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Abstract: In this paper, we investigate the spectral stability of two biharmonic Steklov problems
under domain perturbation. We provide optimal conditions on the boundary perturbations ensuring
the stability of both eigenvalues and eigenfunctions. To highlight the optimality of those conditions,
we present alternative assumptions on the boundary perturbations that lead to either a degeneration
of the spectrum or to the appearance of a strange term in the limiting problem. In particular, these
phenomena are discussed for a boundary homogenization problem exhibiting a trichotomy in the
asymptotic behaviour.
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1. Introduction

Let Q be a sufficiently regular, bounded domain (i.e., open connected set) in RY with N > 2. For
fixed o € (-1/(N —1),1) and u > 0 we consider the following Steklov problem for the biharmonic
operator

Au =0, in Q,
(DBS), : (1-0)u,, + cAu = Au,, on 092, (1.1)
(1= o) divsg (D?u - v){m + (Au), = pu, on dQ,

in the unknowns u (the eigenfunction) and A (the eigenvalue). We call this problem (DBS), where the
acronym (DBS), stands for Dirichlet Biharmonic Steklov (depending on u). This is motivated by the
well-known (DBS) problem (1.5) below, see also Remark 1.1.
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Here divyg F := div F' — (VF - v)v denotes the tangential divergence of a vector field F and Fq :=
F — (F - v)v denotes the tangential component of F.

As second problem, for fixed o € (=1/(N — 1), 1) and p > 0 we consider the Steklov problem for
the biharmonic operator

sz = 0, ln Q7
(NBS), : { (= Dw, —0cAv =pv,, on 0L, (1.2)
(o = 1) divsg (D?v- v)aQ — (Av), = yv, ondQ,

in the unknowns v (the eigenfunction) and y (the eigenvalue). We call this problem (NBS), where the
acronym (NBS),, stands for Neumann Biharmonic Steklov (depending on p). This is motivated by the
well-known (NBS) problem (1.6) below, see also Remark 1.1.

Note that the weak formulation of problem (1.1) reads as

f(l - o) D%u : ngo + ocAuApdx +;1f updo = /lf u,p,do, Yo € H? (Q), (1.3)
Q oQ oQ
in the unknowns u € H* (Q), 1 € R, where

N
Pu 9
D*u:D*p =
! v IJZZI Gx,-ax.,- 8)6,‘(9)(7{,’

denotes the Frobenius product of the Hessians matrices and H? (Q2) denotes the standard Sobolev space
of functions in L? (Q) with all weak derivatives of the first and second order in L? (Q).
The weak formulation of problem (1.2) is

f(l — o) D*v : D*¢ + o AvAgdx +pf
Q d

Vo, do =y f vedo, Yo € H* (Q), (1.4)
Q 0Q

in the unknowns v € H*>(Q), y € R.
In [30] it was proved that, in the limit g — +oo, problem (1.1) reduces to the well-known Dirichlet
Biharmonic Steklov problem (DBS), namely

Azu = 0, in Q,
(DBS): ¢ (1 -—0)u,, + cAu = Au,, ondQ, (1.5
u=0, on 0€),

which has been considered by many authors for oo = 1 (see, e.g., [5-7,9,20-22,24,35]); for the case
o # 1 we refer to [12,13], see also [22] for o = 0.

In a similar fashion, for p = +co in problem (1.2) we obtain the known (NBS)-Neumann Biharmonic
Steklov problem

A%y =0, in Q,
(NBS): ¢ v, =0, on 0Q, (1.6)
(o = Ddivge (Dzv : v)aQ - (Av), = yv, ondQ,
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see [30]. Problem (NBS) has been discussed in [29, 31, 32] for oo = 1. We point out that (1.2) with
o = p = 0 has been introduced in [14] as the natural fourth order generalization of the classical Steklov
problem for the Laplacian.

We refer to the extensive monograph [26] for an introduction to the theory of poly-harmonic
operators.

We note that problems (1.1) and (1.2) were introduced in [30] in order to characterize the trace
spaces of functions in H*(Q2) when Q is a bounded Lipschitz domain in RY and to provide a spectral
representation of the solutions of the Dirichlet and Neumann problems for the biharmonic operator.

From a physical standpoint, it is known that in the two-dimensional case N = 2, Steklov boundary
conditions for the biharmonic operator naturally appear in the analysis of the vibrations of an elastic
plate the mass of which is concentrated at the boundary. In these models, o represents the Poisson
coefficient of the elastic material. We refer to [14] for a thorough discussion about the physical
motivation of biharmonic Steklov problems, in particular of the (NBS), problem with p = 0. Among
other papers devoted to the study of biharmonic Steklov problems, we quote [25] where existence and
nonexistence results for positive solutions to a linearly perturbed critical growth biharmonic problem
under Steklov boundary conditions were determined. Moreover, in [31], a Weyl-type asymptotic
formula for the counting function of biharmonic Steklov eigenvalues was established, and in [32],
two Weyl-type asymptotic formulas with sharp remainder estimates for the counting functions of two
classes of biharmonic Steklov eigenvalue problems on smooth bounded domains in a Riemannian
manifold were established. We refer to [19,27,28,36] for further results concerning biharmonic Steklov
problems.

It turns out that the spectra of both (DBS), and (NBS), problems are discrete and consist of
sequences of nonnegative eigenvalues of finite multiplicity.

In this article, we study the stability of the eigenvalues and eigenfunctions of problems (1.1)
and (1.2) with respect to domain perturbation. Namely, we consider a family {€,}p<.<,, of domains
converging to a fixed domain € in a suitable sense. We denote the eigenvalues of problem (1.1) in
Q, and Q by {A9}%2, and {4;}7,, respectively. Also we denote the eigenvalues of problem (1.2) in
Q. and Q by {7?};‘;1 and {yj};'; ,» respectively. (Note that we follow the standard convention whereby
eigenvalues are repeated in the respective sequences according to their multiplicity.) Then we provide
conditions on £, that guarantee that for any j > 1, 45 — A; and ¥ — vy, as € — 0 and that an
analogous convergence result holds for the corresponding eigenfunctions. This is achieved by studying
the spectral convergence of the appropriate resolvents 7 . and Ty . in €, to the resolvent operators T
and Ty in Q. See Section 2.4 for the precise definitions of these operators. The spectral convergence
of these operators is achieved by demonstrating their compact convergence, a well-known concept
of convergence that ensures the convergence of eigenvalues and eigenfunctions. However, since the
underlying function spaces depend on &, we cannot directly apply the standard notion of compact
convergence. Instead, we use appropriate ‘connecting systems’ that allow the transition from the
varying Hilbert spaces defined on €. to the fixed limiting Hilbert space defined on Q. This approach
involves several concepts and results originating from the works of Stummel [37] and Vainikko [38],
which have been further developed in [1, 17]. Specifically, we employ the notion of E-compact
convergence. These concepts are elaborated in detail in Section 2.2.

To establish the E-compact convergence of the operators in question, we examine domains €2, and Q
that belong to uniform classes of domains with C%! boundaries, as defined in Definition 2.6. We require
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that the boundaries of €, converge to the boundary of € in the sense specified by condition (2.7). This
condition enables the construction, detailed in Section 2.5, of a family of linear continuous operators
E, : H*(Q) — H*(Q,). This connecting system allows the treatment of operators defined on the
different spaces H?(€,) as a well-defined sequence with a well-defined limit in H?(Q).

In particular, the family of operators {E.} makes possible the definition of the notion of E-
convergence for a sequence u, € H*(Q,) to a function u € H*(Q), characterized by the condition

g — Ett]|p2y — 0 as e — 0.
(Qe)

The operator E, is constructed as a usual extension operator E, : H?(Q) — H?(Q,), which maps
any function u € H*(Q) to E.u € H? (Q,) and coincides with u over Q (for more details about extension
operator, see [16], Section 6). This in particular implies that

|zt — M||H2(ngg) — 0, and ||[Vu, — EgVMHLZ(an) — 0. (L.7)

One of the primary results of the paper is Theorem 3.1, wherein it is proved that condition (2.7)
implies the E-compact convergence of T, to Tp and Ty, to Ty as € — 0. Based on the general
Theorem 2.5, this implies the spectral convergence of T to Tp and Ty to Ty as € — 0, consequently
implying the convergence of the eigenvalues and the E-convergence of the eigenfunctions as per
Theorem 2.5. In particular, the eigenfunctions converge in the sense of (1.7).

In Section 4, we delve into the optimality analysis of condition (2.7). We explore the scenario where
the domain takes the form Q = W x (=1,0), with W being a cuboid or a bounded domain in R¥~! of
class C%!. We assume that the perturbed domain Q. is defined as follows:

Q. ={(x,xy): xeW, -1 < xy < g.(x)}

where g.(x) = &%b(x/e) for any x € W and the function » : RM! — [0, +c0) is a non-constant

N-1
Y-periodic function where Y = (—%, %) is the unit cell in RV~!. We denote by I', and T the sets

I, ={(x,g.(x): xe Wland I := W x {0}.

It appears that condition (2.7) is satisfied for @ > 1, thereby resulting in the spectral convergence of
TpetoTpand Ty, to Ty as € = 0. However, when 0 < o < 1, condition (2.7) is not met, leading to
a degeneration phenomenon, see Theorems 4.6 and 4.9. In the case of @ = 1, we encounter a strange
term in the boundary conditions, see the weak formulations (4.10) of the limiting problems and the
corresponding classical formulations in Remark 4.3. We note that the appearance of ‘strange weights’
in the limting problems is a classical theme in homogenization theory, we refer to [10] for an analogous
phenomenon in a different context.

Our analysis is in the spirit of the analogous study performed in [23] for the classical second-order
Steklov problem and in [22] for the fourth order (DBS) problem (1.5) with o = 0 and o = 1. (Note that
in [22] these problems are called (DBS) when o = 1 and (MDBS) when o = 0). We find it interesting
that the critical threshold for @ is @ = 1 in [23] and @ = 3/2 in [22] (note that @ = 3/2 is proved to
be optimal only for the (MDBS) problem). In fact, condition (2.7) is the same condition used in [23].
Comparing our analysis with the results in [22,23] shows that the behavior of problems (1.1) and (1.2)
under domain perturbation is consistent with that of the classical second-order Steklov problem, and
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differs from the behavior of the (DBS) problem (1.5). This highlights the critical nature of the (DBS)
problem (1.5), which, in fact, arises as the limit of problem (1.1) as u — oo. Understanding the deep
reason of this discontinuity in the limit, possibly analyzing the role of the size of u in the asymptotic
behavior of this problem, as well as finding the critical threshold for the (NBS) problem are certainly
very interesting problems but are outside the scopes of the present paper.

We refer to [8, 11] for analogous results for the second order Steklov problem and to [2, 3,20] for
earlier works concerning poly-harmonic operators.

We remark that the assumption u,p > 0 can be relaxed. Namely, one could easily consider the
(NBS), problem for any p > —n; where 5, is the first positive eigenvalue of the (DBS) problem. In
particular, the case p = 0 can be included in the analysis. As for the problem (DBS),, the case u = 0
is more delicate since for u = 0 constant functions would annul both sides of Eq (1.3). Nevertheless,
by using H*(Q)/R as the energy space for Eq (1.3) would allow to cast a well-posed problem with
discrete spectrum also for 4 = 0. We note that in Section 4, we consider a simplified setting -imposing
Dirichlet boundary conditions on some part of the boundary- and this allows to directly remove the
constant functions from the analysis and to consider all cases u, p > 0.

Finally, we would like to highlight an important connection between the Steklov problems under
consideration in this paper and the corresponding Robin problems for the biharmonic operator. Recall
that, for a fixed 4 > 0, the classical second order Steklov problem

Au=0, inQ,
u, = Au, indQ,

can be viewed as a Robin-type boundary value problem with negative parameter. Indeed, the boundary
condition can be written as u, — Au = 0 and —A plays the role of the Robin parameter. The same point
of view can be adopted for the fourth-order Steklov problem. More precisely, we restate verbatim the
general Robin problem for the biharmonic operator introduced in [13]

A’u— aAu = f, in Q,
(1 -o)u,, + cAu = —fu,, on 09, (1.8)
au, = (1 = o) divsg (D?u - v)aQ — (Aw), = —uu, on dQ,

where « is a real parameter and f is the datum. From this formulation, we see that problem (1.1) can
be obtained by setting f = 0, @ = 0 and 8 = —1 in (1.8), while problem (1.2) can be obtained by setting
f=0,a=0,u=—yand B = pin (1.8). In other words, the boundary condition involving the spectral
parameter in our problems can be obtained by changing the sign in one of the two Robin parameters
in (1.8). We emphasize that the Robin eigenvalue problem is not considered in the present paper and
should not be confused with the Steklov eigenvalue problem, since in the Robin case the eigenvalue
appears in the interior equation in (1.8), rather than in the boundary conditions.

The paper is organized as follows. In Section 2, we delve into preliminary concepts, focusing on the
notion of E-convergence and our chosen functional framework. Section 3 presents the primary stability
theorem of the paper, assuming the validity of condition (2.7). Section 4 is dedicated to examining the
optimality of condition (2.7).

Remark 1.1. Concerning the terminology, the use of the term Dirichlet for problem (1.5) in the case
o = 1 dates back at least to [35]. In Chapter 5 of [29], entitled ‘Eigenvalues in the boundary
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conditions’, problem (1.5) with o = 1 is discussed in the section ‘Dirichlet eigenvalues’, while
problem (1.6) is analyzed in the section ‘A Stekloff problem for the Neumann condition’. The expression
‘Dirichlet Biharmonic Steklov’ and the corresponding acronym (DBS) can be found in [6] and have
also been used in [5, 7,20, 22]. Problems (1.1) and (1.2) are denoted by (BS), and (BS),, respectively,
in [30], but this notation does not seem sufficiently informative to clearly distinguish between the two
problems. For this reason, keeping in mind the corresponding limiting problems (DBS) and (NBS),
we propose to refer to problem (1.1) as (DBS), and to problem (1.2) as (NBS),. We mention that
in [13] (1.5) is also referred to as the Navier—Steklov problem, while (1.6) is called the Kuttler—Sigillito
problem.

2. Preliminaries and notations

2.1. Notations

We denote by H*(Q) the standard Sobolev space of functions in L?(Q) with all k order weak
derivatives in L? (Q). Throughout this paper, we consider L? () as a space of real-valued functions.
We denote by H’(j (€2) the closure of C° () in H*(Q). The space C (Q) consists of all functions in
C* (Q) with compact support in Q.

By (-, -)so We denote the standard scalar product of L? (9Q2), namely

(U, ) = f updo, Yu, ¢ € L?(09Q).
0Q
Forany o € (=1/(N — 1),1), u,p > 0 and u, ¢ € H*> (Q) we set

Qoo u,9)=0-0) f D*u : D*pdx + O'f Auldx,
Q Q

QD,Q (l/l, 90) = QO’,Q (Lt, ()0) +u f M(,DCIO' + f MvQOVdO',
a0 90

Qo (u,¢) = Qra (u, ) + f updo +Pf Uy, do.
90 90

2.2. A general approach to spectral stability

The study of the spectral stability of problems (1.1) and (1.2) is reduced to analyzing suitable
families {B:}o<:<s, Of nonnegative compact self-adjoint operators defined in Hilbert spaces H.
associated with the domains €,.

In the spirit of [1], we denote by H, a family of Hilbert spaces for £ € [0, &y] and assume the
existence of a family of linear operators E, : Hy — H, such that

-0
|Eculle, — llulle,, for all u € Hy. 2.1)
Definition 2.1. We say that a family {u,}o<c<s,, With u, € H,, E-converges to u € Hy if |lu, — E.ull, —
0 as € —» 0. We write this as u, 5 u.

Definition 2.2. Let {B, € L(H,) : € € (0,&]} be a family of linear and continuous operators. We say
that {B.}o<c<s, E-converges to By € L(H,) as € — 0if B.u, LN Bou whenever u, LA u. We write this

EE
as B, — B,.
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Definition 2.3. Let {u.}o<.<c, be a family such that u, € H,. We say that {u.}o<.<, is precompact if for

) E
any sequence &, — 0 there exist a subsequence {g,,} and u € H, such that Ug, — U

Definition 2.4. We say that {B,}o<c<., With B, € L(H,) and B, compact, converges compactly to a
compact operator By € L (Hy) if B, 25, By and for any family {u.}o<s<s, such that u. € H, lluglle, = 1,
c

we have that {Bu,}o<.<., 15 precompact in the sense of Definition 2.3. We write this as B, — By.

Theorem 2.5. Let {B.}o<s<s, and By be nonnegative compact self-adjoint operators in the Hilbert

spaces H, and H,, respectively. Assume that their nonzero eigenvalues are given by the sequences
c

u,(e) and 1, (0), n € N, respectively. If B, — By then we have spectral convergence of B, to By as

g — 0 in the sense that the following statements hold.

(1) For every n € N we have u,(g) — u,(0) as e — 0.

(i1) Suppose u,(€), n € N, is an orthonormal sequence of eigenfunctions associated with the eigenvalues

U, (€). Then there exist a sequence &, k € N, converging to zero and an orthonormal sequence of

eigenfunctions u,(0), n € N, associated with u,(0), n € N, such that u, (&) LN u,(0) as k — oo.

(ii1) Let m eigenvalues p,(0), ..., t,m-1(0) satisfy

ﬂn(o) * /Jn—l(o) and ,un+m—l(0) * /~ln+m(0)a

and let u,(0),...,u,m1(0) be the corresponding orthonormal eigenfunctions. Then there exist
m orthonormal generalized eigenfunctions v,(€),...,V,.m_1(€) associated with the eigenvalues
HUn(E)s .o oy Upm—1(€) Such that

Vi) 5 tpai(0) foralli = 0,1, ..., m—1,

as e — 0.

We refer to [38, Theorem 6.3], see also [1, Theorem 4.10], [4, Theorem 5.1] and [17, Theorem 3.3]
for details of spectral convergence.

2.3. Classes of domains

To study the spectral convergence for the eigenvalue problems (1.1) and (1.2) on varying domains, we
consider uniform families of domains with prescribed parameters. This approach utilizes the notion of
an atlas from [15] and further detailed in [3, Section 5]. Following [3,15], given a set V C RY and a
number 6 > 0, we define

Vs i ={xeV:dxadV)>d}. (2.2)
Note that in this paper we denote by N the set of natural number excluding zero and by N the set

N U {0}.

Definition 2.6. [15, Definition 2.4]. Letp > 0, s, 5" € N with 5" < 5. Let {Vj}jizl be a family of open
cuboids (i.e. rotations of rectangle parallelepipeds in R") and {rj}jz . be a family of rotations in RY. We

say A = (p, s, s, {Vj}jzl, {rj}j.zl) is an atlas in RV with parameters p, s, ', {Vj}jzl, {rj}j=1 briefly an
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atlas in RY. Moreover, we say that a bounded domain Q in R" belongs to the class C*Y(A) with k € N
and y € [0, 1] if the following conditions are satisfied:
HQcC Uj’:l (Vf')p and (Vf')p N Q # (O where (Vf')p is meant in the sense given in (2.2);
@ ViNnoQ#0forj=1,..,sand V;NoQ =0fors +1 < j<s;
(@ii) For j =1, ..., s, we have
rj(Vj) = {.X € RN D4 <X < bij’ = l,...,N},

for j=1,..., s’ we have

I"J(V] N Q) = {x = (},XN) S RN T XE Wj, anj < Xy < ij},

where X = (X1, ..., Xn_1),

Wi={xeRV": aj<xi<bj i=1,..,N-1}

ij>
and the functions g; € cky (W]) for any j € 1,...,s" with k € N U {0} and y € [0, 1]. Moreover, for

J=1,...,5 weassume that ay; + p < g;j(x) < by; — p, forall x € WJ
Finally we say that Q is of class C*” if it is of class C*?(A) for some atlas A.

Let Q be a bounded domain in R" of class C*!. It is well known that Hilbert space H” (Q) can be
endowed with the scalar product

szu : D*pdx + f ugdx for all u, ¢ € H* (Q).
Q

Q

Given the structure of problems (1.1) and (1.2), it is reasonable to replace the classical scalar product
in H? (Q) with a different one.

Lemma 2.7. Let Q be a bounded domain in RN of class C*'. Then the following statements hold.:
(i) There exists a positive constant C(N, Q) depending only on N and Q such that

f ( +1}) do < C(N, Q) ( f \D*ul’dx + f uzdx) forallue H*(Q);
0Q Q Q

more precisely, if A is an atlas as in Definition 2.6 such that Q is of class C*'(A), the dependence of
C(N, Q) on Q occurs through the atlas A and the C*' norms of the functions g; introduced in the same
definition.

(ii) There exists a constant C(N, d(Q)) depending only on N and d(Q2), where d(Q) denotes the diameter
of Q, such that

f u*dx < C(N, d(Q)) ( f \D*uPdx + f (u® + ui)d(r) forallu e H*(Q);
Q Q fle)
(iii) The following scalar product
f D*u : D*pdx + f (up + u,p,) do for all u, o € H* (Q)
Q o0
is equivalent to the original scalar product of H* (Q).

Mathematics in Engineering Volume 8, Issue 2, 269-307.



277

Proof. Statement (i) is a well known result from classical trace theorems, see for example, [34].
Let us prove statement (ii). In [23, Lemma 2.7], it was shown that the following inequality holds:

f u’dx < C(N,d(Q)) ( f \Vul>dx + f u2da) forallu e H' (Q). (2.3)
Q Q 0Q

By using the divergence formula, the Holder-Young and the Cauchy-Schwarz inequalities, from (2.3)
we obtain forany 0 < e < 1

f u’dx < C(N,d(Q)) f uu,do — quudx + f ude')
Q oQ Q oQ
3 2 1 2 2 1 2
<C(N,dQ))| = udo + = u,do+e€ | udx+— | |Aul"dx
2 Jaa 2 Jsa Q de Jo

< C(N,d(Q))(3 f urdo + f ufda)
oQ oQ
+C(N,d(Q))(e f u2dx+—C(N ) f |D2u|2dx),
Q 4e Q

for all u € H*(Q). It is easy to see that (2.4) implies the validity of statement (ii). Statement (iii) is an
immediate consequence of (i) and (ii). O

(2.4)

Corollary 2.8. The quadratic form Q.,q is coercive in H*(Q) and the norms given by

1
2 2 2 2 p .
(ng (u,u) + ”””U(Q)) and (ng (u,u) + ||u||L2(6Q) + IIuVIILz(m)) are also equivalent to the standard

norm in H* (Q).

2

Proof. The fact that the quadratic form (ng (u, u) + ||u||i2 (Q))
H? (Q) is proved, e.g., in [18] by using the inequality

is equivalent to the standard norm in

Qp0 (u,u) > C(N, o) f |D*ul?dx,
Q

where C(N, o) is a positive constant independent of u. Consequently, by Lemma 2.7, we deduce that

1
the norm (ng (u, u) + ”””22(39) + [luy |17, (89))2 is also equivalent to the standard norm in H? (Q). o

2.4. The functional setting
We consider in H? (Q2) the equivalent norms
lully = Qp.a (uu), VIl = Qua (v,v)
which are associated with the scalar products defined by
(U, pIpa = Qpa @), (v,@)nag = Qva (v, ¢),

for all u, v, ¢ € H?> (Q). Then we define the operators By, and By from H? (Q) to its dual (H2 (Q)), by
setting

Bp(w)lel = (u,9)pa, BvWIel = (v, @dna, ¥ u,v,¢ € H (Q).
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By the Riesz Theorem it follows that By and By are surjective isometries. Then we consider the
operators Jp and Jy from H? (Q) to (H 2 (Q)) defined by

INOINE f u,p,do, Yu,¢ € H> (Q),
o0Q

IvWe] = f vodo, Vv, ¢ € H* (Q).
o0Q

The operators Jj, and Jy are compact since the corresponding trace maps from H? (Q) to L? (0Q) are
compact.

Theorem 2.9. Let
TD = BZ)I o JD, TN = Bl_vl o JN.

Then Tp and Ty are compact, self-adjoint and nonnegative operators on H*(Q).

Proof. From the compactness of Jp and Jy and the boundedness of Bl‘)1 and Bz_vl it follows that Tp
and Ty are compact operators from H*(Q) to itself. Moreover, it is easy to see that they are self-
adjoint (with respect to the scalar products induced by Bp and By, respectively). Since Jp and Jy are
nonnegative in the sense that Jp(u)[u] > 0 and Jy(u)[u] > O for all u € H*(Q), we also infer that T
and Ty are nonnegative. O

It can be easily demonstrated that p # 0 is an eigenvalue of T if and only if 4 = 1/p — 1 is an
eigenvalue of (1.1), with the same eigenfunctions. In a similar way, g # 0 is an eigenvalue of Ty if and
only if y = 1/g — 1 is an eigenvalue of (1.2), with the same eigenfunctions.

2.5. Domain perturbations and construction of a connecting system

Let A be an atlas. Let {€;}o<c<s, be a family of domains of class C 0.1 (A) which converges to a fixed
domain Q of class C%! (A) in a sense which will be specified below. For any 0 < & < &, denote by

TD,S’ TN,a : H2 (Qs) - H2 (Qs)

the resolvent operators associated with problems (1.1) and (1.2) in €, according with the definition
given in Section 2.4.

Since our ultimate goal is to apply the abstract results from Section 2.2, we need to define a family
of operators E,, which satisfy condition (2.1). Specifically, in order to study the behaviour of the
operators Tp . as € — 0, we need to introduce linear operators E,, : H? (Q) — H? (Q,) such that

|Esullp.s = llullp, as & — 0, for any u € H* (), (2.5)

where ||u||2D’8 = Qpo, (u,u). Similarly, to study the behaviour of the operators Ty as € — 0 we need
operators E, as above satisfying (2.5) with D replaced by N, that is,

|E.ully.e — llully, as & — 0, for any u € H* (Q), (2.6)

where ||u||12\,,(9 = Qy., (u,u). In fact, we shall use the same operator E, for both problems.
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In order to do so, we consider a bounded linear extension operator E : H*(Q) — H? (RN ) which

maps any function u € H*(Q) to a function Eu € H? (RN ) which coincides with u over Q. Then, for both
problems, we consider the operator E, : H*(Q) — H*(Q,) defined by E.u = Eu,,_for all u € H*(Q).
The existence of E is well-known for bounded Lipschitz domains €, see, e.g., [16, Chapter 6].

We note that if u, € H*(Q,), u € H*(Q) are such that u, L wase — 0, then (1.7) holds. Indeed,
combining the definition of E-convergence with Corollary 2.8, it follows that there exists a positive
constant C independent of & such that

lug — ullp2,n0) < lus — Ecullppq,) < Cllug — Equllpe,

as € — 0, with a similar inequality in the case of the || ||y norm. To prove the second limit in (1.7), we
note that by the classical trace theorem, there exists a positive constant C independent of & such that

IVus = V(Ecll200,) < Clius = Esullizq,) = o(1),

as € — 0. Note that the independence of C from ¢ is due to the fact that the domains €, belongs to the
class C%!' (A).
In the sequel we shall use the following condition:

im 107 (g, = &) iy = 0. ¥ j = 1.+ s,and B € Ny, with |B] < 1, 2.7)

where we have denoted by g ;, g; € C*! (Wj) the functions corresponding to €, and Q respectively,
according to Definition 2.6.

Lemma 2.10. Let A be an atlas. Let {Q,}o<.<., be a family of domains of class Col (A), Q a domain
of class C*!' (A) and for any & € (0,&] let E, be the map defined above. Assume the validity of
condition (2.7). Then the family of operators {E¢}o<ec<s, Satisfies (2.5).

Proof. In order to prove this lemma, it is enough to show that

f |D* (E.u) |Pdx — f |D*ul*dx as € — 0, (2.8)
Qg Q

f A (E.u) Pdx — f |Aul’dx as € — 0, (2.9)
Q. Q

f |E ul*do. — f wdoase — 0, (2.10)
0Q, oQ

f |(E.u),, Pdo, — | uldoase— 0, (2.11)

Q. oQ

for all u € H? (Q).
For simplicity denote it. := E.u. Let us proceed to prove (2.9). Note that proving (2.8) will follow
by the same argument. We notice that to establish (2.9) it is enough to demonstrate that

0%, 0%, 0%u *u
2 5.2 AX = 2 52 X
o, 0x; Ox, o Ox; 0x;,

lim
-0

(2.12)
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for any k,m € {1, ..., N}. We observe that

O?Eu 6%, 0*u ’u O’Eu*Eu 0u 0%u
> S ax = P X + > 2 - —2—2dx (213)
Q, (9xk 6xm Q 0xk (9xm Q\Q ﬁxk me O\Q, (')x (9x
for any k,m € {1,..., N}. Since |Q,AQ| — 0 as € — 0, by the absolute continuity of the Lebesgue
integral, from (2.13) we get (2.12).
For demonstrating the validity of (2.11), we proceed as follows:

(il,); do, — f uﬁda|
0Q, 0Q

Ol
| Oxy

@&MD u%mwwmwm@®ﬁ

dit,;
( " (R, 8 (T) - (x 8 ,(X))) =(X, 8,/ )W j(X)| dx

s’ N ag
+Z§Lf@”@&® w&mﬂ (X, 8(0) Win (%)) dX

Ol
<ZZW%MWWMWI

(x g, ](X)) (x 82,j(X)
j=1 k.m=1

S5 e

Jj=1 k.m=1

d
L2

ou _ _ _
4Lﬁ%m&mwmﬂ>

dx (2.14)

Ol

7 6 86,0 - Q@&®>

2 \3
)

7 86 - ;@&®)

2 \3
ﬁy

Wekm j(X) = Ver(D)Vem(X) /1 + [Vzge (X%
Win j(%) = viR)vim(X) {1 + [Vzg, (D).

2

f u&m»—%@&®>ﬁ
W, 0x;

gs,j(})
W, gi(®)

2~ 2
< lge; — gjllz=w,) f g
Q.AQ

o, _ _ _
lﬂwammmm

W;

Ol

2 b
)

where

(2.15)

We note that
Ol

2

62
0)6}\/6 Xk

dx (2.16)

8:,/(3) — g;(®)| X, xx)| dxy

=12
dx < lge.; — gjll=aw)lltsllp . — O,
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as € — 0. Indeed, since the extension operator E, is bounded, using (2.7) we deduce that (2.16) is true.
Using condition (2.7), the fact that E, is a bounded operator and combining (2.16) with (2.14) we
obtain (2.11).
It remains to prove (2.10). In a similar way to (2.16), as € — 0, we obtain

I,

< f |80, - g,
Wi

1o, 80, (F)) — (%, g,(D)| dx

&,j x 77 2
8. ./(x) aug _
(-x’ -xN)
om® 10N

) ~ 2
< lge; — gj”L""(Wj)f \Vite|” dx < |1ge.; — gjilli=wllitellp . — O.
Q.AQ

For simplicity, we set w, j(X) 1= /1 + [Vzg. (X)*, w;(%) := /1 +|Vzg;(¥)I>. Then, we proceed as

dxy|dx (2.17)

follows:
[ o, [iido) < 3 [ [5G0, = )
0, o0 =1

3 fw (7R 80/ — (R 8, X, & D)W
j=1 fi

£ fw (7, 26,4 — u(E, ) uE, g;Dw;| d
Jj=1 Jj

) (2.18)
< D wei = will e, f HEN NG EE
=1 Jw;
+Z( | ag@,gg,j(m—u(%,g,-(x»lzdz) ( | ag<7c,ge,,~<z>>w,~|2dx)
j=1 \WW; W;

1
2

ag@gg,,-@))—u@g,@))lzdx) ( fW | Ju(x, g,E)w;| d%) .

DT

Arguing as in the proof of (2.11), combining (2.17) and (2.18) we deduce the validity of (2.10). This
completes the proof of the lemma. O

3. The stability result

In this section, we establish results concerning the spectral convergence for problems (1.1) and (1.2).
One of the primary assumptions is condition (2.7), which, as demonstrated in Lemma 2.10, ensures the
validity of properties (2.8)—(2.11).

Theorem 3.1. Let A be an atlas. Let {Q,}o<c<¢, be a family of domains of class C 01 (A), Q a domain
of class C%' (A). Assume the validity of condition (2.7). Then the spectra of problems (1.1) and (1.2)
behave continuously at € = 0 in the sense of Theorem 2.5.
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Proof. The proof of Theorem 3.1 follows directly from Theorem 2.5 and Lemmas 3.2 and 3.3 presented
below. O

Now we prove the following lemma, which shows that condition (2.7) yields the EE-convergence
of Tp,and Ty.

Lemma 3.2. Let A be an atlas. Let { ;}o<c<s, be a family of domains of class C%' (A), Q a domain
of class C*' (A). Assume the validity of condition (2.7). Let w, € H*(Q,) with 0 < & < &, and

E E
w € H*(Q) be such that w, — w. If we set u, := Tp:we and u := Tpw, then u, — u as € — 0. Also,
. E . .. . EE

if we set v, := Ty W and v := Tyw, then v, — v as € — 0. In particular this implies that Tp. — Tp

EE
and Ty — Ty as € — 0 in the sense of Definition 2.2.

Proof. We divide the proof of the lemma into several steps. We note that in this proof we need to
extend not only the trial functions but also the functions u.. With respect to this we observe that, since
the domains Q, belong to the same class C%! (A), for any & there exists a linear continuous extension
operator from H*(Q,) to H*(R") such that the operator norm ||T|| is uniformly bounded with respect
to &; see, e.g., [16, Chapter 6]. For the sake of simplicity we shall denote the extended function 7 .u,
by the same symbol ..

Step 1. In this step we prove that ||u.||p . 1s uniformly bounded with respect to € € (0, £o].
First of all we observe that by the weak formulation of the equation 7p w. = u,

%
el = (wg>vg(u8)ysdags( (ws)igda.g)( (ug)isdag)

0Q,

00, 00, (3.1

< ||W€||D,€”u€||D,€7

from which it follows that ||u.||p < |[Wellp... Now we observe that ||w,||p . is uniformly bounded since
”Ws”D,s < ”Wg - EsW”D,a + ||E8W||D,£ = 0(1) as e — O (32)

as one can deduce by Definition 2.1, (2.5) and Lemma 2.10.

Thus, there exists a sequence &, | 0 and i € H?(Q) such that u,, — i@ in H>(Q) as n — oo.
For simplicity in the sequel we only write u, — i as € — 0 for denoting the convergence along the
sequence {g,} or a subsequence of its. The subsequent steps aim to demonstrate that & = u. This will
be achieved by taking the limit in the following identity:

Qpo, (U, Ecp) = | (e, (Ecp)y,do, for any ¢ € H* (Q) . (3.3)
0Q,

Step 2. In this step, we pass to the limit in the left-hand side of (3.3).
We split the left hand side of (3.3) in the following way

QD,Qe (I/tg, Es‘p) :Q(J',Q (us’ Es‘P) + QO’,Qg\Q (I/ts, EsQO) - QO',Q\Qg (us’ Es‘p)

(3.4)
+u I,tsEgQOdO'g + (uS)Va(Et‘?()O)VEdO-S'
0Q, 0Q;
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By using the fact that u, — it in H> (Q), E,¢ = ¢ in Q, |Q.AQ| — 0 as & — 0 and by the absolute

continuity of the Lebesgue integral, it is easy to deduce that

QO’,Q (us’ Es‘;o) = QO’,.Q (ﬁ’ QO) + 0(1) as & — O’

and

(3.5)

Q0.0 (Us, Ecp) = o(1), Qra\q, (s, ¢) = 0o(1) as & — 0. (3.6)

Combining (3.5) and (3.6) we obtain

QO’,Q (I/tg, Ea‘p) +QO’,QS\Q (us’ Es‘p) - QG’,Q\QE (us’ Ea(p)
=Quq(il,p) +o(1)ase — 0.

(3.7)

Now, let us examine the fourth term on the right-hand side of (3.4). We proceed as follows:

(us)vg(Es(P)vadO-s - f Ijly(,DVdO"

0Q, 0Q

s N
<>, fw @10 823 = 8,07, 8,(0)) O (Eop) (s 8, (0) Wen |5

j=1 nk=1

DD f @10 30 = B, 8,(0)) O (Ep)(F 8o () Wen 5

DD f | O (Ee) (% 82 (D) = D1 (o) (E. 8/(0), AE: (8 Wons, T

DD f |(Weanif () = Wa (03,1, 8,000, (Eusp) % 8,(D)| % (3.8)

IWenkj = Warjllz=w, f
W;

~
Il
—_
S
S~
Il
—

+ IA
- T
M= iD= |

[
1l
—_
S
o~
Il
—_

N

%\

(.
1l
—_
S
o~
Il
—_

-

01, 1%, &)y (Eop)(E, 8,(0)|d
||8x,, us(" gs,j) - 6x,, Ms(" gj)”Lz(Wj)”axk(Eaﬁo)(" gs,j)Ws,n,k,j”Lz(Wj)
||ax,, I/tg(', gj) - 6xnﬁ(" gj)”Lz(Wj)”axk (Es(p)(’ gs,j) Ws,n,k,j”Lz(Wj)

||5xk (E0)(, ga,j) - 8xk (E0)(-, 8j)||L2(W,-) ||5x,,b7(', gj)Ws,n,k,j”Lz(Wj)-

where W, ; is defined in (2.15). We note that since ||u.||p,. = O(1), for the function u, estimates (2.16)
and (2.17) hold true. Hence, using this fact and condition (2.7), the compactness of the trace map and

the boundedness of the operator E,, from (3.8) we deduce that

(ua)vg (ESQD)VS do—s - f

0Q, 0Q
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Let us consider the third term on the right-hand side of (3.4). We proceed in the following way:

fuaEagodaa—fﬁcde

Q. 0Q

dx

<) f (14 ) = 1. £,C00) (Ee)(F. 82, N
=1 Wi

dx

> fW (1 (X, 8;(0) — (X, 8;()) (E)E, g j (D)W,

=1 Wi

dx

) f ((E0)(X, 82./(0) — (Ep)F, g/(0)) (X, g(0)we,
w

=1 VWi

+ fw i, 8N Eep)(E, (D) (i = w;)| 4 (3.10)

<2
=1

Wei = Will s fw . 8, (O Eo)(, 8,00 dx

s

£y f 1o(F. 80, (D) — (. g @) f (E0E. g2 j@we| d5
W; W;

j=1
j;"./

")

=

+ f (B0, gs,ja))—(Eg@(z,gj@))lzd%) ( f (X, ;)W
j=1 \WW; W;

1
2

1

2
zd?c)

us(%, g,(%) — (%, gj(a_c))IszC) ( f |(E.0)& g0 ;(O)IWs,
j=1 Wj

2
de) .

By using (2.17) twice (with ii, replaced by u, or by E.¢), by condition (2.7), and by the compactness
of the trace map, from (3.10) we deduce

f uE.pdo, — f ﬁgoda' =o(l)ase — 0. 3.11)
00, oQ
By combining (3.4), (3.7), (3.9) and (3.11) we obtain

Qb (ites Es) = Qo (8 0) + 1 f

iipdo + f iy, do = Qpg (it, @) . (3.12)
) a0

Step 3. The next purpose is to pass to the limit in the right-hand side of (3.3).
We claim that

(We)y, (Egp), doe — f wvgovda‘ =o(l)ase — 0. (3.13)

0Q, 0Q

By arguing as in the proof of Lemma 2.10, using condition (2.7) and the fact that w, E-converges
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to w as € — 0 we obtain

f (Ws)vg(Esgp)vng-s_f Wv‘pvdo-
0Q, 0Q

(EaW)VS(Es(p)vgdo_a - f

0Q, oQ
< lwe = Eswlip ellEcgllps + o(1) = o(1)

<

+

wvgode"

as € — 0, which proves the claim (3.13).

Step 4. In this step we complete the proof of the lemma for problem (1.1).

By combining (3.3), (3.12) and (3.13) we deduce that

Qpo (i, @) = f wyp,do for any ¢ € H*(Q).
0Q

f ((Ws)vg - (Esw)vg) (Ea(p)vgdo-s
0Q,

(3.14)

Additionally, the function u also satisfies the same variational problem. Therefore, by the uniqueness
of the solution, we conclude that &t = u. In particular, this implies that the weak limit i is independent

of the choice of the sequence ¢, | O.

) E
It remains to prove that u, — uas e — 0.
Let us consider

e — Esullyy, = e}, — 2Qpa, (s, Ecit) + | Esull}) - (3.15)
By (3.12) with ¢ replaced by u we deduce that
Qp.o, (e, Ectt) > Qpo (u, u) = ||ull}, (3.16)
Moreover, by Lemma 2.10 we have
IIEgullf,,g = [lullp. (3.17)
It remains to prove that ||u|l},, — lull},. For this we have to show that
QD,Qg (I/tg, ua) = f (Ws)vg(us)vgdo-s - f Wvuvdo- = ”l’lllzD (318)
90, 90
To do so, we argue as above and note that
(Ws)vg(us)vgdo-a - f Wyude"
00, o0
< ((Ws)vg - (Esw)v;) (ua)v;do-a
00, ' ‘ ' (3.19)
+ (Esw)vg(us)vsdo-s - f Wvuvd0-|
80, 0

< |we = Exwlipelluglip.e + o(1) = o(1)

as € — 0, exploiting (3.8) with ¢ replaced by w and the fact that ||u.|[p. = O(1) as € — 0 as we have

shown in (3.1). This proves (3.18).
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Combining (3.15)—(3.18) proves that u, LN u as € — 0. In particular this implies that Tp . 5, Tp
as & — 0 in the sense of Definition 2.2.

Step 5. In this last step we give a quick proof of the lemma for problem (1.2).
We observe that

1
2 2
2 2 2
Velly o = Wevedo, < wedo, f vedoig)
el L (i; X ) ( 09, (3.20)

< ||WSI|N,5||V£”N,sa

from which it follows that |[v,|[ys < |Welln.e. Thus, there exists a sequence &, | 0 and ¥ € H* (Q) such
that v, — ¥in H?(Q) as n — oo. Next, we have to show that # = v. This will be achieved by taking
the limit in the identity

Qro, Ve, Ecp) = f weE.pdo, for any ¢ € H* (Q). (3.21)
0Q,

We split the left hand side of (3.21) in the following way

QN,QS (Vs’ Es‘p) :QO',Q (Vs’ Es‘p) + Q(T,QS\Q (vs, Ea‘p) - QO',Q\Qg (Vaa ESSO)

(3.22)
+ veEgpdo, + p ey (Ecp)y, do.
Q. Q.

In a similar way as in (3.7), (3.9) and (3.11) from (3.22) we get

Qua () = f wedo for any ¢ € H* (Q).
Q

It is known that the function v also satisfies the same variational problem. Therefore, by the uniqueness
of the solution, we conclude that ¥ = v, and this implies that the weak limit ¥ is independent of the
choice of the sequence ¢, | 0.
E . .
To prove v, — v as € — 0, we follow the same steps as in proving (3.16)—(3.18) and pass to the
limit in
e = Eovllye = Vsl e — 2Quia, (Ves Eev) + I EoVIIR,.

O

Lemma 3.3. Let A be an atlas. Let {Q,}o<.<., be a family of domains of class C 01 (A), Q a domain of
class C*! (A). Assume the validity of condition (2.7). Let w, € H*(Q,) with 0 < & < &y be such that
Wellpe = 1. Then {Tp Welo<e<s, and {T N Welo<e<s, are precompact in the sense of Definition 2.3. In

particular we have that Tp . £> Tpand Ty, £> Ty ase— 0.
Proof. Since ||wg|[p. = 1, one can deduce that possibly passing to a subsequence converging to zero,
w, — w weakly in H? (Q) and (w,), — w, strongly in L2(Q) as &€ — 0 where it is understood that w,

is extended to the whole RY with H?> norm uniformly bounded with respect to . In accordance with
the notations of Lemma 3.2, let us define u, := Tpw.. Using the boundedness of ||w,||p . and looking
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at (3.1) we deduce that ||u.||p. = O(1). Then there exists it € H? (Q) such that, possibly passing to a
subsequence, u, — it in H* (Q). In order to go further, it is useful to observe that

(us)i/g(("vs)x9 - (an)vg)do-sa (Es‘p)vg((wa)vg - (Esw)vg)do-a
0Q, 0Q,

<C f |Vw,S - VEw 2d0'8
0Q,

1
2

<C Z fW VWe(X, g0 j(8) — V(Ew)(X, g ,(0)| dx
j=1 j

<C Z
j=1

+C Z
j=1

+C Z
j=1

as € — 0. Indeed, the first terms and the third in the right-hand side of (3.23) go to zero by the analog
of (2.16) while the second one converge to zero by the compactness of the trace operator.

(3.23)

1
2

[ It g - T 0f ax

1
2

f VW, (%, 0) - Vw(x,0)[ dx
w

" = o)

fw [V(EMW)E, g0,(E) = V(& 0)] d

Arguing as in the proof of Lemma 3.2 and using (3.23) we establish that i solves the variational
problem (3.14) hence it = u := Tpw.

We claim that u, L 4. This will be deduced by (3.15). In fact, following the same steps
as in the proof of Lemma 3.2 one can confirm that (3.16) and (3.17) hold. The remaining task
is demonstrate (3.18). This is done as for (3.18) by using triangle inequality as in (3.19) and
estimating the two corresponding terms as follows. For one term, we use (3.23). For the other term
fm‘g(E‘,gcu)yg(u‘,g)vgala‘8 - fagz w,u,do nothing changes and it is easily seen to be o(1) as € — 0.

It follows that u, LN u as claimed. This combined with Lemma 3.2 implies that Tp 5 Tp as
e— 0.

c . .. .
To prove Ty, — Ty as € — 0, we can argue as above, since as it is shown in (3.20), we have
”Vs”N,s = 0(1) O

4. Optimality of condition (2.7): stability, degeneration and strange terms
We now discuss the optimality of condition (2.7). We inquire whether spectral stability still holds
if we remove condition (2.7) from the statement of Theorem 3.1. To address this question, we assume

specific conditions on the domain Q and its perturbations €,. We assume that Q takes the form Q =
W x (=1,0), where W is a cuboid or a bounded domain in RV~! of class C%!. Then we set

Qy=Q, and Q. = {(X,xy): TE€W, -1 < xy < g.(F)} (4.1)
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for every € € (0,&p] where g is a fixed positive constant (that does not play any significant role),
2:(X) = &°b(x/¢&) for any X € W and the function b : RN~! — [0, +o0) satisfies:

beCYRY™), bisa Y-periodic function, 4.2)
1 1\Vr. . . N-1
where Y = (—5, 5) 18 the unit cell in RY ™. We also assume that
HY ((x e RV 1 [Veb(X)] = 0}) = 0, (4.3)

where we have denoted by H"~! the (N—1)-dimensional Lebesgue measure (this assumption is actually
relevant only for the degeneration results in Section 4.3).

Moreover in order to simplify our analysis we shall impose Steklov boundary conditions only on
the relevant part of the boundary of Q. and impose Dirichlet boundary conditions on the remaining
part. Namely, we set

I[={(x,g.(x): xe W}, Z, := 0Q\I..

The corresponding limiting subsets of JQ2 are defined by
I[h:=Wx{0}, X := 6Q0\r0

and are also denoted by I' and X respectively. We emphasize that imposing Dirichlet boundary
conditions on X. does not affect the limiting behavior of the Steklov boundary conditions imposed
on I',. This simplification may be considered as the result of a localization process as done in [22]. In
principle, even imposing Steklov boundary conditions on X, would not interfere but the analysis would
be more technical.

In this section we consider the following Steklov problems

A’u =0, in Q,
(1-o0)u,, +ocAu = Au,, onl,,
(1 — o) divy, (Dzu . V)r + (Au), = uu, onT,, “@.4)
u=u,=0 ' onZX,
and
A%y =0, in Q,,
(c—-1)v, —cAv =pv,, onl,,
(o — 1)divr, (Dzv . V)r —(Av), =yv, onT,, 4.5
v=v,=0 ' on X,.

Then we study the asymptotic behavior of the eigenvalues of (4.4) and (4.5) as € — 0. Note that the
energy space associated with problems (4.4) and (4.5) is the space

H(%,ZS(QS) = {u € Hz(Qg) Tu=u, = 0 on Zs}

The energy space corresponding to limiting problems defined in € is defined in the same way and will
be denoted by Hj (Q).
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The weak formulations of problems (4.4) and (4.5) can be written in the same way as those of
problems (1.1) and (1.2). Namely,

Qoq, (u, ) + ,uf updo = /lf u, @, do,

Le Le (4.6)
Qr0, (v,0) +p f Vo, do =y f vedo,
Ie I

for all trial functions ¢ € Hg’E(Qg), in the unknowns u,v € H&Z(Qs), Ay € R. Asin
Section 2.4, problems (4.4) and (4.5) are associated with nonnegative self-adjoint compact operators.
Therefore, both problems admit a discrete real spectrum and the corresponding eigenfunctions form an
orthonormal basis of the appropriate Hilbert spaces.
In order to better write the appropriate quadratic forms we set
0i8:0;8s ifiiel]l ... 1
m9 I, ] { ’ N }a
0i8e sE .
—=—_ ifie{l,---N-1}, j=N,
Ci (8) — V1+|V;gg|2 { } /
! Oige ifi=N, je{l,--N—1},

2’
V1+Vzgel
— L ifi=j=N,
V1+Vzgel?

and b b
Lmdy, ifi,je{l,---N-1},
J ifief{l,---N—-1}, j=N,

f gy
C. = Y \1evsp2 77
1

— L4y,
fY \1+1VzhP Y

Moreover we shall need the following lemma. Note that apart from (4.9) statements (i)-(ii) are taken
from Proposition 3.4 (ii)-(ii1) in [23]. In any case (4.8) and (4.9) can be deduced from [33].

Lemma 4.1. Let g.(x) = €*b(x/¢) for all € > 0 with b satisfying (4.2) and (4.3). Then we have:
() Ifa =1, then

ifi=N, je{l,---N -1},
ifi=j=N.

0gs
lim||gallz=w) = O, H g =0(l)ase— 0forany k ={1,..., N}, “4.7)
&—0 axk Lo(W)
and 1 +|Vzg.(X)* = Cp := f V1 +|Vzb()*dy, (4.8)
Y
Cije) = Ci 4.9

weakly in LP(W) for all p € [1, oo[, and weakly* in L*(W) as € — 0.
@) If0 < a < 1, then

lim||g,llz=w) = 0,
e—0

lim M ({F € W: 1+ Vzg.@P <1}) = 0 foranyt> 0.

e—0

The analysis of the asymptotic behavior of problems (4.4) and (4.5) depends on the exponent
appearing in the definition of g.. Namely, there are three cases determined by critical threshold a = 1.
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4.1. Case a > 1: stability

If @ > 1 condition (2.7) is satisfied. Thanks to this condition, we may proceed exactly as in the
proof of Theorem 3.1 with the advantage that here we have to deal with an atlas with only one chart. In
particular we have spectral stability and the eigenvalues and eigenfunctions of problems (4.4) and (4.5)
converge in the sense of Theorem 2.5 to those of the same problem defined in Q.

4.2. Case a = 1: strange term

As it will be clear in the sequel it turns out the limiting problems obtained by letting £ — 0 in (4.6)
can be formulated as follows:

N
Qy0 (u, @) + uCy fugodO' = /lfz C; j0;ud jpdor,
r r

i,j=1

N
Qro(,9) +p f Z Cij0vojpdo = yC, fvgoda
T: r

i,j=1

(4.10)

for all trial functions ¢ € H&Z(Q), in the unknowns u,v € H&Z(Q), A,y € R. Here C,, is as defined
in (4.8).

In order reduce the study of problems (4.10) to the study of eigenvalue problems for compact self-
adjoint operators, we consider the following quadratic forms

N
Qpa (1, 9) = Qoo (u, @) + uCy f updo + f Z Ci j0ud jpdor,
r r:;

ij=1

N
Qno U, ¢) = Qra (U, ) + Cp f updo +p f Z Ci,j0iud jpdo.
r

r ij=1

The corresponding norms in HS,Z(Q) are defined by
lull% = Qo (1), IME = Qua (V)

and are equivalent to the standard H? norm.
In the spirit of Section 2.4 and with a slight abuse of notations we define the operators Bp ., By, :

Hiy (Q.) — (HS,EE(QS))' by setting

BD,a(”s)[w] = QD,QS (us’ l,[/) s BN,E(VS)['J/] = QMQE(V:-:, l//),

for all u,, v,y € Hé,zg(Qs)-
Next, we consider the operators Jp ., Jye : H&ZE(QS) — (H(z),zg(Qs))/ defined by

JD,e(us)[w] = f(us)vngsdo-sa JN,e(vs)[w] = f vs'ﬁsdo-s’
I )

for all u,, v, ¥ € H&ZS(QS). We also define the operators

_ p-1 _ p-1
TD,a - BD,g o JD,s’ TN,a - BN’g o JN,8~
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From the compactness of Jp ., Jy. and the boundedness of Bp ., By, it follows that T, and Ty . are
compact and self-adjoint operators from HS’ES(Qg) to itself.

Finally, we define the following operators: Bp, By, Jp, Iy Haz(Q) — (Hg’Z(Q)), by setting

Bp(w)lg] = Qpa(u, ©), BxWI[¢] = Qua, )

and

N
hwmszqgﬂﬁmmwm=@fwm

r = Xi 6Xj r
forall u, v, € HgyZ(Q). Then

Tp =By oJp, Ty = By o Jy.
Also, from the compactness of Z),Z\, and the boundedness of ED,EN it follows that TD, TN are
compact self-adjoint operators from HS’E(Q) to itself. As it happens for the operators Tp, and Ty,
(see Section 2.4), it can be proved that p # 0 is an eigenvalue of Tp if and onlyifd =1/p—-1is
an eigenvalue of the first equation in (4.10), with the same eigenfunctions. Also, in a similar way we
can demonstrate that g # 0 is an eigenvalue of Ty if and only if y = 1/g — 1 is an eigenvalue of
the second equation in (4.10), with the same eigenfunctions. This implies that in order to study the
asymptotic behavior of problems (4.4) and (4.5) as € — 0 it suffices to study the asymptotic behavior
of the eigenvalues and eigenfunctions of the operators T, Ty, respectively.

In order to apply Theorem 2.5 we need a connecting system. As in Section 2.5 we consider an
extension operator E : H?(Q) — H?*(W X (=1, +c0)), which maps any function u € H*(Q) to Eu,
where Eu : W X (—1,400) — R coincides with u over Q. By looking at the definitions of such
extension operator available in the literature we can assume that

(Eu)y, € Hys (9,),

for all u € Hg (), see for example [16, Chapter 6]. Then we consider the operator E, : Hj(Q) —
Hjy (Q,) defined by
E.u = Euy,
for all u € Hj (Q).
By using the operator E., according to Definitions 2.1-2.4, the following notions of convergence

are well-defined:
E EE

u, = u, B, = By, B, > By,
where H, = HS’ZS (Q,), H = Hgy (Q). Indeed, by using Lemma 4.1 one can prove that
|Ecullp,e = llullp, |Esullye — llully as e — 0, 4.11)

for all u € Hj, (Q)
Then we can prove the following theorem.

Theorem 4.2. If g.(X) = eb(%/¢) and b satisfies (4.2), then Tp, > Tp and Ty — Ty as & — 0. In
particular, the eigenvalues and eigenfunctions of the problems in (4.6) converge to the eigenvalues and
eigenfunctions of the respective problems in (4.10) in the sense of Theorem 2.5.
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Proof. First, we observe that 0€), are Lipschitz domains with Lipschitz constants uniformly bounded
with respect to € € (0, &], hence Lemma 2.7 and Corollary 2.8 still hold true.

We begin by proving that T 5 Tp. Letw, € Hi s (Q,) with 0 < & < &9, and w € H{+(Q) be such

that w, £> w. We define u, := Tp w.. We note that u, € Hg’ZS(Qg) is uniformly bounded in norm as
& — 0. This follows by the fact that, as in (3.1), we have ||u.||p. < [[We|[p. and by boundness of ||w.||p..
as e — 0.

In particular, {(u.),}s>0 1s bounded in HS’Z(Q) as € — 0. Consequently, along a sequence, there
exists u € Hj+(Q) such that (1), — uin Hy;(Q) as & — 0.

In order to show that u satisfies the appropriate limiting problem, we fix ¢ we analyze the following
equality

Qpo, (Ug, Ep) = Quq (Ug, Ec@) + Qra.\0 (s, Ecp)

4.12)
+ U f uE pdo, + f (te)y (Ec), do, = f (Wey, (Egp)y do,
I'e I'e Te

where E; : Hj.(Q) — H?(Q,) is the extension operator defined above. Since u, — u in H*(Q),
E.o = pon Q, |Q\Q| — 0 as € — 0. By the absolute continuity of the Lebesgue integral, it follows
that

QO‘,Q (I/lg, Ea‘p) + QO’,QE\Q (usa Es‘p) = QO',Q (I/t, ‘10) + 0(1) as e — 0 (413)

We observe that

f (%, g-(X)) — u(x, 0) dx
w

ga(})
< f lg:(®)| f
w 0

ou
< 8||b||L°°(RN-1)f
Q\Q ox

N

2
ﬁug (x, xn) dxy

pu
. X (4.14)

2
&

2
dx < &||bl|p@v-1llugllp, — 0,

as € — 0, and similarly

2

ou, _  _ ou, _
f — (X, 8:(%)) = —(x,0)| dx
w (9x,- ﬁxi
ge(@ 82u 2
< (X (X, dxy|dx .
fw |g:(2) fo axNax,.(x xn)| dxy|dx (4.15)
< &llb|| f Tue zd < &bl g3, — 0
E 0 - X E oo - l/[g & )
B L ED Q.\Q OxyOXx; B S D.

as £ — 0. We also note that

fu8E£<pd0'8—beucpd0'

I'e r

= f (us(%, 8:(X)) = us(x, 0)) (Ec)(X, 8:(X)) V1 + [Vzg(X)Pdx
w
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+ fW (1s(X, 0) — (X, 0)) (Es0)(T, @) V1 + [Vago(DPdx
+ fW (Ec0)(X, 8:(X)) — (X, 0) u(x, 0) V1 + [Vzg.(X)Pdx
+ fw (VI + V2. @P - Co) u(x, 0)(x, 0)dx.
By using (4.14), for the first and the third term in the right-hand side of (4.16) we have

f (s(X, g:(X)) — (X, 0)) (Ec0)(F, g:(X)) V1 + [Vxgo(3)Pdx
w
< ( f (X, g6(%)) — us(X, 0)* dx)2

w

x( f (Ecp), ) 1+|vxge<x>|2|2dx) = o(1)
w

and
f (E0)(x, 8:(%)) — (X, 0) u(x,0) V1 + [Vzg.(X)|*dx
w

< ( f I(Ecp)(x, 8:(X)) — @(X, 0)|2d?)
w

x(f 'u(z, 0 V1 + |ng5()_c)|2'2di)2 = o(1).
w

Similarly by the compactness of the trace operator we have

f (us(x, 0) — u(x, 0)) (Ec0)(X, 8:(X)) V1 + [Vzg.(X)Pdx
w

< ( f lu.(%, 0) — u(x, 0)]* d})
w

x( fw j(Egso)@gs@)x/l+|vxgg®|2|2da‘c) = o(1).

By Lemma 4.1 we have

f (V1 +1V:2.®)P = Cp) ux, 0)p(%, 0)dx = o(1).
w

Finally, by combining (4.16)—(4.20) we get

fusEgc,odo"9 =C, fu(de' +o0(1).

Cs r
We claim that
0
f (Ue)y, (Ecp)y,doe = fZ C,Jau O¢ dO' +o(l)as & — 0.

i,j=1

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)
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First of all we note that

ou c’)ga
f (Ue)y, (Ecp)y,dos — f ZC” Ox; 6x,
ous O(Essa) 04 9 47
6x, j fz G 7 ox; ax]

aug

Mz

<.
1l

O(Eqp)

Ox;

2 ).
2 ).

(_ 0)) (X, 8:(X)C; j(e)dx

™M=

(6”8 (%, 8:(%) -

w

<.
1l

ou, _ _ O(E,
fw ( G 0)——( 0)) (x"”)( %, 8.(0)C; j(e)dx

J

™M=

<.
I
—_

O(E, _
f ( (Eep) gg(x»— (x 0)) a”(x, 0)C(e)dx
w Xi

0x;

™M=

1

L,j

+

Mz

f —, 0) (x 0)(Ci(e) = Ci,) dx. (4.23)

1

<.
Il

By exploiting (4.15) for the first and the third term in the right-hand side of (4.23) we have

o, du, | AE,
Z f ( L (80) - 5 G 0)) ( g”(x 8:()Cij(e)d

i,j=1

L . (4.24)
Ou, _ : A(Esp) 2
= o dx e Cl =o(1 5
<[;Lal x] x[fw 5 (x, 8:(2))Ci j(€) ] o(1)
and
O(E,
Z f ( Eeb) g8<x>>——(x 0)) ——(%.00C; (£)dX
H 1 (4.25)
9 Es ou _ 2\
[ T 5 .0 ] ( | o, dx) = o(1).
i= w 1O0X;
Now, similarly by the compactness of the trace operator we have
Ou, _ _ I(E,
Z f ( " (%,0) - < 0)) ( x‘”( %, 8o(D)Cj(e)d
i,j=1 J
N o 2
(2 ffzeo-giaol«
o(E. 2 \:
( fw ) % 0.0C1 0 ] = o(1). (4.26)
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Next, by Lemma 4.1 we have

Zf 690(_ 02 (x 0) (Cif(e) - Cij) dx = o(1). 4.27)

i,j=1

Combining (4.23)—(4.27) we prove the claim (4.22).
By passing to the limit in (4.12) as € — 0 and using E-convergence of €2, to Q we deduce that

Qv (4, ¢) + uC, f ucpd0'+z f —(x 0) (x 0)C, jd%

i,j=1

(4.28)
- Zf 8W(x 0)7= Oy - 0Ci

i,j=1

Hence, we conclude that u depends solely on w, and is independent of the sequence converging to zero.
Namely, we have that u = Tpw.

E .
Next we prove that u, — u. We proceed as in the proof of Lemma 3.2 and we note that

e — Esullyy, = e}, — 2Qpa, (s, Ecit) + | Esull}) - (4.29)
Then
QD,QS (ua, Esu) = f (WE)VE(ESM)VSdo_s’ (430)
0Q,
Iy, = Qpo, (e, ) = (We)y, (ue)y, do, 4.31)
0Q,
|Ecully,, = Qpo, (Ect, Ecut). (4.32)

By (4.22) with ¢ replaced by u we get

ou 6u
f(ug)yg(E )y doy — fz C”a ox; = [lue[ - (4.33)
i,j=1
In a similar way we can prove that
ou 8w
f (1te)y, (We)y, dors — f Z Cuigrg g, 4 = el (4.34)

Indeed,

ou Gw
f (1e)y, (Wey, dors = f Z S o
:f(ue)vg(wa)vgdo-e_f(us)vg(EsW)vgdo-s (435)
I I
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I%MMWM;IZ%?Q} (436)
J

i,j=1

and the term in (4.35) goes to zero by the E-convergence of w, to w. Also the term in (4.36) goes to
zero by (4.22). Thus by (4.29), (4.33) and (4.34) and by observing that

Qp.o, (Ecut, Equt) — |lully, (4.37)

we infer that u, L uase— 0.

It remains to prove that if ||w,||p. = O(1) then possibly passing to a subsequence u, is E-converge
to some u.

By the boundness of H? norm of w,, there exists w € H*(Q) such that, possibly passing to a
subsequence, w, — w weakly in H? (Q) and (w;), — w, strongly in L*(0Q2) as & — 0. Then by the
same arguments used above one can prove that u and w satisfies (4.28). In order to prove that u, 5o

. . E .
we consider all equations from (4.29) to (4.36) and we deduce that u, — u as &€ — 0 by using the same
arguments with one exception. Namely, in this case, in order to prove that the term in (4.35) goes to
zero we use the compactness of the trace map as follows. We write

doi9

f(us)vg((ws)vg - (Esw)vg)do-s = f |VW€ VESW
Ie

CfW%@&mrvmmm&mﬂﬁ
W (4.38)

C f [Vwe(%, 26(9) — Vwo(%, 0)[ dx + C f [Vw.(%, 0) — Vw(x, 0)['dx
w w
qu&M@gm—W@me
w

and we note that the first term and the third in (4.38) goes to zero by (4.15) while the second one
converge to zero by the compactness of the trace operator. Then according to Definition 2.2, we have

C —_—
Tp.— Tpase— 0.

The proof of Ty . 5 Ty is very similar and can be performed by repeating the argument above. We
omit the details. O

Remark 4.3. The classical formulations of problems (4.10) can be obtained in standard way by
integration by parts. Assuming that u is smooth enough, keeping in mind that u and Vu vanish at
the boundary of W (recall that u € H&Z(Q) ), we have

5 ou )
qufﬁmi@wx
w A ox; ox;

N N-1 62 a‘p
:_fWZ Clja (x0)¢(x0)d"+fZC,N (xO) (xO)d"
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Hence the first equation in (4.10) can be written as follows:

Qo0 (u, @) + uCy f updo
I
N-1

N
ou 0
—Aﬁz Ci; <pd0'+/leClNa ﬁvdo-

i=1 j=1

(4.40)

Thus, we can deduce that the classical formulation (4.40) is the following

A*u =0, in Q,
u=u,=0, onx,
(l—a')uw+0'Au—/lZ,1ClNax onl,
(1 — o) divyp (Dzu - v) + (Au), — uCpu = =AY N, ZN ! C,]a” onT.
In the same way the classical formulation of the second equation in (4.10) is
AZV = 0, in Q’
v=v,=0, on X,
(1—0')vw+0'Av+lelC,N§;—0 onl,
(o = Ddive (D?v-v) = (@A), -p I, 215 €y = yCyy, onT.

4.3. Case 0 < a < 1. degeneration

First, let us consider problem (4.4) with u = 0.
If 0 < @ < 1, by using Theorem 1 in [33] we can easily prove that for any i, j € {1, --- N} we have

8;b0;b cr e Coa
Vg,ivg,j _* f/i,j .= { ~fY IVyh\z dy’ lf l’,] € {1’ N 1}9 (441)

0, otherwise,

in L*(W) as € — 0. Recall that here we assume the validity of condition (4.3). We denote by 9i, the

matrix defined by
N = { (‘71',]')2]]-:1, ife =0,
N (Ve,ive, j)ﬁlj:l, ife> 0.
We note that by (4.41) this matrix is symmetric and nonnegative, that is, v0,v' > 0 for all v € RY.

Before proceeding further we need to introduce the following results. Recall that for simplicity we
write Qy = Q, Iy =T and Xy = X

Lemma 4.4. For any integer n > 0 there exist n + 1 functions ¢y, ..., ¢, in C*(RY) such that, for any
g > 0 their restrictions to €. are linearly independent, belong to Hg,zg(ga) and if u = Y\ ,a;p; and
Vut,(Vu) =0onT, thenay=---=a, =0.

Proof. The proof can be carried out by following the same steps of the proof of Lemma 8.1 in [23] with
minor modifications. Namely, by condition (4.3) we can assume without loss of generality, that v, ; # 0
for all € > 0. Then, we can explicitly construct the functions ¢y, ..., ¢, by choosing, for example,

ou(x) = X' (B (xy) for all x = (x1, ..., xy) € RY, k €{0,...,n},
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where n; € CX(W)n > 0in W, iy = 1 in B where B € W is an open ball of RN and n, € C*(R)
with 7,(¢) = 0 for any ¢t < —1 and n,(¢) = 1 for any ¢ > —%. It is obvious that the restrictions of those
functions to Q, are linearly independent. Assume now that ay, ..., a,, € R are such that Vudt (Vu)' = 0
on I',. Then we have

Vu()R(X)(Vu(0)) = ver (0 DY aiali + 1)(j + D,

i=0 j=0

for all x € {(X, g-(X)) : X € B}. Then the assumption Vudt . (Vu)' = 0on I, and v.; # 0 imply

Z Z aiaii + D+ D = 0. (4.42)

i=0 j=0

It is easy to prove by induction that (4.42) implies that ¢; = O for all i = O, ...,n. Indeed, it is
immediate to check that by condition (4.42) a, = 0 since the constant term in (4.42) is a(z). Next,
assuming by inductive hypothesis that a; = 0 for all i = 1, ..., k with k < n, we see that the coefficient
of the monomial of degree 2k + 2 in (4.42) is ai Lk + 2)%, hence, a;,; = 0. The proof is complete. O

Lemma 4.5. Let {Q,}o<c<s, be a family of domains as in (4.1) with g.(x) = €*b(x/g), 0 <a < 1, and b
satisfying (4.2) and (4.3). Let {us}o<e<e, € H>, (RY) be a family of functions such that

loc

f |D*u,*dx + f |Vu|*dx + f uldx = 0(1), as & — 0,
D D D

for some bounded domain D satisfying D D | Jo<e<g, Qe
Then the following statements hold:
(1) There exists a subsequence {ug, }ren with & — 0 and u € H?*(Q) such that (Ug ), — u weakly in
H*(Q) as k — oo;
(i) If frgk (ug, )2, dorg, = O(1) as k — oo then VuR(Vu)' = 0 onT.

Proof. For simplicity, in the proof of the lemma, we will denote the restrictions («,),, and (u,), simply
by u,.

To begin with, we observe that |[u.||p2) = O(1) as € — 0 being Q C D. The proof of (i) then
proceeds from the reflexivity of H*(Q2). Moreover, by the compactness of the trace map we deduce that

ug, — u, Vu,, — Vu strongly in L*(0Q) as k — +oo. (4.43)

For any ¢t > 0 we set
Wee = ({xeW: VI+[Veg.®P <t}) =0, Wy, := W\W,...
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For simplicity, we omit the subindex k. Then, we have

2

N ou
O(I)ZI(us)ido-szf[ a_svs,i) do-s
r, r. o7 0Xi
~ f [ZN: Ou, _
W\i=1 dx;

2
‘] VI Vig(OPdx

5 (4.44)
Y ou
= f (Z (%, go(X ,~‘) I+ Vago(OPdx
Wee 5 0x;
N 2
Us _ _ _ —
+ f (Z (x,ga(X))vs,i(X)] 1+ [Vzg:(X)I*dx.
Wt‘:s i=1 Xi
We can estimate the first term on the right-hand side of (4.44) as follows:
N 2
f (Z - (%, gg(X))vg,(X)) 1+ [Vzg.(0)ldx
Wie i1
u 2
< fw | ( ( o )](Z] |vg,,~<x)|]x/1+|vxgg<%>|2dx
N
<t X, g.(x d—
= " (4.45)
al ou, ou, 2
< 27, oD - 20|
—~ Jw 0x; 0x;
ou
+ Ct f £(x,0) —
; 114 ax
N
ou
Ct
* ;Lt,s 6)@

The second term on the right-hand side of (4.45) converges to zero due to (4.43), and the third term
follows suit as the measure of W, converges to zero, as per Proposition 4.1 (ii). As for the first term,
we have (omitting the summation symbol for simplicity):

L5

o,
e (%, g4(3) - —(x 0)|

8 (%)
f g=(x)l f

2
< 1|l ot f |D?u,
Q\Q

2
< 8a||b||L°°(RN‘1)”ua||H2(D) —0ase— 0.

2 2

0-u,

axNaxi

dx

(x, xy)| dxy

(4.46)

2a')c
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This demonstrates that the left-hand side of (4.45) tends to zero as & — 0 along the prescribed

sequence.
Combining this fact with (4.44), we infer the existence of a positive constant C independent of &

and ¢ such that
x|

ou, —
(Z (,;t (X gs(x))vsz(x)J Vl + |ngg(X)|2d§+ 0(1)

= (4.47)

2

f [Z o gg(x»vg,(x)] dx + o(1).

i=1
We claim that
2 2

N O — - N ou _ _
‘fo,E (; 8_xi(X,gs(X))v8,i(X)J dx = f;vc [Z a—xi(x, O)V&,‘(X)] ﬁ+0(]) (448)

Indeed, using (4.43) and (4.46), we have

1 1

[f (i Jz o ([ (£ 50 ]
.

N N au
%)= > o—(E 0@
8xi

i= Xi i=1

N
O (7, 4.) - g—“o‘c, ) d%)
. »

[f 0
<
i=1 re

ox;

Al ou, ou, _ :
) f |- Geeo| &
N 22
o, _ ou _
,0)— — dx| =o(1).
+Z‘UW o0 o x) Y

On the other hand, it is easy to see that

2

5 Ou
f [ E —(x, O)vg,i) dx = 0(1)
c 6)6,‘

te \i=1

as € — 0. This combined with the previous inequality proves the validity of (4.48). Then, from (4.47)
and (4.48), using (4.41) we have

Y ou
> ;{ f ( ¥ 0>vg,i(7c>)
P axi
ou
_I[Zf — (X, 0) (x 0)7; ,dX + 0(1)) +o(1).
i,j=1 9 i
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2
dx + 0(1)] +o(1)
(4.49)
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Taking into account

Zf a”(xo) (0= o(l)as £ = 0,
Wie

i,j=1
from (4.49) we obtain

C>Z[Zf a”(x 0)— (x 0)7,d% + o(1) | + o(1)
i,j=1

as € — 0, which implies

f Z (X 0) (X 0)v; jdx w + o(1) for any ¢ > 0,

ljl

as ¢ — 0. Here the quantities denoted by o(1) do not depend on ¢. Letting t — +oco0, we infer that
Vudt(Vu)' = 0 on I, because the matrix 91 is nonnegative. m|

Theorem 4.6. Let {Q}o<.<c, be a family of domains as in (4.1) with g.(x) = €*b(x/g), 0 < @ < 1 and
b satisfying (4.2) and (4.3). Then for any j > 1 we have that A5 — 0 as € — 0, where A’ are the
eigenvalues of (4.4) with u = 0.

Proof. By the classical Min-Max principle we have

A= inf supM. (4.50)

TCH 5 (Q:) uell f uldo
dimI=j+1 ®#0

Considering j+1 functions as described in Lemma 4.4, denoted by ¢, ..., ¢ ;, we introduce the following
family of subspaces of Hjy. (Q.):

IL, := span{(¢o)y,_ ;- <¢j)|gg}'

Note that by Lemma 4.4 the dimension of I1, is j + 1 and u, is not identically zero for all u € I, \ {0}.
By the equality (4.50), we infer

(4.51)

Letag, ..., a? € R be such that u, := };_ 0 atp; satisfies

er (ute, ) = sup QO',ng(u’ u) ) (4.52)
fl" (ug) dO"g uEES jlle ude'g

Without loss of generality, we can assume, up to normalization, that Zfzo(af)Z = 1.
We claim that

f (us); doy — +00 as € — 0. (4.53)
ra
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Assume, for contradiction, that there exists a sequence gy — 0 such that
f (ué‘k)jz/skdo-gk = 0(1) as k — +00.
Ty,

Then, according to Lemma 4.5, we conclude that there exists u € HS’Z(Q) such that
(Ug), — u weakly in H*(Q) (4.54)

and moreover Vudt(Vu)’ = 0 on I'. In fact, the weak convergence in (4.54) is strong because
the sequence of functions {(u.,),} belong to finite-dimensional space. By possibly passing to a
subsequence, we can assume that there exist ay, ..., a; € R such that

a* — a;as k — +oco, forany i € {0, ..., j}. (4.55)

J g

Clearly, the normalization condition Zizo(ai")2 = 1 implies

Z(a,-)2 ~ 1. (4.56)

Combining (4.53) and (4.55), we deduce that u = Z{:o a;p;. Since Vudi(Vu) = 0 on T, by
Lemma 4.4 we have that
apg=---=a;=0,
which contradicts (4.56). This completes the proof of claim (4.53).
The theorem’s proof now immediately follows by combining (4.50) and (4.51)—(4.53). O

Let us consider problem (4.5) with p = 0.
Before proceeding further we recall the following results from [23].

Lemma 4.7. For any integer n > 0 there exist n + 1 functions ¥, ..., ¢, in C°(RY) such that for any
&g > 0 their restrictions to Q. belong to HSZ (Q,) and such that their restrictions to I, are linearly
independent in the sense that if cy, ..., ¢, € R are such that

coo(x)+ -+ c,(x) =0 forall x e T, 4.57)
thency=---=c,=0.
Proof. The proof is precisely the one provided for Lemma 8.1 in [23]. Here we only point out that

in Lemma 8.1 in [23] it is stated that the functions ¢, ..., ¥, vanish on Z; in fact, the proof of that
lemma shows that also the normal derivatives vanish on X, hence they belong to Hé’zg (£,). O

Lemma 4.8. Let {Q,}o<c<s, be a family of domains as in (4.1) with g.(x) = &*b(x/e) 0 < a < 1, b
satisfying (4.2) and (4.3). Let {vo}o<e<s, C H? (RY) be a family of functions such that

loc

f |D*v|*dx + f Vv, [Pdx + f vidx = O(1), as € — 0,
D D D

for some bounded domain D satisfying D O | Jy<e<e, Qe-
Then we have:
(1) There exists a subsequence {vg, jren With & — 0 and v € H?*(Q) such that Ve, — Vv weakly in
H*(Q);
(i) If fFSk v2 dor, = O(1) as k — +oo then v =0onT.
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Proof. The proof of this lemma follows the same lines of the proof of Lemma 6.1 in [23]. O

Theorem 4.9. Let {Q.}o<c<e, be a family of domains like in (4.1) with g.(x) = &*b(x/e) 0 < a < 1,
b satisfying (4.2) and (4.3). Then for any j > 1 we have that Y — 0 as € —> 0 where Y; are the
eigenvalues of (4.5) withp = 0.

Proof. By the classical Min-Max Principle, if p = 0 we have

) Qo (v
y;= min me%/x %d) (4.58)
VCHX(Q) Ve vido
dimv=j+1 v#0 fr

Considering j + 1 functions as described in Lemma 4.7, denoted by vy, ...,¢;, we introduce the
following family of subspaces within H?*(Q,):
V, = span{o)y, - (¥) ).

By equality (4.58), we infer

Qra. (v,v
Y5 < max # (4.59)
vk frs Vvido,
Let cg, ..., cj € R be such that v, := {:0 ciy; satisfies
Q(T Ve, Ve Q(T Vv,V
Qoo 0, Qoo () 50
frg vido, <X fr vido,
Without loss of generality, we can assume, up to normalization, that Zfzo(cf)z = 1.
We claim that
f vidoi9 — 4+o0ase — 0. 4.61)
I
Assume by contradiction that there exists a sequence g, — 0 such that
f vido, = O(1) as k — +oo.
Ie
Then, according to Lemma 4.8, we conclude that there exists v € H*(Q) such that
Vs, — v weakly in H*(Q) (4.62)

and moreover v = 0 on I'. In fact, the weak convergence in (4.62) is strong because the sequence of
functions {(v,),,} belongs to a finite-dimensional space. By possibly passing to a subsequence, we can
assume that there exist c, ..., ¢; € R such that

c* = c;as k — +oo, forany i € {0, ..., j}. (4.63)

Clearly, the normalization condition Z{:O(c}”’)2 = 1 implies

J
Z(c,-)2 = 1. (4.64)
i=0
Combining (4.62) and (4.63), we deduce that v = Z{ZO ci;. Since v = 0 on I', we have that
condition (4.57) on I' is satisfied. Hence, we infer ¢y = - - - = ¢; = 0, which contradicts (4.64). This
completes the proof of claim (4.61).
The theorem’s proof now immediately follows by combining (4.58) and (4.59)—(4.61). |
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5. Conclusions

In this paper, we have studied the spectral stability of the biharmonic Steklov problems (DBS),
and (NBS), under domain perturbations. Working within a framework of varying Hilbert spaces and
employing suitable connecting operators, we have shown that condition (2.7) guarantees the E-compact
convergence of the associated resolvent operators. As a consequence, the eigenvalues converge, and
the corresponding eigenfunctions converge in the sense of Theorem 2.5.

We then investigated the sharpness of condition (2.7) for perturbations of the form

8:(x) = &"b(x/¢),

showing that the asymptotic behaviour exhibits a trichotomy. More precisely, for @« > 1 spectral
stability is preserved; for @ = 1 a nontrivial “strange term” appears in the limit boundary conditions;
and for 0 < @ < 1 the spectrum undergoes a degeneration phenomenon.

Our results also highlight several natural open problems. A first question is to better understand
the role of u in the asymptotic regime. A second issue is to identify the critical threshold for the
(NBS) problem, in analogy with what is known for related Steklov-type problems. It would also be of
interest to extend the present analysis to more general perturbations and to weaker assumptions on the
parameters y and p.
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