6+giA)

gK
- ==+ =1
472 Z
: A
Since 5o <
we have

S+I+R<%,0<Z< then for (3.23),

gA
80(0+g1A)°
LV < -1.
O

Example 3.6. Throughout the persistence of the disease
and stationary distribution and ergodicity, we assign the

following parameters for System (1.2):

p=05 A=4 B=004 6=002, u=0.009,
m=0.01, ¢=0.005, =001, 6=07 g=0.02,
80 = 0045, 81 = 1. (324)
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Note that R = 73563 > 1, and thus by
Theorem 3.4, we know that the disease will persist for
any initial (Sg, o, Ro,Zo) = (120,10,5,10) € RY. From
Figure 3(c)-(f), we can see that the fluctuation range of
S(1),1(¢), and R(t) become stronger with the increase in
stochastic noise o~. Comparing the left column pictures in
Figure 3, we can derive the distribution of I(f) becomes

skewed with the increase in stochastic noise o-.

(e) c=09

Figure 3. The left column displays the time path
of S(1),1(t), and R(t) for Model (1.2) and other
parameter values given in (3.24) under a range of
0.04, and o =
0.07, respectively. The histogram for the density

noise intensities oo = 0.01,0 =

function is illustrated in the right column with the

above mentioned values of o respectively.

4. Conclusions

In deterministic model, we analyse a equilibria, namely
the disease—free equilibrium and the unique endemic
equilibrium, and their local and global stability. Considering
the randomness in most real-world problems, we also study

Mathematical Modelling and Control

the stochastic system. When R < 1, the disease will
extinct, while R > 1, we testify the stationary distribution
and ergodicity. In addition, through the basic reproduction
number R, we can further know how vaccination influences
the disease transmission. When we increase the rate of
vaccination p, the basic reproduction number R will reduce,
which means an increase in vaccination can suppress the
disease spreading.

For future studies, the logarithmic Ornstein—Uhlenbeck
process, an effective technique for incorporating
environmental noise into the stochastic epidemic system,
will be utilized to model the random fluctuations of the

transmission rate in the SIRS epidemic model.
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