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Abstract: Collaborative hunting among predators is a common strategy that significantly improves the efficiency of the hunting process
by increasing prey fear, consequently impacting their reproduction rate. This work investigated a predator-prey interaction system with a
stage-structured prey population. The conversion from juvenile to matured prey was assumed to be density-dependent. We also assumed
that predators benefit from hunting cooperation and that mature prey are capable of defending in groups against predators. All possible
biologically feasible equilibrium states of the model were determined, and their stabilities were analyzed. The role of various important
factors, e.g., hunting cooperation rate, predation rate, and rate of fear, on the system dynamics were discussed. Populations within
the ecosystem exhibit chaotic dynamics with varying predator mortality rates. In addition, a stable stock of predator population was
observed with its increasing mortality rate, showing a positive hydra effect.
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1. Introduction a portion of the body of a prey organism. Population
dynamics of predator and prey are influenced by one

another [3]. The complex relationship between a predator

Inthe twenty-first ~century, mathematical - models and its prey has been well-established since the 18th century

have gained  popularity and  value for explaining due to its widespread existence and supremacy, and has

opulation dynamics [1]. The process of mathematical . . .
pop Y (1] P become a significant factor in ecosystem studies. Recent

modelling involves transforming a real-world problem into . .
experimental results on terrestrial vertebrates revealed that

mathematical language, generally in the form of equations, the fear of predation risks significantly impacts the prey’s

and using those equations to both understand the problem . . . . .
& d p lifestyle, indirectly decreasing their reproduction rate. Preys

at hand and uncover new elements of it. Examining the . . . . .
frequently alter their habitats, their foraging strategies,

numerous processes implicated in the interaction between . . . . . .
vigilance, and different physiological changes occur as anti-

redators and prey stands as a central concern within .
P prey predator responses [3—7]. According to reports by Zanette

the fields of ecology and evolutionary biology [2]. The et al. [8], the song sparrow’s perpetuation was lowered by

process of predation plays a crucial role in accelerating 40% as a response to the predators’ incited dread. Based

life’s evolution and preserving ecological harmony and . . .
P J £ Y on all of these testimonies, system dynamics should take

biodiversity. Predation is the act of consuming all or


http://www.aimspress.com/journal/mmc
http://dx.doi.org/ 10.3934/mmc.2025023

339

into account both the direct influence of predators like
predation and their indirect effects. In another experiment,
Elliott et al. [9] reported that Drosophila melanogaster
showed anti-predator behaviors when exposed to the odor
of a mantid, including reduced activity in all breeding as
well as non-breeding seasons. Based on the experimental
results on song sparrows, Wang et al. [10] took into account
a mathematical prey-predator model considering the fear
risk and revealed that high levels of fear could stabilize
the ecosystem by excluding the appearance of periodic
oscillations of the population. Cooperation stands as a
crucial aspect of the social lives of animals and holds
significant importance within biological systems. In the
context of hunting, cooperation refers to the collaboration
of two or more individuals, regardless of their relatedness,
as they work together to enhance their fitness by jointly
pursuing a shared goal. Predators can attack either lone
or clustered prey in a coordinated and collective manner.
While hunting, some predators in ecosystems follow a
cooperation strategy to increase their chances of success
and induce dread in their prey. For instance, wolves,
during hunting in groups,
their prey [11, 12].
habitats frequented by wolves [13].

impose an indirect effect on
As anti-predator measures, elk avoid
When wolves are
in the vicinity, elk become even more sensitive to their
Stander [15] observed that during

group hunting, a strategy employed by some lionesses

surroundings [4, 14].

involved encircling the prey, while others opted for a
patient stance, awaiting the prey’s approach. In this context,
many scientists used mathematical models to examine the
effects of hunting cooperation and fear effect in predator-
Duarte et al. [16] evaluated the
dynamics of cooperative hunting in a McCann and Yodzis

prey systems separately.

food web model with three different species. Berec [17], in a
modified Rosenzweig-MacArthur model, explored foraging
facilitation among predators and revealed that foraging
facilitation could destabilize predator-prey dynamics. Saha
et al. [18] explored a tri-trophic food-chain model with a
Holling type-IIl functional response, revealing that prey
refuges can paradoxically bring stability or instability to
the system. Considering a communicable disease, the
same authors examined another model utilizing hunting

cooperation and group defense mechanisms in [19]. Using
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an extended Lotka-Volterra model that considers predator-
hunting cooperation, Alves and Hilker [20] investigated
Their

findings indicated that hunting cooperation gives rise to

how cooperation affects predator-prey dynamics.

Allee effects within predator populations. Considering the
combined fear due to hunting cooperation, Pal et al. [3]
explored the predator-prey dynamics by extending a
modified Lotka-Volterra model and reported that with
an increase in the hunting cooperation rate, the induced
fear could destabilize the ecosystem. Extending their
work, Kashyap et al. [21] studied a prey-predator model
with Michaelis—Menten-type harvesting and found that
the harvesting effort promotes stability to the coexistence
of the populations. In population dynamics, prey often
receive benefits by adopting another strategy, called a
group defense. Due to the increase in prey’s ability to
protect or hide when they are in large numbers or groups,
predation is reduced. For example, wolves prefer lone musk
more than small herds (4-6) since larger herds are safer
than smaller ones [22]. In recent decades, many natural
populations, including birds, fish, and invertebrates, have
been considered in the study of group defence and predation
risk. Birds, e.g., sparrowhawks, Accipiter nicus, preying
cichlids,

and other animals, e.g.,

on redshanks, Tringa tetanus [23]; fishes, e.g.,
Aequidens pulcher [24]; lions,
Panthera leo, preying on mixed ungulate herds [25] are
considered in this context. As a defensive measure, Japanese
honeybees construct to protect the hornet by creating a
“hot defensive ball” [2, 26].

pioneered group defence in the mathematical modelling

Freedman and Wolkowicz

context in 1986 [27]. In general, Holling type-IV functional
response or Monod-Haldane functional response are utilized
to describe the group defence mechanism in mathematical
models [2,7,27,28].
has the form g(x) =

Monod-Haldane functional response

— o> Whereas the Holling type-IV

a0+b0x+
function is the simplifed Monod-Haldane function of the

PoX
ap+x2 "

form g(x) = Due to the presence of a square term, in
the Holling type-IV response, the predator cannot survive
above some upper threshold of prey density [29, 30]. Alves
and Hilker suggested two modified versions of Holling type-
IT and type-IV function responses with hunting cooperation
and group defence [20]. Much research has been carried out

using mathematical modelling in recent years considering
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the fear of predation risk and cooperative hunting [2, 3,7].
Animals show different antipredator responses at
different times during their life cycle. In recent years,
significant research works have been carried out with
stage-structured food web models. Stage-structured models
are mathematical models used to study populations in which
individuals are grouped into discrete age or stage classes.
Most such models are mainly devoted to two stages, either
in the prey or predator community. A recent experimental
study by Griesser and Suzuki [31] revealed that predator
functional responses are not identical for juvenile and
adult birds. While adult birds exhibit various anti-predator
responses upon detecting predation risk, juvenile birds lack
Although

adult prey gets benefits by showing anti-predator behaviors,

the proficiency to display such responses [8].
the process requires extra energy and time. Repeated
adaptations in anti-predator behavior indirectly affect the
growth rate of the adult prey [4]. Therefore it is important
to discuss a stage-structured model by incorporating
anti-predator behavior. Panday et al. [32] presented a
stage-structured model with two stages of the prey, juvenile
and adult. Presuming the adult prey rely solely on group
defence as an anti-predator mechanism, they showed that
the absence of anti-predator behavior, combined with an
increase in the maturation rate, can trigger a population
cycle characterized by a sharp and significant increase in
amplitude. This could potentially lead to the extinction
of all species in the system. Panja et al. [33], in a stage-
structured model with two stages in the prey, discussed
the appearance of periodic orbits via Hopf bifurcation.
Recently, in [1], Ghosh et al. presented a density-dependent
stage-structured predator-prey model with two stages for
both communities. In their study, Du et al. [34] introduced
a predator-prey model featuring group defence behavior in
The

model displays complex dynamics, including a bubble loop

prey and cooperative hunting behavior in predators.

of limit cycles, as well as an open-ended branch of periodic
orbits that disappear through either a homoclinic cycle or a
loop of heteroclinic orbits. There are several models which
considered anti-predator behaviors in prey, e.g., a fear
effect, a group defence strategy, and hunting cooperation of
predators [3,7,35-37].

The species mortality rate has a significant role

Mathematical Modelling and Control

in shaping predator-prey interactions. The traditional
knowledge of the mortality rate of a species suggests that
it decreases that particular biomass. New advancements in
both theoretical and empirical research have brought to light
the possibility that a species’ mortality might not necessarily
lead to a decrease in its own biomass [38—42]. Moreover,
mortality could trigger a positive effect on the population
of the same species. In recent years, many researchers
have established the existence of this paradoxical effect
in different stage-structured models, e.g., in [1], Ghosh et
al. observed that stable stock on mature predator increases
with its increasing mortality rate in a stage-structured
prey-predator model with density-dependent effects in
This
contradictory outcome has been termed the “hydra effect”
by Abrams [39,41].

All previously mentioned research pertains to models

terms of prey reproduction and predator transition.

of predator-prey interactions that consider a combination
of two factors, specifically the impact of fear, hunting
cooperation, or group defence. To fully understand
the dynamics of prey-predator interactions, it is critical
to study how antipredator behaviors, including fear
effects, group defence strategies, and predator-hunting
cooperation, interact with stage structure in prey. To the
best of our knowledge, no models have been introduced
that take into account stage structure in prey alongside
antipredator behaviors exhibited by prey and cooperative
hunting strategies employed by predators. In the present
investigation, we propose a predator-prey interaction model
with two discrete stages in the prey: a juvenile stage and
adult stage, where the predator population predates both
stages of the prey. It is assumed that predators follow
cooperative behavior during hunting which ultimately
increases the fear of predation risk in the prey and affects
its growth rate with a higher impact. We incorporate the
benefit of group defence of adult prey in their predation
term following two modified versions of Holling type-II and

type-1V functions proposed by Alves and Hilker [20].

Our objective in this study is to investigate the effect of
hunting cooperation, and the strength of fear, conversion
rate, and predation rates on the population dynamics of the
system. The findings of our study represent a significant
contribution to the study of predator-prey interactions and
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propose a novel and more complex model. In the next
section, we formulate the mathematical model, and the
basic mathematical results of the model are presented in
Section 3. The local stability of the possible equilibrium
states is analyzed in Section 4. Section 5 deals with the
dynamical analysis of the system using bifurcation analysis.
Using some hypothetical parameter values, the system is
analyzed numerically for different possible bifurcations in
Section 6. Finally, in Section 7, we end the paper with a

discussion of our findings.

2. Model formulation

We consider an ecosystem with a single prey and a
predator species where the prey species maintain their
growth without predation. Depending on the ability to
reproduce new offspring, we divide the prey species into
two stages: juvenile and mature. For instance, consider
x(#) and y(¢) to represent juvenile prey and matured prey
populations at time ¢, respectively, and z(¢) is the predator
biomass at time ¢. Preys are capable of reproducing offspring
only in a matured stage, and prey biomass is considered
to be dependent on the reproduction rate, transfer rate
(from juvenile to mature), and natural mortality rate. The
conversion from juvenile to mature prey can be divided into
two categories: density-independent and density-dependent.
Abrams and Quince explored some more general models
with density-dependent per capita growth rates of immature
prey [43].
prey to matured prey is density-dependent. The isoclines

We assume that the transfer rate of juvenile

of prey and predator populations can be represented by the

following two differential equations.

d
7)‘ = ry - bx(1 — 6x) — di x,

df @2.1)
d—i = bx(1 = 6x) — dyy,

where r > 0 is the maximum per capita growth rate of the
mature prey. bx(l — 6x) is the density-dependent transfer
rate of immature prey to mature prey where b > 0 is the
maximum per capita growth rate of the mature prey and 6 >
0 is the rate at which the per capita birth rate is decreased
for the mature class with its increasing density. d; > 0 and
d, > 0 are the natural mortality of the juvenile and matured

prey, respectively.

Mathematical Modelling and Control

Since fear due to predation risk indirectly reduces the
reproduction rate, we modify (2.1) by multiplying the

reproduction rate r by a factor g(f, z) as follows:

d
d—x = rg(f,2)y — bx(1 — 6x) — di x,

dt (2.2)
% = bx(1 - 6x) — by,

where z denotes predator biomass and parameter f depicts
the intensity of fear, which drives anti-predator behaviors of
the prey. In biological aspects of f, z, g(f, z), it is appropriate

to assume:

8(0,2) = 1,¢(f,0) = la}i_rgg(f,Z) =0,

0g(f.2) 0g(f,2)
of <0, 0z =

(2.3)
0.

lim g(f,2) = 0,

Here we consider g(f,z) = (1 + fz)~' which satisfies

condition (2.3). Then system (2.2) becomes

d

@_ D —bx(1 —6x) —d;x,

dt 1+ fz (2.4)
dy '

o = bx(1 — ox) — dyy.

We consider that, due to hunting cooperation, predators
get benefits and success in capturing prey increases with
predator density. A lot of recent studies paid attention
Alves and
Hilker [20] considered the following types of predator-

to cooperative hunting among predators [20].

dependent functional response to model the cooperative
hunting among predators based on the Holling type-II and

type-IV functional responses.

_ (prt+agxz
$1(%2) = 1+ hi(p) +az)x’
a(y.2) = (p2 + az)yz

1+ ho(ps + @)y + h3(p2 + az)y?’

where h; > 0,hy; > 0 represents the handling time and
hs represents how the handling time increases with prey
density due to group defense. p; > 0, p, > 0 are the search
rates of the predator toward susceptible and infected prey,
respectively. @ > 0 is the parameter describing predator
cooperation during hunting. We assume that juvenile prey
cannot exhibit group defence against predators. The rate
of prey consumption by a predator is considered to vary
with prey density. Conversely, mature prey is presumed
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to be capable of employing group defence mechanisms
against predator attacks. Therefore, we utilize the functions
¢1(x,z) and ¢,(y,z) to represent the interactions between
juvenile prey and predators and mature prey and predators,

respectively. Thus model (2.4) becomes:

dx ry

_—= - b 1 - - -

%" Trfm x(1 = 6x) —dix — ¢1(x, 2),

d

% = bx(1 — 6x) — dyy — $a(v, 2), (2.5)
dz

i c191(x,2) + c2¢2(y, 2) — d3z — nz’,

with the initial conditions x(0) > 0, y(0) > 0, z(0) > 0,

where ¢; > 0, ¢, > 0 are the conversion coeflicients.
3. Mathematical preliminaries

The positivity and boundedness of solutions in prey-
predator models are crucial for preserving biological
realism, validity, and applicability. The positivity
of solutions guarantees an accurate representation of
population sizes and correct modelling of ecosystem
interactions and dynamics, enabling effective management
and conservation strategies. In a real-world context,
the predator and prey population sizes cannot grow or
decline indefinitely without being subjected to ecological
constraints and environmental factors that limit their growth
and ensure that they remain within certain boundaries over
time. Hence, it is necessary to analyze the boundedness
of solutions in the proposed model to ensure that it
appropriately captures the dynamics of these populations
in natural environments. In the study of population
dynamics, equilibrium points play a significant role. A
stable equilibrium point represents sustainable levels of
population sizes that can persist over time. In this section,
we present the positivity and boundedness of the proposed
system (2.5) and determine the existence of the possible

biologically feasible equilibrium states.

3.1. Positivity

Theorem 3.1. System (2.5) is positively invariant.

Proof. Solving system (2.5) with positive initial conditions
(x(0), y(0), z(0)), we obtain the following:

Mathematical Modelling and Control

—b(1 - 6x)— d - —¢‘(;“’Z)},

_ ¢20’, Z)}
—y >
c1¢1(x,2) + C2¢2(y, 2) —dsy - nz},
Z

Z

x(t) = x(0) exp {x(l:—yﬁm

bx(1 =6
y(@) = y(0) exp {¥ -d>

(1) = z(0) exp {

From the above three equations, we conclude that
any solution starting with positive initial conditions
(x(0), ¥(0), z(0)) in the interior of Rg remains there for all

future time. [ |

3.2. Boundedness

Theorem 3.2. The orbits of system (2.5) are uniformly
bounded, i.e., there exists a bounded set B such that for
every orbit (x(?), y(¢), z(?)) of (2.5) there is a time #, such that
(x(2), y(1), z(¢)) € B for all t > t,.

Proof. Let us define a function U(r) = £x() + y() + Lz(0).

Then
dU cydx

dy
dt

—— +
cdt dt
Now choose any p with 0 < y < (d2 - rc‘—z') Then,

1dz
() dt’

— +uU
dt K

bé d
< (ﬂ)y 9202 ﬂd1x+ bx — béx* — dyy — 2
c) (6) (%) (&)

n , C1 Z
- —Ztul—x+y+ —
C2 (&) C2

bo
y(ﬂ(d_))(b_dﬂ_)(_b(s)
(o) () (&) (&)

2
+Z(ﬁ_é)_£

2 2
dy by

= 4ay " ab

where ay = (b—j—;d|+”’c—§‘), a; = (bé——
(ﬁ_di)’blzl.

c (%) (%)
b2

2
Define K = fTOI + ﬁ. Then the above differential

inequality can be written in the form
d K K
4(v-5)emufo-5)
dt 7 7
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Now, by applying Lemma 2 on page 27 in Birkhoff and Rota A > 0 if ¢, — nz* (h3y* + hy) > 0.

(1989) [44], we obtain
0<U®M < g (1=e™)+ U™
For any € > 0, define
B= {(x,y,z):xZO,yZO,ZZO,ﬂerynLizS 5+e}.
1) 1) 7

Then, for every orbit of (2.5), there is a time #, such that
(x(8), ¥(t), z(1)) € Bforall ¢ > t,. ]

3.3. Equilibrium points

An equilibrium point is a type of solution of a system
that does not change with time. From an ecological
viewpoint, it is a state where all the species achieve a
fixed population irrespective of the initial population. In
ecological systems, equilibrium points are determined by
comparing the rates of change of all species’ populations
to zero. Our proposed system (2.5) has three ecologically
feasible equilibrium points: the trivial equilibrium (Ey), the
predator-free equilibrium (E), and the interior equilibrium
(E™). The trivial or the zero equilibrium, Ey(0, 0, 0), always

exists. The predator-free equilibrium, E; (X, y,0), where X =
br-dy(b+d)) - _ di(br—dy(b+d)))
bs(r—dy) 7 T bo(r—-do)?

per capita growth rate of the matured prey (r) is greater

, exists whenever the maximum

than the natural mortality of the matured prey (d,) as well

as the threshold value @ ,%}.

, 1.e., ¥ > min {dz
The other non-trivial equilibrium is the interior equilibrium
E*(x*,y*,z") where x* # 0, y* # 0, and z* # 0.

Suppose z* # 0. The juvenile prey nullcline gives

1
Y= ;(1 +afz’)

x(bx*(l —o0x") +dix" 3.1)

X*Z*(Pl +(YZ*)
1+ hx*(p + az*))

The predator nullcline gives

= Ag—(Ax+ 1)d; —nz"
(p1 + az) (h ((Ay + 1 ds +nz* — Ag) = Ay)’

where

(3.2)

Ay =y (p2 +az’) (cr — nZ" (h3y* + hy)),
Ar=ci "y + ) (pa+a) + 1),
Ay = y* (h3y" + hy) (p2 + az’).

Mathematical Modelling and Control

x* > 0 either if

(@) Ag— (A2 + 1)d3 —nz" >0,
hy (nz" + (Ay + 1) ds — Ag) — Ay > 0.

() Ao — (A2 + 1)d5 —nz" <0,
hi(nz* + (A + 1)ds — Ag) — A1 <O.

For the parameters provided in Table 1, the numerically
obtained solution of the system is (0.3226, 0.1688, 0.5540).
Solving (3.2) and (3.1), using parameters in Table 1 and z* =
0.5540, gives x* = 0.3226 and y* = 0.1688, respectively, and
condition (b) holds.

Table 1. Parameter values. Parameters are

considered in per unit time.

Parameter Default value

Birth rate in prey (r) 1
Density factor (6) 0.1
Predation rate (p;) 0.3
Predation rate (p») 0.4
Conversion rate (b) 0.2
Conversion of energy (c;) 0.8
Conversion of energy (c3) 0.7
Death rate in juvenile prey (d,) 0.1
Death rate in matured prey (d>) 0.1
Death rate in predator (d3) 0.1
Hunting cooperation rate (@) 0.2
Handling time () 0.5
Handling time (/) 0.5
Handling time (k3 ) 0.5
Fear parameters for Juvenile’s growth (f) 0.3
Intraspecies competition among predators (n) 0.1

4. Local stability analysis

In this section, we discuss the local stability of the system
near the equilibrium states. We utilize the Hartmann-
Grobmann theorem and Routh-Hurwitz criteria throughout

this discussion. The Jacobian of system (2.5) is given by

Volume 5, Issue 4, 338—-354.
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Ju Ji2 Jiz
J= Ju Jn JIxn |, 4.1
J51 I Js
where
Jii = b26x - 1) — dy — (hle;‘]”:;;zl o
r
Jip = afzr 1’
oo afry x(hlx(pl +az)’+p+ Zaz)’
(afz+1)? (mx(pr +az)+1)2
Jo1 = b —2bdx,
J, o L2t (13 (2 +a) = 1) o
O (h3y + o) (p2 + @z) + 1)2
h? (=3 sy + ) (p2 + @2)* = ps = 2a2)
O (h3y + h2) (p2 + @z) +1)2 ’
I = ciz(p1 +az) .
(mx(p1 +az)+1)
c2z(p2 + az) (h3y2 (p2 +az) — 1)
BTGyt ) (pr +an) + 1)?
clx(hlx(pl +az)?+pr+ 2az)
S = (hix(p1 +az) + 1)?
c2y ()’ (hsy + ) (p2 + a2)® + pr + 2az)
—ds —2nz.

(v (h3y + hy) (p2 + az) + 1)

4.1. Local stability at E

The eigenvalues of the Jacobian matrix (4.1) at the trivial

equilibrium E, are

Ay =—-d3 <0,
1

A3 = 5(—17—0'1 —dy

s NO+d +do)? —4(bds —br + dldz)).

+

o If (b+d) +dy)? —4(bdy — br + didy) < 0, the system
will have a pair of imaginary eigenvalues. Since the
real parts of 1,53 are negative, the trivial equilibrium
Ey will be locally asymptotically stable.

o If (b+d; +dr)* - 4(bdy — br + did>) > 0, the trivial
equilibrium Ej will be locally asymptotically stable if

\/(b+d1 +d2)2—4(bd2—br+d1d2) <b+d +d,.

Mathematical Modelling and Control

4.2. Local stability at E;

Due to the complexity of the proposed model, we utilize
the Routh-Hurwitz criteria to analyze the local stability at
E,\. The characteristic equation of the Jacobian matrix (4.1)

at the predator-free equilibrium E has the form

P>+ Dip* + Dyp+ D3 =0, 4.2)

where D; are functions of the state variables X, y, Z.

Dy =b(1 -—26%)+d, +d + (d3 — 0),

Dy = b(—1+20%)(dy + d3 + ) + d1da + d1d5 + dads
+(b(26% — 1) — d; — d»)o,

D3 = (d (b — 2b6% + dy) — br(1 — 26%)(d3 — 0),

_ ( Cc1p1x 22y )
hpix+1  h3psd? + hopoy + 1)
Whenever r > min {dz, W}, o> 0.

Dy >0if ¥ < % and d3 > o.
D, >0if X < 5:,d3 > 0, and
d1d2+d3d2+d1d3 > b(1—2(5x) (Q + d2 + d3 + I")+Q (dl + dz)

Dy>0if X< &, dy > 0, and dids > b (r — d) (1 — 26%).

By
equilibrium E is locally asymptotically stable if Dy, D3 > 0
and A = DD, — D3
Hopf bifurcation for some free parameter f (say) at
a threshold value f = f% if Di(f%), D;(f) > 0,

A = Di(f"Da(f*) = D3(f*) = 0, and G3(f") # 0.
Remark: Please note that expressing D; (i =

the Routh-Hurwitz criteria, the predator-free

> 0, and E; experiences a

1,2,3)
explicitly in terms of X and y results in very lengthy and
complex formulas. Therefore, we have chosen to avoid

these explicit expressions in this paper.

4.3. Local stability at E*

The characteristic equation of the Jacobian matrix (4.1) at

the interior equilibrium E* has the form

p3 + Blp2 + sz + 33 = 0, (43)
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where B; are functions of the state variables x*, y*, z*.

By = b(1 = 26x*) +dy +d> + (d3 — 0),

By = b(—1+26x")(dy +d3 + 1) + didr + did3 + dod;
+ (b26x" = 1) — di — db)o,

B3 = (dy (b —2b6x™ + dy) — br(1 — 26x"))(d3 — 0),

cp2y” )
h3p2y*? + hopay* + 1

0= c1p1x’
h]plx* +1

By the Routh-Hurwitz criteria, the interior equilibrium

E* is locally asymptotically stable if B;,B; > 0 and A =
BB, — B3 > 0, and E* experiences a Hopf bifurcation for
some free parameter f (say) at a threshold value f = f if
Bi(f"), B3(f™) > 0, A = Bi(f")Ba(f™) - B3(f*') = 0, and
Fuhzo.

Remark: Note that the determination of B; i = 1,2,3)
explicitly in terms of x*,y*, and z* is not possible due to
the complexity of the model.

5. Bifurcation analysis

Theorem 5.1. System (2.5) at the predator-free equilibrium
E| undergoes a transcritical bifurcation when parameter b
passes through critical parameter value b = b’C, where
neither a saddle-node bifurcation nor a pitchfork bifurcation

can occur.

Proof. The Jacobian matrix of system (2.5) at the predator-
free equilibrium E; has an eigenvalue of zero at the critical
parameter b = b'C. The critical value b”C is a solution of

the following polynomial equation:

(Wl(dlpz(lﬁlpl (¢101d1h3 + by36 (cahy + Clhz)) + b*Y3026°)
+B203ei8p) )/ Wil pr -+ o) Wndi i
+ by26hy) + b%pg(sz)) =0,

where l[/] =br—d2(b+d|),tﬁ2=r—d2.

So the eigenvalue analysis method fails to predict the
nature of the equilibrium point at the critical value b = b"€.
Therefore we use Sotomayor’s theorem [45] to investigate
the nature of the equilibrium E; at b = bTC. Rewrite

system (2.5) as follows:

X
7 g(X,b) = [81(X, b), g2(X, b), g3(X, )],

Mathematical Modelling and Control

X

where X = | y |, &1(X,b) = %’ &(X,b) = %’ and
Z

(X, b) = £,

Let V = [vi,v,v3]" and W = [0,0, 1] be, respectively,
the eigenvectors of Jg, and [Jg, 1" corresponding to the zero
eigenvalue at b = b’C. Then we have

Wl g, (X, 6T, =0,

. re 5.1
W' Dg,(X, b )(V)El # 0.

Therefore, the first two conditions of the transcritical
bifurcation are met, whilst saddle-node and pitchfork

bifurcation cannot occur. Now

D*5(X,b" ),

TC P
20b 0 ‘<h1m}c+1>2
0 0 pa(h3pay-1)
= (h3p2y?+hapay+1)2 |
c1p1 _ c2p2(hapai?-1)
(hp1x+1)? (h3p23?+hapay+1)? X0
where
2aci1 X 2acyy
Xo = - 5+ > - 5= 2n.
(mipr1Xx+1)2  (h3p23* + hopay + 1)
Therefore
WD’ g(X,b")(V, V),
B (c1 (p1v1 + 2av3X)
- (hpix+1)2
) (szz + 2av3y — h3P%V2y2)
= - 5 - 2nV3) # 0.
(h3p23* + hapay + 1)
Thus, the system satisfies all the conditions of
Sotomayor’s theorem for transcritical bifurcation.

Therefore, system (2.5) undergoes a transcritical bifurcation
at the parameter b = b'C at the predator-free equilibrium
E,.

6. Numerical simulations

In this section, we perform numerical simulations of
solutions of system (2.5) using the parameter set given
in Table 1.
system (2.5), with initial population x =

For the above parameters, the trajectory of
0.1, y = 0.5,
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and 7 =
E*(0.3226,0.1688,0.5540). In Figure 1, we plot the time
series solution of the interior equilibrium with ¢ = 3000

0.8, converges to a stable interior equilibrium

units.  Each population initially starts oscillating and

approaches E*. Considering this interior equilibrium E*,
in the next sections, we discuss the effects of some of the

significant parameters on the system dynamics.

T T
—01 ——05 08

I N
100 150 200 250 300
Time

Population

T T
——— Juvenile prey

Matured prey
Predator

Population

1 I I I
1000 1500 2000 2500 3000
Time

Figure 1. Time series solution of system (2.5) for
t = 3000 with the initial value (0.1,0.5,0.8). All

the parameters are taken from Table 1.

6.1. Effect of hunting cooperation rate a

Starting from the interior equilibrium E*, we compute
the curve of interior equilibrium with the free parameter a,
using the MATLAB-based continuation software package
MatCont 7.3 [46].
cooperation rate «, the interior equilibrium E* undergoes a
Hopf bifurcation at @ = @'’ ~ 0.256590. The first Lyapunov
coefficient at the Hopf bifurcation point @ = o is found
to be I; = 3.708334 x 107, which suggests the nature
Due to supercritical Hopf

For increasing values of the hunting

of the Hopf to be subcritical.
bifurcation, unstable periodic solutions emerge for @ > o.
Initiating from the Hopf point & = @', we plot the periodic
orbits with the same parameter @, which leads to stable
periodic solutions followed by saddle-node bifurcation of
limit cycles (denoted as LPC) at "¢ ~ 0.2565918. At

LPC " the periodic solutions emerging

the bifurcation point «
due to the Hopf bifurcation gain stability and form stable
periodic solutions for @ > . Figure 2 describes the
graphical representation of the scenario of periodic solutions

due to the said bifurcation. Initiating from the Hopf point

Mathematical Modelling and Control

a = o

, we plot the two-dimensional projection of the
Hopf bifurcation curve for the parameter spaces («, f) and
(a,n). Figure 3 represents the region where two interior
equilibrium E* of different stabilities can be observed. The
space above the Hopf curve in Figure 3 represents the region
where interior equilibria are stable while the space below the
Hopf curve represents the region where interior equilibria

are unstable.

=
T

Juvenile Prey
~ o
:

oo

Matured Prey

Predator

a

(c)

Figure 2. Periodic solutions via Hopf bifurcation

with respect to the parameter . Other parameters
are taken from Table 1.
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o
T

Stable interior equilibrium

©
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N
o
T

Hopf bifurcation curve

Strength of fear (f)

Unstable interior equilibrium

°

u
T
L

Figure 3. Two-dimensional projection of the Hopf
bifurcation curve with respect to @ and f. Other

parameters are taken from Table 1.

A similar two-dimensional projection of the Hopf
bifurcation curve is plotted for varying parameters @ and n
(Figure 4). The plotted Hopf curve undergoes a generalized-
Hopf bifurcation at the point GH = (@ = 1.481421,n =~
0.470238). At this point, GH, the first Lyapunov coefficient
becomes zero and the periodic solutions exchange their
nature from subcritical to supercritical. At GH, the second
Lyapunov coefficient is found to be I, = 7.907562 x 10703,

Stable Interior equilibrium

Unstable Interior equilibrium

Hopf bifurcation curve

6H 0.2 0.4 06 08 1 12 14 16 1.8 2
[e%

Figure 4. Two-dimensional projection of the Hopf
bifurcation curve with respect to @ and n. Other

parameters are taken from Table 1.

6.2. Effect of conversion rate b

Starting from the interior equilibrium E*, we compute the
curve of the interior equilibrium with the conversion rate b
as a free parameter. For decreasing values of b, the interior
equilibrium E* undergoes a transcritical bifurcation at b =
bTC€ ~ 0.011568, with state space (0.3948460.043872, 0).

For increasing values of the conversion rate b, the interior
equilibrium E* undergoes another subcritical Hopf at b =
b =~ 0.455130, where the first Lyapunov coefficient is

Mathematical Modelling and Control

I, = 9.889108 x 107%,

Hopf point b = b", the two-dimensional projection of the

In Figure 5, initiating from the

Hopf bifurcation curve is plotted for varying parameters b
and p;. This leads to another generalized-Hopf bifurcation
at GH = (b = 0.126613, p; =~ 0.174932). Above the Hopf
curve, the interior equilibrium is stable, and it is unstable in
the region below the curve.

0.35

o
©

. Stable interior _—n,

o 025 equilibrium //// . 4
g - N

2 -

© 02 — 1
l=- (',;i—/’// Hopf bifurcation curve

s |

S 015 1
= /[ H

3 |

g o “ Unstable interior equilibrium

. . . . . .
0 0.05 0.1 0.15 0.2 0.25 03 0.35 04 0.45 05
Conversion rate (b)

Figure 5. Two-dimensional projection of the Hopf
bifurcation curve with respect to b and p;. Other
parameters are taken from Table 1.

To analyze the effect of the density factor and conversion
rate on the proposed ecosystem, we conduct simulations
with free parameters ¢ and b, initiating from the Hopf point
b = b and transcritical bifurcation point » = b7¢. We plot
the Hopf curve and saddle-node curve initiating from b = b
and b = b'C in the parametric space (6,b), as shown in
Figure 6. The Hopf bifurcation curve leads to a generalized-
Hopf bifurcation at GH( =~ 0.510059,b =~ 0.983975)
and the saddle-node bifurcation leads to a Bogdanov-Takens
bifurcation at BT'(6§ ~ 0.011112, 5 =~ 0.000105).

~

®

Hopf bifurcation curve

* o
T

teA(b)

Unstable interior equilibrium

~

Stable interior equilibrium 1

Conversion ra
5 8
2

04

02 Saddle-node curve
¥

0 0.1 0.2 03 04 05 06 07 08 09 1

Figure 6. Two-dimensional projection of the Hopf
bifurcation curve with respect to 6 and b. Other

parameters are taken from Table 1.
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6.3. Effect of predation rates p, and p,

To analyze the effect of predation on the proposed
ecosystem, we conduct simulations with free parameters p;
and p,, initiating from the Hopf point obtained at p; = p ~
0.196997 by the continuation of the internal equilibria curve
E*. Figure 7 describes the region separated by the Hopf
curve, where internal equilibria of different stabilities can

be observed.

Hopf bifurcation curve
4

Stable interior
equilibrium

Unstable interior equilibrium

Pradation rate P,

0.15 02
Pradation rate Py

Figure 7. Two-dimensional projection of the Hopf
bifurcation curve with respect to p; and p,. Other

parameters are taken from Table 1.

6.4. Effect of the death rate of predators ds

Initiating from the interior equilibrium point E*, taking
ds as a free parameter, the curve of interior equilibrium
is computed in Figure 8. This leads to the detection of
two Hopf bifurcation points at H; ~ 0.124697 and H, =
1.048329, respectively. At the Hopf point, the nature of
the Hopf bifurcation is subcritical (I; = 3.412286 x 107%3),
which later undergoes a saddle-node bifurcation of limit
cycles at LPC ~ 0.112868, thereby gaining stability of the
periodic orbits that emerged at H;. These periodic orbits
again undergo two period-doubling bifurcations at PD; =
0.2736144 and PD, ~ 1.002934, followed by a transcritical
bifurcation of limit cycles at BPC ~ 1.048329 (Figure 9). In
our case, the Hopf point H, coincides with the BPC. Again,
as the system progresses, the periodic orbits emerging from
the initial period-doubling point, PD,, exhibit a fascinating
phenomenon.  They undergo multiple period-doubling
bifurcations at distinct thresholds: PD; =~ 0.8220511,
PD, = 0.8578651, PDs =~ 0.8835957, and PD¢ =
0.941419. These bifurcations signify a complex pattern of
transition within the system’s dynamics. In Figure 10, these
transformations are visually depicted, offering insight into
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the complex behavior of the system. Furthermore, Figure 11
provides a comprehensive overview, capturing the entirety
of the observed period-doubling bifurcation phenomena for
the bifurcation parameter ds, thus contributing to a deeper
understanding of the system’s dynamics and its underlying
complexities. In population models, period doubling can
occur, which replicates a scenario where the population

exhibits regular, periodic oscillations in abundance.

Understanding these dynamics is crucial for predicting
population sizes and their environmental interactions. In
stage-structured models, interactions between age classes or
stages, as well as environmental factors, frequently result in
period doubling. Period doubling can provide insight into
how stage-specific feedback mechanisms help populations
self-regulate throughout time. For example, oscillations in
predator and prey populations may have a period-doubling
pattern in a predator-prey model with stage structure, where
predators alternate between targeting various stages of prey
depending on their abundance. Period doubling in stage-
structured models can reflect the optimization of life history
strategies in response to environmental variability. For
example, organisms may adjust their reproductive effort or
allocation to growth in response to changes in resource
availability or predation pressure, leading to oscillations
in population dynamics. In our case, it can be thought
that whenever the mortality rate of predators increases and
crosses a certain critical threshold, the prey population might
experience a release from predation pressure, leading to an
increase in their numbers. This initial increase can lead to
a period-doubling cascade. Beyond a certain point, further
increases in predator mortality might stabilize the system
again. This could be due to various reasons, such as changes
in resource competition, shifts in reproductive strategies,
or the introduction of new ecological interactions. When
these additional factors come into play, they can reduce
the oscillations, leading to an equilibrium state where the
populations of both prey and predators coexist in a stable

manner.

We plot the phase portraits of the system (2.5) for
different values of the bifurcation parameter d; in Figure
12. Furthermore, although between the points H; and H,,
the predator population shows an oscillatory nature, for
d; € (0, M = 0.760755], the overall population of predators
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increases. This clearly indicates the existence of a positive
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2(t)

z(t)

(e
Figure 12. Phase portrait of system (2.5) for (a)
d; =04, (b)d; =0.52,(c)ds = 0.6, (d) d3 = 0.8,
and (e) d3 = 0.84. Other parameters are taken
from Table 1.

Mathematical Modelling and Control

7. Conclusions and future scopes

Throughout this work, we proposed and analyzed a
complex mathematical model considering a stage-structured
predator-prey system. Stage-structured compartments are
assumed for the prey population. The psychological
phenomenon of the cost of fear due to the predation process
and its combined increased rate due to hunting cooperation
was analyzed. The positiveness and boundedness of
solutions of the proposed system were analyzed with the
help of Gronnwall’s inequality. The dynamics of the
model were discussed near the possible steady states of
the system. Theories of the bifurcation analysis were used
to estimate the threshold values of parameters at which
qualitative changes occur in the proposed system, such as
the appearance or disappearance of periodic behavior and
the emergence of a new equilibrium. For a certain set
of parameters, the proposed system (2.5) has an interior
equilibrium state where all species populations coexist.
The system under consideration also demonstrates a state
of equilibrium where predators are absent. Depending
on the specific threshold parameter values, the system
can shift into a predator-free state. In a system where
all species coexist, if the level of cooperation in hunting
among them surpasses a certain threshold, it leads to
instability and causes the populations of the species to
fluctuate periodically. However, the periodic oscillations
resulting from this instability are not initially stable.
They gain stability through a phenomenon called saddle-
node bifurcation limit cycles, eventually leading to the
formation of stable periodic oscillations in the populations
of the species. There is a strong correlation between
hunting cooperation and two other parameters: the level
of fear among the species and the extent of intraspecies
competition. A higher rate of hunting cooperation has a
more significant impact on the reproduction rate of prey
and also intensifies the intraspecies competition among
predators. According to our computational findings, if the
levels of hunting cooperation and intra-species competition
rates exceed a certain threshold, the populations of the
species will commence periodic oscillations. In our
proposed system, the process of juvenile prey transitioning

into mature individuals is an essential factor that must
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be considered. This conversion rate holds significant
importance to the overall dynamics of the system. When
the conversion rate falls below a certain threshold value,
the ecosystem becomes devoid of predators, and when
it exceeds a certain threshold value, the system becomes

unstable, resulting in periodic population oscillations.

The predation rate on juvenile prey and the conversion
rate are strongly correlated, as a higher predation rate
results in a slower conversion rate. This correlation can
be attributed to the impact of fear caused by the predation
process, which is often observed during the conversion
process. In other words, the cost of fear associated with
predation can affect the conversion process. Although we
did not explicitly consider the conversion function to be
impacted by the cost of fear, the discussion on these two
interrelated factors is significant. Once the predation rate
on juvenile prey and the conversion rate surpass a certain
threshold value, the coexistence equilibrium state of the
ecosystem becomes unstable, leading to periodic oscillations
The density factor of the

logistic growth is another factor that strongly correlates

of the population densities.

with the conversion rate. Our computational results show
periodic oscillation of the species populations when the
density factor and conversion rate values exceed a threshold
value. The predation process is a fundamental biological
process that exerts a significant influence on the dynamics
of populations, the structure of communities, and the
functioning of ecosystems. The predators in our proposed
system obtain advantages by preying on both juvenile and
mature prey at distinct rates. As a result, it is crucial
to discuss the overall impact of the predation process on
the dynamics of the system. Numerically, we estimated
a critical region in which the species populations show
oscillatory behavior. Apart from its negative implications on
mortality, the mortality rate could also stimulate a positive
effect within the predator population. Once the mortality
rate of predators crosses a specific threshold, it is notable
that despite experiencing periodic oscillations, the predator

population shows a gradual increase.

While numerous models have been developed to account
for antipredator behaviors and cooperative hunting among
predators, most of these models are situated within the
framework of eco-epidemiological models. Roy et al. [35]

Mathematical Modelling and Control

investigated an eco-epidemic model with prey refuge by
considering the cost of fear affecting reproduction and
disease transmission. The predators are assumed to follow a
cooperative hunting strategy during predation. Their study
showed that the cost of fear causing a reduction in the
birth rate of susceptible prey has a destabilizing role. In
their research, Biswas et al. [36] studied how fear affects
the dynamics of an eco-epidemiological switching model.
Their findings showed that the force of infection and the
fear factor, which affects the reproduction of prey, both
destabilize the system’s dynamics. In the context of stage
structure, Panday et al. [32] showed that the absence of
anti-predator behavior, combined with an increase in the
maturation rate, could potentially lead to the extinction
of all species in the system. Although different models
have been carried out to study the role of antipredator
behaviors and predator-prey dynamics, few works have been
addressed in the context of stage structures. This becomes
a significant gap in the study of predator-prey dynamics,
and our present study offers a novel contribution to the
said domain. It is important to note that our study relied
solely on hypothetical data, and future research utilizing
real-world data may yield more meaningful and applicable
results. Future researchers may build upon our proposed
model by examining the impact of the fear of predation risk
on conversion rates. Additionally, exploring the potential
for analyzing our model using fractional-ordered derivatives
presents a promising opportunity for investigating more

intricate and dynamic behavior.
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