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Abstract: We introduce and analyse a variant of the two-dimensional XY-model energy which is
suited to detect both topological defects and geometric defects in form of fractional vortices and domain
walls, respectively. In contrast to previously introduced variants, the energies we consider here are
defined without using an angular lifting of the S!-valued spin variables. Moreover, they combine in
an explicit way the features of the XY-model energy on the one hand and weak-membrane energies on
the other hand. This leads to simplified proofs of compactness and lower bound in the I'-convergence
analysis.
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1. Introduction

The macroscopic behaviour of crystalline materials is highly influenced by the presence and
interaction of material defects, that can roughly be described as local deviations from the otherwise
regular crystalline structure. Such defects can be of different (co-)dimension ranging from point and
line to planar and volume defects (see, e.g., [23, Chapter 1.3]), and the derivation and analysis of
corresponding mathematical models has constantly given rise to interesting challenges and problems.
One challenge that has drawn the attention of the mathematical community in recent years consists in
obtaining continuum-mechanical models for material defects from more elementary discrete models
via a rigorous coarse-graining procedure by means of I'-convergence. Such a discrete-to-continuum
variational analysis has been applied to models for defects of different (co-)dimension including,
among others, models for volume defects such as voids [19], for planar (or co-dimension 1) defects
such as grain boundaries [18], and for co-dimension 2 defects such as dislocations [2-5, 17, 24], to
name just a few. It is also worth mentioning that in a reduced two-dimensional setting discrete energies
for so-called screw dislocations have been shown to be equivalent to the XY-model energy used in
micromagnetism (see [2]).
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Here we are interested in further investigating the relation between the screw-dislocation and the
(ferromagnetic) XY-spin model when both co-dimension 2 and co-dimension 1 defects are taken into
account as in the recent contributions [8, 11]. Those defects are typically referred to as topological
and geometric defects, and they are observed in nature as (partial) dislocations and stacking faults in
the context of crystal plasticity [22,23] or as (fractional) vortices and domain walls in the context of
micromagnetism [27]. In the reduced two-dimensional setting we will consider here, they are point
and line defects. To motivate ideas we start recalling the definition of the screw-dislocation and the
XY-model energy. The latter is defined on spin fields v : €Z> N Q — S! mapping from the portion of
an e-spaced square lattice contained in a bounded Lipschitz domain Q C R? to the unit vectors, and it
assigns to any such spin field the energy

1
XV =5 >, () —vF. (L.1)

(i,j)n.n.

In (1.1) the sum is taken over all pairs of nearest neighbours i, j € £Z?> N Q. The XY-model energy
is well-suited to detect topological singularities at the leading order logarithmic scaling. Roughly
speaking, configurations v, satisfying a uniform bound XY.(v,) < C|logeg| develop in the limit as
& — 0 finitely many point singularities (interpreted as vortices) as those in Figure 1a. Around these
singularities an energetic contribution of order |log &| is stored (see [1, 3]).
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(a) Vortex singularity (b) Fractional vortices and string defect

Figure 1. Schematic pictures of a topological singularity in form of a vortex (left) and of
two topological singularities in form of fractional vortices that are connected by a geometric
singularity (right).

Upon choosing an angular lifting u : £Z?> N Q — R of v satisfying v = exp(2ntu) we have that
%Iv( 7) = v(@I? = 1 = cos (2w(u(j) — u(i)) for i, j. This allows to rewrite XY,(v) in terms of the angular
variable u#, which in turn makes it possible to relate the XY-model energy to the screw-dislocation
energy. Indeed, the latter associates to any scalar configuration u : £Z> N Q — R (interpreted as a
lattice displacement in the context of plasticity) an energy of the form

SDu(w) =21 ) dist® (u(j) — u(i); Z). (1.2)
(i,j)n.n.

Since 27? distz(t; Z) =~ 1 — cos(2nt) for t close to Z, one can show that XY, and S D, have the same
asymptotic behaviour at the leading order logarithmic scaling (see [2, 3]). Moreover, rewriting XY, in
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terms of the angular variable is the starting point in [11] for introducing a class of discrete energies that
is suited to detect the formation of both topological and geometric defects which in the spin variable
correspond to fractional vortices and domain walls as sketched in Figure 1b.

Here, we follow the approach in [11] to obtain a model for partial screw dislocations and stacking
faults, which we use as a point of reference (see Section 2.4 for a precise definition). Instead, for the
XY-model energy we take a different approach and define discrete energies directly on the spin field v.
This is done by taking inspiration from a different class of discrete energies which is commonly used
to detect line singularities. Those are discrete energies that approximate free-discontinuity problems as
considered, e.g., in [7, 14, 15,26]. A prototypical energy of this type is the so-called weak-membrane
energy which assigns to any configuration w : £Z> N Q — R? an energy of the form

WM,(w) = " min {w(j) - w(i)P’, &} (1.3)

i,jn.n.

It is known that the weak-membrane energies I'-converge as € — 0 to a free-discontinuity functional,
i.e., a functional consisting of a bulk and a surface contribution. In particular, the energies are suited to
detect line defects.

Energies as in (1.3) were already exploited in [8] to detect line defects in a model for partial edge
dislocations and stacking faults. Although these energies itself are not suited to detect topological
defects (see Example 4.3), we use them to define a variant of the XY-model energy which combines
the features of both energies and is thus indeed able to detect topological and geometric singularities.
Specifically, for fixed n € N we consider energies of the form

XY?&C(V) — Z max {#lvn(]) _ Vn(i)|2a min {lV(]) - V(i)'z, 8}} . (14)

i,jn.n.

Here, V" is the complex n-th power of v : €Z? N Q — S! which allows for fractional-integer windings
of the spin field. If i, j € £Z* N Q are nearest neighbours, then for sufficiently small changes between
v(i) and v(j) we have that |v(j) — v(i)|* ~ #lv“( 7) = V™(@)I*. This suggests that far from the singularities
the two terms should give the same energetic contribution. Moreover, for specific changes in the angle
between v(i) and v(j), namely changes by 2;”, we have that v*(i) = v"(j), while |v(i) — v(j)| is of order
one (see Figure 1b for n = 2). This in turn implies that such a term yields a contribution of & to the
total energy. As a consequence, the energetic contribution of macroscopic line defects across which
the spin field changes by an angle of 2;” as in Figure 1b will be of order one.

The above heuristics are made rigorous in Theorem 4.1 where we show that after removing the
logarithmic contribution of a fixed number of limiting topological defects the energies XY™ converge
as € — 0 to a continuum energy consisting of three terms. More specifically, Theorem 4.1 implies that
for fixed M € N the I'-limit of the excess energies XY*°(v) — 2X|log &| is given by

M 1 1
E™(w) = =Y+ FW(w“) + [ PhdH', weDI(Q). (1.5)
Sw

1

Here, D1 (Q) is a suitable subclass of S'-valued S BV-functions w whose jumpset S, has finite length,
their complex n-th power w" is a Sobolev function, and the jacobian J(w") is a sum of signed dirac
measures supported on the limiting topological defects (see 4.4 for the precise definition). The function
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w in (1.5) is obtained as the weak Hlloc—limit of the sequence of spin fields v, away from the limiting
point defects. Moreover, 7y is the core energy of the XY-model energy, a fixed quantity concentrated
around each limiting topological defect. The far-field energy ‘W instead accounts for the interaction of
the topological defects and coincides again with the far-field energy of the XY-model energy. Finally,
the surface contribution is concentrated on the limiting line defects and coincides with the surface
contribution of the weak-membrane energies.

We point out that the I'-limit in (1.5) coincides with the I'-limit of the discrete energies introduced
in [11] and indeed also the discrete energies in (1.4) are in some sense a reformulation of the energies
in [11] using the spin variable v instead of the angular variable. However, this reformulations is not
straightforward, since in [11] the angular variable is used explicitly to determine the region where
the cut-off at level ¢ takes places (cf. Section 2.4 for a precise definition). We circumvent this here
by including the interactions of weak-membrane type, which determine the cut-off region implicitly.
This makes it at the same time more evident how to compare those energies with the weak-membrane
energies, which in turn leads to a simplified proof of the lower-bound inequality and the corresponding
compactness result (see Theorem 4.1 (i)(ii)). Moreover, re-interpreting the energies in [11] as a model
for partial screw dislocations and stacking faults allows to compare those models with XY-spin models
in a framework that takes into account both topological and geometric defects. Finally, a crucial step
in obtaining the upper-bound inequality consists in showing that the core energy concentrated around
each limiting point singularity is the same (up to a factor) for the fractional XY-model energy (1.4)
and the original XY-model energy (1.1). This can be shown in a concise way using the recent
result [20, Theorem 2.4] which allows us to choose competitors for the minimization problem defining
v (see (4.12) for the precise definition) that are suitably regular in the sense that they do not contain
so-called short dipoles.

We finally observe that the limiting energies we obtain here also appear as I'-limits of the continuum
phase-field functionals introduced in [21] which are defined by coupling suitable variants of the
Ginzburg-Landau functionals and the Ambrosio-Tortorelli functionals. Building upon the analysis
carried out in the present paper and using the similarities between weak-membrane energies and
discretizations of the Ambrosio-Tortorelli functionals (see [10, Section 3.3]), it will thus be a subject
of further investigation to provide a discrete counterpart of those phase-field functionals.

2. Notation and setting of the problem

In this section we fix some basic notation and introduce the discrete energies considered in this
paper.

2.1. Basic notation

We start fixing some notation employed throughout. Given two unit vectors a,b € S' we let
dsi(a,b) =2 arcsin(%la — b|) denote the geodesic distance between them. We recall that

la — bl < dsi(a, b) < gla—bl, @.1)

where | - | denotes the euclidian distance in R2. For any R > r > 0 we set B, := {x € R?: |x| < r} and
A, = Bg \ B,. Finally, for any x € R? we set B,(x) := B, + x and A, r(x) := A,g + x. Moreover, the
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closed segment joining two vectors x,y € R? is denoted by [x, y].

Throughout the note, € > 0 is a positive parameter varying in a strictly decreasing sequence
converging to zero.

2.2. The discrete lattice

Throughout we will consider the e-spaced square lattice £Z>. For any € > 0, k € {1,2}, and any
Borel subset A C R? we let

ZH(A) =i € €Z* N A: [i,i + ge ] C A} (2.2)

denote the portion of lattice points contained in A for which the closed segment joining i and its
nearest neighbour i + ge; is contained in A as well. Moreover, we define the collection of closed cubes
subordinated to the lattice £Z? via

Q. ={0: = 0.() =i +[0,&*: i € 7%}, (2.3)

and for any cube Q, = i + [0, £]* € Q, we write b(Q,) := i + g(el + e;) for its barycentre. For any Borel
set A ¢ R? we let

Q™A) ={0.€Q,: Q. CA} and Q(A):={0,€Q:: Q. NA %0}
denote the subclasses of lattice cubes contained in A and intersecting A, respectively. Accordingly we

set
Ar= | ) 0 and A= | 0.

0:€Q™(A) 0, (4)
Finally 8,A := £Z?>NHA™ denotes the discrete boundary of A. It is also convenient to fix a triangulation
7. of R? subordinated to Z* by setting

Te = {T] = conv(i,i + ges,i + £(er + €2)), T, = conv(i, i + ge1,i + £(ey + €2)): i € 62}, (2.4)

Here conv denotes the closed and convex hull.

Next we introduce the sets of discrete variables taking values in the real numbers and the unit sphere,
denoted respectively by

AD, ={u:e7* >R} and SF.:={v:e&Z*> - S'}.

We will often refer to variables in AP, and SF . as admissible displacements and spin fields,
respectively. For u,u € AD, we write

u if  wu(i) —u() € Z for every i € £7° .

I~

u

Upon identifying R? with C we can associate to any u € AD, a spin field v € SF, by considering the
complex exponential
v = exp(2mu) (2.5

with ¢ being the imaginary unit. Vice versa, any v € S¥ . can be written in the form (2.5) for some
u € AD, (not unique). In this case, we will refer to u as an angular lifting of v. We shall often interpret
points on S! as complex numbers and implicitly use complex products and complex powers.
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2.3. Discrete gradients and discrete topological singularities
Foru € AD,,v € SF,and i, j € €Z* with |i — j| = & we consider the directional discrete derivatives
du(i, j) == u(j) —u@  dv(i, j) = v(j) —v@D). (2.6)
Moreover, to any u € AD, we associate a discrete vorticity measure as follows. For any 7 € R let
Pz(t) := argmin{|t — z|: z € Z} 2.7)

denote its projection onto Z (with the convention of taking the minimal argmin in (2.7) if it is not
unique). In other words, Pz(t) = [t — %] In this way,

Pz(t + z) = Pz(t) + z forevery ¢t € R and every 7 € Z. (2.8)

For i, j € £Z* with |i — j| = &£ we now define the elastic part of du(i, j) by

i oo 0G0 = Pelduti ) i< 09)
PV dud, )+ Pa(du i) if j<i, '

where i = (i,1;) < j = (Ji, j») means thati; < j; and i, < j,. Note that d°u(i, j) = —du(j, i). Moreover
|d°u(i, j)| = dist(du(i, j);Z). (2.10)

Using du we can associate a discrete circulation measure y, to u as follows. For any cube Q.(i) € Q,
with lower left corner i and vertices {i, j, k, £} ordered counter clockwise we define y,(Q.(7)) by setting

w,(Q(0) = d°u(i, j) + d°u(j, k) + d°u(k, €) + d°u(t, i). (2.11)
By construction, w1, (Q;) € {—1,0, 1}. We then define the measure y, as

= Y Qoo - (2.12)

0.Q;

If v e 87, we write v = exp(2mmu) for some u € AD, and set

Q) = w(Q,) and 1= p,. (2.13)

The measure u, is well-defined, since it does not depend on the choice of the angular lifting u. Indeed,

if u,u € AD, with u Z 7 one can use (2.8) to verify that d°u(i, j) = d“u(i, j) for every i, j € &Z?,

li — jl = €. Thus, w, = uz.

2.4. Definition of the discrete energies

This section collects all discrete energies we will consider. To define them, it is convenient to
first introduce the following pairwise interaction-energy densities. For every n € N \ {0} we define
fi : R > [0, +00) by

f1(1) = 27 dist® (r, %Z) :
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In this way, we have that
f%(t) = %fl(nt) for every r € R (2.14)
and
fD=A0 = dsD< 5 2.15)

Moreover, for any &, 7 > 0 we define j;’ 1> 85 R = [0, +00) by

. (P
fz,%(t) := max {f}l (1), etl,. dist(x’z)>21n}(t)} and ge(t) := min {5,87}.

We now introduce the two main families of discrete energies under consideration. Throughout we fix
71,7, > 0 and n € N. For any u € AD,, w € SF,, and A C R? Borel we define

SO A)i= Y [T (uii+ee))+ Y 7 (duli,i+ ge) 2.16)
! i€z i€Z2@a)
and

1
XY;EC(W,A) = Z max{ﬂldwn(i,i+ gen)l’, gi' (dw(i, i + ‘991))}

i€Z: (A)

1 .. . ..
+ Z max {ﬁldwn(l,l +ee)%, g(dw(i, i+ 862))} .

i€Z2(A)

2.17)

We also recall the definition of the screw dislocation energy and the XY-model energy studied in [3]
and [1], respectively. For every A C R? Borel, u € AD,, and v € SF, they are given by

2

SD(u,A) = Y > filduli,i + zey)) (2.18)
k=1 jezik(A)
and )
1
XY,(v.4) = Z Z dv(i, i + ee)), (2.19)
k=1 jezk(A)

respectively. Finally, we will make use of an anisotropic variant of the weak-membrane energies. In
our setting, they will depend on the parameters 7y, 7, > 0; specifically, we set

WM. (w,A) := Z g7 (dw(i, i + sey)) + Z g2 (dw(i, i + sey)) (2.20)

i€z (A) i€Z,2(A)

for any A ¢ R? Borel and w : €Z*> — R2. It is well known that the discrete energies S D, and XY,
(when scaled properly) account for topological defects in the continuum I'-limit (see [1, 3]). Those
topological defects are then identified with screw dislocations and vortices, respectively. Instead, the
macroscopic I'-limit of the weak-membrane energies is a free-discontinuity functional consisting of a
volume and a surface term (see [15,26]). In particular, in our two-dimensional setting it accounts for
line defects. Based on those two results we will show that the macroscopic I'-limit of suitably scaled
versions of S Di ““and X Yfff accounts for both topological defects and line defects.

’n n
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Remark 2.1. Energies of the form 2.16 have been considered in [11] for more general functions f1,
among those functions of the form

1
f%(t) = ;(1 — cos(nt)).

For such f1 one has that f1 (du(i, j)) = zll,z|dW"(i P, if w = exp(2mu). In particular, in the non

truncated region we have f’ (du(i, j)) = |dw"(i, j)|*, which coincides with the interaction energy

2n2

in (2.17) in the non- tmncated region. However, the main feature of the energies X YfraC defined in (2.17)

is that they do not require the use of the angular variable to determine the truncated region.
3. Preliminary results

In this section we collect some preliminary results that allow to compare the discrete energies
introduced in Section 2.4 with each other. Moreover, we recall some useful interpolation results.

3.1. Comparison between the discrete models

We start comparing the discrete energies introduced in Section 2.4. This comparison will be
useful to derive compactness properties and lower bounds for the energies SDp “and X Yf”lc A

first observation is that the discrete models S D" aft and X Y frac accounting for partlal dlslocatlons and

fractional vortices, respectively, are lower bounded by the correspondmg models accounting for full
dislocations and vortices.

Remark 3.1. Let u € AD, and let A C R? be a Borel set. The definition of S Dzalrt together with (2.14)
implies that "
ar 1
SDY}(u, A) 2 S De(nu, A). (3.1)
Moreover, for any w € S, by definition we have that

1
XY[0n, A) 2 S XYo(w", A). (3.2)

A second observation is the following elementary comparison between S D, and XY.

Remark 3.2 (Comparison between XY, and S D,). Letv € SF . and let u € AD, be any angular lifting
of v. Then the estimate

SD.(u,A) > XY, (v,A) (3.3)

holds for any Borel set A € R?. This is an immediate consequence of the identity
: .. 1 N
27 dist® (du(i, j); Z) = Edél(v(z), v()) (3.4)
for any i, j € £Z* with |i — j| = . Indeed, (2.1) together with (3.4) implies that

1
fildud, ) z F1dvG, s (3.5)

for any i, j € £Z? with |i — j| = &, which in turn implies (3.3).
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Remark 3.2 allows us to lower bound the screw dislocation energies by the XY-model energies. The
next lemma shows that an analogue estimate to (3.3) holds for the corresponding models for partial
dislocations and fractional vortices.

Lemma 3.3 (Comparison between S Dzait and XY™°), Let & > 0, let w € SF, and let u € AD, be an

n &

angular lifting of w. Then the estimate
S DX (u, A) = XY (w, A) (3.6)

holds for any Borel subset A C R?.

Proof. Letw € ST, and u € AD, be as in the statement. Moreover, set v := w". To obtain (3.6), we
fix 7 > 0 and we show that for any i, j € £Z? with |i — j| = & we have

1
7, @ut, ) = max {5 idvG, )P, gidwii ). G3.7)

Then (3.6) follows by applying (3.7) with j =i+ ce;, 7 = 7 and j = j + €e,, T = 7, respectively, and
summing over all i.

To establish (3.7) we fix i, j € £Z* with |i — j| = &, and we start with the following preliminary
observation. Since v = w", nu is an angular lifting of v. Applying (3.5) with v and nu and using (2.14)
thus yields

1 1
oz VG NP < 2/ (ndu(i, j)) = fi(du(i, j)) < f7,(duG, j)). (3.8)

Hence, (3.7) follows if we can show that also
gi(dw(i, ) < f7, (duGi, ).

Suppose first that dist(du(i, j); Z)) > 21—n Then we have by definition

[:1(duGi, ) 2 et 2 g (dw(i, ))) -
If on the contrary dist(du(i, j); Z) < zl—n, then (2.15) ensures that

fi(du(i, j)) = fi(duG, j). (3.9)
Thus, applying (3.5) now with w and u yields
g(dw(i, j)) < %|dw<i, P < fiduGi, j)) = f(duG, ) < f7, (duti, ).

which concludes the proof. O

Remark 3.4 (Comparison with WM,). Let & > 0, w € SF,, and A C R? a Borel set. By definition,
we clearly have XYi“f(w, A) > WM.(w,A). Together with Lemma 3.3 we thus obtain the chain of

inequalities
SDiaf(u, A) > XYfzf(w,A) > WM(w, A) (3.10)

for any angular lifting u € AD, of w.
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The estimates collected in Remarks 3.1, 3.2 and Lemma 3.3 allow us to lower bound on the one
hand dislocation energies by vortex energies and on the other hand energies accounting for partial
dislocations and fractional vortices by the corresponding energies for full dislocations and vortices.
Using a Taylor expansion we obtain approximate reverse estimates far from the singularities.

Remark 3.5 (Comparison via Taylor expansion). Let v € SF . and let u € AD, be an angular lifting of
v. Then we have that

1
E|dv(i, HIF =1 = cosadu(i, j)) .
Expanding the cosine around 277 thus yields the existence of a constant C > 0 such that
1 1
Sildu(i, j) < S ldva, NP+ Cdist*(duti, ), Z) < S ldva, HE+ Cldvi, I, (3.11)

where the last inequality follows from the identity (3.4) together with the second estimate in (2.1).

Suppose now that w € SF, is given by w := exp (%”Lu). Similar to Remark 3.2 we obtain that
Lo du(i,j)
EIdW(l, <A (3.12)

In particular, if dist (@ Z) < 5, then (2.15) together with (2.14) ensures that

2n’
) e
ACE = £(4538) = A ).

In combination with (3.11) and (3.12) this yields that

1

1 . a0 1 C a2 CoNd i e (duG)) .
EldW(l’])l < ﬁldv(z,])l +Cldv(i, pI*  if dist(Z22Z) < o (3.13)

3.2. Interpolation of discrete functions
We conclude this section by introducing useful interpolations of discrete functions.

Piecewise constant interpolations. Throughout the paper, discrete functions u,: £Z> — R™ will be
tacitly identified with their piecewise constant interpolations taking values u.(i) on every cube Q. (i) €

Q..

Piecewise affine interpolations. For £ > 0 let 7, be the triangulation defined in (2.4); for any
v, € SF, we let 9, € H. (R*;R?) denote the function satisfying 9,(i) = v,(i) for every i € £Z* and
being affine on every triangle 77, T, € 7. In this way, on every cube Q. € Q. the identity

e e

XY.(ve, Q) = / |VD,|* dx (3.14)

&

holds. Combining this identity with well-known interpolation estimates (see below) leads to suitable
continuum upper bounds for XY, and thanks to (3.11) also for S D,.
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Remark 3.6 (Interpolation estimate for XY, and SD,). Let U,U’ C R? be open, bounded, and
connected, with U cc U’. Letv € C®(U’;SY) N H*(U’;S") and suppose that v, € SF, is such that
ve(i) = v(i) for every i € €Z*> N U’. Then elliptic interpolation estimates (see e.g., [25, Theorem 3.4.1])
provide us with a constant C > 0 such that

a2 211%72.,112
||VV - VvsllLZ(Qg) < Ce ”V v”Lz(Qg)

for every Q. € Q™(U’). Together with Young inequality this leads to

IVDel72p,, < (1+DMVVIT g, + CE(1 + IV, forany @ >0, (3.15)

Combining (3.14) and (3.15) finally gives

1 I +&®
XY,(ve, U) < = Z XY (v, Q) € —— / |Vv* dx + Ce*™* / Vv dx (3.16)
2 Q GQE’“(U) 2 ngt .

for any @ > 0 and for & > 0 sufficiently small such that U c U’.

Suppose now that u is an angular lifting of v and for every i € £Z? let u,(i) := u(i).* Using (3.11)
and applying the mean-value inequality leads to

. 1 .. .
fildu(is ) < SldveG, NP+ CENVVITw i ldve i, DI
for every i, j € €Z> N U with |i — j| = &. Together with (3.16) this yields

S Dy(uts, U) < (1 + CEVV[Fe ) )X Yo, U)

1 +&®
<(1 +cg2||Vv||im(U,))(Tg / |Vv* dx + Ce*™* /
ngt

ext
Us

V22 dx) . G-17)

S'-valued interpolations. The piecewise affine interpolation ¥, of a spin field v, € S¥, in general
does not take values in S! anymore. The following result instead provides an S'-valued interpolation
of v.. It has been stated and proved in [9, Remark 3.2] on a triangular lattice. Since the proof on the
square lattice is analogous to the one in [9, Remark 3.2], we do not repeat it here.

Lemma 3.7 (S!-valued interpolation). Let & > 0, let v, € SF,, and let u, € AD, be an arbitrary
angular lifting of v.. Then there exists vV, € Wllo’c1 (R?; SI)OWIEEO (R2\supp u,; S) satisfying the following
properties:

(1) v.(i) = v(i) = exp 2mu,(i)) for any i € £Z?;
(2) J(Ve) = mpy,, with J(V.) being the distributional jacobian (see Section 4.1 for the definition);

(3) Jo, IVl dx = F3"(ue, Q.) whenever 1, (Q.) = 0.

*If U is not simply connected, u might not be smooth anymore. However, by introducing suitable cuts in U not intersecting £Z> we
can assume that u is piecewise smooth and can be evaluated in £Z>.
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Remark 3.8 (Lifting of v,). The S'-valued interpolation introduced in Lemma 3.7 is particularly useful
to provide a “smooth” version of the displacement variable u. in Lemma 3.7 by using well-known
lifting results in the continuum setting for v,. Indeed, if we suppose that U c R? is an open, bounded
and simply connected set with suppu,, N U = 0, then v, € Wl]O’f(U :S") admits a lifting ¢, € W-(U)

loc

satisfying v,(x) = exp (2ntp.(x)) for every x € U and 27|V (x)| = |Vv.(x)| for a.e. x € U (see [13,
Theorem 1.1]). By construction, ¢, coincides (modulo Z) with u, on £Z? and it satisfies

|do.(i, i + ger)| = |du.(i, i + gey) (3.18)

for every k € {1,2} and every i € Z;(U) (see [9, Remark 3.4]). In this sense, ¢, can be seen as a
“smooth” mod Z representative of u,.

4. Statement of the main results

In this section we state a compactness and I'-convergence result for a suitable rescaling of the
energies SDialrt and X Yi“f using the lower bounds established in Section 3.1. We start by introducing

the space of linmiting fields.

4.1. Space of limiting fields

For any U C R? open and M € N we consider the families of measures
N
X(U) := {,, = Y dis,, with N €N, d, €Z\ (0}, x, € U, x, # x, for h# h} @.1)
h=1

and

M
Xy (U) := {u = Zdhéxh € X(U) with d, € {~1, 1}}. (4.2)
h=1

It will be convenient to equip X(U) with the convergence induced by the flat topology. Namely, for any
distribution T € 2 (U) we let

IT Nl := sup KT, ¢): ¢ € CZ(U), W=y < 1, IVUllrow) < 1}

be its flat norm. We say that a sequence (u,), € X(U) converges flat to some u € X(U) and we write
fla .
= 1 3 Ity = pllae = 0 2 1 — +oo.

From now on, if not specified otherwise, Q C R? is an open, bounded, and simply connected subset
of R? with Lipschitz boundary and M € N is a fixed integer. The space of limiting fields will be a
certain class of special functions of bounded variation that can be related to a measure u € X,(€Q).
Specifically, we set

Dy(Q) := {v e W"(Q:8"): J(v) = mu for some p € Xyy(Q) and v € Hy (Q\suppp; S}, (4.3)

where for any v = (vi,1,) € WH(Q; R?) N WI=(Q; R?) the jacobian J(v) is defined in a distributional
sense as J(v) := curl j(v). Here

_ 1
Jj) = E(VIVVQ — V)
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is the so-called current or pre-jacobian (see [9, Section 3] for more details on the pre-jacobian and its
relation to the degree of v). Moreover, we consider the family of functions

1),%4(9) = {w € SBV(Q;SY): w" € Dy(Q), we SBVE (Q\suppp; Y, H'(S, nQ) < +oo}, (4.4)
where J(w") = mu according to (4.3).

4.2. Renormalised energy and core energies

For any u = 22”:1 dpo,, € Xu(€2) and o > 0 sufficiently small such that

B,(x;) cQ and By(x,) N B,(x;,) =0 forh,h e{l,...., M}, h# I 4.5)
we set
M
Q7(u) == Q\ ) B, (4.6)
h=1
and to any v € Dy, (Q) with J(v) = mu we associate the quantity
1
W, Q) := lim (— VvP dx — Mr] log a|) € R U {+0o} . 4.7)
o—0 2 Qa’(}l)

The quantity ‘W(v, Q) is well defined thanks to [3, Section 4.4] (see also [8, Remark 3.2]). Moreover,
if v € Dy (Q) with J(v) = ﬂZthl dpo,, 1s such that W(v, Q) < +oo, then

lim IVv]> dx = mlog 2 (4.8)

720 JAg L)

for every h € {1,..., M} (cf. [8, Remark 3.2]).

We finally recall the characterisation of the so-called core energy for the screw-dislocation model
and the XY-model, respectively. For £ > 0, o > 2¢, and x, € R? let

1 —

YSP(B,() = min {5 Dy By (20): exp(mu(h) = :

X0 for allieﬁaBg(xo)} (4.9)
Xo|

and
yX(B,(x)) := min {Xyg(v, B, (x0)): v(i) = Il‘ — x°| for all i GgBa(xo)} . (4.10)
1 — Xo
Thanks to [3, Theorem 4.1] and [16, Lemma 7.2] the limits
. o
y*P = lim (y5P(B,(xp)) - mlog —) (4.11)
e—0 E
and -
¥ = lim (¥X (B(x0)) - wlog E) (4.12)

exist and are independent of x, € R? and o > 0.
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4.3. T-convergence results for XY™ and S D™
S,H E

We are now in a position to state the main compactness and I'- -convergence results of this note. We
start defining the candidate limiting energies. Specifically, for every w € Z) () we set

1
F‘fm(w, Q) = P(MySD + WW", Q)) + / (T1Iv - €1l + Talviy - €2]) dH! (4.13)

w

and
1
ET™w,Q) := F(MyXY + W', Q) + / (T1lvw - 1l + Talvy - e2) dH" . (4.14)
" Sy

The following results show that F P and E™¢ capture the asymptotic behaviour in terms of I'-

convergence of S Dp“‘ft and X Yfe}c, respectlvely This shows in particular that the asymptotic behaviour

of the discrete energles accountmg for partial dislocations and stacking faults and the energies
accounting for fractional vortices and string defects is the same far from the limiting point singularities.
This reflects the feature that also the corresponding models for full dislocations and vortices share the
same asymptotic behaviour far from the limiting singularities (see [2, 3]). Moreover, close to the
limiting point singularities the models for partial dislocations and for fractional vortices concentrate
the same energetic contribution as their counterparts for full dislocations and vortices, but lowered by
a factor

Theorem 4.1. Let X ij‘c and Effac be as in (2.17) and (4.14), respectively. The following holds true.

(i) (Compactness) Let (w,) be a sequence of spin fields w, € SF  satisfying

M
sup (XY™, Q) - n—2”| log ef) < +oo (4.15)

>0

and let u, € AD, be an arbitrary angular lifting of w.. Then up to a subsequence (not relabeled)
o, L Q E; u for some u = 221:1 dpd,, € X(Q) with |ul(Q) < M. Moreover, if |u|(2) = M, then

N = M and |d,| = 1 for every h € {1,...,N} (i.e., u € Xy (Q)) and there exists w € Z) () with
JW") = mu such that (up to a further subsequence )w, = win L'(Q;R?).

(ii) (Lower bound) Let w € Z) 2 (Q) and let u, € AD,, w, = exp(2miu,) € SF . be such that myiy,,
ol JW"), we — w in L' (Q; R?). Then

M ,
lim inf (XY™ 0w, Q) = —logsl) > (0, Q). (4.16)

£—0

1 al
(iii) (Upper bound) For every w € Dy}, (Q) there exist u, € AD, such that ny,, | Q ﬂ—; Jw") and the
sequence of spin fields w, := exp(2niu,) € S , satisfies w, — w in L'(Q;R?) and

, M ,
lim sup (XY™ (w,., ) - n—f| logel) < EF(w, Q). 4.17)

&—0
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The above theorem characterizes the asymptotic behaviour of the fractional XY-model energies and
is the main result of this paper. An analogue result holds for the partial dislocation energies S Dialrt. In

’n

the case 71 = 7, = 1 the result corresponds to the one already established in [11].

Theorem 4.2. Let S Diaf1 and F I,jm be as in (2.16) and (4.14), respectively. The following holds true.

’n

(i) (Compactness) Let (u.) be a sequence of displacements u, € AD, satisfying

M
sup (S D" (u,, Q) ~ n—2"| log &) < +oo (4.18)

&>0

and let w, € SF . be given by w, := exp(2mu,). Then up to a subsequence (not relabeled)
Hn, L Q ﬂ—a; u for some u = 221:1 dpd,, € X(Q) with |ul(Q) < M. Moreover, if |u|(€2) = M, then

N =M and |dy| = 1 for every h € {1,...,N} (i.e.,, u € Xy(Q)) and there exists w € Z) () with
JW") = mu such that (up to a further subsequence ) ws, — win L'(Q; R?).

1
(ii) (Lower bound) Let w € D3 (Q) and let u, € AD,, w, = exp(2mu,) € ST, be such that njy,,
Q5 g, we = win L'(Q;R?). Then

M
lim inf (D™ (u,, ) - n—f| logel) = F5™(w., Q). (4.19)

1 al
(iii) (Upper bound) For every w € Dy}, (Q) there exist u, € AD, such that npy,, | Q i Jw") and the
sequence of spin fields w, = exp(2miu,) € S, satisfies w, — w in L'(Q;R?) and

M
lim sup (S Dpa“(ug, Q) - —2”| log sl) < F*(w, Q). (4.20)
e—0 n
As mentioned above, in the case 7y = 7, = 1 the result of Theorem 4.2 is contained in [11].

However, the proof of the compactness and the lower bound in Theorem 4.2 can be simplified by using
Theorem 4.1.

We conclude this section by providing an example of a sequence of spinfields w, € S¥ . along
which WM, is uniformly bounded in the unit ball, but X Y frac hlows up. This shows in particular that the

weak-membrane energies in general do not provide an upper bound for the discrete energies considered
in this paper, not even asymptotically. In fact, the example below highlights that the weak-membrane
energies are not suited to detect limiting topological singularities.

Example 4.3. We define u, € AD, by setting

0 ifi-eg=>0andi-e, >0,

) 1 ifi-e;<0andi-e, >0,
u(i) ;=483

}l ifi-e; <0andi-e; <O,

% ifi-e; >0andi-e; <O0.
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We then set w,(i) := exp (2mu(i)) for every i € £Z*. In this way we have that

WM, (we, B)) <€ ) mi#{i € ZX(By): [i,i+ ee ] NTI* # 0} < 4.21)

MN

k=1

where 1% := {x € R®: x - ¢; = 0}. Instead, for n = 2 and v, := w?

= exp(4mu,) we find that
1
Eldvs(i, i+ ge))f* = 1 - cos (4ndu,(i,i + ge;)) = 1 — cos(n/2) = 1

for any i € £Z? with (i, i + ge;] N 11" # 0. Similarly, 2|dv,(i, i + ge;)|* = 1 for i € £Z* with (i, i + ge;] N
[1°> # (. In view of (3.2) this implies that

’ 1
S DM, B1) = XYIY (W, Br) 2 2 XY, (v, By)

> C(#{i ceZ>NB NI +#{i € Z* N B, N Hfz}) >

Sl

Thus, S Dpaft(ue, B)) and XYfmC(wg, B)) diverge as ¢ — 0, while (4.21) shows that WM (w,, B)) is
uniformly bounded The latter also implies that WM (w,, B;) < |loge|. Finally, we observe that

flat o o
o, = 0o as € — 0, but since WM_(w,, By) < |log g|, WM, will not detect the logarithmic contribution

of the limiting point singularity as € — 0.
5. Proof of compactness and lower bound

In this section we prove Theorems 4.1 (i)(i1) and 4.2 (1)(i1). We start establishing Theorem 4.1 (1)(i1),
then Theorem 4.2 (i)(ii) will follow from Lemma 3.3.

Proof of Theorem 4.1 (i)(ii). The proof is divided into several steps establishing separately the
compactness of uy,, and w,. The liminf inequality will essentially be established in parallel.

Step 1: Compactness of pn,,. Suppose that w, € SF . satisfy (4.15). Defining v, € SF . pointwise
via v.(7) := wi(i) for every i € £7?, we deduce from (3.2) that

sup (XY, (v,, Q) — Mn|logel) < +oo. (5.1

>0

Since nu, is an angular lifting of v, [3, Theorem 4.2 (1)] implies that up to a subsequence (not relabeled)

o, L Q ﬂ—a; u for some u = Zthl dpx, € X(Q) with |u|() < M. Suppose now that |u|(€2) = M; then [3,
Theorem 4.2 (i)] ensures the following. We have that N = M and |d,| = 1 for every h € {1,...,N}.
Moreover, up to taking another non-relabeled subsequence 9, converges weakly in H. (Q\ supp u; R?)
to some v € Dy, (Q) with J(v) = u (cf. also [11, Remark 3.4]). We will use this below to establish the
required convergence of w,.

Step 2: Compactness of w.. In this step we show that up to a further subsequence we have that

w, — win L'(Q; R?) for some w € L'(Q; R*)NS BV (Q\supp u; R?). Since |w,| = 1, the sequence (w,)
is uniformly bounded in L*(€;R?) and thus there exists w € L*(Q;R?) such that up to subsequences
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We = win L>(Q;R?). We now upgrade this convergence. To this end, let o > 0 be sufficiently small
such that (4.5) is satisfied. Applying (3.2) on the balls B, (x;) and (3.10) on Q7 (u) we find that

X M 1 <
XYgic(Ws’ Q) - Fl log 8| 2> F Z (Xys(vs’ Ba'(xh)) - 7T| log 8|) + WME(W.S’ Qa-(/l)) . (52)
! h=1

Let h € {1,...,M}; from Step 1 we deduce that yuy, L B,(x;) ﬂ—a; dyoxy,. Thus, a local application
of [3, Theorem 4.2 (ii)] on B,(x;) yields

liminf (XY,(v,, Bo(x)) ~ nllog el) = ¥ + W(dyd.,, Bo(x)) = ¥ ~nllogal,  (53)

where W is the renormalised energy introduced in [12]. It satisfies W(d)0,,, B;(xy)) = nlogo.
Together with (4.15) and (5.2) this implies that there exists C > 0 such that

WM, (we, Q7 () < Cllog

for every £ > 0. Since in addition (w,) is uniformly bounded by one in L*(Q; R?), an application of [26,
Lemma 5.6] yields that w, — w in L'(Q7(u); R*) and w € S BV*(Q7(u); R?). By the arbitrariness of
o > 0 we conclude that w, — w in L'(Q;R?) and w € S BV2 _(Q \ supp u; R?).

Step 3: Identification of w. In this step we show that w" = v, where v is the limit of ¥, obtained in

Step 1. To prove this fact, we compare the piecewise affine functions ¥, and the piecewise constant
functions wi. More precisely, we let Q" cC Q be arbitrarily fixed and we show that

19 = will72q, < C&|log & (5.4)

for some constant C > 0 independent of €'. To this end, let i € £Z* be such that Q,(i) € Q*'(€’). Then
we have that

A 2 2 . w12 . . 2
19 = well2 0, < CE (Ivg(l +eey) —ve(DI” + |ve(i + ey + €2)) — v.(i + gey)|

+ Veli + 2€2) = (DI + veli + £(er + €2)) = veli + ze2)?)

Since for & > 0 sufficiently small we have Q.(i) C €, by summing up the above estimate we obtain
that

A 2 A 2 2
e = Wiy < D e = Wi, < CEXYolvs, Q)
0 ()

for & small enough. Thus, (5.4) follows from (5.1). By the arbitrariness of Q" we conclude that
(P —w") — 0in L*(;R?). Since Step 1 and Step 2 imply that 9§, — v in L2(Q;R?) and w® — w" in
L'(Q; R?) respectively, we finally obtain that w" = v.

Step 4: w belongs to Z)fl(Q). We deduce from Step 3 that w € SBV (Q \ suppu; S') and w" = v €

1
Dy (Q). Thus, to conclude that w € Dj (L), it remains to show that H 1(S,, N Q) < +o0. In doing so,
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we essentially prove the liminf inequality. Let o > 0 be fixed such that (4.5) is satisfied. Since w, — w
in L'(Q;R?), applying the I'-convergence result [15, Theorem 1] (see also [26, Theorem 3.5]) yields

1
lim inf WM. (w,, Q7 (u)) > —/
e—0 2 o)
1

T o

[Vw]* dx + / (11w - e1] + Talwy, - ea]) dH!
(/-‘) SWﬂQ (/J) (5.5)
IVv|* dx + / (T1vy - 1] + Talvy - ea]) dH",

Q7 () SywNQ7 ()

where the second equality follows from the fact that w" = v and hence |Vw| = ﬁlel. Combining (5.5)
with (5.2)-(5.3) and using the definition of ‘W(v, Q) we deduce that

lim inf (XY;EC(WE, Q) - %ﬁ log sl) > % + %(% /Q » |Vv[* dx — Mn|log o’|)
+ / (Tilvy - e1l + T2y - e2]) dH'!
SwnQ7(w) (5.6)
> %(y” + W, Q) + (o)
+ / (T1Ivy - €] + T2V - ea]) dH?
S wNQ7 ()
with (o) — 0 as o — 0. In view of (4.18) this implies that
H'(S, N Q) = JH'SWNQ W) < +o0
>0
and hence w € Di(Q).
m Liminf inequality. We finally obtain (4.16) from (5.6) by letting oo — O. O

Proof of Theorem 4.2 (i)(ii). Theorem 4.2 (i) is a direct consequence of Theorem 4.1 (i) and (3.10).
Indeed, if u, € AD, satisfy (4.18), then (3.10) implies that the spin fields w, € S¥F . defined
as w, = exp(2mu,) satisfy (4.15) and thus the required compactness of uy,, and w, follows from

Theorem 4.1 (i). Finally, if w, — w in L'(€;R?) and Ty, L Q ﬂ—a; Jw"™) withw € Z)il(Q), then (3.1)
together with (3.10) implies that

M 1 &
S D (g, Q) ~ n—fl log e| = WM. (we, Q7)) = — > (S Dulute, By () ~ nllogel). (5.7)

h+1

Thus, the liminf inequality follows by repeating the estimates in (5.2), (5.3), and (5.6) with X Ygf”f and

XY, replaced by S DZ “"and S D,, respectively. |

n

6. Proof of the upper bound
In this section we prove Theorems 4.1 (iii) and 4.2 (iii).
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6.1. The core energy

As a first step we establish an alternative characterisation of ¥*? and y*" defined in (4.11)-(4.12) in
terms of minimisation problems involving the energies S Diaf and XY f‘f, respectively. More precisely,

’n

for every £ > 0, o > 2¢, and x, € R? we set

Y""(B,(xp)) := min {SDpa‘,‘(u, Bo(x0)): expmnu(i)) = li' - f’l forall i € ach,(xo)} 6.1)
&y &y - X0

and

V(B (x)) := min {XYfr"}C(w, B, (x0): w'(i) = |’. - x°| for all i € ang(xo)} . 6.2)
&n &n 1— X

Remark 6.1 (Invariance under rotations). Since SDEal is invariant under translations and XY frac

’n

invariant under rotations, we can replace the boundary condmons = xo in (6.1) and (6.2) by a rotated

i—xo

2 with @ € C, la| = 1 without affecting the value of yzaft(B (x0)) and yiraf(B (x0)),

version « iz

respectively.

Below we show that after correctly weighting the logarithmic correction term the quantities y°?
and y*¥ can be characterised by replacing y3? and yX? in (4.11) and (4.12) with ypart and yfmc

respectively, and letting the radii of the balls B,(x) tend to zero. For y5” such a result is already
contained in [11, Lemma 4.1]. We still include it here, giving a simplified proof based on the recent
result [20, Theorem 2.4].

Proposition 6.2 (Core energy involving S Dz “"and X Ygic). Let 3P and y*Y be as in (4.11)-(4.12) and

’n

)/p“ft and yfrac as in (6.1)-(6.2), respectively. Then we have that
SD __ part g 1 . . 2 _ part g
Y hm limsup (n ( L (Bs(x0)) — mlog —) = lim lim inf (n Y7 (By(xp)) — mlog —) ,
-0 .0 sﬁ £ -0 &-0 &n &

¥ = lim lim sup (nzyfraf(Bg(xo)) — nlog E) = lim lim sup (nzyfraf(Bg(xO)) —rlog E)
S’E 8 S’E 8

o-0 o0 e £—0
for every x, € R2.

Proof. Let xy € R? be fixed. Thanks to (4.11) and (4.12) an application of (3.1) and (3.2) leads to
lim iOnf( n’ pa“(B(,(xo)) log ) 5P
lim iglf( n’ frac(B(,(xo)) rlog ) Y

for every o > 0. Thus, it remains to show that

lim sup lim sup (n%)™(B, (x,)) — xlog ~) < »*” 6.3)

o—0 e—0 En &€

and -
lim sup lim sup (nzyfmf(B(,(xo)) —nlog —) <y, (6.4)

o—0 -0 & &
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Step 1: Proof of (6.3). Let u, € AD, be a solution to the minimisation problem defining

yﬁD (Bs(x0)). Thanks to [20, Theorem 2.4] we can assume that y,, = 6, with x, € B,(xp) being the
barycenter of a cube Q. € Qi“‘(B(,(xo)) We now use Remark 3.8 to remove unnecessary jumps from u,.
In this way, we will obtain a suitable competitor for y (B(,(xo)) We start by setting v, := exp(2miu,)

and by letting S be a segment joining x, and dB,(x) not intersection £Z? (this is possible by choosing
for a example a horizontal or vertical segment). Since U := B,(xp) \ S is simply connected with
supp i, N\U = supp u,, NU = 0, the S'-valued interpolation v, admits a lifting ¢, € WIL’S"(U ) satisfying

be Zu,on U and  |dee(i,i + eep)| = |dun(i, i + sep)| (6.5)

for k € {1,2} and every i € Z(U) (see Remark 3.8). We then extend ¢, by u, to £Z* \ B,(x,) and we
define u, € AD, by setting u,(i) := —¢8(i) for every i € £Z*. Thanks to the first condition in (6.5) we
know that u, satisfies the required boundary conditions for y (B(T(xo)) so that

V2L (Bo(x0)) < S DYV (@, Bo(%0)). (6.6)

Finally, the second condition in (6.5) together with (2.10) implies that for k£ € {1, 2} we have
1 1
|du (i, i + gey)| = Eldeug(i, I +&e)| < n for every i € ZX*(U). (6.7)

By definition, this implies that ka (du.(i,i + gey) = f1 (du.(i,i + €ey)) for all such i and k. Since in
addition fi (duy(i,i + gey)) = = Lf (dqbg(z i + gey)) thanks to (2.14), we deduce that

S DGy, B (x0)) = 0°S Dol U)+Z D, i+ ee)

k=1 iez* (B, (x0))
[i,i+eex]NS #0

2 (6.8)

< 028 Dy(te, Bo(x0)) + 8 ) Tii € ZEH(Bo(x0)): [iri + 210 S # 0)
k=1
< n*y3P(B,(x)) + Cor,

where the last estimate follows from the choice of u, and the fact that H'(S) < diam B,(xo).
Combining (6.6) and (6.8) and using the characterisation of y°? in (4.11) we finally obtain (6.3).
Step 2: Proof of (6.4). Similar to Step 1 we let v, € S¥, be a solution to the minimisation problem

defining yX¥(B,(xo)) and we apply [20, Theorem 2.4] to argue that u, = &, for some x, € B,(xo) (not
necessarily the same as in Step 1). Following the lines of Step 1 we construct a competitor w, for the
minimisation problem defining yfmc satisfying

1
XY 50, Bo(0)) < (5 X¥olve, Bolxo)) + r(e, ) 9

with 7(g,0) — 0 as & — 0 and ¢ — 0. Specifically, we let S and U be as in Step 1, v, the S!-
valued interpolation of v, and ¢, € Wllo’f’(U ) the lifting of v, provided by Remark 3.8. We then define
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we € ST . by setting w.(i) := exp (%”L(/)g(i)) for every i € £Z°. In this way, we have that w" = v,, hence
w; satisfies the required boundary conditions for the minimisation problem defining yiraf(B(,(xo)).

It remains to show that w, satisfies (6.9). To this end, for k € {1, 2} we define
. e . .. 1 . 2
Iij}:’d = {z € ZX(Bo(x0)): g2 (dw.(i,i + gey)) < ﬁ|dvg(l,z + 6ek)| },

1
IZid = {i € ZX(By(x0)): gk (dwe(i, i + gey)) > ﬁ|dv8(i, i+ 8€k)|2} )

In this way, we can write

2

rac 1 .. 2 T ..

XY;% (W, By(xp)) = Z( Z ﬁ|dv8(z, i+ sek)| + Z g (dw.(i, i + 6ek))). (6.10)
k=1 "¢ fiffd ieryd

To obtain (6.9) it suffices to estimate the last term in (6.10). To this end, we fix k € {1,2} and we
distinguish between the following three exhaustive cases.

1) i € 1% with [i,i + ee,] N S # 0
2) i € I N ZHU) with |dv,(i, i + ee)| > €5
3) i € I N ZH(U) with |dv,(i, i + ee))| < 5.

Case 1. Suppose first that i € 7% is such that [i,i + se,] NS # 0. Then we use that g;“(dw,(i, i +
gey)) < ety and we estimate the number of such i. Since S is a segment connecting x, with 9B, (xy) we
have that

, C C
#ie ™ [ii+se] NS #0} < —H'(S) < —.
’ £ £
Thus,
Z g (dw,(i,i + gep)) < Co. (6.11)
i1’

[i,i+ee NS #0

Case 2. We start observing that
XY,(ver Bo(x0) = 26 #{i € I NZH(U): dvialivi + £e)] > &)

Moreover, since v, is a solution to the minimisation problem defining y*¥(B,(xy) we deduce
from (4.12) that XY (v, B;(x9)) < Clog <. Thus, using again that g+ < ety, we infer

W=

Zg;k (dweli, i + sep)) < eni#li € TP N ZU): [dv,(iyi + ge)] > &

ier"nZk ()

}
(6.12)

1
|dve(i,i+eey)|>e3

< Cs-%XYS(vg,B%(xo)) < Ce? log AN 0 ase— 0.
£
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Case 3. Suppose finally that i € 7% N Z(U) satisfies |dv,(i,i + ee;)| < 3. Thanks to (6.7) an
application of (3.13) in Remark 3.5 ensures that

2

1+Ces3
2

1
ldw.(i,i + gep)* < —2|dv8(i, i+ el + Cldva(i,i + eep)|* < |dv.(i, i + e’
n

Summing up over all such i we thus obtain

1 ..
Zg (dw.(i,i + €ey)) < > Zldwg(l,l + eep))?

ier®nzk ) ier™Inzk )
|dv, (i i+eep)|<e 3 |dvF(i i+aek)|<a% (6.13)
< 2 ) Z v, (i, i + sep)* + Ce3 XY, =(Ve, Bo(x0))-
IEIbf‘d

Using once again that XY, (v, B-(x9)) < Clog ¢, a combination of (6.10)-(6.13) yields (6.9) with
r(e,o) = C(eé log Z + o). m]

6.2. Proof of Theorems 4.1 (iii) and 4.2 (iii)

The proof of Theorems 4.1 (iii) and 4.2 (iii) is based on Proposition 6.2 and the density result [11,
Lemma 4.3] that we recall below for the readers’ convenience.

Lemma 6.3. Let u = 2211 dpoy, € Xy(Q) and w € Z)f,I(Q) with J(w") = nu. Let moreover I'y,...Ty
be pairwise disjoint segments connecting xi, . .., Xy to 0Q and satisfying H' (T, N S,,) = 0 for every
he{l,...,M}. Let o > 0 be fixed such that (4.5) is satisfied. Then there exist ¢ € H'(Q7(u) \ U, )
such that w" = exp(2mip) a.e. in Q7 (u) and a partition function y € S BV(Q7(w); {0, ...,n}) such that
o= X X satisfies w = exp(2nup) a.e. in Q7 (u) and

[V]r, € Z foreveryhe{l,...,M}. (6.14)

Moreover, there exist two sequences (¢,) C C®(Q7(w) \ U, ') and (x,,) € S BV(Q7 (u); {0 ,n}) with
[¢.] = [¢] and S, polyhedral such that setting ,, := Sntdn X" and v, := exp(2nip,), w, 1= eXp(27mp,,) the
following are satisfied

(i) (vy) € C¥(Q7(w); S") with deg (v, OB, (x;)) = dpforallh € {1,..., M} and p > o satisfying (4.5);
(i) Wy € C(Q7() \ (Uy T U S, ); S1) with

1
S,, = {x €Sy, W)@ € ~Z\ Z} (6.15)

up to H'-negligible sets;
(iii) ¢, — ¢ in H'(Q7(u) \ U, Ty) and v, — vin H'(Q"(u); R*) as n — oo;

* *
(iv) ¥, = Y andw, — wasn — oo;
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(v) For any bounded and continuous function g : R x R x S! — [0, +00) satisfying g(a,b,v) =
g(b,a,—v) we have that

lim gt vy )V dH! = gt vy dH.

N4 J S 4 NQ (1) §yNQ7 (1)

Remark 6.4. We briefly comment on Properties (i) and (ii) in Lemma 6.3, since they are not explicitely
stated in [11, Lemma 4.3]. The fact that (v,) € C®(Q7(u);S') follows from Step 2 in the proof
of [11, Lemma 4.3]. In fact, ¢, is constructed by approximating v € H'(Q“(u); S!) with a sequence
(vy) C C*(Q7(u); S') approximating v in H'-norm, which is possible thanks to [28, Section 4]. Then ¢,
is chosen to be smooth angular lifting of v, in the cut domain Q \ | J, I',. The continuity of the degree
with respect to the strong H'-topology then ensures that for n sufficiently large deg (v,, dB,(xy)) =
deg (v, dB,(xy)) = dj, for every h € {1,..., M} and correspondingly [¢,] = [¢] on |, T'.

To obtain (i), it suffices to observe that by definition S, < |J,I', U S,,, which in turn implies that
wy € C¥(Q7W\ (U, ThUS,,); S') for every n € N. Moreover, (6.15) is a consequene of the chain rule
for BV-functions [6, Theorem 3.96].

Remark 6.5. Note that (6.15) also holds with w,, ¥, replaced by w, i, respectively. Thus, Property (v)
of Lemma 6.3 ensures that

lim h(v,,) dH" = / h(v,,) dH' (6.16)

n=H0 J 8, NQ7 (1) $1NQ7 ()

for any continuous and bounded function 4 : S! — [0, +o0) satisfying i(v) = h(-v) for every v € S!.
To see this, it suffices to consider a smooth and symmetric function 7 : R — [0, 1] with

n=1 on {reR: dist(s,Z) > ﬁ} and n=0 on {reR: dist(t,Z2) < ﬁ}

Then the function g : R xR x S! — [0, +0), g(a, b, v) := n(b — a)h(v) is bounded and continuous with
g(a,b,v) = g(b,a,—v), and thanks to (6.15) we have that

/ h(v,) dH' =/ 8 s vy,) dH',
S N7 (1)

Sl//n NQ7 (w)

and similarly

/ h(v,,) dH' =/ Wy, vy dH '
SwmQ(r(ﬂ) SwﬁQ‘r(/.[)

Together with Lemma 6.3 (v) this yields (6.16).

We are now in a position to prove Theorems 4.1 (iii) and 4.2 (iii).

1
Proof of Theorem 4.2 (iii). Letw € D},(2) and v := w", so that J(v) = mu for some y = 224:1 dpo,, €
X (Q). It is not restrictive to assume that W (v, Q) < +oc0. We now proceed in several steps.

Step 1: Construction of an approximating sequence. LetI'y,...,I'y, be segments as in Lemma 6.3,
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o > 0 such that 20 satisfies (4.5), and let (¢) C C( Q5 () \ U, T, o) c SBV(Q7(u); {0, ...,n)),
and (y7) C S BV(Q7 (u)) be the sequences provided by Lemma 6.3 with o replaced by 7+ We also set

vy =exp(2mg,) and w, = expmuy;).

Leth € {1,..., M}; since ¢; € C*(Az 2-(x,) \ [';) and deg(v;, dB,(x;)) = dj, for any p € (7,20), there
exists a lifting 8, € C*(Ba,(x;) \ I';) of a rotation of ==~ such that

[x=xp]

¢Z- - dhOh S COO(A%ZO-(X;,)) and ][ (¢Z- - dhOh) dx=0. (617)
A%’(r('x/‘l)

Let now 7 € C*([0, +0); [0, 1]) with n = 0 on [0, %] and 7 = 1 on [, +00) be a smooth cut-off function
andforh e {1,..., M} set

|x — xp]

97h(x) = dyu(x) + n( )(¢;’(x) — dy0(x)) for every x € Bay(xy) \ {4}

By the choice of 6, we have that ﬁﬁ’h € C*(Byy(x) \ I'y). Moreover,
ﬁg’h = d,0, on Bs{(xh) \ {x,} and ﬂj’h = ¢, on A%,Za(xh) . (6.18)

We also set

n

Then w" € C¥(Bay(x,)\I's; S'). Moreover, the first condition in (6.17) implies that vJ™" € C® (B (x5,)\
{x}; SY). Finally, for every & € {1, ..., M} we let u" € AD, be such that

v = expmdIT")  and  wi' = exp (ZIT") on Bog(xy) \ {14} - (6.19)

S DY (uz. By (xp)) = ¥2, (Bg (x1)) (6.20)

and exp(2mnu’') = exp(z;”tdheh) on dBg(x;). This is possible thanks to Remark 6.1. We define uy” on
72 N Q as follows:

up(i) if i € €Z° N Bg(x;) for some h € {1,..., M),

(i) = {20 it € 672 A B,(x,) \ Bs(xy) for some h € {1,..., M},

woG) ifi € £72 N Q7 ().

In the above definition we identify ¢, x,, and 6, with their one-sided traces on their respective
jumpsets, which can be uniquely defined up to a choice of normal to the jumpset. In this way, the
point evaluation of both #7 and 7 on £Z? is well-defined. Moreover, since Q has Lipschitz boundary,
as in [1, Remark 2] we can extend u,” to £Z*\ Q without affecting the convergence of My, - It remains
to show that

lim sup lim sup lim sup(n®$ Dzﬁj‘(ug’f’, Q) — Mn|log &)

o—0 n—o0 e—0

(6.21)
< MYSP + Ww, Q) + n2/ (T1Iv - €2] + Ta|vy - €1]) dH
Sw
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and that w7 € SF, defined pointwise by wi7 (i) := exp(2ruy* (i)) satisfies

lim sup lim sup lim sup [[w;" — wl|p1q) = 0, (6.22)

o—0 n—oo0 e—0

then we conclude by a diagonal argument. We establish (6.21) and (6.22) in several steps estimating
separately the energy contribution of ug, close to the singularities xi,...,xy and away from the
singularities. Specifically, we split the energy contribution into

M
SDPN(up”, Q) < Z S DPN(up”, By (xn) + S DX (u, Q7% (w)), (6.23)

and we estimate the two terms on the right-hand side of (6.23) separately.

Step 2: Energy estimate on B,(x;). In this step we show that for every 4 € {1,..., M} we have

lim sup lim sup lim sup (nzS Dzaf(u?", B, (x;)) — mlog g) <y*P. (6.24)

o—0 n—+oo e—0

Let h € {1,..., M} be fixed. The definition of u,” together with the choice of ug ensures that
o,h
S DYV (7, By () < ¥2T (B () + S DY (P, Ag g s (11). (6.25)

In order to shorten notation we set A, := Az _ze 5 (Xn) and we show that

lim sup lim sup lim sup n*S DpaiT (6.26)

o—0 n—+oo e—0

A combination of (6.25)-(6.26) and Proposition 6.2 then gives (6.24).
We will obtain (6.26) by first comparing SDpart A;) with SD.(97,A,) and subsequently using

interpolation estimates. To this end, we start recalhng that 9" € C®(By,(x) \ T',) with [ﬁ;"h]m =d,,
and that we identified 9" on I, with its one-sided trace. Upon suitably choosing a normal to T it is
thus not restrictive to assume that for k € {1,2} and i € Z*(A,) with [i,i + ge;) N T, = 0 the function
e ﬁg’h(i + tey) 1s continuous on [0, €] and differentiable on (0, £). An application of the mean-value
inequality then yields that

.. o 1
A5G, + )] < ENVIT liag o, < 5 (6.27)
for £ sufficiently small. Similarly if i € Z;*(A,) is such that [i,i + ge;) N T, # 0, we find that

1
A" (i, i + ee) — dy| < ]| VOIT"|| Loy < 5 for & sufficiently small. (6.28)

By definition of f:l this in turn implies that

f (dﬂ ki, 1+aek)) f (dﬂ h, z+£ek)) — 2f1 (dﬂgh(l, I+ Eek)),

1
&n
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where the second equality follows from (2.14). In particular, we have that
WS DM A,) < SD,(9". A,).

Together with the interpolation estimate (3.17) this yields

o 1 1
lim sup nzsogaf(”"h A,) < 5 / Vv (x)|* dx = 3 / IVOTh(x)* dx. (6.29)
'n A A

n b
&e—0 %,J(Xh) %,(r(xh)

Following now exactly the proof [8, Estimate (6.69)], we obtain that

1
lim sup lim sup 3 / IVﬁZ’Ul2 dx < mlog?2,
Ag (r(xl‘l)
2

o—0 n—oo

which together with (6.29) finally gives (6.26).

Step 3: Energy estimate on Q° (u). In this step we show that

1
lim sup lim sup S Dzaf(ug"r, Q7 *(u)) < o) |Vv[* dx
o (6.30)
+ /(T1|Vw ce1l + Talvy - e2) dH' + Cor
Sh

n—oo e—0 n

for some fixed constant C > 0. By definition, we have that uy” (i) = y7(i) = W’);—W(’) for every
i € &2° N Q7). If instead i € £Z> N (Q72%(u) \ Q7(u)), then i € £Z> N Ay_y.(x;) for some
h € {1,...,M}. Thus, the definition of u.” together with the boundary conditions (6.18) imply that
uy’ (i) = @ Since y7 takes values in Z, we deduce that

ndul 7 (i,i + eey) = ndg) (i,i + €e,) mod Z

for every k € {1,2} and i € Z}(Q"%**(u)). Thus, estimating the maximum in the definition of ng ‘ with
the sum and using (2.14) yields "

T n,o» = 1 (o no e+ =+
f&"l (dul?(i,i + €ey)) < Ffl (dp? (i, i+ eep)) + 8Tk]l{dist(tz)>ﬁ}(du€’ (i, i+ €ey)). (6.31)
Summing (6.31) over k € {1,2} and all i € Z&(Q7>%(u)) we arrive at

ar n,o O—L& 1 (o g—L&
SDS’;(ME’ Q7 () < SSD.(¢7.Q (W)

) (6.32)
+e ; T#{i € ZHQT 2 (w)): dist (dul7 (i, i + eer), Z) > E} :

We now show that the second term on the right-hand side of (6.32) concentrates around the set S« N
Q7(u). To this end, we fix k € {1,2} and we assume that i € Z(Q7(u)) is such that [i, i+ ge,) NS o = 0.
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Then (6.15) ensures that either [i,7 + ge;) N Sy = O as well or there exists x € [i,i + gex) N S e with
[y 1(x) € Z. As in (6.27)-(6.28) we deduce that

1
dist (duZ’(T(i, I+ 8ek), Z) = dist (dl//z—(l, i+ 8€k), Z) < 8||V¢g”L°°(Q‘r(y)) < %

for £ sufficiently small. We thus continue the estimate in (6.32) as follows.

ar n,o o-2¢e 1 o o—-2¢
§ DN, Q7 (W) < S Dol Q7 ()

2
+ gz i € ZHQT ()1 [ii + ee) N Sy # 0] (6.33)

k=1
+e(t) + TZ)#{i € e72 N (Q7 % () \ Q”(ﬂ))}.

For the first term on the right-hand side of (6.32) we can use once again the interpolation estimate (3.17)
to deduce that

1
lim sup S D.(¢7, Q7 *(u)) < = / Vv > dx. (6.34)
e—0 2 Q(r(}l)
Moreover, Lemma 6.3 (ii) ensures that S,,c is polyhedral. This implies that
lim sup 8#{i € ZXQ7(u): [i,i+eex) NS e # 0} < / Ve - el dH'! (6.35)
-0 S,

for any k € {1, 2}. Finally, we have that
M
lim sup s#{i € £72 N (Q7 () \ Q7 (w)) < CH‘( L GBU(xh)) <Co,

-0 h=1

which together with (6.33)—(6.35) yields
1
limsup § D™ (ut”, Q7> (w)) < = / Vv dx + / h(vye)dH' + Co
60 “n 20° Joo Sug
with h(v) := 11|v - e1| + 72|V - €;|. Thus, (6.30) follows from Lemma 6.3 (iii) together with (6.16).
Step 4: Conclusion. Combining (6.24) and (6.30) we deduce that

lim sup lim sup(n*S D™} (u2”, Q) — M| log &)

n—oo -0

1
< MySD + 5 / Vv dx — M| log o] + n’ (t1lv - e + T2y, - €1]) dH!
Q7 (1) Sy

and thus (6.21) follows by letting o — 0 and using the definition of W(Ww",Q) = W(H,Q). To
conclude it thus suffices to show (6.22). To obtain (6.22) we start observing that

g =l = Y [ WG - wiolds
QNQO:()

0:()eQe
< > / W) —wldx +2 > 10N Ql (6.36)
0:(DEQ(QT(\S ) ' e 0:€Q.
QNRI\Q (1)#0

+ 260, € Q(Q7()): Q=N S0 # 0},
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where we have used that [w{, |, |w| < 1. For every O, € @, with O, N R2\ Q7(u) # 0, the inclusion

M
Q. N Q C {dist(x,0Q) < V2e} U|_| B, 5, ()
h=1

holds. From this we deduce that

D 10.n QI < |ix € Q: dist(x,0Q) < V2&)| + M|B,,

0:€Q:
0,NR*\Q7 ()70

—0ase—> 0,00, (6.37)

where we have used that 0Q is Lipschitz and thus admits and (n — 1)-dimensional Minkowsky content.
Similarly, we find that

E#0. € Q(Q7(W): QNS e # 0} < CeH'(S,r N Q7 () > 0 as e — 0. (6.38)

The remaining term in (6.36) can be estimated by observing the following. For any Q.(i) €
Q.(Q7(u) \ S o) and any x € Q.(i) we have that

W (@) = wl ()] < V2&lVW |l -

From this we infer that

/ ) |WZ(1) - W(x)l dx < \/ESHVWZ”L”(QO'(IJMQO-(#N " ”Wz _ W||L1(Q(,(#))' (639)
0:(DEQ(Q7 (W\S ) 0:(D)

Finally, [lw;, — w1 e — 0 as n — oo thanks to Lemma 6.3 (iv). Together with (6.36)—(6.39) this
gives (6.22) and we conclude. O

Proof of Theorem 4.2 (iii). Theorem 4.1 (iii)) is a direct consequence of Theorem 4.2 (iii),
Proposition 6.2, and Lemma 3.3. In fact, to construct a recovery sequence for X Yfic it suffices to

take the sequence u;” constructed in the proof of Theorem 4.2 (iii) and for every h € {ll: ..., M} aspin
field w" € SF, satisfying
XYT(w), Bg() = ¥ (Bg () (6.40)

and wh = exp(z;”La’hé’h) on d.Bg¢(x,) with 6, as in the proof of Theorem 4.2 (iii). We then define
wy? € SF . by setting

wh(i) if i € €Z° N By (x;) for some h € {1,..., M},
wio (i) =

exp 2mu(i)) otherwise in £Z2.

In this way, we deduce from Lemma 3.3 that
M
XYW, Q) < 3 XYIEwiT, By () + S D™ (e, Q724(u)). (6.41)
" =1 " "
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Moreover, (6.40) ensures that for every h € {1,..., M} we have

XYI W, Bo(x) < ¥™(Bg (xn) + Sng‘(ﬁ?h,A%_zg,g(xh)). (6.42)

n

In particular, Proposition 6.2 together with (6.26) implies that (6.24) holds with S D" and y*? replaced

Ea

by X Yfff and yXY, respectively. Together with (6.41) and (6.30) this in turn yields (6.21) with SDzalrt
and %P replaced by X Yf"f and y*¥, respectively. We thus conclude by observing that wi" still

n

satisfies (6.22). |
7. Conclusions

We introduced here a fractional XY-model energy which incorporates the features of both the
XY-model energy and the weak-membrane energies in a very explicit way. As a consequence, it is
suited to detect topological and geometric defects in the continuum I'-limit and in fact shows the
same asymptotic behavior as the discrete energies introduced in [11] and of Ambrosio-Tortorelli type
functionals introduced in [21]. The close connection between weak-membrane energies and finite-
difference discretizations of the Ambrosio-Tortorelli functionals thus motivates to provide a discrete
counterpart of the functionals in [21] based on the discrete energies introduced here.
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