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Abstract: This paper investigates the solvability of the Sylvester matrix equation AX — XB = C with respect to left semi-tensor product.
Firstly, we discuss the matrix-vector equation AX — XB = C under semi-tensor product. A necessary and sufficient condition for the
solvability of the matrix-vector equation and specific solving methods are studied and given. Based on this, the solvability of the matrix
equation AX — XB = C under left semi-tensor product is discussed. Finally, several examples are presented to illustrate the efficiency of

the results.
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1. Introduction

Matrix equations have become an important part of
matrix theory, and have been successfully applied in many
fields, such as control theory, physics, electronic technology,
The

main work of this paper is to study the solvability of

sensing technology, cryptography, and so on [1-4].

the Sylvester matrix equation with respect to left semi-
tensor product. As an important role in control theory, it
plays an important role in dynamic systems, neural network
systems, robust control, and other directions [5-7]. Many
mathematics professors and cybernetics experts from world-
renowned universities and scientific research institutions
have conducted in-depth research on the Sylvester matrix
equation. For example, Professor Roth [8] proved the
compatibility condition of the Sylvester matrix equation,
that is, the famous Roth theorem. Professor G. Golub
[9] studied the Sylvester equation by Hesenberg-Schur
method. Professor Varga of the German Aerospace Center
[10] considered the application of the Sylvester equation in
robust pole assignment. Professor Kagstrom [11] studied the

compatibility of matrix equations containing any Sylvester
and *-Sylvester by using the equivalence relationship of the

matrix.

Professor Cheng [12] proposed the semi-tensor product
of matrices to solve linearization problems in nonlinear
systems. It has been widely used in many fields, such
as physics in nonlinear systems, graphs [13], and Boolean
networks [14]. Recently, Yao and Feng [15] discussed the
solution of the matrix equation AX = B with respect to semi-
tensor product. Li [16] studied the solvability of the matrix
semi-tensor product AXB = C. Based on this, the solvability
of the famous Sylvester matrix equation AX — XB = C in
which the matrix multiplication is left semi-tensor product
is studied in this paper.

There are six sections in this paper. The remaining
five sections are structured as follows: we introduce some
fundamental definitions and properties in section 2. In
section 3, we study the solution of the Sylvester matrix
equation AX — XB =

vector equation in two cases. In section 4, we discuss the

C by investigating the matrix-

solvability of the matrix equation AX —XB = C in two cases.
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We provide some examples to illustrate the results in section
5 and draw our conclusion in section 6.

Some notations are presented as follows:
(1). C, : the vector space of complex p-tuples.
(2). C,xn : the vector space of m X n complex matrices.
3). lem(r, s): the least common multiple of two positive
integers r and s.
(4). gcd(r, s): the greatest common divisor of two positive
integers r and s.
(5). A; : the i-th column of A.

2. Preliminaries

In this section, we briefly review some fundamental
definitions and properties which will be used in the

following.

Definition 2.1. ([17]) The Kronecker product of two
matrices A = (a;;) € C"™" and B = (b;;) € C™" is

ai B apB a-B

ayB a»B - ayB
A®B = . . ) B

am1 B am2B amrB

where Q is the Kronecker product.

Definition 2.2. ([17]) With each matrix A = (a;;) € C™,
denoted by V.(A) is defined as

T
Ve(A) = (@11, .., 015021, - G2y o5 Al -5 )

Proposition 2.1. ([17]) Let A € C™", B € C™ and C €
C*". Then we have the following
V.(ABC) = (C" ® A)V(B),
V.(ABC) = (I, ® AB)V,(C) = (C"B" ® I,)V.(A),
V.(AB) = (I, ® A)V.(B) = (BT ® I,) V.(A).
Lemma 2.1. ([17]) Let A € C"™", B € C™" and C € C"™™",
X € C™" is unknown. Then the solvability of the Sylvester
matrix equation AX —XB = C is equivalent to the solvability

of the matrix-vector equation
(I, ® AV (X) = (BT ® [,)Ve(X) = V.(O).

Definition 2.3. ([12]) Let A = (a;j) € C™", B = (b)) €
C*". The left semi-tensor product of A and B is defined as

mt o, nt

AxB=A®IL)B®I:)eCr*%,

where t = lcm(r, s).
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3. Solvability of the Sylvester matrix-vector equation
AX-XB=C

In this section, we discuss the solvability of the Sylvester

matrix-vector equation

AX-XB=C 3.1

under left semi-tensor product, where A € C"™", B € C™",
and C € CP™* are known. The problem is to find a
vector X satisfying matrix-vector equation (3.1). Firstly,
we investigate the simple case m = h, then we discuss the

general case.

3.1. The case m=h

In this subsection, we study the solvability of the
Sylvester matrix-vector equation (3.1) under left semi-tensor
product, where A € C™", B € C™", C € C™k X e CP*!

is an unknown vector. By Definition 2.3, we have the

following lemma.

Lemma 3.1. If the Sylvester matrix-vector equation (3.1)

exists a solution, then 1 and * are positive integers. In fact,
r m

A 4
Proof. By Definition 2.3, we have

C=AX-XB
=AxX-XxB
:(A@QXX®%)—uwngecmh

AxX:@@@xX®%mc%ﬁ,
and

X =B =(I,®B)X € C*P",

mi
r

where t = lcm(r, p). We obtain thatm = ™ = sp, k = é =n.

r

Then, r = rand k = § = £. Consequently, ; and

2 are
s
r m

positive integers. Furthermore, 1 = % =

solution of the matrix-vector equation (3.1) exists, 7 and

p. Hence, if the

are required to be positive integers and 1 = % = p. The

s

proof is completed. O

Remark 3.1. When p = m =
1, the solvability of the Sylvester matrix-vector equation
AX — XB =

conventional case.

rnk = n = s =

C under left semi-tensor product becomes
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Now we investigate the solvability of the Sylvester
matrix-vector equation (3.1). Suppose that

T

X=[x x x| €C’.D=1,8B.

Then, the Sylvester matrix-vector equation (3.1) can be

rewritten as

AX - XB

X1 X1

—~  —~ — |2 — — —11*2
=4 A Al |-[Dr D D,|

Xp Xp
=x1;\\1+xzz:\;+---+xpz;—x15\1—«--—xp5:,

= x1(A] = D) + x2(A; = Dy) + -+ + x,(A, — D)
=C e C™*,
(3.2)
where Xl, Xz, e ;1; are p equal-size blocks of matrix A,
D\, D, .... D,

Accordingly, we establish the following result.

, D, are p equal-size blocks of matrix I, ® B.

Theorem 3.1. The Sylvester matrix-vector equation (3.1)
exists a solution if and only if ;\\1 - b\l, A\g - 5; e
//\; - f); and C are linearly dependent in vector space C"™*.
Moreover, lfA\l - E, 1?2 - 5;, ..

independent, the solution would be unique.

. 74; — b\,, are linearly

Corollary 3.1. If the Sylvester matrix-vector equation (3.1)

exists a solution, the following rank condition holds:

rank(A) + rank(B) = rank (A C) . (3.3)

0B

Here, we have a necessary condition for the solvability

of the Sylvester matrix-vector equation (3.1). In particular,

when the Sylvester matrix-vector equation AX — XB = C

with respect to conventional matrix product, condition (3.3)

is a necessary and sufficient one. The following is an
example to illustrate it.

Example 3.1. (i) Let matrices A, B, C as following:

1 21 1}
A= ,
010 2
B=[12],
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It is easy to verify that

is a solution. Obviously, it satisfies condition (3.3).
(ii) Let
2 0
C= ,
-1 1

and A, B are the same as (i). Clearly, it satisfies condition

(3.3), but the matrix-vector equation (3.1) has no solution.

It is easy to know that the equation (3.2) is equivalent to
the following equation:
XVelAD) + 0V + -+ x,Ve(Ay)
=11 VeD) = 2:Ve(D2) =+ = x,Ve(Dy)
= [Ve@) V() V(A X
~[ve®@1) VD)
= V.(C).

V(D,)| X

Next, we have the following equivalent form.

Theorem 3.2. The Sylvester matrix-vector equation AX —
XB =

following matrix-vector equation under conventional matrix

C under semi-tensor product is equivalent to the

product:
AX - DX = V,(0),
where _ _ . _
A=|Ve(@1) Vo) V(@A)
A Apa Ap-1k+1
Ay Ao Ap-1ke2
A Ax - Apr
D =[V(Dy) V(D) Ve(D,)]
Dy Dy Dp-1yir1
Dy Dy Dp-1yes2
Dy Dy D

A;, D; are the i-th column of A and I, ® B, respectively.
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Corollary 3.2. The Sylvester matrix-vector equation (3.1)

exists a solution if and only if

rank(A) + rank(D) = rank (13 VC(_C)) )

Remark 3.2. Here D = I, ® BY, then the Sylvester matrix-

vector equation (3.1) exists a solution if and only if

_ i} [A VC(C)}
rank(A) + rank(B) = rank 0 R

B

3.2. The general case

In this subsection, we study the solvability of the
Sylvester matrix-vector equation (3.1) with m # h. We give
the following lemma, which presents a necessary condition

for solvability of the Sylvester matrix-vector equation (3.1).

Lemma 3.2. If the Sylvester matrix-vector equation (3.1)
exists a solution, the orders of matrices A, B, and C
satisfy the following two conditions: (i )r% and 7 are positive

integers. (ii)gcd(k, n%) = 1. Actually, n’q—};( =p.

Proof. By Definition 2.3, we have

C=AX-XB
=AxX-XxB
=(A®1)(X®1)~(I,®B)X € Ccmk,

AxX=ARL)X®I.)eC"*s,

and
X=B=(,®B)X € C"",
where 1 = lcm(r,p). We obtain that h = 2 = sp,
k=1 =mn Then £ = Landk = L. So,t =
P m r P m
and i = % = p. Consequently, % and 'f are positive
rh

integers. Furthermore, t = 7% = lem(r, p) = lcm(r,r’n—/,'().

Then Ilem(r, ;7},‘() = lem(k, ’%). Thus, lem(k, %) = k- %
Therefore, gcd(k, :7’1) = 1. Hence, if the Sylvester matrix-
vector equation (3.1) exists a solution, the two conditions

are required. The proof is completed. O

Next, we study the solvability of the equation. Suppose

thati~k=l’i-,’—:l+l§,i= 1,...,/—;1. We can rewrite them in

Mathematical Modelling and Control

the following form:

X [A1 =Dy - Apyy - D1{+1]
+x,’7’l [Ak+1 = D ) Ak+l}+1 _Dk+l{+l] T
T Xk [Ar—k+1 = Dygr1 -

= [Cl C’—’+l

m

A gate1 = Dr—k+1}+1]
’ C(l}—l),%n Cz{gn] >

X2 [A1}+1 =Dy e Apyy - D1$+1]
T X [Ak+l}+' Dt 0 Apr — Dk+zf+1] +eet
X1k [Ar—k+l}+1 - Dr—k+l}+l ’ Ar—k+lf+1 - Dr—k+l;+1]

= [Ck+l; Cg—lgu C(z;—l}—l)ﬁ—z;H C(I;—I{)g—zgu]’

m

Xn [AH{ =Dy p Arppor = Dppyr - Ax— Dk]
+ Xz [Azk—l} = Dyjp - Ak _Dz’f] e
+ Xp [Ar—z} =D,y Ar—z}+1 =Dy A - Dr]

= [Ck+%—1; Cisr - C(z}—z)g+l;+1 Ck—,’—;+l]’

where

c1 €21 e

Ch Ch C2h
~ Ll w12 ol
c=| " ) ) i

Ch-tiinr Cp-lbyrp Ch,1

and C j is the j-th column of C. Therefore we obtain the

following result.

Theorem 3.3. The solvability of the Sylvester matrix-vector
equation (3.1) is equivalent to the solvability of the following

matrix-vector equations:

[Al - D A%H _D%H . A(r/l(’;l)h+1 _D("/“’;”"H]Xl =Cy,

[A2_D2 Aﬂ+2_b’—’+2

m m

A(r/l\;;l)/x o D(r/kn:n/x +2] X, = Cs,

|4y =Dy Ay - Du

m m m

A:[A1 e Ap gy e Ay

D=[D1 - Dp Dpyy - Do -
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and
Cl = C1 Cﬂ+1 C(I}—I)h Cz{h ],
| m ek S|
Co = [ Copr = oy Citn .
C,=|Coin_p Ciyy - Ca Cii
Cp— i k+ 21} S +1 (I];12)11+l;+l =ty

Consequently, if the Sylvester matrix-vector equations (3.4)

exist solutions
T
Y, = [yi,l Vi e yz‘,g] ,
where i = 1,...,%, then
T
X = [Y1,1 Yot YhgVia v YiE Yo o y%’f]

is the solution of the Sylvester matrix-vector equation (3.1).
Therefore, we obtain a necessary and sufficient condition for

the solvability of the Sylvester matrix-vector equation (3.1).

Denote
A = [Al Ap A1{+1]’
A = [A/{+1 Ap A1§+1]’
Ay = [Ar—z} Ar—z}+1 Ar] ’
D = [Dl Dy D1{+1]’
Dy =Dy, Dp Dpl

D, = [Dr—z} D, i Dr] :

A necessary and sufficient condition for the solvability of the

Sylvester matrix-vector equation (3.1) is obtained.

Corollary 3.3. The Sylvester matrix-vector equation AX —
XB = C exists a solution if and only ifAj—Dj, AQ_U»—Dﬁ_'_j,

v

, A(ifl)ﬁﬂ' - D(ifl)%ﬂ' and C; are linearly dependent,
j = 12,.. ,% Moreover, if A; — Dj, Aﬁ+j - Dgﬁ,
A(f‘l),%ﬂ' - D(g—l)%ﬂ' are linearly independent, j =
1,2,...,%, then the solution of Sylvester matrix-vector

equation AX — XB = C would be unique.

Mathematical Modelling and Control

4. Solvability of the Sylvester matrix equation
AX-XB=C

In this section, we discuss the solvability of the Sylvester
matrix equation

AX-XB=C, “.1)

under left semi-tensor product, where A € C™, B € C™",
and C € C"™* are known. The problem is to find a matrix X
satisfying matrix equation (4.1). Firstly, we investigate the

simple case m = h, then we discuss the general case.

4.1. The case m=h

In this subsection, we study the solvability of matrix
equation (4.1) under left semi-tensor product, where A €
Cmr B e C™" and C € C"™*, X e CP* is an unknown

matrix. By Definition 2.3, we have the following lemma.

Lemma 4.1. [f the Sylvester matrix equation (4.1) exists a
solution, thené = % =p, 5 = %‘ = g, where a is a common

divisor of r and k, B is a common divisor of sk and mn.

Proof. By Definition 2.3, we have

C=AX-XB
=AxX-XxB
:(A®11)(X®IL)—(X®11)(B®[1)ecmxk’
" P q s
AxX=AI)X®I:)eCT,
and

nl

XxB=(X®I)B&Il)eCi¥,
q K

mt

where t = lem(r, p), [ = lcm(q, s). We obtain that m = =

pl — 4 _ nl = - ¢ _ 9 _ .
q,k—p— ~. Then,t = randp = T = T = 1 -¢q.
ro_ k _ :
Consequently, - = p and ; = g, where @ is a common
divisor of r and k. And [ = ’%,%z é. Moreover,%z é =

ks mn

gt skd = P Hence, %‘ =q, % = p, where 8 is a common

divisor of sk and mn. Therefore, if the matrix equation (4.1)
. . k k .

exists a solution, then = = % =p, g, = % = g. The proof is

completed. O

Remark 4.1. When the orders p; X q; satisfies Lemma 4.1,
we call them admissible orders, wherei = 1,2,...,u. And a;

are all the common divisor of r and k, B; are all the common
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divisor of mn and sk.

(i) Whena =1,8=n wehave p=r=m,qg=k=s=n,
and the product becomes conventional product.

(ii) If @ = gcd(r,k),B = gcd(mn, sk), the Sylvester matrix
equation (4.1) exists a solution for the minimum order p X g.
And the Sylvester matrix equation (4.1) exists a solution for

every admissible order.

Now we study the solvability of the Sylvester matrix
equation (4.1). Firstly, we consider the solutions for the
minimum order p X g, then the matrix equation exists a
solution for other admissible order can be studied. By
Definition 2.3, the Sylvester matrix equation (4.1) can be

rewritten as

AX-XB=A A - &|[X Xz - Xy
-[xi % - X|[Bi By - By (4.2)
= [a 62 . Eg] 5
where ;\\l,Xz,...,fTI—, are p equal-size blocks of matrix
A, El,Ez,...,Ei, are p equal-size blocks of matrix
B, 51,62,.--,64 are g equal-size blocks of matrix C.

Consequently, equation (4.2) is equivalent to the following

matrix-vector equations under left semi-tensor product:
AX j— X jB = C Jo

X;e€ CP, j=1,...,3. Thus we have the following results.

Theorem 4.1. The Sylvester matrix equation (4.1) exists
a solution X € CPX4, if and only if Xl,A\g,...,A\ﬁ,
EI,EZ, ... ,E,—, and@are linearly dependent, j = 1,2,...,4.
Moreover, if 174\1,1’4\2,...,;4\,7,, El,gz,...,ﬁﬁ

independent, the solution would be unique.

are linearly

Corollary 4.1. If the Sylvester matrix equation (4.1) exists
a solution, the following rank condition holds:
A C
rank(A) + rank(B) = rank . 4.3)
0 B
Similar to the matrix-vector case, condition (4.3) is a
necessary.
In order to solve the solution of the Sylvester matrix

equation AX — XB = C, we have the following equivalent

form.

Mathematical Modelling and Control

Theorem 4.2. The Sylvester matrix equation AX — XB = C,
X € CPX4, under left semi-tensor product is equivalent to the
following matrix-vector equation with conventional matrix

product:

(I3 ® A)V.(X) — (I; ® BH)V.(X) = V(C),

where . _ _ _
A=|v.@) V(A Ve(@p)]
Ar Aan A-Da+1
Ay Ag AG-a+2
Ay Ay - Apa
B=[v.B)) VB V.(B;)|
By Bayi Bg-1a+1
B> Bai2 Bg-1a+2
B(} BZ(I to Bq&

and A;,B; are the i-th column of A and B, respectively.

Corollary 4.2. The Sylvester matrix equation AX —XB = C
exists a solution X € CP* jf and only if the following rank
condition holds:

N _ A V(C) VACy) -+ V.(C,
rank(A) + rank(B) = rank 0 (C0) Vel ;_: ) .

4.2. The general case

In this subsection, we study the solvability of the
Sylvester matrix equation (4.1) with m # h. We give the
following lemma, which presents a necessary condition for

solvability of the matrix equation (4.1).

Lemma 4.2. If the Sylvester matrix equation (4.1) exists
a solution X € CP*4, the orders of matrices A, B and C

satisfy the following two conditions: (i) % and ’;j are positive

. v rh _ h_ k _ sk _
integers. (ii) -~ = = pand 5 = =
common divisor of r and k, B is a common divisor of s and

h. Moreover, it satisfies gcd(a, %) =1, ged(B, ];‘) =1L

q, where a is a

Proof. (i) By Definition 2.3, we suppose that matrix
equation (4.1) exists a solution X, and its order is p X g,
_Ip _ g _ In _ _ rh
—;_h,;_f—k. Then r = 7,

I = k. Consequently, % and £ are positive integers, where
n m n

we can obtain that 2
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t = lem(r, p), Il = lem(q, ).
(i1) Supposing the matrix equation (4.1) exists a solution

1 t
X eCr, wecanget ™ = 2 = p, L = =k Then
r q P s
— ﬂ, r — ]i_ Denote o = thim _ 1 _ k. Then we have
m’ p q V4 p q

rh _ k _ I ., .
e = D, 4 = q. Consequently, = is a positive integer, and «

is a common divisor of r and k, and gcd(a, ’i) = 1. As the
same way, [ = % 4 = . Denote g = &% =1
p q qn q

% =gq, % = p. Consequently, 2, is a positive integer,

and S is a common divisor of s and &, and gcd(B, 5) = 1.

= % Then we

have

The proof is completed. O

Remark 4.2. (i) % and S are positive integers is a necessary
condition for the solvability of the Sylvester matrix equation
AX-XB=_C.

(ii) The orders, which satisfy the conditions in Lemma 4.2,
are called admissible orders. When a = 1, B = 1, we have
% =h=p k= ‘7]‘ = g, then m = r, s = n. The Sylvester

matrix equation AX — XB = C can transform into
(A ®I%)X— X(B®I%) =C
with respect to the conventional product.
5. Some examples
In this section, two numerical examples are given. One

is about matrix-vector equation, and the other one is about

general matrix equation.

Example 5.1. (i) Let matrices A, B, C as follows:

1 1 0 1 0 0
1 01 1 1 3 1 -2
A= ,B= ,C = .
1 1 0 1 2 4 -1 -3
1 1 0 1 -3 -5
It is easy to verify that
X = ! (5.1)
=1, .

2 4 .. . .
5,5 are positive integers, and the given

matrices satisfy the conditions of the Lemma 3.1.

is a solution.

Mathematical Modelling and Control

(ii) Let matrices A, B, C as follows:

2
4
[2 0 3} l3 1 4]
A= ,B= ,C=10
1 21
2
1

N O A==
—_ = N O W
W o = W A

Clearly, %, % are not positive integers, the given matrices do
not satisfy the conditions of the Lemma 3.2. So the equation
has no solution.

(iii) Let matrices A, B, C as follows:

S O = =
S O O W

%, % are positive integers, and gcd(k, n%) =

gcd(3,2) = 1. Consequently, it is a necessary condition for

is a solution.

solvability of the Sylvester matrix-vector equation (3.1).

Example 5.2. (i) We reconsider items (i) in Example 5.1.
Take matrices A, B, C as following:

1 1 0 1 0 0

1 01 1 1 3 1 -2
A= ,B= ,C = .

1 1 0 1 2 4 -1 -3

1 1 0 1 -3 -5

Obviously, the admissible orders of solutions are 2x 1,4 X 2.

And we have the solution

.

in Example 5.1. Moreover, X, is the unique solution for
admissible order 2 X 1. Meanwhile, X, = X, ® I, and X}, is
the unique solution for admissible order 4 X 2.

(ii) Take matrices A, B, C as following:
2

A=

N O N —
—_ — O N

1
3
4
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5 2 3 01 3 0 1
21 4 1 2 5 2 1
01 0 3 3 41 2
C=|3 021 1 0 0 4
4 2 1 2 0 2 3 1
23 0 21 3 0 3
1 1 3 0 3 3 4 1
As %, % are not positive integers, the given matrices do not

satisfy the conditions of the Lemma 4.2 and the equation has
no solution.

(iii) Take matrices A, B, C as following:

2 1 3 3 4 2
A= 1 2 4 B 2 1 0 ,
301 0 3 1
4 2 0 1 2 1
-1 -4 1 0 2 -2 12 0
0o -1 -4 0 1 1 -2 12
1 0 -1 -4 4 0o -2 16 -2
-1 1 0 -4 4 8 -2 16
=l 20 6 0 -2 4 -4
-4 3 -2 -8 6 0O -4 0 4
4 -4 2 5 -8 4 -1 -4 0
0O 4 -4 2 5 -8 8 -1 -4
It is easy to verify that
X:[l 2 0}
01 4
is a solution of the Sylvester matrix equation (4.1). We find

89
43
given matrices satisfy the conditions of the Lemma 4.2.

are positive integers, and p = 2,q = 3. Moreover, the

6. Conclusion

In this paper, we discuss the solvability of the Sylvester
matrix equation AX—XB = C with respect to left semi-tensor
product. Firstly, we divide the solution X into two kinds: the
matrix-vector equation one and the matrix equation one. For
the matrix-vector equation case, we discuss a necessary and
sufficient condition for the solvability and concrete solving
methods. Based on this, the solvability of the Sylvester

Mathematical Modelling and Control

matrix equation under left semi-tensor product has been
studied. At last, we give several examples to illustrate the
efficiency of the results.
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