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Abstract: We consider a class of nonlinear integro-differential equations whose leading operator is
modeled on a superposition of (=A,)* and (=A,)", where 0 < s <t < 1 < p < oo, weighted via two
possibly degenerate coefficients a(-, -) > 0 and b(-, -) > 0, respectively. We prove local boundedness and
Holder regularity of its weak solutions under natural assumptions on the coefficients a(, -), b(-, -) and
the powers s, t, p. Moreover, when a(-, -) = 1, we also prove a Harnack inequality for weak solutions.
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1. Introduction

This paper is concerned with regularity results for a class of nonlinear nonlocal equations whose
differentiability order shows a drastic change depending on the point. More precisely, with Q c R”
being a bounded domain, we consider the following equation

Lu=0 in Q, (1.1)

whose leading operator £(-) is given by

Lu(0) = PV | Jux) = a0 (2) = u) [ae 0Ky () + b K9] dy, - x € R
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Here, K, K;, : R" X R" — R are measurable kernels of orders (s, p) and (¢, p), respectively, for some
O<s<t< 1 < p <oo,and a,b : R" X R" — R are nonnegative functions. We refer to Section 1.1
below for the detailed assumptions.

There have been several researches on various kinds of anisotropic nonlocal equations, see for
instance [10, 25, 29] for the linear case and [9, 11] for the nonlinear case. The Eq (1.1) is modeled on
the following example, which is the case where K,(x,y) = |x — y|™*” and K,,(x,y) = [x — y|”"""7:

Iu(x)—u(y)w—z(u(x)—u(y))( ), 2o )d
lx — y|+sp |x — y|r+p

=0 in Q. (1.2)

R”

It is straightforward to see that (1.2) is the Euler-Lagrange equation of the functional

. ff (a( |v(x) o) vl y)w) dxdy, (1.3)
|n+ sp |.X — y|n+tp
where
= R"XR)\ (R"\ Q) x (R"\ Q)). (1.4)

A main point in (1.1) is that the (possibly degenerate) coefficients a(-, -) and b(-, -) make the associated
integro-differential operator £(-) switch between two different fractional elliptic phases. In this respect,
our problem is closely related to the following local equation

div (a(x)lDulp_zDu + b(x)IDul”_zDu) =0,

where 1 < p < g < oo and a(-), b(-) > 0 satisfy v < a(x) + b(x) < L for some constants 0 < v < L < co.
This is called a double phase problem with two modulating coefficients. Since the pioneering works of
Colombo and Mingione [15, 16], the regularity theory for local double phase problems with a single
modulating coefficient (i.e., the case a(-) = 1 in the equation above) has been extensively developed;
see for instance [2,3,17,19] and the references therein. More general classes of problems, including the
double phase type, have subsequently been investigated in [27, 30]. In particular, [30] studies various
regularity results for equations of the form above, including the case in which a(-) may be degenerate,
meaning that a(-) can vanish. A key idea in [30] is the following observation: when a(x) is close to zero,
the equation can be regarded as a g-Laplace equation with a lower-order perturbation of p-Laplace type,
whereas when a(x) stays away from zero, the equation behaves genuinely as a double phase problem
with a single modulating coefficient.

We now turn to regularity results for nonlinear nonlocal equations. The De Giorgi—-Nash—Moser
theory for the fractional p-Laplacian was first investigated by Di Castro, Kuusi and Palatucci [21,22];
they proved local regularity and Harnack inequalities for weak solutions to fractional p-Laplacian
type equations involving measurable kernels. Cozzi [18] extended such results to minimizers of
non-differentiable functionals with lower-order dependencies, via a slightly different approach using
fractional De Giorgi classes. We also refer to [4,33] and references therein for similar results concerned
with more general equations.

Very recently, the results and techniques in [18, 21, 22] were further developed and extended to
nonlocal problems with nonstandard growth and/or differentiability conditions. Similarly to the case
of local problems, one can consider several typical examples, such as Orlicz growth [5, 13], variable
powers [12, 34], and double phase [9, 20, 24]. These papers are concerned with local boundedness
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and Holder continuity of weak solutions. Moreover, in the case of Orlicz growth, Harnack inequalities
are proved in [6, 14]. We also mention the paper [35] concerned with regularity results and Harnack
inequalities for nonlinear nonlocal equations with kernels of general differentiability order.

Nonlocal double phase problems with one modulating coefficient, whose prototype is

PV f (IM(X) — u)P2(u(x) = u(y)) T b, y)IM(X) — u()|(u(x) — u(y))
Rn

|x = ylreer |x = yprta

)dy =0 (1.5)

with 5,7 € (0,1) and 1 < p < g < oo, were first considered by De Filippis and Palatucci [20]. More
precisely, they proved Holder continuity of viscosity solutions for nonhomogeneous equations with
bounded source terms. We also refer to [7,24,36] for various results for (1.5). The papers [7,20,24,36]
consider solutions bounded in R" and are under the assumption that ¢ < s, which implies that the second
term in (1.5) plays a role as a lower order term. Under these settings, b(-, -) is imposed to be bounded
and possibly discontinuous.

On the contrary, in the paper [9], joint with Byun, the second and third authors of this paper proved
the local boundedness and Holder continuity of weak solutions to (1.5) in the case s < #, under natural
assumptions on the powers and the modulating coefficients. Specifically, it was proved that if

beC™"R"xR") forsome a€(0,1] and g < sp+a,

then every locally bounded weak solution to (1.5) is locally Holder continuous. We emphasize that
when s < ¢, the second term in (1.2) or (1.5) has a higher order and, as in the local case, the interplay
between the Holder regularity of b(-, -) and the growth/differentiability condition of the problem plays
a key role in the analysis. Moreover, in light of the Lavrentiev type phenomena considered in [1], the
above assumption is essentially sharp.

In this paper, we prove the local boundedness and Holder continuity of weak solutions to the general
Eq (1.1). Moreover, in the case of one modulating coefficient (i.e. when a(:,-) = 1), we further prove a
Harnack inequality for weak solutions to (1.1). To our knowledge, each of our regularity results is the
first one for (1.1); moreover, our Harnack inequality given in Theorem 1.4 below is the first one for
nonlocal equations of double phase type.

1.1. Assumptions and main results

We say that a function F : R” X R" — R is symmetric if F(x,y) = F(y, x) for every x,y € R".

The kernels Kj,, K;, : R" x R" — R are measurable, symmetric functions that satisfy
% L v L
<K, (x,y) < ——, - <K, (xy) < ——— 1.6
e I e N P o

fora.e. x,y € R" with x # y, where 0 < v < 1 < L < oo and
O<s<t<l<p<oo. (L.7)

The modulating coefficients a, b : R" X R" — R are nonnegative, measurable and symmetric functions
that satisfy the bound
v<a(x,y)+b(x,y) <L (1.8)
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for a.e. x,y € R".
In addition, for Holder regularity and Harnack inequality, we further assume the Holder continuity
of b(-,-) as follows: There exist two numbers [b], > 0 and a € (0, 1] such that

1b(x1,y1) = b(x2, y2)I < [blallx1 — X2f + |y1 — y2))* (1.9)
for every (xi,y1), (x2,y,) € R" XxR", and
(t—s)p<a. (1.10)
Remark 1.1. For any ball B, c Q, we set

by = sup b(x,y), by = im:; b(x,y).
X,YEB,

X,YEB,

Moreover, when (1.9) is in force, we choose a small radius Ry = Ry(v, @, [b],) € (0, 1) satisfying

[b]a(2Ry)" < g (1.11)
We observe that, when r < Ry,
by <y = % <a(,) <L in B,xB, (1.12)
b >t = b S by + [l S 2y (1.13)
Accordingly, if we set
G, (1) = xsylig a(x, y):Tl; + b(x, y):Tl;) , 8p,(T) = GB;_(T) (r20), (1.14)
then we have
b} < L—VL — G0~ :—I; + bgr% ~ :—Z + bgr%, (1.15)
by > ) = Gam~ L (1.16)

rir’

4

We next introduce the nonlocal tail, which is one of the essential tools in analyzing local regularity
for fractional equations. For f : R* = R, xy € R" and r,p > 0, we denote

-1 -1
SR O ) .

|y _ x0|n+sp |y _ x0|n+tp

T(f;xo,1,0) = sup f (a(x,y) (1.17)
R™\B,(x0)

x€B,(x0)

We will omit the point xj if it is clear from context.
With the definitions of weak solutions and relevant function spaces to be introduced in the next
section, here we state our main results.
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Theorem 1.2 (Local boundedness). Let u € A(Q) N T (R") be a weak subsolution to (1.1) under
assumptions (1.6)—(1.8), and let B, € Q be a ball with r < 1.

(1) We have

1/p
esssupu < cr /P ( J[ u? dx) + [FPT (uy; /2, 1)) (1.18)
B,

By

for a constant ¢ = c(n, s,t, p,v,L) > 0, where

B = min{sp/n,p — 1}. (1.19)

(2) Assume further that b(-, -) satisfies (1.9) and (1.10). Then we have

1/p
esssup u < C(J[ u’:dx) +
Br/Z Br

1/p
= c( J( u? dx) + g5 (T(us;r/2,71))

1/(p-1)
T(us;r/2,r)

Gp,(1) (1.20)

whenever r < Ry, where Ry is given in (1.11) and ¢ = c¢(n, s,t, p,v,L,a,[b],) > 0.

Consequently, if u € AQ) N T (R") is a weak solution to (1.1), then u € Ly () and estimate (1.18)
or (1.20) holds with |u| in each case.

Theorem 1.3 (Holder regularity). Let u € A(Q) N T(R") be a weak solution to (1.1) under
assumptions (1.6)—(1.10). Then there exists an exponent y = vy(n,s,t, p,v,L,a,[b],) € (0,1) such
that u € C%Z(Q). Moreover, for any ball B, € Q with r < Ry, where Ry is given in (1.11), we have

1/p
[ulcore, ) < cr™” [(J( |ul? dx) + g;rl(T(u; r/2,r)) (1.21)
B,

for a constant ¢ = c(n, s,t, p,v,L,a,[b],) > 0.

Theorem 1.4 (Harnack inequality). Let u € A(Q) N T (R") be a weak solution to (1.1) under
assumptions (1.6)—(1.10) with a(-,-) = 1. If u is nonnegative in a ball By, € Q with 10r < Ry,
where R is given in (1.11), then we have

supu < cilglfu + cg;;rl(T(u_; 10r, 10r)) (1.22)
B, r

for a constant c = c(n, s,t, p,v,L,a,[b],) > 0, where u_ := max{—u, 0}.

Remark 1.5. In Theorem 1.4, the additional assumption a(-,-) = 1 is concerned with the tail estimate
given in Lemma 5.4 below. Indeed, even if a(-,-) # 1, we can prove an estimate similar to (1.22)
which involves nonlocal tails of u instead of u_. However, in view of the natural Harnack inequalities
obtained in [18,21, 28], we confine ourselves to the case a(-,-) = 1 in Theorem 1.4. We also remark
that Theorem 1.4 continues to hold under the slightly weaker assumption inf, yer» a(x,y) > 0.
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1.2. Approach

Our proofs of Theorems 1.2 and 1.3 are based on the Moser type approach in [22] which employs
a logarithmic estimate; the extension of this approach to the double phase setting was first presented
in [9]. Moreover, for the Harnack inequality in Theorem 1.4, we additionally modify and develop the
techniques used in [21] adapted to our problem. We stress that, in obtaining both regularity results and
Harnack inequalities for (1.1), these processes exhibit several difficulties which did not appear in [9].
First, while we only had to consider the case sp < n in [9], here we also treat the case sp > n as well;
note that in the latter case we automatically obtain the local boundedness of weak solutions via the
fractional Sobolev—Morrey embedding. However, in both cases, we have to obtain explicit and precise
local sup-estimates which extend the one in [22, Theorem 1.1]. Second, since we are dealing with weak
solutions which are not necessarily bounded in R”, we need a delicate analysis to handle the nonlocal
tails in proceeding towards the proof of our Harnack inequality. More precisely, with the same spirit as
in the case of fractional p-Laplacian [18,21], we aim to prove a Harnack inequality involving the tail of
u_ only, which reduces to the classical Harnack inequality when considering solutions nonnegative in
the whole R”. This is indeed the most problematic issue in the case of anisotropic nonlocal problems. In
order to address this issue, we establish a weak Harnack type estimate (Lemma 5.3) and a tail estimate
(Lemma 5.4), and then combine them with the local sup-estimate (1.20). All of these estimates encode
the long-range interactions of solutions in an optimal way.

In our proofs, we utilize assumptions (1.6)—(1.10) to deal with the two modulating coefficients a(-, -)
and b(-,-) in (1.1). Specifically, with B, C Q being a fixed ball, we divide cases as follows:

1) If bl+9r < v/4, then (1.12) implies that a(x, y) satisfies uniform ellipticity in the sense that the first
term a(x,y)K;,(x,y) = K,,(x,y) in B, X B,, while the second term b(x, y)K;,(x,y) has a higher
order with b(x, y) being possibly degenerate in B, X B,. As a consequence, the Eq (1.1) features a
nonlocal double phase structure analogous to (1.5) with p = q.

(i) If bgr > v/4, then (1.13) implies that b(x, y) satisfies uniform ellipticity in B, X B, with ellipticity
ratio 2b;r / bz_s,. = 2. In other words, the term b(x,y)K,,(x,y) = K;,(x,y) becomes a dominating
term and a(x, y)K;,(x,y) is regarded as a lower order term in B, X B,. In this case, the Eq (1.1)
becomes a (¢, p)-Laplacian type equation with an (s, p)-Laplacian type lower-order term.

The remaining part of this paper is organized as follows. In the next section, we introduce basic
notations and function spaces which will be used throughout this paper. In Section 3, we employ a
Caccioppoli type estimate to prove Theorem 1.2. After obtaining a logarithmic lemma and an expansion
of positivity lemma in Section 4, we finally prove Theorems 1.3 and 1.4 in Section 5.

2. Preliminaries

2.1. Notation and function spaces

We denote by ¢ a generic positive constant, whose specific value may vary from line to line. We
denote its dependencies in parentheses when needed, using the abbreviation

data := (n, s, t,p,v,L,a,[b],),
where @ and [b], are given in (1.9). For numbers A, B > 0, we write A < B if A < ¢B holds for a

constant ¢ > 1 depending only on data. Moreover, we write A ~ Bif A < Band B < A.
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As usual, B,(xg) == {x € R" : |[x—xp| < r} is the open ball in R” with center xy, € R" and radius r > 0.
We omit the center when it is clear in the context. Moreover, unless otherwise stated, different balls in
the same context are concentric.

For a real-valued function f, we write f. := max{tf,0}. If f is integrable over a measurable set U
with 0 < |U| < oo, we denote its integral average over U by

(o 1=J[dex ::ﬁfufdx.

For any open set U C R", s € (0, 1) and p > 1, the fractional Sobolev space W*?(U) is the set of all
functions f € LP(U) satisfying

1/p _ P 1/p
”f”W”’(U) = (f |f|p d)C) + (f M dx dy) < 00,
U vJu X =yt

We always assume that s, 7, and p satisfy (1.7) and that K, K;,,a,b : R" X R" — R satisfy (1.6)
and (1.8). Recalling (1.4), we define the admissible set A(L2) of (1.3) by saying that f € A(Q) if and
only if

fla € LP(Q) and ff ( 'f( ) = SO | p s M) dxdy < o,

|n+sp |X |n+tp
where Cg, is defined in (1.4). In particular, by (1.8) and Lemma 2.1 below, we have
feARQ) = flg € WP(Q).

Accordingly, we say that a function u € A(Q) is a weak solution to (1.1) if

f fc a(x, y)lux) = w7 u(x) = u@)(@(x) = eNKp(x, y) dx dy
o (2.1)
+ f j; b(x, y)|u(x) = u)IP > u(x) = u@)((x) = )Kip(x,y) dxdy = 0

holds for every ¢ € A(Q) with ¢ = 0 a.e. in R" \ Q. In a similar way, we say that u € A(Q) is
a weak subsolution (resp. supersolution) if (2.1) with “=" replaced by “< (resp. >)” holds for every
@ € A(Q) satisfying ¢ > 0 a.e. in R” and ¢ = 0 a.e. in R" \ Q. The existence of weak solutions to (1.1)
(coupled with a suitable Dirichlet boundary condition) can be proved via direct methods in the calculus
of variations, see [9, Section 3].

Recalling the definition of nonlocal tail in (1.17), we also consider the tail space

T (R") = {feL (R") : T(f; xo, 1, p) is finite for any xo € R",r > 0,p > 0}.

loc

It is not difficult to see that our tail space includes the standard one:

IR (PR R 9 o N )
LV R = {feLlOC (R).fw T gy 4 < }CT(R ),

see for instance [9, Section 2.1]. In particular, if f € LY(R") for some g > p — 1, orif f € LP~1(Bg) N
L>(R"™\ Bg) for a ball Bg, then f € 7T (R").
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2.2. Technical results

We recall several inequalities concerning fractional Sobolev functions. For more on fractional
Sobolev spaces, we refer to [23].

Lemma 2.1 ([9, Lemma 2.2]). Assume that s, t and p satisfy (1.7). If f € W"P(U) for a bounded open
set U C R", then

Ip 1/p
( f - fOr dy) <« o(diamU)y- ( f fwdxdy)
UJU

|lx = ylrsp |x = ylree
holds for a constant ¢ = c(n, s,t, p) > 0.

Lemma 2.2 ( [34, Lemma 2.5]). Let s € (0,1) and p > 1; denote the s-fractional Sobolev conjugate
of p by

ps *

.. |np/(n—sp) when sp <n,
- any number in (p,c0) when sp > n.

Then we have

=P

p/p; B
(Jg Vi (f)Br|p‘t dx) < chpJ(B ’ dedy

for any f € W*P(B,), where ¢ = c(n, s, p) > 0.
The following lemma can be proved in the same way as in [8, Lemma 2.2] and [9, Lemma 2.4].

Lemma 2.3. Assume that s, t and p satisfy (1.7). Then for any f € L”(B,) and any ay, by > 0, we have

f ot n2)e
B T

(Isuppfl)”/" J( f( ) = fOI @)= fOI

0
|B,| |x — y|r+sp lx — y[r+ir

supp /| T 1
C( 3, ) Ji( o bOW)dx

whenever the right-hand side is finite, where ¢ = c(n, s,t, p) > 0.

) dxdy

Proof. Using Holder’s inequality and Lemma 2.2, we have

p sp/n
1 deC(Isuppfl) (J(
B, r’p |Br| B,

sp/n _ p p-1 p
< C(ISUPPfI) J( )~ SO dxdy + C(ISUPPfI) A"
|B,| B, JB, lx — y|n+sp |B,| 5P

f =g, |”

rS

pIp; p
dx) L JDsl

rsP

b

B T
whenever the right-hand side is finite; the same is true when s is replaced by t. m|

Finally, we recall standard iteration lemmas.
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Lemma 2.4 ([26, Lemma 7.1]). Let {y;};>, be a sequence of nonnegative numbers satisfying
yisl bbby, i=0,1,2,...
for some constants by, 8 > 0 and b, > 1. If
Yo < bl—l/ﬁbgl/ﬁz,

then y; > 0 asi — oo.

Lemma 2.5 ( [26, Lemma 6.1]). Let Z : [ry,r1] = R be a nonnegative and bounded function, let
® € (0,1)and Cy,C,, x > 0 be numbers. Assume that

G

(01 — Qo)

holds for every choice of oy and o such that ry < 09 < 01 < ry. Then the following inequality holds
with ¢ = c(, x) > 0:

Z(00) < UZ(01) + +C,

Ci

— + (.
(r1 —ro)¥ ?

Z(r()) < C[

3. Proof of Theorem 1.2
The following Caccioppoli type estimate can be proved in a standard way, see for instance [9,
Lemma 4.2].

Lemma 3.1. Let u € A(Q) N T (R") be a weak solution to (1.1) under assumptions (1.6)—(1.8). There
exists a constant ¢ = c(n, s,t, p,v, L) > 0 such that

— p _ p

J, oo S bt R s
¢ (w.(x))? (W (x))?

(r—p)r jl;r fBr (a(x, y) |x — y|+G=Dp + b(x, y)m) dxdy (3.1

r n+tp
+c( ) T(wi;r,r)f wydx
r=p B,

holds whenever B, C B, € Q are concentric balls, where w, = (u — k). for any k € R. Moreover,
estimate (3.1) continues to hold for w, (resp. w_) when u is merely a weak subsolution (resp.
supersolution) to (1.1).

<

We now prove Theorem 1.2.

Proof of Theorem 1.2. Let B, = B,(xy) € Q be a fixed ball withr < 1.Forr/2 <p <o <randk >0,
we denote
A% (k,p) = {x € B, : u(x) > k}.

Note that for 0 < & < kand x € A*(k,p) C A*(h, p),

ux)—h);=ux)—h>k-h,

Mathematics in Engineering Volume 8, Issue 2, 181-208.



190

(u(x) =)y = u(x) = h > u(x) =k = (ux) - k),.

A*(k, p)| < f w=hy, o1 f (- h)’ dx 3.2)
At kpy (kK —h)P (k=P Jasho

(u—h), 1
f(u—k)+dx<f(u—h)+( — ) _Wf(u—h)fdx. (3.3)

Step 1: Proof of (1.18).
We first prove (1.18) in the case that b(-,-) is merely measurable. Applying Lemma 2.3 with f =
(u—k)y, ap = 1 and by = 0, we get

J( (u— k), dx
B,

Thus, we have

and

(3.4)
+ _ _ —_ ). P
<¢ |A™ (k, p)l (u(x) = k)+ = (u(y) = k)| drdy+ 4 -1 dx
p n+sp Y + ’
1B, B, JB, lx =yl By
where S is given in (1.19). Observe that, since r < 1,
1 1 20=9p
1< ;(a(x, y) + b(x,y)) < " (a(x, y) + b(x, y)m) for any x,y € B,.
Therefore, an application of Lemma 3.1 gives
J[ |(u(x) = k)s — (u(y) = k)| dxdy
B, JB, |x — ylr*op
< c Y 1 1 dvd
= —pr Jp, MO, et e | A
n+tp
+c( ) T((u-k),;o, U)J( (u—k),dx
I"(l Hp » cr’vttp
(0_ o ]( (u—h),dx+ (o —py ——T(u—-k)yr/2,7r) J[l;{,(u — k), dx.
Combining this estimate together with (3.2)—(3.4), we arrive at
_ h p B
J[(u—k)’jdec J( =1 1" J[(u—h)fjdx
B, By k—h By (3 5)
rp+(s—t)p Fp Sp )
. [(a’ T + (o =y (k= Iy T((u—=k)esr/2,r)+ 1].
Now, fori =0,1,2,...and ky > 0 with
ko =[PP T (uysr/2, ]V, (3.6)
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define -
Uﬁ=§ﬂ+2ﬂ and  k; == 2ko(1 =271,

We choose k = ki1, h = k;, p = 041, and o = o in (3.5). Then, dividing both sides of the resulting
inequality by k7, we arrive at

148
f [(u - ki+1)+ :|p dx < Czi(ﬁp+n+tp+[7—1)r(s—l‘)p [f [M]p dx) .
B, kO Bo, kO

Tit+1

Setting

1 (= ks P
Yi =
*(ki,oi)

dx, 1i=0,1,2,...,
|B,| ko ]
the above inequality becomes
Visl < E,r(s—t)pzi(,@p+n+tp+p—l)yi1+ﬁ
for some ¢ = ¢(n, s, t, p, v, L) > 0. Therefore, if

1
Yo = k_p J[ (u— ko)i dx < 5—1/ﬁr(t—S)p//32—(ﬂp+n+tp+p—1)/ﬁ2, (3.7)
B,

we have that y; — 0 as i — oo by Lemma 2.4, which together with the fact that lim;_,, o7; = r/2 implies
u<2ky ae.in B,p.

Note that the conditions (3.6) and (3.7) of kq are satisfied if we choose ky > 0 such that

1/p
koch“”w(fzﬁdﬁ + [P T (uys 7/2, )]0
B,

for some large constant ¢ = c¢(n, s, t, p, v, L) > 0. Therefore, we obtain (1.18).
We now assume that b(-, -) satisfies (1.9) and (1.10). To prove (1.20), we distinguish two cases.

Step 2: Proof of (1.20) in the case (1.13).
Assume that r < Ry. We apply Lemma 2.3 with f = (u — k)., ap = 0 and by = 1, which gives

+ sp/n _ _
J[ (=B dx < ,p(lA (k, p)l) J[ f (x) = k) = W) = RI"
B,

|B |x — y|r+er

g (3.8)
+ p-1
C(lA |g€|p)|) f (u_k)de
0

Since b(x,y) > v/4 for x,y € B, by (1.13), an application of Lemma 3.1 gives

J[ f |(u(x) — k)4 — (u(y) — k)41 dxdy
B, JB, |x — y[*P

- cr1-op W d crtP o o
_(O__p)pJ((u )5 x+( S T((u—k),;r/ ,r)ﬁg(u— ), dx.
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Combining this estimate together with (3.2), (3.3), (3.8), and recalling Gg (1) ~ r'7 from (1.15), we

deduce
sp/n
f(u—k)fdxﬁc(f [(b;{-hh] ) J((u— h)? dx
B, B,

[ 24 aniy

No=pr " (a—pwwwk—hv*G&U)

C hp P
+m ﬁ(r(u— )+dx .

Note that the estimate (3.9) is similar to (3.5), except that the terms r”**=97 and r*” are replaced by r”
and 1/Gg, (1), respectively. The remaining part of the proof is exactly the same as in Step 1, hence one
can obtain the estimate (1.20).

Step 3: Proof of (1.20) in the case (1.12).
Here we recall the function Gg (-) defined in (1.14); in the following, we simply denote G = Gg,.
Observe that

k—nh c
fB;r(l/t - k)+ dx < G(k— h) fBg G((u - h)+) dx < m L{r G((u - h)+)dx (310)

We use Lemma 2.3 with f = (u — k), ap = 1 and by = bz_a, to get

AV _
J(G((u—k)+)dx< J(( o + by, (” k)
B

0

T((u—k).;r/2,r) (3.9)

SC(Iz‘ﬁ(k,p)l)”J[ f () = k). = @Q) = k)", M) = k), = ) = b, 1” drdy (3.11)

B, |x — ylresp Br |x — y|+e

CA%hpnyl
(A Kol

B ]( G((u—k),)dx.

BP
Since a(x,y) > 3v/4 for x,y € B, by (1.12), an application of Lemma 3.1 gives
J( f (I(M(X) — k) — W) - k). 1" b- |(u(x) — k) — (u(y) - k)+|”)

|x _ y|n+tp B, |x _ y|n+tp

c » a(x, y) b(x,y)
< oy Jia(u(x) - h)} fBU (Ix TR + TR dydx

o n+tp
+c( ) T((u—k)+;0',0')‘)( (u—k),dx
o—-p By

< ¢ h)? 1 b;;, dvd
< (O' _p)p B(,(u(X) - )+ 5 |X—y|”+(s_1)p + |x—y|"+(t_1)p ydax

o n+tp
+c( ) T((u—-k)y;,0,0) (u—k),dx

dxdy

og-p By
cr? ro\"
< J[ G((u—h),)dx+ c( ) T((u—k).;r/2, r)‘)( (u—k),dx.
(0 —p)P Js, o-p Bo
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Combining this estimate together with (3.2), (3.10), (3.11), and recalling Gp (1)
from (1.16), we arrive at

P sp/n
J[ G((u—k),)dx < ¢ (J[ [(” — h)+] dx) J[ G((u— h),)dx
B, B, | k—h B,

rP rn+tp
' [(o‘ — p)P + (o — pyr*ir (k — h)pflG(l)T((u —k)ysr/2,1)

(u=h).]" )”‘IJ(
d G((u—h);)dx.
S R

Dividing both sides of the above inequality by 7 + by r™"’, we obtain the estimate (3.5) with
rP*=0P and r*P replaced by r” and 1/G(1), respectively. Hence we can conclude with the desired
estimate (1.20), and the proof is complete. O

X

T
:

4. Expansion of positivity

Throughout this section, we assume that the modulating coefficient b(-, -) satisfies (1.9) with (1.10).
We start this section with the following logarithmic type estimate, whose proof is analogous to those
of [9, Corollary 5.2] and [22, Corollary 3.2].

Lemma 4.1. Let u € A(Q) N T (R") be a weak supersolution to (1.1) under assumptions (1.6)—(1.10),
which is nonnegative in a ball Bg = Bg(xy) with R < Ry. For any d,{ > 0 and & > 1, define

v := min{(log({ + d) — log(u + d)),,log &}.

Then for any r € (0,R/2] and d > 0, we have

J( v— (g |dx < c+cd™? T(u_;R,2r) 4.1)
B,

G, (1)
for a constant ¢ = c(data) > 0.

Proof. In the case bgR < v/4, since v/4 < a(x,y) < L, the estimate is proved in [9, Lemma 5.1] with
q = p. Note that, in the setting of the present paper, [9, (5.10)] can be replaced by

()" (u_(y))ﬁ—l)
b ) - .. d d
Lsr/z f"\BR ng,(u(x) + d) ( ( )| y|”+517 + (x y) |)C _ y|n+tp yax

(- (u_()! )
b(x,y)————1|d
ngr(d) xelllgli Ln\BR ((l(.x y)l |n+gp + (x y) |y _ xO|n+t17

cr'd'-r

~ Gp ()

T(u_;R,2r).

We now consider the case bJI;R > v/4. For brevity, we denote
®,(7) = 1" 1, TER (4.2)
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Choose a cut-off function ¢ € C;°(B3,2) suchthat0 < ¢ < 1, ¢ = 1 in B, and |[D¢| < 4/r. Testing (2.1)
with ¢ = (u + d)'P¢”, we have

0< fz; jz; [a(x, WK, (x,y) + b(x, ) K, p(x, y)] @, (u(x) — u()(p(x) — p(y)) dxdy

n BZr BZr y

Estimating in the same way as in [22, Lemma 1.3], we have

p

¢’ (y) dxdy

u(x)+d )
u(y) +d

1
Il < _; fB fB [a(x’y)Ksp(x’y) + b(-xa y)Ktp(xﬂ )’)] |10g(

+ ch L [a(x, WK p(x,y) + b(x, ) K, p(x, y)] 6(x) — s dx dy
< _l ff ]log(u(x) +d) — log(u(y) + d)|
~ ¢Jp s,

lx — yle

dxdy + cr™'?

and
hSaf jT%wWMwHMmMM%MW@M@
Rn\BZr By,

+cd“”fR\ f |aCe VK p(6.y) + bx ) Koy (x|l () dxdy
"\BR

BZr
<" 4+ ¢d"Pr"T(u_; R, 2r).

Combining the above three displays, we get

f |log(u(x) + d) —log(u(y) + d)I”
B, JB,

| o dxdy < e + ¢d"Pr"T(u_; R, 2r).
x—y"

In turn, an application of the fractional Poincaré inequality gives

J[ v — () |ldx < J( v— gl dx+1
B, B,

<c+cd PrPT(u_;R,2r) < c +

1-p
Gp, (1)
which is (4.1). The proof is complete. O

T(u_;R,2r),

Using the above lemma, we prove the following result concerning expansion of positivity.

Lemma 4.2. Let u € A(Q) N T (R") be a weak supersolution to (1.1) under assumptions (1.6)—(1.10),
which is nonnegative in a ball Bg = Br(xy) € Q with R < Ry. Let k > 0 and assume that there exists
o € (0, 1] satisfying

|Bo, N {u > k}| = 0| By, for some r e (0,R/4]. “4.3)

Then there exists a constant 6 = 6(data, o) € (0, 1/4) such that if

1/(p=1)

d: T(u_;R,2r) = gp (T(u_; R,2r)) < 6k, (4.4)

" Ge.(D)
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then
ess inf u > ok.
Proof. We divide the proof into two steps.
Step 1: A density estimate.
We first show that
|By, N {u < 20k} < ¢
|Ba,| ~ olog(1/36)

holds for any ¢ € (0, 1/4), where ¢ = ¢(data) > 0. Using Lemma 4.1 with the choice

. 1 k+d
v = [min log%,logu_Fd

b
+

we have

v — (v)p,, | dx < c(data).
By,

Now, since assumption (4.3) is equivalent to

1By, N {v =0}

> O,
|BZr|

a direct modification gives

1 1 1 1 1
log — = — log — — v dx < — |log — — .
835 T By N v =0} fBzm{V:O} ( %835 V) =5 [ €35 (V)BZ']

Integrating this inequality over B,, N {v = log(1/36)} and using (4.7), we find

1
B>, N {v = log 5}

Recalling the definition of v, we obtain

1 1

Cc
log — < — - dx < —|By,|.
g 35 Ujl;z,'V V), | dx 0_| 2

By, N {u < 26k}| <

1 z
Byn{v=log—}l< ———|B,|,
2 {V °8 35}‘ log(1/35) 2!

which is (4.6). We also note that ¢ is still free; we will fix its value in the next step.

Step 2: A pointwise bound.
We now prove (4.5). For each j € N U {0}, we set

-j ~ . PjtPx
pj=1+27n pj== 2 —. Bj = By,(xo)
and
_ |B; N {u < €}
t; =1 +27)ok, wi = (l; —u,, A ::T
J

Then for any j, we have

PP €(r2r),  d<6k<{;<26k,  C—L =27""6k> 277,

4.5)

(4.6)

4.7)

(4.8)
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and
w2 (€= Cio)X <ty = 2_1_25,,X{u<e,~+1}- 4.9)
Moreover, (4.6) reads as
|Bo N {u < &y} ¢
Ay = < . 4.10
0 Bl olog(1/30) (10

To proceed, we consider the following two cases separately: by < v/4 and by > v/4.

Case 1: b, <v/4.
In this case, we have ag, 2 3v/4. Recalling (1.14), we simply denote bgzr = b*, Gp, = G and
gs,, = & Using (1.15), (4.8), (4.9) and Lemma 2.3 with ap = 1 and by = bEZr, we have

—jm 1
Aj+1G(2 J 2€j) SAJ'+1G(€J‘—€J'+1) G({’j—fj+1)dx
IBj+l| Bjin{u<tjy}
wh wh
<CJ[ (—+b_ )dx (4.11)
j+1 rek r'e

, — . P , — . P
< oA w;(x) —w;(y)l +b_|wj(X) w;()l dxdy + Gow)dx|.
— y|nts — y|n+t J
j+1 /+1 |x y| b |x yl P Bj+l

where S is given in (1.19). We then estimate the right-hand side of (4.11). It is straightforward to see
that

1
J[ G(w;)dx < G(L;)dx = G(£)A;. (4.12)
B; | il IBintu<e;)

Next, we apply (3.1) to w; and B;, which gives

J( f w;(x) —w;(I b w;(x) —w;(»I dxdy
Bji1 VBji |x - y|n+sp |X - )’|"+tp

<C][ f ( IW,(X) w;WI” +b(x’y)|wj(X)—Wj(\/)|”) dxdy

|n+sp |x — y|n+tp
4.13
< oo CTC:) NI C7(C)) L W @19
¢ r |n+(v Dp + (X, y)|x _ y|n+(t—l)p xay
+ CZJ(”””)T(Wj; Fis rj)J( w;dx.
B;
The first term in the right-hand side of (4.13) is estimated as
_ (W,( x))P (w;(x)’
2ip pJ( f ( |n+(s o + b(x, y)—| TR dxdy
< PPl — f f dx
J |Bj| Binfu<t;} |)C )’|"+(S Dp y
4.14)
2R — f f . dydx (
T1Bjl JBintu<e;) |x — y|"+(’ Lp
< !Bt <Gl (rorer + bt
J J

B,
< c2PG(L)A;.
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We then estimate the tail term. We use the facts that w; = (£; —u), < {; + u_ and that u > 0 in By in
order to get

(v))P-! ol
T(Wj; rj, rj) = sup fRn\B' (a(x,y)m + b(x’y)M) dy

xeB; ly = xol"**P [y = xol"*?
!

ot ‘
< csup f a(x, y)J— + b(x, y)J— dy
X€By, R"\B; [ |y — x0|n+sp |y — x0|n+t17

-1 -1
R™\Bg

xeB,, [y — xo|**sP [y — xol"*'P

For the first term in the right-hand side, we further observe that (1.9) and (1.10) imply

b(x,y) < b(x,y) — b(x, x0) + b*
< |b(x,y) = b(x, xo)|“"VPOQL)! I 4 bt (4.15)
< cly = x| + b*

for any x € B,, and y € R", which along with (4.4) and (4.8), leads to

1 1
T(wir,r) <cll™ f ( +b* dy+cT(u_;R,2r)
P T Jrms; |y — xol"*0P ly = xol™+'? Y .16
< c (gt + 8(d)) '
< cg(t)).
Also, by the definitions of w; and A ;, we directly have
J(I; Wjd)CSfjAj. (417)

J

Combining all the estimates (4.11)—(4.14), (4.16) and (4.17), we obtain
Ajer < 2R AL

for a constant ¢y = cp(data) > 0. By choosing

1 E' 1/[; n 2 2 1
5=Zexp(—;co 2( +tp+p)ﬁ)e O,Z

in (4.10), we have

A < ¢ < ¢ VBy~(ntip+2p)/p*
~ olog(1/36) ~ °

Therefore, we can apply Lemma 2.4 in order to conclude that A; — 0, from which (4.5) follows.

Case 2: b, > v/4.
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In this case, observe that b;b > b;;zr — [p]a(2Ry)* > v/8 from (1.11). Using (4.8), (4.9) and
Lemma 2.3 with ap = 0 and by = 1, we have

Aj+1(2_j_2fj)p <A =)' =

€= i) dx

|Bj+1| B_/+|ﬂ{u<€j}

(4.18)
< cr'P AP (J( f i) = w0 dxdy + f wh dx) .
NIy By = yImP B 7
We then estimate each term in the right-hand side. It is straightforward to see that
WP 1 P P
jdx < — todx < U7A;. (4.19)
B_,' |B]| Bjﬁ{u<[j} / /
Next, we apply (3.1) to w; and B;, which gives
. — , p
J( f lw;(x) = w;(y)l dxdy
Bj1 JBji |x — y[r+er
wi(x) —w;IP wi(x) —w;I?
< J( f (a(x’y)l (0 —w;() N b(x,y)l 1) —w; ()l ) dxdy
j+l ]+1 |X |n+sp |X _ y|n+tp (4 20)
< oo <w,< RN U G |
¢ rt |n+(s Dp + (x’ y)lx _y|n+(t—1)p xay
+ c2f("+”’)T(wj; rj, rj)f w;dx.
Bj
Similarly to (4.14) and (4.16), we can estimate each term in the right-hand side as
. w;(x))? (w;(x))”
] J
2ip, PJ( f ( oy r + b(x, y)—|x e dxdy
2”,|B N{u<d; }I (r‘”’f’.’ N r"l’fl?) (4.21)
|Bj| J J
< c2j”r_’p{’§.’A‘,-,
and
Twjrjr) <c(r™F +r7'P) 55.’_1 +cg(d) < cr’”’é’f_l. (4.22)

Combining all the estimates (4.17)—(4.22), we obtain
Aj+l < Clzj(n+tp+2p)A;+ﬁ

for a constant ¢; = cj(data) > 0. Therefore, as in Case 1, we can choose ¢ sufficiently small in order
to have A; — 0, thereby concluding with (4.5). O

5. Proof of Theorems 1.3 and 1.4
In this section, we keep on assuming (1.9) and (1.10) on b(-, -).
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5.1. Holder regularity
Here we prove Holder regularity for (1.1).
Proof of Theorem 1.3. Let B, = B,(xy) C Q be a fixed ball, and set

(p-1)
T(u;r/2,7) = 2llullz=s,.) + 285 (T(w; r/2,1)).

ko = 2|lullz=(,,,) + 2 G, (1)

We claim that there exist small constants y € (0, 1) and 7 € (0, 1), both depending only on data, such
that

essoscu < ™k (5.1
B

holds for every j € N. We show this by using strong induction on j. First, the definition of &, directly
implies that (5.1) holds for j = 0. Now, with i € N U {0} being fixed, we assume that (5.1) holds for all
j€1{0,1,...,i}, and then show that it holds for j =i + 1.

For each j € N U {0}, we set

y
2 r; .
rj = TJE’ B; = B, (x0), kj = (r_(])) ko = ™k,

where y € (0, 1) and 7 € (0, 1) are free parameters whose values will be chosen later, and then

M; = esssupu, m; = essinf u.
' B; ' B;
J

Observe that either

k,‘ 1 ki 1
‘2Bi+1 N {I/t -—m; = 5} > 5 |ZB,'+1| or |2Bi+1 N {I/t -—m; < 5} > E |2Bi+1| (52)
must hold; we accordingly set
u—m if (5.2), holds,
ul = .
ki — (u—m;) if (5.2), holds.
In any case, u; is a weak solution to (1.1), #; > 0 in B; and
2Biy1 N kil 1 12Bi,1 (5.3)
i+1 u, = ) ) i+11- .

It moreover satisfies
lul <M;—mj+k;<kj+k <2k; ae.in B; forany je€{0,1,...,i},

and
|Ltl'| < |Lt| + 2k0 a.e.in R” \ By.
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From these observations, we estimate

d . p-1 . p-1
T 2n) < swp | (a(x,y)mw(x,y) ) ) N
Bj-1\B;

x€2B11 4 ly = xo|"**P ly = xol"*7
(v)|P-1 (-1
+ sup f (a(x’y) i ()] + b(x,y) |u; ()] )dy
x€2Biy1 JRM\By ly — xol"*sP ly = xol™*'?
d 2k; )P 2k, P!
< sup Zf (a(x,y)%+b(x,y)%) d
x€2Biv1 =7 JBj1\B; [y — xo|"+sP ly — xo|**P
+ 2ko)P! + 2ko)P !
+ sup f (a(x,y)(lu()’)l 0) +b(x’y)(|M(Y)| ot) )d
x€2Bisy JRM B [y — xol"+sP ly — xol"+'P

To proceed, we again divide the cases.

Case 1: by, <v/4.
In this case, we use (1.8), (4.15) and the fact that

2rj1 < 2r0, byg, < byp  + [Pla(2r0)* < by + [b].(2r)"™ = Gap,(1) S Gap,,, (1)

in order to get

T(ws; 73, 2ri1) < € ) (2kio)" ™ (177 4 By 1)) + ekl Gy (1) + kb (ry™ + b3, 70"
J=1

p=1( —sp + —tp
Scij_] (rj +byp, 1 )

In turn, we have

P - —t
\ rjsp + b;B'nrj ! p-1
_ ¥ 21 ) < ' o
G, (1)T(””r“2r’“)‘czr-sp+b+ ki
i+1 j=1 Ti+1 2By i+1
i r sp i
i+1 p=1 _ p-1 (i+1=plsp=y(p—-1)]
<o (%) um o Y .
j=1 J j=1

Case 2: by, > v/4.
In this case, with (1.8), we directly estimate

T(wss 1y, 2ri1) < € (k)P (177 + 777) + ekl Gapy (1) + ckb ! (7 + 1)

J=1
i i
p-1( —sp —ip p-1_-tp
<c K (rrP+r")<c Kr
J-1\J J J-1J
Jj=1 Jj=1

and so
i 7 tp i
i+1 - - 1= Dy (p—
T(u;;r;,2riy) < CZ:(—I+ ) Kl = ck? IZT(’” Mip=y(p=DI,

. Jj-1
=T j=1

Gop,., (1)
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Therefore, if y € (0, 1) is so small that

y< sp < lp
T 2p-1D 7 2p- 1)

(5.4)

then in any case we have

| i ) Tsp/2
T(ui;ri,2ri41) < ck? Z P2 < ¢
j=1

p—1

1
T ((u))-; ri, 2ri1) < 1 — popi2ti

1
GZB,'+1(1) G23i+1(1)

for a constant ¢ = c(data) > 0. We now choose 7 = t(data) € (0, 1/8) so small that

1 1/(p=1) 75pI2 1/(p=1) S
——T ((u;)-; 1y, 2r; < ki < Ski,
G23i+1(1) ((u ) r r+l):| (Cl _ TSP/Z) 2

where 6 = d(data) € (0, 1/4) is the constant determined in Lemma 4.2 with the choice o = 1/2.
Consequently, recalling (5.3), we employ Lemma 4.2 with the choices k = k;/2, oo = 1/2, Bg = B; and
B, = B;;1, which gives

5](,'

essinfu;,; > -

i+1
In turn, we have the following:

(i) If (5.2), holds, then m; — m; > dk;/2 and so

My —miyy < M; —m; — (mjyy —my) = ess oscu — (mipy —my;) < (1 - E)ki-

(i1) If (5.2), holds, then k; — M1 + m; > dk;/2 and so

0
My —mip < My —m; < (1 - E)ki-

Namely, in any case we obtain

0
essoscu < (1 - —)T_Vkm.
Bit1 2

Then we finally fix y € (0, 1) as a small constant, depending only on data, in a way that (5.4) and
1 — /2 < 17 are satisfied; this leads to (5.1) for j = i + 1. Hence, we conclude with

ess oscu < et [”u”L""(Br/z) + 85, (T(u; /2, r))]
(1.20) , tp -1
< et Wl dx|  + g5 (T(u; r/2, 1))
B,

for any j € N, and then estimate (1.21) follows by elementary manipulations. O
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5.2. Harnack inequality

In the following, we further assume that a(-,-) = 1. We first recall a Krylov—Safonov type covering
lemma, see [32]. The following version, which employs balls instead of cubes, can be found in [31,
Lemma 7.2].

Lemma 5.1. Let E C By be a measurable set, and let 6 € (0, 1). Define
[E1s = |_J{Bs,(x) N Br : x € Br,p > 0,|E 0 B3, (x)| > 3IB,(x)]}. (5.5)

Then either [E]; = By, or else |[Elz| > (2"0)7'|E|.

Remark 5.2. It is clear that, in the above definition of [E];, we may consider only the balls B3, (x) with
p < 2r/3.

Using Lemmas 4.2 and 5.1, we obtain a weak Harnack type estimate.

Lemma 5.3. Let u € AQ) N T (R") be a weak supersolution to (1.1) under assumptions (1.6)—(1.10)
with a(-,-) = 1, which is nonnegative in a ball By, = Bio,(xo) € Q with 10r < Ry. Then there exist
constants py € (0,1) and ¢ > 1, both depending only on data, such that

1/po
(J[ ur? dx) <c essBinfu + cgl_gr](T(u_; 10r, 10r)).
B, r

Proof. We set § := 27" and T := c2g5' (T (u_; 107, 10r)), with ¢, = ¢,(data) being a constant whose
precise value will be determined in (5.6) below. For each i € N U {0} and 7 > 0, we define

‘ . T
Al = {xe By, u(x) > 18 — 1—06}’

where 6 = §(data) € (0,1/4) is the constant determined in Lemma 4.2 in the case o = §/6". It is
obvious that A™! c AL,
Let x € B, and p € (0,2r/3] be such that

B3, (x) N By, C [AT ']
holds (recall the notation (5.5) and Remark 5.2). Then we get
JAZ! 0 Bs,(x)] > 6B, (x)|
and so . .
JAZ" N By () 1 JAZ! N B3, ()|
|Bep(X)| 6" |By(x)|

Moreover, u > 0 in Bjy,(x) C Bjg,. Therefore we can apply Lemma 4.2 to u on the concentric

o
> —.
6n

balls Bs,(x) C Bs,(x) C Biy(x) with the choices k = 07 = Ty/(1 = 6), 0 = 6/6" and d =
g;;p(x)(T(u_; x, 12p, 6p)); this leads to

inf 25( 5"—‘——)—d.
essint u T 1_5

B}p(x)
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We also observe that, since # > 0 in B,

p-1 -1
88,0 (d) = supf (% +b(-,y)M) p
R™\B12(x)

Bﬁp(x> |y _ x|n—sp |y _ x|n+tp
(u_(y)r! (u_(y)!

< csupf (—m +b(,y)—————| dy (5.6)
Bior JrM\ By, \ |V — Xol"*5P [y — xol™*P

= cT(u_;10r,10r)
< & gy, 0(85 (T(u—; 107, 10r))) = gp,,(1(To)
holds for a constant ¢, = ¢,(data) > 0, where we have also used the fact that
P 2/3, by S by o+ 1 S bh o+ = 8,0 5 8y

Consequently, we have

Ty
1-¢6

: i—1 Ty i
essmfuZé(Té - )—TO:T6—
B3y (x) 1-6

and this implies B3,(x) N By, C Al. In turn, since Bs,(x) was an arbitrary member of the family making
the union in (5.5), we have [A"!]; c Al. We now apply Lemma 5.1 with E = A'"!, and the rest of
the proof is exactly the same as the case of fractional p-Laplacian [18,21]. We thus finish the proof
here. O

The following lemma allows us to capture the precise tail contribution in the Harnack inequality.

Lemma 5.4. Let u € A(Q) N T (R") be a weak solution to (1.1) under assumptions (1.6)—(1.10) with
a(-,-) = 1, which is nonnegative in a ball Bg = Bg(xy) € Q with R < Ry. Then

T(uy;r,2r) < cgs, (sup u) +cT(u_;R,r)
B,

holds for any r € (0, R/2], where ¢ = c(data) > 0.

Proof. We set w := u — 2k for k := sup, u, and take a cut-off function ¢ € C(B,) such that supp ¢ C
B34, 0< ¢ <1,¢ =11in B,;; and |D¢| < 8/r. Recalling the notation (4.2), we test (1.1) with w¢” in
order to have

[ ] @) = 60107 ) = w1870 [ K530+ b 0K 5] iy

0

+2 fR \ f @, (u(x) — u(Y)w(x)¢? (x) | Kyp(x.3) + b(x, y)K;p(x. )| dxdy (5.7
"B, JB,

=1+ L.
We first estimate /. By the calculations done in the proof of [9, Lemma 4.2], we have
O, (w(x) = w))(W(x)@’(x) — w(y)@’(y))
1
> le(x) —wIP (¢’ (x) + ¢"(y) — clp(x) — pWI"(w(x) + w(y))”

> —ck? b=

rP
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and therefore

kP 1 kP 1
- e ooy T b(x, )’)—p_ — op+i-Dp dxdy
B, JB, \I" lx — re|x =yl

> —c (k” 7" 4 by kPP )
—cr"Gg, (k).

(5.8)

We next split I, as

22 [ [ k) =090 Ko + b K] dedy
"\B, B,

-2 ﬁvw L 2K tutyy <ty ((X) — u ()7 $P(x) [Ksp(x, ) + b(x, )K,(x, y)] dx dy (5.9)

= 12’1 - 12’2.

We note that

7
Zly—xolsIy—xOI—Ix—xOISlx—yISIx—xO|+|y—xO|SZly—xol

for any x € B3,;4 and y € R" \ B,, in order to estimate /5 as

1 -1
b > f f((u+()’)’)i (x,y)%)d)”(x)dxdy
=g, Jp, \[X = yI"P x = ylree

[ f ( b )¢"<x> dxdy 10
R\, |x y|n+sp | |l’l+l17
> kr” f ( ()"~ +inf b(-, y)——— (s D" ) dy — cr"Gg, (k).

"

= c B, |y _ x0|n+sp B | |n+tp
As for I, we observe that

(i) If x € B, and y € Bg, then (u(x) — u(»)"™" < (u(x))’™";
(ii) If x € B, and y € R" \ B, then (u(x) - u()), " <277 [(x)"~ + (u_())y™"|-

We thus estimate

kol k-l
L, < 2kf f (— + b(x, y)—) ¢’ (x)dxdy
Br\B, [y = xol"**P [y = xol"*?
1 1
+2kf f ((k+u ) +b(x’y)(k+u_(y))” )¢p(x)dxdy (5.11)
R™\Bg

ly — xol"*+sP ly — xo|"*P

< cr'"Gpg, (k) + ckr"T(u_; R, r).

Connecting (5.8)—(5.11) to (5.7), and then recalling the definition of k, we arrive at

. -1
f ( (us(y))? N infb(-,y)M) dy < cgp, (sup u) +cT(u_;R, ).
R"\B — Yol Br

Ay = xo™*P B ly
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Finally, we use (1.9) and (1.10) to estimate

-1 _1
T(uy;r,2r) = sup f (M + b(x,y)M) d
R"\B,

xeBy, ly = xo|"**P ly — xol™*?
p—1 p—1
. f ( OV oy 80D ) 4
r\g, \[Y = X7 g, ly = xol"*?
p—1 p—1 p-1
< f ( O™ b(-.y) (s () ) dy + cr® f (u+(»))
ro\g, \[V = Xo[™*P By ly = xol"*7 r\B, [y — Xol"PriP=sp
p—1 p—1
< cf ( (s () L infb(-,y) (u.(») ) dy
rn\g, \|y = Xo|""*P  Bip ly = xol™+'?
Combining the last two displays, we conclude with the desired estimate. O

We are now in a position to prove Theorem 1.4.

Proof of Theorem 1.4. Let u be a weak solution to (1.1) which is nonnegative in a ball By, = Bj,(xo) €
Q with 10r < Ry. First, arguing in a way completely similar to the proof of (1.20), we have

C

1/p
supu < ———— (J( u? dx) + sg;;: (T(uy;r,2r))
By

Byr - (T — O—)"/P

forany 1 <o <7 <2ande¢ € (0, 1], where ¢, = c.(data, &) > 0. Next, using Young’s inequality, we

get
(p—po)/p 1/p
supu < ———— (sup u) (J( u dx) + &gy (T (uy; 1, 2r))
Bor (t—o)'?\s, By, '
1 ¢, " 1/po » .
< 3 Szlslf u+ m (ngr u dx) +&gp (T(uy;1,2r)),

whenever 1 < o < 7 < 2, where pyg = po(data) € (0, 1) is the constant determined in Lemma 5.3.
Then Lemma 2.5 implies

1/po
supu < ¢, (J( u’ dx) + sg;rl(T(uJ,; r,2r)).
By,

B,

We now apply Lemmas 5.3 and 5.4 to the first and the second terms in the right-hand side, respectively,
thereby obtaining

supu < c,ESUP U + Cg igfu + x5 (T (u_; 10r, 10r))
B, B, r

for any ¢ € (0, 1], where c. = c.(data) and ¢, = c.(data,¢) are positive constants. In this last
display, we choose € = 1/(2c¢,) and then reabsorb the first term in the right-hand side; this finally
yields (1.22). O
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6. Conclusions

We have investigated a class of nonlinear integro-differential equations driven by a superposition
of (s, p)-Laplacian and (¢, p)-Laplacian type operators, where 0 < s <t < 1 < p < oo, weighted via
two possibly degenerate coeflicients a(-,-) > 0 and b(-,-) > 0, respectively. Under natural assumptions
on the coefficients a(-, ), b(:, -) and the powers s, t, p, we established local boundedness and Holder
continuity of weak solutions. In the special case a(-, -) = 1, we further derived a Harnack inequality.
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