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Abstract: This paper investigates the predefined-time formation control of quadrotor unmanned aerial vehicles (QUAVs) under input
saturation constraints. To mitigate the effects of input saturation, an auxiliary system is meticulously designed. In contrast to other
studies which merely attain the asymptotic stability of the auxiliary signals, the auxiliary system proposed ensures the predefined-time
stability, thus contributing the stability of entire system. Subsequently, based on the predefined-time stability criterion, a distributed
formation controller is developed, thus guaranteeing the predefined-time stability and robustness of formation under input saturation.
Finally, simulations validate the effectiveness of the proposed method.
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1. Introduction

In recent years, multi-agent systems (MAS) have emerged
as an effective solution for complex tasks due to their
efficiency, low cost, flexibility, and reliability [1]. Quadrotor
unmanned aerial vehicle (QUAV) formation control, as a
promising application of MAS, has been widely adopted
in search and rescue operations [2], traffic monitoring [3],
and agricultural spraying [4]. As QUAV formation
(QUAVF) systems adapt to complex environments and tasks,
higher flight performance standards are required. Physical
properties and safety factors must also be considered. In
particular, input variables such as thrust and torque must be
limited to ensure vehicle safety and proper operation [5].
Despite some studies having achieved rapid convergence
in formations under input saturation, they often lack the
ability to arbitrarily set the convergence times. Moreover,
while much existing research on formation control has been

conducted, it has overlooked input saturation, thus risking
performance degradation and safety. Therefore, our study
aims to fill this significant research gap by investigating the
predefined-time formation control of QUAVs under input
saturation constraints.

Considering QUAVF adaptation to complex environments
and tasks, the ability for rapid convergence in QUAVF
control becomes crucial to ensure both safety and successful
execution. To enhance the convergence speed, finite-time
formation control has been explored [6]. Several studies [7–
11] have focused on achieving the desired formations in
finite time, but the stability time depends on the initial
conditions and design parameters [12]. In contrast to
finite-time stability, fixed-time stability [13] offers faster
convergence rates, and the upper limit of stability time can
be estimated. The exploration and application of fixed-
time control for QUAVF have been investigated [14–17].
Despite the advantages of fixed-time control in estimating
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the stability time, determining the explicit relationship
between the settling time and the system parameters remains
challenging. The predefined-time control (PTC) method
allows QUAVs to quickly form formations and maintain
stable flights within a user-defined timeframe [18]. Unlike
other approaches where the convergence time depends on
various design parameters and the initial conditions, PTC
simplifies this by depending on one control parameter, which
is the predefined time. This dependency not only streamlines
the tuning process but also enhances the predictability and
control over the system’s behavior, thus facilitating easier
adjustments to meet specific operational needs. In [19], an
innovative practical predefined-time stability criterion was
proposed, which provides clearer guidance for the design of
the PTC. Studies on predefined-time consensus tracking [20]
and adaptive PTC for QUAVF [21] have been presented, but
none simultaneously considered input saturation effects.

In actual QUAVF control, input variables such as thrust
and torque are finite due to physical limitations, such as
exceeding limits leading to motor overheating, battery drain,
and structural damage, thus degrading the performance
and posing hazards. Neglecting the constraints posed
by input saturation can result in control inputs that far
exceed the available actuation capabilities, leading to
significant degradation of the control performance and
potentially catastrophic failures. Research on adaptive
neural networks [22, 23] and auxiliary systems [24] has
addressed actuator constraints. Continuous theoretical
advancements [25, 26] have been made for single QUAVs.
For collective control, Wang et al. [27] investigated tracking
problems under input constraints, while [28] designed an
input saturation auxiliary system to mitigate the effects of
input saturation. [29] studied the flight formation control
problem of QUAVF with bounded control thrust, yet rapid
convergence time control schemes were not designed.
Although input saturation has been addressed in finite-time
and fixed-time control studies [30,31], these methods do not
allow users to set stabilization time bounds.

To the best of our knowledge, there exists a significant
research gap in the existing literature regarding the
integration of PTC with input saturation considerations of
QUAVF. Our research targets these issues, and the main
contributions of our work are as follows:

1) This research endeavors to fulfill the requirement of
maintaining predefined-time stability in QUAVF even under
input saturation constraints. Although the PTC of QUAVF
has been investigated in previous studies [20, 21], the input
saturation has been overlooked. To bridge this gap, this
work presents an integrated framework that incorporates
both aspects, thus enhancing the overall reliability and
practicality of the system.

2) A QUAVF control method is proposed that guarantees
system stability within a predefined time under input
saturation. Unlike previous approaches [30, 31] that
concentrated on finite-time and fixed-time control with
convergence time depending on the initial states and
complex parameters, this method provided the flexibility for
users to prescribe the upper bound of the stabilization time,
thus achieving predefined-time stability.

3) To mitigate the adverse effects of input saturation, an
innovative predefined-time auxiliary system is designed and
incorporated into the QUAVF controller. While auxiliary
systems in [30–32] can only achieve asymptotic stability
of the auxiliary signals, the proposed auxiliary system
achieves predefined-time stability, ultimately contributing to
the stability of the entire closed-loop system.

The structure of this paper is as follows: in Section 2,
we present the fundamental concepts of predefined-
time stability and establish the mathematical groundwork;
subsequently, Section 3 focuses on the design of the
controller tailored for input-saturated scenarios and conducts
a comprehensive stability analysis; to validate the efficacy
of our proposed control design, Section 4 demonstrates
its correctness and practicality; finally, in Section 5, we
not only summarize the key findings and contributions
of this research but also offer insights into the potential
future research directions, thus paving the way for further
investigations in this field.

2. Preliminaries and problem formulation

2.1. System dynamic

Consider the following QUAVF system, where the leader
is designated as 1 and the followers are numbered from 2
to N. According to [33], the dynamics of a QUAV can be
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described by the following:

ẍi =
Ti
mi

(S (θi)C(ψi)C(ϕi) + S (ψi)S (ϕi)) −
Ki,x

mi
ẋi +Di,x,

ÿi =
Ti
mi

(S (θi)S (ψi)C(ϕi) −C(ψi)S (ϕi)) −
Ki,y

mi
ẏi +Di,y,

z̈i =
Ti
mi

C(θi)C(ϕi) − g − Ki,z

mi
żi +Di,z,

ϕ̈i =
Ji,ϕ

Ii,x
+
Ii,y−Ii,z

Ii,x
θ̇iψ̇i −

Ii,RKi,ϕ

Ii,x
ϕ̇i +Di,ϕ,

θ̈i =
Ji,θ

Ii,y
+
Ii,z−Ii,x

Ii,y
ϕ̇iψ̇i −

Ii,RKi,θ

Ii,y
θ̇i +Di,θ,

ψ̈i =
Ji,ψ

Ii,z
+
Ii,x−Ii,y

Ii,z
ϕ̇iθ̇i −

Ii,RKi,ψ

Ii,z
ψ̇i +Di,ψ,

(2.1)
where xi, yi, zi represent the positions, and ϕi, θi, ψi denote
the attitude angles. Ii,R is the distance from the center of
mass to the center of the rotor, and Ii,x−Ii,z are the moments
of inertia. The coefficientsKi,x−Ki,ψ represent aerodynamic
damping. mi is the mass, and g is gravitational acceleration.
The disturbances are Di,x − Di,ψ. The thrust Ti and control
torquesJi,ϕ,Ji,θ,Ji,ψ are also included. The virtual leader’s
dynamics are described by time-varying signals xd(t)−ψd(t).
Additionally, S represents sine (i.e., S (θ) = sin(θ)), and C

represents cosine (i.e., C(θ) = cos(θ)).

2.2. Communication topology

A leader - follower formation control [34,35] architecture
is adopted, where UAV1 serves as the leader and the
remaining UAVs are followers. The system’s interaction
topology is comprised of two components: communication
among followers and information flow from the leader to
followers.

Let G = {V ,E ,A } be the communication graph of
followers. Here, V = {v1, v2, . . . , vm} represents the node
set, E ⊆ V × V is the edge set, and A = [ai j]m×m ∈

Rm×m is the weighted adjacency matrix with ai j ≥ 0 for
i, j = 1, 2, . . . ,m. An edge (vi, v j) ∈ E implies that node
vi can receive information from v j, and ai j , 0 if and only
if (vi, v j) ∈ E . An undirected communication topology is
assumed (i.e., (vi, v j) ∈ E if and only if (v j, vi) ∈ E ).

Based on the weighted adjacency matrix A , the Laplacian
matrix L = [li j]m×m ∈ R

m×m is defined as follows:

li j =


m∑

k=1

aik, i = j,

−ai j, i , j.

(2.2)

The leader - follower interaction is represented by a
diagonal matrix B = diag{b1, . . . , bm}, where bi > 0

means follower i can directly receive leader information, and
bi = 0 otherwise. This topology enables internal cohesion
among followers and synchronized tracking of the leader’s
trajectory, thus allowing the QUAVF to perform cooperative
tasks effectively.

2.3. Radial basis function neural network (RBF-NN)

There are many nonlinear functions that are difficult
to represent in the six-degree-of-freedom dynamics model
of the QUAV, and many complex nonlinear functions are
introduced during the control design process [36, 37].
In order to facilitate the design of the predefined-time
control algorithm, a function approximator is introduced to
approximate the nonlinear functions. Currently commonly
used function approximators are radial basis function neural
network (RBF-NN) and fuzzy logic systems, this paper
uses RBF-NN to fit the nonlinear function, which is briefly
described as follows.

RBF-NN is a function approximator and widely used in
controller design. In this article, it is utilized to fit an
unknown and continuous nonlinear function F(X), with the
following formula holding:

F(X) = WT S (X) + ε(X), (2.3)

where W ∈ R(l×q) represents the ideal weight of the neural
network, S (X) ∈ Rl is the output vector, and l denotes the
number of neurons. The approximation error, ε(X) ∈ Rq,
satisfies ∥ε(X)∥ ≤ ε∗, where ε∗ denotes an unknown positive
constant.

The basic function of RBF-NN is defined as follows:

si(X) = exp
−||X − ci||

2

2σ2
i

 , (2.4)

where σi > 0 denotes the width parameter of the i-th neuron,
ci = [ci1, . . . , cip]T denotes the central value.

2.4. Problem formulation

Given the physical constraints on the actuators of QUAVs,
the issue of input constraints cannot be ignored. To
address these input constraints, we first transform the QUAV
dynamics model (2.1) into a more simplified form: ṗi,τ = vi,τ,

v̇i,τ = gτui,τ + fi,τ + di,τ,
(2.5)
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where τ represents any of the variables xi, yi, zi, ψi, ϕi, θi for
i = 1, 2, . . . ,N. The position components, denoted as pi,τ,
correspond to xi, yi, zi, ϕi, θi, ψi respectively; the velocity
components, represented as vi,τ, correspond to ẋi, ẏi, żi, ϕ̇i,
θ̇i, ψ̇i respectively. The gravitational coefficients are given as
gi,τ =

1
mi

for position axes and 1
Ii,τ

for attitude axes.

The damping forces consist of two parts. For translational
motion, they are expressed as fi,x = −

Ki,x

mi
ẋi, fi,y = −

Ki,y

mi
ẏi,

and fi,z = −
Ki,z

mi
żi − mg. For rotational motion, the attitude

damping terms are described by fi,ϕ =
Ii,y−Ii,z

Ii,x
θ̇iψ̇i −

Ii,RKi,ϕ

Ii,x
ϕ̇i,

fi,θ = −
Ii,z−Ii,x

Ii,y
ϕ̇iψ̇i −

Ii,RKi,θ

Ii,y
θ̇i, and fi,ψ =

Ii,x−Ii,y

Ii,z
ϕ̇iθ̇i −

Ii,RKi,ψ

Ii,z
ψ̇i. Di,τ represents the external disturbances.

After obtaining the control input υi,τ, the relationship
between control inputs, total thrust, and torques is given by
the following:



ui,x = (S (θi)C(ψi)C(ϕi) + S (ψi)S (ϕi))Ti,

ui,y = (S (θi)S (ψi)C(ϕi) −C(ψi)S (ϕi))Ti,

ui,z = C(θi)C(ϕi)Ti,

Ti =

√
u2

i,x + u2
i,y + u2

i,z,

ui,ϕ = Ji,ϕ,

ui,θ = Ji,θ,

ui,ψ = Ji,ψ.

(2.6)

Due to the coupling between attitude dynamics and
trajectory dynamics, only the desired heading angle (yaw)
ψd can be directly designed. Based on this designed heading
angle, the desired pitch angle θd and desired roll angle ϕd are
calculated as follows:


ϕd = arcsin

(
υi,x sinψd − υi,y cosψd

Ti

)
,

θd = arctan
(

ui,x cosψd + ui,y sinψd

ui,z

)
.

(2.7)

Let υ∗i,τ denote the saturation limit of the control input υi,τ

which corresponds to the i-th UAV. In order to effectively
handle the issue of input saturation, the control signal ui,τ is
constrained as follows:

ui,τ =


υ∗i,τ υi,τ ≥ υ

∗
i,τ,

υi,τ − υ∗i,τ ≤ υi,τ ≤ υ
∗
i,τ,

−υ∗i,τ υi,τ ≤ −υ
∗
i,τ.

(2.8)

This formulation ensures that the input signal ui,τ remains
within the predefined bounds, thereby mitigating the effects
of input saturation on the control system.

The position tracking error is defined as follows:

zi,τ =

N∑
j=1

ai j((pi,τ − oi,τ)− (p j,τ − o j,τ))+ bi(pi,τ − oi,τ − pd,τ),

(2.9)
where oi,τ denotes the deviation of the i-th QUAV in the τ
direction from the desired state trajectory pd,τ.

Control objective: Through the control design, the
formation system dynamic can track the designed trajectory
in a certain formation in a predefined-time with input-
saturation and bounded disturbance. Moreover, according
to the properties of the function tanh, singularities can
be avoided, and nonsingular PTC of the QUAVF can be
achieved.

Lemma 1 (see [19]) For the nonlinear system (2.1),

if there exists a radially unbounded positive definite

continuously differentiable function V that satisfies:

V̇ ≤ −
π

ηTd
V1+ η

2 −
ιπ

ηTd
V1− η

2 + ∆, (2.10)

where Td > 0, η, ι are control parameters with 0 < η < 1,

ι =
√

2 + 1, and ∆ is a non-negative constant related

to system uncertainties, the nonlinear system is said to

be practically prescribed-time stable [38]. Moreover, the

system’s stabilization time upper bound is Ts = Td, and the

trajectory convergence domain is given by the following:

Ωx =

{
x : V <

2ηTd∆

π

}
. (2.11)

Lemma 2. (Young’s inequality) For any variables

x1, x2 ∈ R, the following inequality holds:

|x1|
p|x2|

q ≤
p

p + q
m|x1|

p+q +
q

p + q
m−

p
q |x2|

p+q, (2.12)

where p > 0, q > 0, and m > 0 are constants.

Lemma 3. For any variable x ∈ R, the following

inequality is true:

|x| − x tanh
(

x
ς

)
≤ κς, (2.13)

where κ = 0.2785, and ς > 0 is a control design parameter.

Mathematical Modelling and Control Volume 6, Issue 2, 151–162.



155

Lemma 4. For any non-negative variables x1, x2, x3, and

x4 ≤ x3:

xp
1 (x2 − x1) ≤

1
1 + p

(x1+p
2 − x1+p

1 ), (2.14)

(x3 − x4)q ≥ xq
4 − xq

3, (2.15)

where p > 0 and q ≥ 1 are constants.

Lemma 5. (Sum inequalities) For any variable xi ∈ R (i

= 1,2,...,n), the following inequalities hold:

n∑
i=1

|xi|
p ≥

 n∑
i=1

|xi|

p

(2.16)

n∑
i=1

|xi|
q ≥ n1−q

 n∑
i=1

|xi|

q

(2.17)

where 0 < p ≤ 1 and 1 < q < ∞ are constants.

3. Predefined-time control for input-saturated systems

In this section, the predefined-time controller is designed
for QUAVF with input-saturation. And the predefined-time
stability of the formation system is analysed.

3.1. Predefined-time control design

Based on the system dynamic (2.5), where the first
equation describes the position dynamics and the second
one describes the velocity dynamics affected by control
input and disturbances, we construct an error system to
achieve predefined-time formation under input saturation
constraints. For position control, we introduce the tracking
error zi,τ from (2.9). For the velocity dynamics, we
decompose vi,τ by introducing two auxiliary signals: a filter
output signal α̂i,τ for predefined-time convergence and an
anti-saturation signal χi,τ to handle input constraints. This
leads to the following: si,τ,1 = zi,τ,

si,τ,2 = vi,τ − α̂i,τ − χi,τ,
(3.1)

where si,τ,1 and si,τ,2 denote the system errors, with zi,τ being
the position tracking error defined in (2.9).

The filter is designed as follows:

˙̂αi,τ = −
γ̄π

λ̄ηTd
ξ

1−η
i,τ tanh

 γ̄π

λ̄ηTd

ξ
2−η
i,τ

ςi,τ


−

γπ

ληTd
ξ

1+η
i,τ − ωi,τξi,τ,

(3.2)

where ξi,τ = α̂i,τ − αi,τ denotes the filter error, and αi,τ is the
intermediate control signal that servers as the filter input.
The constants are defined as follows: γ = (24N)

η
2 , γ̄ = 1 +

√
2, λ = 21+ η

2 , λ̄ = 21− η
2 . The filter’s initial value is set to

α̂i,τ(0) = αi,τ(0), and ωi,τ is a design parameter that satisfies
ωi,τ ≥ 1.

The dynamics of the auxiliary signal is designed as
follows:

χ̇i,τ = −
γχπ

ληTd
χ

1+η
i,τ −

γ̄π

λ̄ηTd
χ

1−η
i,τ −ϖi,τχi,τ + gτ(ui,τ − υi,τ),

(3.3)
where γχ = (6N)

η
2 , and ϖi,τ ≥ g2

τ is an auxiliary signal
design parameter. Additionally, the initial value is set to
χi,τ(0) = 0. According to (2.6), ui,τ − υi,τ is bounded,
meaning there exists a constant υ∗i,τ such that |ui,τ−υi,τ| ≤ υ

∗
i,τ.

Considering (2.5)–(2.9) and (3.1)–(3.3), the error
dynamic equations can be rewritten as follows:ṡi,τ,1 = Li(si,τ,2 + ξi,τ + αi,τ + χi,τ) + Fi,τ,1,

ṡi,τ,2 = gτυi,τ + Fi,τ,2 + di,τ,
(3.4)

where Li =

N∑
j=1

ai j + bi, and Fi,τ,2 = fi,τ − ˙̂αi,τ +

γχπ

ληTd
χ

1+η
i,τ +

γ̄π

λ̄ηTd
χ

1−η
i,τ +ϖi,τχi,τ. Additionally, Fi,τ,1 = −Liȯi,τ−

N∑
j=1

ai j(v j,τ − ȯ j,τ) − bi ṗd,τ. Due to unknown parameters such

as air resistance coefficients, the nonlinear terms Fi,τ,k are
unknown continuous functions. According to the RBF-NN
theorem, it can be deduced that

Fi,τ,k = ϑ
T
i,τ,kφi,τ,k + εi,τ,k, (3.5)

where ∥ϑi,τ,k∥ ≤ ϑ
∗
i,τ,k, and |εi,τ,k | ≤ ε

∗
i,τ,k.

First step: Design the following Lyapunov function:

Vi,τ,1 =
1
2

s2
i,τ,1 +

1
2
Λ̃2

i,τ, (3.6)

where Λ̃i,τ = Λi,τ − Λ̂i,τ, and

Λi,τ = max{ϑ∗2i,τ,1, ε
∗2
i,τ,1, ϑ

∗2
i,τ,2, ε

∗2
i,τ,2, d

∗2
i,τ, 1}.

By taking the derivative, the following equality can be
obtained:

V̇i,τ,1 = si,τ,1 ṡi,τ,1 − Λ̃i,τ
˙̂Λi,τ

= si,τ
(
Li

(
si,τ2 + ξi,τ + αi,τ + χi,τ

)
+ϑT

i,τ,1φi,τ,1 + εi,τ,1

)
− Λ̃i,τ

˙̂Λi,τ.

(3.7)
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Applying Young’s inequality, the following inequalities
can be obtained:

Lisi,τ,1(si,τ,2 + ξi,τ) ≤ Λi,τL2
i s2

i,τ,1 +
1
2
Λi,τs2

i,τ,2 +
1
2
ξ2

i,τ, (3.8)

si,τ,1(ϑT
i,τ,1φi,τ,1 + εi,τ,1) ≤ Λi,τs2

i,τ,1φ
T
i,τ,1φi,τ,1 + Λi,τs2

i,τ,1 +
1
2
.

(3.9)
Substituting the above inequalities into (3.7) leads to the

following:

V̇i,τ,1 ≤ si,τ,1

(
Li

(
s2

i,τ,2 + ξi,τ

)
+ ρi,τ,1Λi,τsi,τ,1

)
−Λ̃i,τ

(
˙̂Λi,τ − ρi,τ,1Λi,τs2

i,τ,1

)
+ 1

2Λi,τs2
i,τ,2 +

1
2ξ

2
i,τ +

1
2 ,

(3.10)
where ρi,τ,1 = 1 + L2

i + φ
T
i,τ,1φi,τ,1.

Design the intermediate control signal as follows:

αi,τ = L−1
i

[
−

γπ
ληTd

s1+η
i,τ,1 −

γ̄π

λ̄ηTd
s1−η

i,τ,1 tanh
(
γ̄π

λ̄ηTd

s2−η
i,τ

ςi,τ

)
−Liχi,τ − ρi,τ,1Λ̂i,τsi,τ,1].

(3.11)
Substituting into (3.10) leads to the following:

V̇i,τ,1 ≤ −
γπ
ληTd

s2+η
i,τ,1 −

γ̄π

λ̄ηTd
s2−η

i,τ,2 tanh
(
γ̄π

λ̄ηTd

S 2−η
i,τ

ςi,τ

)
−Λ̂i,τ

(
˙̂Λi,τ − ρi,τ,1s2

i,τ,1

)
+ 1

2Λi,τs2
i,τ,2 +

1
2ξ

2
i,τ + ∆i,τ,1,

(3.12)

where ∆i,τ,1 =
1
2 .

Second step: design the following Lyapunov function:

Vi,τ,2 = Vi,τ,1 +
1
2

s2
i,τ,2 +

1
2
ξ2

i,τ. (3.13)

Taking the following derivative:

V̇i,τ,2 = V̇i,τ,1 + si,τ,2 ṡi,τ,2 + ξi,τξ̇i,τ

= V̇i,τ,1 + si,τ,2

(
gτυi,τ + ϑ

T
i,τ,2φi,τ,2 + εi,τ,2 + di,τ

)
−

γπ
ληTd

ξ
2+η
i,τ −

γ̄π

λ̄ηTd
ξ

2−η
i,τ tanh

(
γ̄π

λ̄ηTd

S 2−η
i,τ

ςi,τ

)
−ωi,τξ

2
i,τ − ξi,τ ˙̂αi,τ.

(3.14)
Applying Young’s inequality (Lemma 2) leads to the

following:

si,τ,2(ϑT
i,τ,2φi,τ,2 + εi,τ,2 + di,τ)

≤ Λi,τs2
i,τ,2φ

T
i,τ,2φi,τ,2 + 2Λi,τs2

i,τ,2 +
3
4
,

(3.15)

−ξi,τα̇i,τ ≤
1
2
ξ2

i,τ +
1
2
α∗2i,τ. (3.16)

Substituting the above inequalities into (3.14), and
considering the definition of ωi,τ,

V̇i,τ,2 ≤ −
γπ

ληTd
s2+η

i,τ,1 −
γπ

λ̄ηTd
s2−η

i,τ,1 tanh

 γ̄π

λ̄ηTd

S 2−η
i,τ

ςi, τ


− Λ̃i,τ

 ˙̂Λi,τ −

2∑
k=1

ρi,τ,k s2
i,τ,k


+ si,τ,2

(
gυi,τ + ρi,τ,2Λ̂i,τsi,τ,2

)
+ ∆i,τ,2

−
γπ

ληTd
s2+η

i,τ −
γπ

λ̄ηTd
s2−η

i,τ tanh

 γπ

λ̄ηTd

ξ
2−η
i,τ

ςi, τ

 ,
(3.17)

where ρi,τ,2 =
3
2 + φ

T
i,τ,2ρi,τ,2, ∆i,τ,2 = ∆i,τ,1 +

1
2α
∗2
i,τ +

3
4 .

Design the control signal and adaptive law as follows:

υi,τ = g−1
τ

[
−

γπ
ληTd

s1+η
i,τ,2 −

γ̄π

λ̄ηTd
s1−η

i,τ,2 tanh
(
γ̄π

λ̄ηTd

s2−η
i,τ,2

ςi,τ

)
−ρi,τ,2Λ̂i,τsi,τ,2

]
,

(3.18)
˙̂Λi,τ = −

hγπ
ληTd
Λ̂

1+η
i,τ −

ℏ(γπ)
λ̄ηTd
Λ̂

1−η
i,τ +

2∑
k=1

ρi,τ,k s2
i,τ,k, (3.19)

where h = 2 + η, h̄ = 2 − η. The initial value of the adaptive
parameter Λ̂i,τ is set to Λ̂i,τ(0) > 0.

3.2. Stability analysis

By substituting Eqs (3.18) and (3.19) into (3.17), the
following inequality is obtained:

V̇i,τ,2 ≤ −
γπ
ληTd

2∑
k=1

s2+η
i,τ,k

−
γπ

λ̄ηTd

2∑
k=1

s2−η
i,τ,k tanh

 γπ

λ̄ηTd

s2−η
i,τ,k

ςi, τ


−

γπ
ληTd

ξ
2−η
i,τ −

γπ

λ̄ηTd
ξ

2−η
i,τ tanh

(
γπ

λ̄ηTd

ξ
2−η
i,τ

ςi,τ

)
+h γπ

ληTd
Λ̃i,τΛ̂

1+η
i,τ + h̄ γ̄π

λ̄ηTd
Λ̃i,τΛ̂

1−η
i,τ

+∆i,τ,2.

(3.20)

By considering (3.17), it can be obtained that hγπ
ληTd

, hγ̄π
λ̄ηTd

>

0,
2∑

k=1

ρi,τ,k s2
i,τ,k > 0. It’s obvious that Λ̂ is continuous. Let

Λ̂(0) > 0, and suppose there exists Λ̂(t2) < 0 where t2 > 0.
Then, it can deduce that there exist t1 ∈ (0, t2) such thatΛ̂(t1) = 0,

Λ̂(t) < 0, t ∈ (t1, t2] .
(3.21)
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Thus, according to the form of (3.17), it should be noted
that for t ∈ (t1, t2], ˙̂Λ > 0 holds. Then, integrating ˙̂Λ with
respect to time from t1 to t2 yields the following:∫ t2

t1

˙̂Λdt = Λ̂(t2) − Λ̂(t1) = Λ̂(t2) > 0. (3.22)

Then, it contradicts the hypothesis. Thus, for Λ̂(0) > 0,
Λ̂(t) > 0 for t > 0.

For the terms Λ̃i,τΛ̂
1+η
i,τ and Λ̃i,τΛ̂

1−η
i,τ , according to

Lemma 4, the following inequalities can be obtained:

Λ̃i,τΛ̂
1+η
i,τ ≤ 1

h

(
Λ

2+η
i,τ − Λ̂

2+η
i,τ

)
≤ 1

h

(
2Λ2+η

i,τ − Λ̃
2+η
i,τ

)
,

(3.23)

Λ̃i,τΛ̂
1−η
i,τ ≤ 1

h̄

(
Λ

2−η
i,τ − Λ̂

2−η
i,τ

)
≤ 1

h̄

(
2Λ2−η

i,τ − Λ̃
2−η
i,τ

)
.

(3.24)

It should be noticed that − γ̄π

λ̄ηTd
s2−η

i,τ,k tanh
(
γ̄π

λ̄ηTd

s2−η
i,τ,k

ςi,τ

)
and

−
γ̄π

λ̄ηTd
ξ

2−η
i,τ tanh

(
γ̄π

λ̄ηTd

ξ
2−η
i,τ

ςi,τ

)
need to be further processed.

According to Lemma 3, the following inequalities can be
deduced:

−
γ̄π

λ̄ηTd
s2−η

i,τ,k tanh
(
γ̄π

λ̄ηTd

s2−η
i,τ,k

ςi,τ

)
≤ −

γ̄π

λ̄ηTd
s2−η

i,τ,k + κςi,τ, (3.25)

−
γ̄π

λ̄ηTd
ξ

2−η
i,τ tanh

(
γ̄π

λ̄ηTd

ξ
2−η
i,τ

ςi,τ

)
≤ −

γ̄π

λ̄ηTd
ξ

2−η
i,τ + κςi,τ. (3.26)

By substituting inequalities (3.23)–(3.26) into (3.20), the
following inequality can be obtained:

V̇i,τ,2 ≤ −
γπ
ληTd

2∑
k=1

s2+η
i,τ,k −

γπ

ληTd
Λ̃

2+η
i,τ −

γπ

ληTd
ξ

2+η
i,τ

−
γπ

λ̄ηTd

2∑
k=1

s2−η
i,τ,k −

γπ

λ̄ηTd
Λ̃

2−η
i,τ −

γπ

λ̄ηTd
ξ

2−η
i,τ + ∆i,τ,

(3.27)
where ∆i,τ = ∆i,τ,2 + 3κςi,τ +

2γπ
ληTd
Λ

2+η
i,τ +

2γπ
λ̄ηTd
Λ

2−η
i,τ .

For the QUAVF, the Lyapunov function is constructed as
follows:

V =

N∑
i=1

∑
τ∈Ξ

Vi,τ,2

=

N∑
i=1

∑
τ∈Ξ

 2∑
k=1

1
2

s2
i,τ,k +

1
2
Λ̃2

i,τ +
1
2
ξ2

i,τ

 .
(3.28)

Differentiating the above Eq (3.30) yields the following:

V̇ ≤
N∑

i=1

∑
τ∈Ξ

− γπ

ληTd

2∑
k=1

s2+η
i,τ,k −

γπ

ληTd
Λ̃

2+η
i,τ −

γπ

ληTd
ξ

2+η
i,τ

−
γ̄π

λ̄ηTd

2∑
k=1

S 2−η
i,τ,k −

γ̄π

λ̄ηTd
Λ̃

2−η
i,τ −

γ̄π

λ̄ηTd
ξ

2−η
i,τ + ∆i,τ

 .
(3.29)

Taking the derivative of the Lyapunov function, and
applying Lemma 5, the following can be obtained:

−
γπ
ληTd

N∑
i=1

∑
τ∈Ξ

(
2∑

k=1

s2+η
i,τ,k + Λ̃

2+η
i,τ + ξ

2+η
i,τ ) ≤ −

π

ηTd
V1+ η

2 ,

(3.30)

−
γπ

λ̄ηTd

N∑
i=1

∑
τ∈Ξ

(
2∑

k=1

s2−η
i,τ,k + Λ̃

2+η
i,τ + ξ

2−η
i,τ ) ≤ −

γπ

ηTd
V1− η

2 .

(3.31)
Thus, (3.29) can be rewritten as follows:

V̇ ≤ − π
ηTd

V1+ η
2 −

γπ
ηTd

V1− η
2 + ∆, (3.32)

where ∆ =
N∑

i=1

∑
τ∈Ξ

∆i,τ.

Based on the definition of V , the variables si,τ,1, Λ̃i,τ, si,τ,2,
and ξi,τ are bounded and achieve predefined-time stability.
From (3.1), the error system zi,τ and vi,τ − α̂i,τ − χi,τ are also
bounded and converge to zero. Since Λ∗i,τ is constant and
αi,τ is bounded, both Λ̂i,τ and α̂i,τ remain bounded. For the
auxiliary system χi,τ, its stability is analyzed through si,τ,2 =

υi,τ − α̂i,τ − χi,τ.
Consider the dynamics of the auxiliary system and

construct the following Lyapunov function:

Vχ =

N∑
i=1

∑
τ∈Ξ

1
2
χ2

i,τ. (3.33)

Differentiating this function yields the following:

V̇χ =

N∑
i=1

∑
τ∈E

χi,τχ̇i,τ

=

N∑
i=1

∑
τ∈E

(
−

γπ

ληTd
χ

2+η
i,τ −

γ̄π

λ̄ηTd
χ

2−η
i,τ

)
+

N∑
i=1

∑
τ∈E

(
−ϖχ2

i,τ + gτ(ui,τ − υi,τ)χi,τ

)
.

(3.34)

According to the Young’s inequality (Lemma 2), the
following inequalities can be obtained:

gτ(ui,τ − υi,τ)χi,τ ≤ g2
τχ

2
i,τ +

1
4 v∗2i,τ.

(3.35)
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Substituting (3.35) into (3.34) yields the following:

V̇χ ≤

N∑
i=1

∑
τ∈E

(
−
γχπ

ληTd
χ

2+η
i,τ −

γ̄π

λ̄ηTd
χ

2−η
i,τ +

1
4

v∗2i,τ

)
. (3.36)

By substituting the above inequalities, it can be rewritten
as follows:

V̇χ ≤ −
π
ηTd

V1+ η
2

χ −
γ̄π
ηTd

TdV1− η
2

χ + ∆χ, (3.37)

where ∆χ =
N∑

i=1

∑
τ∈Ξ

(
1
4

v∗2i,τ

)
.

Due to the stability analysis of (3.37), the auxiliary system
achieves predefined-time stability. By (3.1), this ensures
the boundedness of vi,τ. According to the controller (3.18)
and input saturation (2.8), both υi,τ and ui,τ remain bounded.
Therefore, the QUAVF system converges to a residual set
within the predefined time Td.

Remark: The QUAVF control method proposed in
this paper achieves predefined-time stability and effective
handling of the input saturation constraints. Unlike the
finite-time or fixed-time control methods that rely on
complex parameter tuning, our approach can allow users
to directly set the upper bound of the stabilization time
and facilitate easier practical deployment. Furthermore, in
contrast to other the auxiliary systems that only ensure the
asymptotic stability of auxiliary signals, the auxiliary system
we designed can achieve predefined-time stability. Then,
it is integrated into the distributed formation controller to
effectively contribute to the predefined-time stabilization of
the entire QUAVF.

4. Simulation

A 6-D QUAVF control problem is considered in the
simulation. The parameters in the system dynamic of each
UAV is shown as follows: mass m = 1kg, aerodynamic
damping coefficients Ki,τ = 0.01, moments of inertia Ix =

Iy = 50×10−3kg·m2, andIz = 20×10−3kg·m2. Additionally,
the external disturbance is set asDi = 0.01 sin(t).

The desired formation pattern is a square with side length
4 m in the xy-plane. UAV1 (leader) is positioned at (-
2, 2), while UAV2-4 are at (2, 2), (-2, -2), and (2, -2)
respectively. The initial positions slightly deviate from the
desired pattern: UAV1 at (-2.1, 3.1), UAV2 at (2.1, 3.1),

UAV3 at (-2.1, -1.1), and UAV4 at (2.1, -1.1), with zero
initial altitude and attitude angles for all UAVs.

The control parameters are defined by the ratio parameter
η = 6

101 and the predefined time Td = 10 s. The other
controller parameters are set as: the scaling factors ςi,τ =

0.005 in the virtual control design (3.11) and ςi,τ = 0.001
in the control input design (3.18), ωi,τ = 12 for x and y

directions, ωi,τ = 15 for z direction, ωi,τ = 5 for attitude
angles, and ω̄i,τ = 1 for all velocity controllers.

The communication topology between the leader and
followers is illustrated in Figure 1. Figure 2 shows the 3D
trajectories of the QUAVF. The formation stabilizes before
the predefined time Td = 10s.

Figure 1. Communication topology.

Figure 2. 3D trajectories.

Figure 3 presents the position tracking in all coordinates,
where the leader follows (xd = sin(0.5t), yd = cos(0.5t)) in
the xy-plane and the zd = 0.5t in z-direction. As shown
in Figure 4, the tracking errors converge within Td = 10 s.
Figure 5 shows that under the proposed auxiliary system,
the control signals strictly respect their saturation constraints
υ∗i,x = υ

∗
i,y = 4 and υ∗i,z = 11 while maintaining the formation

performance.
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Figure 3. Position tracking.
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Figure 4. Position errors.
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(b) y-direction

0 5 10 15

Time(s)

4

6

8

10

12

14

C
on

tr
ol

 In
pu

t

0 0.5 1
4
6
8

10
12
14

0 5 10 15

Time(s)

4

6

8

10

12

C
on

tr
ol

 In
pu

t

1.8 2 2.2

8

10

12

0 5 10 15

Time(s)

4

6

8

10

12

C
on

tr
ol

 In
pu

t

0 0.5 1

5

10

0 5 10 15

Time(s)

4

6

8

10

12

C
on

tr
ol

 In
pu

t

0 1 2 3
5

10

15

(c) z-direction

Figure 5. Translation control inputs.

Figure 6 displays the attitude tracking errors for roll,
pitch, and yaw angles. Figures 7–9 show the attitude control
results where the yaw angle converges to ψd = 0, while
the roll and pitch angles track their computed desired values

derived from translational control (2.7). All attitude control
inputs respect the bounds υ∗i,ϕ = υ

∗
i,θ = υ

∗
i,ψ = 1.
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Figure 6. Attitude errors.
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Figure 7. Yaw angle control.
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Figure 8. Roll angle control.
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Figure 9. Pitch angle control.

Mathematical Modelling and Control Volume 6, Issue 2, 151–162.



160

The simulation results comprehensively validate the
effectiveness of the proposed control strategy under the input
saturation constraints (υ∗i,x = υ∗i,y = 4, υ∗i,z = 11, and
υ∗i,ϕ = υ∗i,θ = υ∗i,ψ = 1). Both the position and attitude
tracking errors converge to a neighborhood of zero within
the predefined time Td = 10 s (Figures 4 and 6), thereby
demonstrating accurate formation control. The predefined-
time auxiliary system effectively handles the input saturation
while maintaining the formation stability. Moreover, by
setting these saturation bounds below the actual physical
limits, the method provides a practical solution that prevents
system overload and ensures a safe operation in real
applications.

5. Conclusions

This paper proposed a PTC approach for QUAVF
systems under input saturation. Unlike conventional finite-
time or fixed-time control strategies, which often depend
on complex parameter tuning and lack flexibility in the
stabilization time, our method enables the user to directly
specify the upper bound of convergence time. Moreover,
by incorporating a predefined-time auxiliary system, we
mitigate the negative effects of input saturation, thus
ensuring both stability and rapid convergence within a
defined timeframe. This study addresses a critical gap in
existing research.

The simulation demonstrated the effectiveness of the
proposed method, thereby showing its ability to maintain
stability of QUAVF even under input constraints. This work
advances the theoretical understanding of predefined-time
control while providing a robust solution for the deployment
of QUAVF systems in complex environments.

Future research directions are threefold: first, refining the
auxiliary system design to accommodate a broader range
of operational conditions and exploring the application
of this framework to other multi-agent systems; second,
investigating the impact of communication topology
and networking effects, which are particularly relevant
for underactuated quadrotor systems; third, conducting
experimental validation on physical QUAV platforms to
further demonstrate the practical applicability of the
proposed method. These extensions will enhance the

versatility and real-world applicability of our approach.
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