MMC, 1(3): 164-171.
DOI:10.3934/mmc.2021015
Received: 08 June 2021
Accepted: 05 October 2021
Published: 13 October 2021

S5+ Mathematical Modelling

QEE? and Control

http://www.aimspress.com/journal/mmc

Research article

Unicyclic graphs with extremal exponential Randi¢ index

Qian Lin and Yan Zhu*
School of Mathematics, East China University of Science and Technology, Shanghai, China

* Correspondence: Email: operationzy @ 163.com.

Abstract: Recently the exponential Randi¢ index e¥ was introduced. The exponential Randi¢ index of a graph G is defined as the sum
1
of the weights e V@wd» of all edges uv of G, where d(u) denotes the degree of a vertex u in G. In this paper, we give sharp lower and

upper bounds on the exponential Randi¢ index of unicyclic graphs.
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1. Introduction

In recent years, graph theory has been widely applied
in chemistry. The topological index of a graph is an
invariant numerical quantity that can be used to describe
some properties of a molecular graph. Topological indices
can be divided into several different categories. The indices
based on vertex-degree are the most widely studied and
applied ones.

In 1975, the famous chemist Milan Randi¢ proposed
a structural descriptor called Randi¢ (connectivity) index,
which is common used molecular descriptor in the study of
structure-activity relations. For a simple connected graph
G = (V,E), V and E represent the set of vertices and edges
of graph G, respectively. And d(u) refers to the degree of a
vertex u in G. The Randi¢ index of the graph G is defined as

1
uveE(G) Y d(u)d(v) .

The Randi¢ index has been shown to be closely related to

X(G) =

chemical properities.

Bollobds and Erdos [1] generalized this index by
replacing —% with any real number o in 1998, which is
called the general Randi¢ index and defined as

XelG) = ) (dwd)".

uveE(G)

There are a lot of researches on the mathematical
properties of the Randi¢ index and general Randi¢ index
of a graph. Du and Zhou [2] gave the extremal values on
the Randi¢ indices of trees, unicyclic graphs and bicyclic
graphs. Li and Yang [3] obtained the lower and upper
bounds for the general Randi¢ index among graphs with
n vertices. Hu and Li [4, 5] investigated the trees with
the maximum and minimum value of general Randi¢ index
Li and Shi [6] showed

that among all unicyclic graphs with n vertices, S, has

among all trees with n vertices.

the maximum general Randi¢ index for 0 < @ < 1, and
T, nly) ol has the maximum general Randi¢ index for @ > 2
and n > 7. Wu and Zhang [7] showed that among all
unicyclic graphs with n vertices, C, for > 0 and S} for
-1 < a < 0, respectively, has the minimum general Randi¢
index. See ([8]-[13]) for more information of the Randié
index.

In order to study the descrimination properties of Randié
index. Rada [14] proposed exponential vertex-degree based
topological indices and gave the definition of exponential
Randi¢ index

1
X(G) = Z e Vdwd(v) |

uveE(G)

Cruz, Londofio and Rada [15] gave the definition of
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general Randié index

(G) = Z )"

uveE(G)

They showed that the minimum value of e¥* is attained in
the path P, when a > 0, and in the star S, when o < 0 over
the set 7,,. Cruz, Monsalve and Rada [16] showed that &¥

attains its maximum value in the path P,,.

Theorem 1.1. ([16]) If T € T, and T % P,, then T is not

maximal with respect to eX over T,.

This paper discusses the extremal value problems of
For

convenience, there are some notations and terminologies.

exponential Randi¢ index of unicyclic graphs.

For integer n, let U, as a set of unicyclic graphs withn > 3
vertices. A vertex of degree one is called a pendent vertex.
Let S is a unicyclic graphs with n vertices as follows:
S} is obtained from the star graph S, by connecting two
pendent vertices of S, (see Figure 4). Let N(u) denote the
We use C,, and P, to denote
the cycle and path with n vertices, respectively. Let T, .

neighborhood of vertex u.

is a triangle with leaves, where a, b and ¢ are nonnegative
integers that denote the degrees of the vertices on the
triangle, respectively. Particularly, if ¢ = 2, a triangle
with two branches T, is simply 7,,. T, is balanced if
la—bl = 1,1e., Typ = Tr%lu%y A unicyclic graph G is
said to be a sun graph [17] if the vertices belonging to the
cycle have degree at most three and remaining vertices have

degree at most two.
2. Preliminaries

introduce
the

we  will
which

And we will give some lemmas.

In this section, some graph

transformations, increase exponential
These

transformations and lemmas will help to prove our main

Randi¢ index.

results.

Lemma 2.1. (i) The function g (x) = e% is monotonously
decreasing forx > 2.

(ii) The function g, (x) = e% - e~ﬁ
increasing for x > 2.

(iii) The function g3(x) = (1 —

decreasing for x > 2.

is monotonously

I T
X"2)eV* is monotonously

N =
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Proof. (i) Letg() = ¢, t(x) = (\/)_c)_l. The function
g () is monotonously increasing for x > 2. The function
¢ (x) is monotonously decreasing for x > 2. So that g (x) is
monotonously decreasing for x > 2.

(it) By applying (i), it is obvious that (i7) holds.

(iii) For x > 2, we have

d 1 1 1 L
_g;)(cx) = Zx’%e - Ex’%(l - Ex’%)ewlﬁ
—l—%%(l 1—%)-%%
—4x eV > 4x X 2e
= e —%(1 L -7)
ST T2
1 L 3 1
= —eVvrx 2(— =1
3¢ i
<0,
and hence (iii) holds.
1 o 2 L
Lemma 2.2. The function f(x) = zevl? - %evlﬁ is

monotonously decreasing for x > 2.

Proof. For x > 2, we have

d I o 2 L
% =-7¢ VXTI 4 T\/_(2x)_%e\5
= Letets - Letow
=g¥ e v e

<0.

Lemma 2.3. For integer q > 2, the function

1 .
f(x) = V& — e Ya-Dx s increasing for x > 2.

Proof. For x > 2, we have

1 1
df) _(g-DeN@—Dx g VO
dx 2(x(g - 1)) 2(gx)*
1 1
1 ((q_ De V(g —-Dx ~ qe\/q_x)
2x3 (g-1) PE
1 1
1 eV@-Dx Vax
= —( - )
2x2 q-1 V4
>0,

and hence Lemma 2.3 holds.
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Lemma 2.4. Let x, y be positive integers with x > 1 and

y > 2. Denote
I(x,y) = e% + x(e% - eﬁ) +(y—-1- x)(e% e \/ﬁ),
then I(x,y) is monotonously decreasing in x.
Proof. For x > 1 and y > 2, we have
M = (e% —e\h)—(e‘h —e‘m).
Ox
Itlseasﬂytoknowthate\f —e‘m <0ande V> e —e‘/ﬁ <

0. By Lemma 2.3, e‘ﬁ—e\/% D> ef—e\ﬁ

I(x,y) < 0 and I(x, y) is monotonously decreasing in x.

Hence

Lemma 2.5. For x > 2, denote
) = eV + (x—2)(e ¥ — eVT) + (e — e VET),
Then f(x) is monotonously decreasing in Xx.

Proof. For x > 2, by applying Lemma 2.1(iii) and Lemma

2.2, we have
d 1
f(x) f(——x 2)+(ef—e~ﬁ)
dx
L 3 1 E
+(x— 2)[eﬁ(—§x‘f> — T (5= D7)
eV (2x)F 4 e T [2(x — D]
1 L L L
:—ze&x_f_f_(eﬁ —e«/ﬁ)
1 L _3 1 _3
+(x—2)[—§eﬁx 2 +§em(x—1) 2]
_ Tze\/%x_% + geﬁ(x_ 1)_%
1 o 2 2 i
:(Ee\}I —%e@)x‘% +(%em
3 |
—ev ) (x—-1)": +ef—eﬁ—§e~lﬁx_%
1
+ e W (- 1)
1 . 2
<(zev - ier)(x—l)*u(—ew
2 4
- eﬁ)(x— 1)_‘E +eV — e — Eeﬁx_%
| _3
+§emx(x—l) 2

= (¥ - ge«%)(x— 13 +(Temi—,,)

—_—

[N

L 3 L L L
—eVv ) (x—1)"2+eVr —eVl — —eVrx

[\
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1 3 1 3
+ eV ix(x—-1)2 - ¢ \Iﬁ(x— 1)™2

[\

1 2 L 2 1
:(ze%—T\/_g\/lZ+Tem

1

_ leﬁ)(x_ 1)} 4 eV — eV — —eVix
2 2
1 %f( 1)—%+1 = (x—1)2
=3 X 2 26— x(x
1 1
+§(e‘/?—em)(x—l) 2
L\f 1 1 Lf 1 Lf =
< x — -1 — — x 2 - = x —_ 2
<e e 26 X 26 x-1

1 _3 1 . _3
+§emx(x—1) 2 +§(e\5 —ev ) (x—1)2

(by Lemma 2.2)

¥ ewtr - Lot
x -1 — — x 2
e 26 X
+] =) (x—1)2 1 ﬁ( 2
26 X(X 26 X
= (1 - 2 heV — (1 - 5 (- 1y he
= 2x 2)e v 2x e

< 0 (by Lemma 2.1 (iii)),

and hence f(x) is monotonously decreasing in x.

Transformation 1. Let H; be a cycle subgraph of Gy,
which is attached at u in graph G;. Let v; and v, be adjacent
to u in Hy with d(vi) = 2,3 or 4 and d(v,) = 2,3 or 4.
Let K, be a graph obtained from G, by attaching two paths:
P, =
length b. If K| = G,

from G, by Transformation 1, as shown in Figure 1.

uuupus...u, of length a and P, = uwwrws..w;, of

—uwi +u,w;, we say that K is obtained

Lemma 2.6. If K, is obtained from G| by Transformation 1

as shown in Figure 1, then

X (G) < eX(K)).

wy w1 u 75 1753 u3' ) ﬁa

u U, Uy Uy W Wa Wy
K,
Figure 1. Trans formation 1.
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Proof. Applying Transformation 1, let d(v;) = d; and
d(Vz) = dz. So

T
eX(K)) — eX(G)) = e V¥ + e V32 +e%+(a+b—2)e%+e%

J 1 e 1
—eVi — e VM —2eE — (a+ b —4)e?
e
—2eV2
1 1 1 1 1
:e\/3"1 —e\m +g\/%—e\@ +e%

- Ze% +2er — e%
> 0.0265 (by Lemma 2.3)
> 0.

Transformation 2. P = v;v,...v;—1V; is a pendent path
attaching at v; in graph G,. The vertices # and w are two
neighbors of v, different from v, with d(u) = 2 or 3 and
dw) =2or3,du) #dw). If K, = Gy — wv| + v;w, we say
that K, is obtained from G, by Transformation 2, as shown
in Figure 2.

Vi

I V-1

IVz

G,

V2 Vi

K

Figure 2. Trans formation 2.

Lemma 2.7. If K; is obtained from G, by Transformation 2

as shown in Figure 2, then
€"(Ga) < e'(K).

Proof. By Transformation 2, let d(u) = d,, d(w) = d, and
d(u) # d(w), we have

1 1 1 J
X(Ky) — e¥(Gy) = e VP + eV + (1 — 1)e? —e Vi — e Vi

L L 1
—eV% —eV2 —(t—3)e?

|
hd,

1 1

W 4 e VEh — e P 4 Qe

i

=e —e
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P
> 0.0183 (by Lemma 2.3)
> 0.

Therefore, the proof is complete.

Transformation 3. Let G3 be a graph as shown in Figure
3. The pendent paths P; = ujuy...u,, Py = viva..vp, P3 =
wiwy...ws3 is attached at u, v, w in graph Gs. Let d(p) = d|,
dlq) =dy,andd; =2or3,d, =20r3. If K3 = Ky —uv —
YW — Wq + Ugv + vpw + w.q, we say that K3 is obtained from

G3 by Transformation 3, as shown in Figure 3.

Lemma 2.8. If K; is obtained from G3 by Transformation 3

as shown in Figure 3, then

e¥(G3) < e¥(K).

P u v w q
'/I up [ Vi le'
Uz | v %)

Ua, Vb | o We

G;
p u up uy ug v vy vy vVp W W WoW. (¢

A 1

K3

Figure 3. Transformation 3.
Proof. Let d(p) = d; and d(q) = d», we have

1

R
X (K3) —e'(G3)=eV +(a+b+c+2)el+eVh —eV

- 1 L L 1
— eV —2¢3 —3eVs —3eVI —(a+b+c—6)e?
1

J J
eVl — eV 4V — g

@ +8e? —2¢3
- 36% - 36%5

> 0.0188 (by Lemma 2.3)

> 0.

Therefore, the proof is complete.
3. Main results

In this section, we will give the upper and lower bounds
on the exponential Randi¢ index of unicyclic graphs.

Volume 1, Issue 3, 164—-171.
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Theorem 3.1. Let G be a unicyclic graph on n vertices for
n > 3. Then

eX(G) < eX(Cp).
The equality holds if and only if G = C,,.

Proof. By Theorem 1.1, we know that ¥ attains its
maximum value in the path P,. For any unicyclic graph G
with n vertices, the value of exponential Randi¢ index gets
larger when some paths are suspended. By Lemma 2.6, we
can find that any unicyclic graph G can be changed into a
sun graph with a larger exponential Randi¢ index e¥. We
can applying Lemma 2.7 and Lemma 2.8 repeatedly to any
sun graph by increasing its exponential Randi¢ index e¥ until
itis a C,,. So we can prove the theorem.

For a graph G = S}/, denote
(G) = f(n) = (n - 3)e T + 2 VT 4 ¢b.
We have the following result.

Theorem 3.2. Let G be a unicyclic graph on n vertices for

n > 3, then
f(n) < eX(G).

The equality holds if and only if G = S} (see Figure 4).

n-3

Figure 4.5}

Proof. From the above conclusion, we know the
exponential Randi¢ index reaches its maximum value in C,,.
In the proof, we assume that G is a unicyclic graph but not
a C,, and just show that f(n) < e¥(G) and equality holds if
and only if G = S .

We use induction on the number n. Since G is not a C,, and
G € U,, we have n > 4. When n = 4,5, then the theorem
holds (see Figure 5). In the following proof, we assume that
G € U, withn > 6. M is the set of vertices with degree one
in V(G) (i.e. M = {u € V(G)|d(u) = 1}). Since G is not a
Cy, M # @. Let u € M and v be the neighbor of u. Then
dwv) > 2. Set W(u) = {yly € Nw) \ {u},d(y) = 1}. Choose ug
such that

(i) the number of the set W(u) is as large as possible;

(ii) subject to (i), d(v) is as small as possible.

Mathematical Modelling and Control

n=4
6.4384

" / /Q
7.7944 7.9666

8.0871 8.1894

Figure 5. the value of ¥ whenn = 4,5.

Let G = G — ug, then G' € U,_1, d(v) = d and Ng: (v) =

V15 ¥2: Y35 s Ya-1}-
1
Let S be the sum of the weights e v@wa» of the edges

incident with v except for the edge upv in G. Then

J
S = Z;f;—lle\%.

Let ' be the sum of the weights e T of the edges

incident with v in G'. Then

1
S = Y N

i=1

By induction assumption, we have

HG) = NG ) +evi+5 -8

> fn-1+evi+S -8

= f(n) — (n—3)e T —2e VT — ¢} 4 (n—4)e Vs
+2eVTT 4 et 4o +5 -8

= f(n) + (n — 4)e = + 2 V0T — (n — 3)e VT — 2e T

. ’
+evi+8§ -85 .

Now we consider the following two cases.
Case 1. Fori=1,2,3,....d - 1,d(y;) = 2.
If d(v) = 2, we have

X(G) > f(n) + (n — 4)e ¥ + 26 VT — (n — 3)e VT — 2e T

1

0 1
+ev? +e Vi —e Vi

= F(n) + [(n = 3)e VT — (n—3)e VT | + [2 5 — 2e V0T |

1 1 1 1
+[eV —eV eV —e V],

Volume 1, Issue 3, 164—-171.
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By Lemma 2.1(ii) and Lemma 2.3, we have

1 1 1

L
eV2 —e V2 4+ e V1 — o Vi

Then ¢¥(G) > f(n) holds.
Ifd(v) =3 and n > 9, applying Lemma 2.3, then we have

e(G) 2 f(m) +[(n = 3)e T = (n—3)e ]
4 [2e VT — 2e VT — ¢T3 4 e + e VP

T L
— e Vi 4 o3y _ o NPy
1 L 1
= f(n) +[(n—3)e V2 —(n—3)e V1] + [2e V2D
i i | S
—2eVD ] + eV —e Vil + eV — e V¥

1 1

+ e V¥ — o V2

> f(n) + [(n - 3)e V= — (n— 3)e 7 | + [2¢ V0D
— 2V ] + 0.0329
> f(n).

Ifd(v) =3 and n = 6,7, 8, it’s not difficult to check that

[(n = 3)e 77 — (n = 3)e V1] + [2e VT — 2 VT | +

1 JE J J JE
—eViZ eV — e Vi 4 o Vi — e Vi > (),

We have proved that the theorem holds when d(v) = 2
and d(v) = 3. If d(v) > 4, then there is at least one vertex in
{y1,¥2,¥3, ... Ya—1} such that the subgraph H of G — v which
including the vertex is a tree and |V(H)| > 2. Because
W(u) = @ for all u € M, there exists u’ € V(H)(\ M and
u’v' € E(G) such that d(v') = 2, which is a contradiction. So
dv)=d <3.

Case 2. There exists some i(1 < i < d — 1) such that
d(y) = 1.

Without loss of generality, d(y;) = d(y;) = ... =d(y) =1
andd(y;)) =2fork+1<i<d-1,wherek > 1.

By applying Lemma 2.3, we have

-1, d=1 1
’ L J
S—-§ =kev + Z e Vi — kevaT + Z e Ve
| i=k+1
] ] -1 d-1 ,
= k(e™Vi — e VT ) + Z e Vb — Z e V@,

Mathematical Modelling and Control

> k(eVi — e Vi) + (d — 1 — k)(e V5 — e VHFT),

Since G € Uy, k <d—-2,and d(v) = d < n—2. By Lemma
2.4 and Lemma 2.5, we have that

X(G) > f(n) + (n — 4)e T + 2e T — (n — 3)e T
- Zeﬁ + e% + k(e% - eﬁ)
+(d—1-k) eV — evmrm)

> f(n) + (n — 4)e 3 4 2e T — (n— 3)e VT
Z 26V 4 eVi + (d = 2)(eVi — i)
+ (eﬁ - eﬁ) (by Lemma 2.4)

> f(n)+(n- 4)6‘/% +2e VD — (n— 3)eﬁ
~ 26V 4 eV + (n— 4)(e~% - eﬁ)
+ (eﬁ - eﬁ) (by Lemma 2.5)

= F)+ (= 3)(e 7 = T+ (n - (e - e7)

i 1 1 1
+ 2(e VD — e V2D ) + (e V2D — e VD))

> f(n).

We put the proof of the last inequality in the appendix, and
the proof is complete.

4. Conclusions

In this paper, we give the extremal value on exponential
Randi¢ index of unicyclic graphs, and the corresponding
extremal graph is characterized. However, determining the
extremal value with respect to exponential Randi¢ index
of bicyclic graphs still remains an open and challenging

problem.
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Appendix

Proposition 4.1. Let n be a positive integer with n > 6, we

will show that

(n=3)(eV7 — e V) + (n— 4)(e V7 — e Vi)

1 1 1 1
4+ 2(eVErD — e VED ) 4 (e VErD — e Vi3 ) > 0,

Proof. Let g(n) = (1 — 3)(e V7 — e ) + (n — 4)(e ¥ —

1 1 1 1 1 .
eVi3) + 2(e VXD — e VD ) 4 (e V2D — ¢ V23 ), the image of

function g(n) is shown in the following figure.

[ 3%}

It can be seen from the function image that g(n) is
Calculated by MATLAB,
the point of intersection of g(n) and the horizontal

above the horizontal axis.
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axis is (0,—-27852563104487148.539894396758705 -
23751291381668762.757332046522084 = i). So g(n) > 0 is
always established when n > 6.
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