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1. Introduction

Poincaré inequalities play a central role in the study of regularity for elliptic equations. For specific
degenerate elliptic equations, an important problem is to show the existence of such an inequality;
however, an extensive theory has been developed by assuming their existence. See, for example,
[17,18]. In [5], the first and third authors, along with E. Rosta, gave a characterization of the existence
of a weighted Poincaré inequality, adapted to the solution space of degenerate elliptic equations, in
terms of the existence and regularity of a weak solution to a Neumann problem for a degenerate p-
Laplacian equation.

The goal of the present paper is to extend this result to the setting of variable exponent spaces. Here,
the relevant equations are degenerate p(-)-Laplacians. The basic operator is the p(-)-Laplacian: given
an exponent function p(-) (see Section 2 below), let

Apyu = = div(|VulO"*Vu).
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This operator arises in the calculus of variations as an example of nonstandard growth conditions, and
has been extensively studied by a number of authors: see [7,9, 14, 16] and the extensive references they
contain. We are interested in a degenerate version of this operator,

Lu = — div(| /QVul""2QVu),

where Q is a n X n, positive semi-definite, self-adjoint, measurable matrix function. These operators
have also been studied, though nowhere nearly as extensively: see, for instance, [10—12]. This paper is
part of an ongoing project to develop a general regularity theory for these operators.

In order to state our main result, we first give some definitions and notation that will be used
throughout our work. Let QQ C R” be a fixed domain (open and connected), and let E be a bounded
subdomain with E C Q. Given an exponent function p(-), we let LP)(E) denote the associated variable
Lebesgue space; for a precise definition, see Section 2 below.

Let S, denote the collection of all positive semi-definite, nxn self-adjoint matrices. Let 0 : Q — S,
be a measurable, matrix-valued function whose entries are Lebesgue measurable. We define

Y(x) = 10(X)|op = EJ—I? |O(x)é]

to be the pointwise operator norm of Q(x); this function will play an important role in our results. We
will generally assume that y'/? lies in the variable Lebesgue space LP"(E). More generally, let v be a
weight on Q: i.e., a non-negative function in L} (). Given a function f on E, we define the weighted

average of f on E by
1
few = w7 j; Fw(x)dx = ﬁ fdv.

If v = 1 we write simply fz. Again, we will generally assume that v € LPO(E).

Remark 1.1. In this paper we do not assume any connection between weight v and the matrix Q.
However, in many situations it is common to assume that v is the largest eigenvalue of Q: that is,
v = |Qlop- See, for instance, [3,4].

The next two definitions are central to our main result.

Definition 1.2. Given p(-) € P(E), a weight v and a measurable, matrix-valued function Q, suppose
v, ¥!/? € LPU(E). Then the pair (v, Q) is said to have the Poincaré property of order p(-) on E if there
is a positive constant Cy = Co(E, p(+)) such that for all f € C'(E),

”f - fE,v”L”(')(v;E) < COHVf”Lg)(E) (11)

Remark 1.3. The assumption that v, y'/?> € LPY(E) ensures that both sides of inequality (1.1) are
finite.

Definition 1.4. Given p(-) € P(E), a weight v and a measurable matrix-valued function Q, suppose
v, Y2 € LPO(E). Then the pair (v, Q) is said to have the p(-)-Neumann property on E if the following
hold:
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1). Given any f € LPO(v;E), there exists a weak solution (u,g); € FllQ’p (')(v;E) to the degenerate
Neumann problem

div (| VOGO Vu| " 0IVu(0) = AP FCvx in E

(1.2)
n’ - Q(x)Vu(x) =0ondE,

where n is the outward unit normal vector of OE.
2). Any weak solution (u,g); € I:IlQ’p Oy, E) of (1.2) is regular: that is, there is a positive constant
C, =Ci(p(-),v, E) such that

ezl
lellroeey < CHllAN ey (1.3)

where p. and r. are defined by

(1.4)

P ifllgl o <1 {m if 1o = 1
Py = and r,=

pP- if||g||£g('>(5) >1 p- i llfllerowe <1 -

Remark 1.5. The degenerate, variable exponent Sobolev space, H lQ’p O E), will be defined in
Section 2. Here we note that the definition will require the assumption that v, y''> € L'V (E).

Remark 1.6. The vector function g should be thought of as a weak gradient of f,; we avoid the notation
Vf since in the degenerate setting it is often not a weak derivative in the classical sense. See the
discussion after Definition 2.15.

Remark 1.7. While the PDE in (1.2) is stated in terms of a classical Neumann problem, we make
no assumptions about the regularity of the boundary OE in our definition of a weak solution. In the
constant exponent case, as noted in [5, Remark 2.10], our definition of weak solution is equivalent to
this classical formulation if we assume sufficient regularity.

Our main result shows that these two properties are equivalent under certain minimal assumptions
on the exponent function p(-), the weight v, and the operator norm of the matrix function Q.

Theorem 1.8. Let p(:) € P(E) with 1 < p_ < p, < oo. Suppose v is a weight in Q and Q is a
measurable matrix function with v, y'/? € LPO(E). Then the pair (v, Q) has the Poincaré property of
order p(-) on E if and only if (v, Q) has the p(-)-Neumann property on E.

This result is a generalization of the main result in [5]; when p(-) is constant Theorem 1.8 is
equivalent to it. However, this is not immediately clear. In the constant exponent case, the exponent
on the right-hand side of the regularity estimate corresponding to (1.3) is 1. This is because in the
constant exponent case the PDE is homogeneous and we can normalize the equation, but this is no
longer possible in the variable exponent case. But, in the constant exponent case, we have that ;:11 = 1.

More significantly, there is also a difference in the definition of weighted spaces and the formulation
of the Poincaré inequality. Denote the weight that appears in [5] by w; there we assumed that w € L' (E)

and defined a function f to be in L”(w) if

flflpwdx < 00,
E
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However, in the present case, if p(-) = p is a constant exponent, then we have that f € L?(v; E) if

flfvlpdx:flflvpdx<oo.
E E

Therefore, to pass between our current setting and that in [5], we need to define w by v = w!/?.
This leads to a substantial difference in the statement of the Poincaré inequality. In [5] the left-hand
side of the Poincaré inequality is (assuming v = w'/?)

1/p
Q[uwo—ﬁmeM) I = fenllens:
E

on the other hand, in Definition 1.2 the left-hand side is

1/p
(Lvm—mwmﬂ —1Uf = foullore

These would appear to be different conditions, but, in fact, these two versions of the Poincaré inequality
are equivalent. Moreover, we have that if we use the more standard, unweighted average fz in the
Poincaré inequality, then this implies Definition 1.2. The converse, however, requires a additional
assumption on v. Versions of the following result are part of the folklore of PDEs; we first encountered
it as a passing remark in [8]. For completeness, we give a proof in the appendix.

Proposition 1.9. Given 1 < p < oo and a bounded set E, suppose v € LP(E) and set w = vP. Then,

If = fesllrosey = N = fEwlliro:E)s

where the implicit constants depend on E, p and v. Moreover, we also have that

”f - fE,v”LV(v;E) < “f - fE”Ll’(v;E)-

Finally, if we assume that v=' € L7 (E), then

lf = fellrosey S f = fEslliroE)-

Remark 1.10. The hypothesis that v-' € LP (E) is satisfied, for instance, if we assume that vP is in the
Muckenhoupt class A,,.

The remainder of this paper is organized as follows. In Section 2 we first state the basic definitions
and properties of exponent functions and variable Lebesgue spaces needed for our results. We then
define matrix weighted variable exponent spaces, and use these to define the degenerate Sobolev spaces
where our solutions live. An important technical step is proving that these spaces have the requisite
properties. We then give the precise definition of weak solutions used in Definition 1.4. In Sections 3
and 4 we prove Theorem 1.8, each section dedicated to one implication. The proof is similar in outline
to the proof in [5], but differs significantly in detail as we address the problems that arise from working
in variable exponent spaces. Finally, in Appendix A we prove Proposition 1.9.
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2. Preliminaries

We begin this section by reviewing the basic definitions, notation, and properties of exponent
functions and variable Lebesgue spaces. For complete information, we refer the interested reader
to [2].

Definition 2.1. An exponent function is a Lebesgue measurable function p(-) : E — [1,00]. Denote
the collection of all exponent functions on E by P(E). Define the set E., = {x € E : p(x) = oo} and let

p_(E)=p_=ess }Enfp(x), and p.(E) = p, = esssup p(x).

xeE

Definition 2.2. Given p(-) € P(E) and a Lebesgue measurable function f, define the modular
functional (or simply the modular) associated with p(-) by

prorslf) = f OO Odx+ |l
E\E

If f is unbounded on E., or f(-)’V ¢ L'(E\E) then we define p ., e(f) = +00. When |E| = 0 we let
Ifllz=E) = O; when |[E\E| = 0, then py) £(f) = | flli~&.)- In situations where there is no ambiguity
we will simply write p,.,(f) or p(f).

Definition 2.3. Let p(-) € P(E) and let v be a weight on E.

1). We define the variable Lebesgue space LPV(E) to be the collection of all Lebesgue measurable
functions [ : E — R satisfying

I fllroe = inf {,u >0: p(g) < 1} < 00,

2). We define the weighted variable Lebesgue space LPO(v; E) to be the collection of all Lebesgue
measurable functions satisfying

S ooy = 1fVllroey < oo.

Theorem 2.4. [2] Let p(-) € P(E). Then LPO(E) is a Banach space. The space LPV(E) is separable if
and only if p,. < oo, and LP(E) is reflexive if and only if | < p_ < p, < oo,

The previous theorem can be extended to weighted variable Lebesgue spaces. This will be useful
when proving facts variable exponent spaces of vector-valued functions. The following result was
proved in [6]. The setting there is slightly different as they considered the spaces L”")(u) where u is a
measure. However, if we let du = v"Odx, then their results immediately transfer into our setting, since
with our hypothesis u is a o-finite measure when p, < co (which is needed to prove separability).

Theorem 2.5. Let p(-) € P(E) and suppose v € LPO(E). Then:

1). LPO(v; E) is a Banach space.
2). L?Y(v; E) is separable if p, < oo.
3). LPO(v; E) is reflexive if 1 < p_ < p, < oo.
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A useful result about variable Lebesgue spaces is the extension of Holder’s inequality to the variable
exponent norm.

Theorem 2.6. [2, Theorem 2.26], Holder’s inequality Given p(-), p'(-) € P(E) with [ﬁ + ﬁ =1 for
a.e. x€E, if f € L’"(E) and g € L"")(E), then fg € L'(E) and

f [f()gldx < Kyl fllroellgllr o)
E

where K., < 4 is a constant depending only on p(-).
The next two results are technical lemmas that we will need in the proof of our main result.

Proposition 2.7. [2, Corollary 2.23] Given p(-) € P(E), suppose |Ex| = 0. If || fll ) > 1, then

LA, < p(h) < IFI:-
IfO < ”f”p(-) < 1, then
1A, < p(h) < IFI:,-

Proposition 2.8. [2, Proposition 2.21] Given p(-) € P(E), for all nontrivial f € LPY(E), p(f/|1fll,¢) =
1 ifand only if p,(E/E) < co.

The next result generalizes the trivial identity ||f7~|] s =If ||§_1 to the setting of variable Lebesgue
spaces.

Theorem 2.9. Let E C R" and p(-) € P(E) with 1 < p_ < p, < oo, and  be measurable on E. Then,
APO I o) is finite if and only if || fllwo ) is finite. In particular,

l-1 -1 bo—1
where |, and bx are given by
P+ il fllroE < 1 b, = p- ifllfllroE <1
p- i llfllroE =1 ' P+ iflflleroE = 1.
Proof. Let i,y = |If1P97 | v and assume g,y < oo. Then u;{(l*_l) > ,u;{(p =D for almost every x,
and so

) @) o
reon | ol ) FColP-1\7 frO1
1/d=1) dx < 1/(p(x)-1) dx < E— dx = Pp'()E .

E\M, E\M, P E Hp Hy

Since p_ > 1, we have esssup p’(x) < oco. Thus, by Proposition 2.8, the modular above equals 1.
Hence, by definition of the LP“(E) norm, || fllz0¢z) < ,ul,{ =D or equivalently,

l,—1 -1
||f||Lp()(E) S |||f|p() ||Lpl(')(E) < 00,
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Now let u, = ||fll.roe), and assume u, < oo. Then the proof is essentially the same: ull’,*_l >

,ull,/(p,(x)_]) a.e., and so

' (x ,(x) X
o1\ PO e f
1 dx < W dx = dx = Pperel— |-
EX My e\ p," E\ Hp M

Since p, < oo, by Proposition 2.8 the above modular equals 1. Hence,

-1 —1 _ b.—1
|||f|p() HLP'(')(E) < /Jp - ”f”Lp(-)(E) < co.
O

Remark 2.10. The definitions of the exponents . and b, clearly depend on the given function. It will
be clear from context what function these exponents are dependent on, so we will not express this
explicitly in our proofs.

We now define the matrix-weighted, vector-valued Lebesgue space Lg(')(E).

Definition 2.11. Given a measurable matrix function Q : E — S, and p(-) € P(E), define the
matrix-weighted variable Lebesgue space LPQ(')(E) to be the collection of all measurable, vector-valued
functions f : E — R”" satisfying

I gy = VO Mo < oo.

To construct the Q-weighted Sobolev spaces, and to prove existence results for the PDE (1.2), we
show that ﬂg')(E) is a separable, reflexive Banach space.

Theorem 2.12. Let Q : E — S, be a positive semi-definite, self-adjoint, measurable, matrix-valued
function on E such that y'/*> € LPO(E). Then Lg(')(E) is a Banach space. Moreover; it is separable if
p+ < oo and and reflexive if 1 < p_ < p, < oo,

The proof of Theorem 2.12 requires some basic facts from linear algebra, as well as some results

about matrix functions. If x = (x1,...,x,) € R"and 1 < r < oo, we recall the £" norms on R":
i 1/r
I, = (Z |xj|’] and |x| = sup [x;].
= 1<j<n
When r = 2, |x|, is the Euclidean norm and we denote it by | - |, = | - |. Recall that in finite dimensions,

all norms are equivalent. In particular, we have that for all x € R”,
xlz < i < Valxl,  Ixle < lxl < VilXle,  I¥le < |X1 < 7t (2.2)

We say that an n X n matrix function Q(-) is positive semi-definite on E if for every nonzero & € R”,
EMQ(x)¢ > 0 for almost every x € Q. We say Q is self-adjoint if g;; = gj; for 1 < i, j < n. Recall that
every finite, self-adjoint matrix is diagonalizable; for matrix functions this can be done measurably.

Lemma 2.13. [15, Lemma 2.3.5] Let Q be a finite, self-adjoint matrix whose entries are Lebesgue
measurable functions on some domain E. Then for every x € E, Q(x) is diagonalizable, i.e., there
exists a matrix U whose entries are Lebesgue measurable functions on E such that UT QU is a diagonal
matrix and U(x) is orthogonal for every x € E.
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Equivalently, there is a measurable diagonal matrix function D(x) (whose entries are the non-
negative eigenvalues of Q(x)) and an orthogonal matrix function U(x) such that for almost every x € £

0(x) = UT()D(x)U(x)

In particular, given such a matrix Q, we define its square root by

VOx) = UT(x) YD) U (x),
where VD(x) takes the square root of each entry of D(x) along the diagonal.

Remark 2.14. As mentioned in [18, Remark 5] and as a consequence of the proof of Lemma 2.13, the
eigenvalues {/lj(x)}?:1 and eigenvectors {v j(x)};?:1 associated to a self-adjoint, positive semi-definite
measurable matrix function, Q : E — S, are also measuarable functions on E.

Proof of Theorem 2.12. Since Q(x) self-adjoint, by Lemma 2.13, Q(x) is diagonalizable. By Remark

2.14, let A;(x), ..., 4,(x) be the measurable eigenvalues of Q(x) and let v,(x),..., v,(x) be measurable

eigenvectors with |v;(x)| = 1 for almost every x € E, 1 < j < n. Hence, {v j(x)}’]?:] forms a basis for R”

for almost every x € E. Fixf L’é(')(E); then we can write f as
f(x) = > fixv;(), (2.3)
=1

where f] = f"v; is the jth component of f with respect to the basis {v V=1~ Completeness, separability

and reflexivity are a consequence of the following equivalence of norms: for all f € L’g')(E),

1 n . n .
= D MW illoag < g0 < D Iillowe, (2.4)
j=1 j=1

Suppose for the moment that (2.4) holds. To show that LS')(E ) is complete, let {f;};7, be a Cauchy
sequence in L’é(')(E). Let € > 0 and choose N € N such that for every [,m > N, ||f, — fm”Lp(-)(E) < €/n.
(Y
Inequality (2.4) then shows for [,m > N,

n
T
DM =8Vl oy <l = Eull o) < e
j=1 '

Thus, for 1 < j < n, {f/v;}2, is Cauchy in LP(')(/I}/z; E). By Theorem 2.5, Lp(')(/lj./z; E) is complete.
Thus, there exists g; € LP(')(/I}/ 2. E) such that, as k — oo,

||fZVj - gj”Ll’(‘)(/ll/z;E) — 0. (25)
Define g : E — R" by setting g(x) = Y, &,(x)v,(x). Since g; € L'V(A}*E), 1 < j < n, by (24),
ge L’é(')(E). Furthermore, we have that

n
T ~
I = &l ey < D IV = Billwore
j=1 '
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If we combine this with (2.5), we get that f;, — g in L’é(')(E). Therefore, Lg(')(E) is complete.

Similarly, (2.4) implies L’g')(E) is separable when p, < co. Fix € > 0. Since /l}/ <yl e PO(R),
again by Theorem 2.5, L”(')(/lj./ 2; E) is separable, and so for each j there is a countable, dense subset
D; € L’(4/*; E). Thus, for each j = 1,...,n, there exists d; € D; such that

~ €
”fj - dj“Lp(-)(,l]'_/z;E) < ;l

Defined € Dy x --- X D, by settingd = 37_, d;v;. Then by (2.4),

n
IF = dll ey < )i = il < €

J=1

Thus, D; X --- X D, is a countable dense subset of L’é(')(E), and so Lg')(E) is separable.
Finally, (2.4) implies L’é(')(E) is reflexive when 1 < p_ < p, < co. Equation (2.3) induces the map

. prpC) ()¢ 31/2.
T: L) (E)—>]_[LP % E),
j=1

defined by T(f) = (f,..., fj). Clearly, T is linear. T is also bijective because of the norm equivalence
(2.4).
Finally, T is continuous: by the norm equivalence (2.4) we have that

n
IT®0) = TOlly, oz = D ik = Fllpoge < nllf =l o s

=

In the same way we have that 7! is continuous since

n
1= £l oy < D ik = Fillosoaey
j=1

n

Therefore, L’é(')(E) is isomorphic to the product space 1—[ L”(')(/l}/ *. E). Finite products of reflexive
j=1

spaces are reflexive; hence, Lg(')(E) is a reflexive Banach space.

To complete the proof we need to prove inequality (2.4). Since | VO(x)&* = T Q(x)é for any & € R”
and almost every x € E, we have that

IVOIEP = > IF) VOGP = Y IFPV ()Q0v;(x) = D IFPA(0).
J=1 j=1 j=1

Hence,

" 1/2
| VO (x)| = (Z Ifj(X)|2/1,-(X)}
=1
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almost everywhere in E.
Inequality (2.4) is now straightforward to prove. Define F : E — R” by

F(x) = (AL, - . 1H I (x).

By (2.3) we have that
Il 270y = VOO0 = IFCON o0 )-

By (2.2) and the triangle inequality,
- - 12 B ~
RGOl < IFG 0w < Zl 7525 oy = Z‘ o
J= J=
To show the reverse inequality, we again use (2.2) and the definition of | - |, to get

i IR I, ap IR
IF GOl = — D IR0 = ;] 170252 Ol = ~ ;] 1l oy

=1

This completes the proof of (2.4). m|

We now use these variable exponent spaces to define the degenerate Sobolev spaces where solutions
in Definition 1.4 will live. Initially, we will give them as collections of equivalence classes of Cauchy
sequences of C!(E) functions.

Definition 2.15. Given p(-) € P(E), a weight v, and a matrix function Q, suppose v, y'/*> € LPO(E).
Define the Sobolev space H IQ”’ (')(v; E) to be the abstract completion of C'(E) with respect to the norm

I 00,2y = Wiy + IV Al g2 - (2.6)

Remark 2.16. LVith our hypotheses on v and 7y this definition makes sense, since they guarantee that
for any f € C'(E) the right-hand side of (2.6) is finite.

While this space is defined abstractly, we can give a concrete representation of each equivalence
class in it. Since we assume v, y'/? € LPO(E), by Theorems 2.4 and 2.12, the spaces L’"(v; E) and
L’g')(E ) are complete. Therefore, if {u,}, is a sequence of C!(E) functions that is Cauchy with respect

to the norm in (2.6), we have that this sequence is Cauchy in L?"(v; E) and L’é(')(E) and so converges

to a unique pair of functions (u, g) € L*V'(v; E) X LZ(')(E ). We stress that while the function g plays the
role of Vu, it cannot in general be identified with a weak derivative of u in the classical sense, even in
the constant exponent case. For additional details, see [5].

Theorem 2.17. Let p(-) € P(E) and suppose v, y''* € LP(E). Then H 1Q’p O(v; E) is a Banach space. If
p+ < 0o, then it is separable, and if 1 < p_ < p, < oo, it is reflexive.

Proof. Recall that a closed subspace of a separable, reflexive Banach space is also a separable, reflexive
Banach space. Hence, by Theorems 2.4 and 2.12, it suffices to show that H IQ”’ (')(v; E) is isometrically

isomorphic to a closed subspace of LF"(v; E) XLZ(')(E). Given a sequence {u,}, of C l(E) functions that
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is Cauchy with respect to (2.6), denote its associated equivalence class in H IQ”’ (')(E) by [{u,}.]. Then
we have that

”[{Mn}n]HHIQ-P(-)(E) = ,}1_)1’2 (Hun”Ll’(‘)(v;E) + ”Vu"”.[g')(E)) = ”u”Ll’(‘)(v;E) + ”g”L'é(’)(E)’

where the pair (u,g) € L’Y(v; E) X .Eg(')(E) is the unique limit described above. (Note that this limit
does not depend on the representative chosen from the equivalence class.)
The existence of this pair lets us define a natural map

I:H" (v E) - L' E) x L0(E)

by I([{u,},]) = (u,g). Clearly, I is linear and an isometry by construction. Finally, if (u, g) is a limit
point of the image, then by a diagonalization argument we can construct a sequence {u,}, in C'(E)
that converges to it in the product norm. But then the sequence is Cauchy in H, lQ’p “(v; E) norm, and

so (u, g) is contained in the image of H, ]Q’p (')(v; E). Thus, H IQ’p (')(v; E) is isometrically isomorphic to a

closed subspace of L"V(v; E) x L’g')(E ) and our proof is complete. O

It is well known that when considering Neumann boundary value problems, any solution is unique
only up to addition of constants. In other words if # were a solution of the Neumann problem (1.2), then
we should have that u + ¢ is also a solution for any constant ¢. Therefore, in defining weak solutions
we will restrict our attention to the “mean-zero” subspace of H lQ’p (')(v; E).

Definition 2.18. Given the space H lQ’p O E) of Definition 2.15, we define
A" E) = {(u, g) € H;" (v E) : f u(x)v(x)dx = o}
E

For our analysis we will need to prove that A lQ’p O(v; E) inherits the properties of its parent space
from Theorem 2.17.

Theorem 2.19. Given p(-) € P(E), suppose v, y'/*> € LP)(E). Then FIIQ’p (')(v; E) is a Banach space.
Furthermore, FIIQ”’(')(V; E) is separable if p, < oo, and is reflexive if 1 < p_ < p, < co.

Proof. To show that H 1Q’p (')(v; E) is a Banach space, it will suffice to show that A IQ”’ (')(v; E) is a closed

subspace of the Banach space H 1Q”’ (')(v; E). Let {(uj, g j)}‘J’.’;1 be a Cauchy sequence in A IQ’[’ (')(v; E). Since

Hglz’p “(v; E) is complete, there is an element (i, g) € Hg” O(v; E) such that u; — u in L’(v; E) and

g, — gin L‘é(')(E). Since u; € Flgp(’)(v;E) for each j, we have that fEuj(x)v(x)dx = 0. Thus, by

Holder’s inequality (Theorem 2.6) we get

f u(x)v(x)dx
E

fE (u(x) = u;(x))v(x)dx

< f |u(x) = u;(O)WV()dx < Kyl = upvllro o).
E
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Since E is bounded, ||1]|;7¢ ) < 0. This follows at once from [2, Corollary 2.48]. Since u; — u in
LPO(v; E), it follows that the right-hand side converges to 0. Hence,

f u(x)v(x)dx =0

E
and so (u, ) € I:IIQ’p(')(v; E). Thus, I:IIQ”’(')(v; E) is a closed subspace of HIQ’p(')(v; E).

If p, < oo, then H1Q”’ O E) is separable, and so every closed subspace, in particular A 1Q”’ O E),
is also separable. Finally, if 1 < p_ < p, < oo, then HIQ”’ O(v; E) is reflexive, and since every closed
subspace of a reflexive Banach space is reflexive, H lQ’p 0 (v; E) is as well. m]

As part of the proof of Theorem 1.8, we will need to apply the Poincaré inequality to any element
of A IQ”’ O(v; E) and not just to C'(E) functions. To prove we can do this, we need the following lemma.

Lemma 2.20. Given p(-) € P(E) with p, < oo, suppose v, y''> € LPO(E). Then the set C'(E) N
[:IIQ”’(')(V; E) is dense in I:I]Q’p(')(v; E).

Proof. Fix (u,g) € I:IlQ”’(')(v;E). Since C'(E) is dense in Fllg’p(')(v; E) C ng’p(')(v; E), there exists a
sequence of functions u; € C'(E) such that (ug, Vi) — (#,g) in norm. Let y, = uy — (g, €
CYE)Nn ﬁlQ’p(')(v; E); then Vy, = Vi, and so to prove (yi, Vyi) — (u, g) it will suffice to show u;, — y; =

(), — 0in LPY(v; E). Since (u,g) € I:IIQ’p(')(v; E), we have ug, = 0, and so by Holder’s inequality
(Theorem 2.6)

1
(U )Ey = B fE(uk —uwyvdx < Kpollue = ullpro e 1| o)
Since E is bounded, |[1]|,¢.r) < oo as in the previous proof. Thus (u)g, — 0. Consequently,

”(uk)E,v”LP(‘)(v;E) = |(Mk)E,v|||1||Lp<->(v;E)

converges to zero since 1 € LPO(v; E). m]
Theorem 2.21. If Definition 1.2 holds, then the Poincaré inequality

el Lrorvy < COHg”LPQ(')(E)
holds for every pair (u, g) € I:IIQ’p(')(v; E).

Proof. By Lemma 2.20, for every (u,g) € H (12”’ “(v; E), there exists a sequence of functions {u};>, C
C(E)N A" (v: E) such that llugllyoie — Wil and IVuel] o,y = gl o) a8 k = oo. Since
U, € FIIQ’p(')(v; E), (w)g., = 0 for k € N. Hence, by Definition 1.2,

lelzsoosey = Jim el = i loae = Gae) el < Co Fim IV o, = Collgl] ey

Finally, we define a weak solution to the degenerate p(-)-Laplacian from Definition 1.4.

Definition 2.22. Let E C R" be a bounded open set, p(-) € P(E), and v, y'*> € LPO(E). Given
f € LPO(v; E), the pair (u, g) € Flgp(’)(v; E) is a weak solution to the Neumann problem (1.2) if for all
test functions ¢ € C'(E) N H IQ”’ O E),

f | VOMEI" (Ve ()T Qn)g(x)dx = - f P Fp () Vdx,
E E
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3. p(-)-Neumann implies p(-)-Poincaré

In this section we will give the first half of the proof of Theorem 1.8. Fix p(-) € P(E), 1 < p- < p; <
oo, let v be a weight in Q with v € LPY(E), and Q a measurable matrix function with y'/? € LPO(E).
Assume that the Definition 1.4 holds. We will show that the Poincaré inequality in Definition 1.2 holds.

We begin by showing that the regularity condition (1.3) in Definition 1.4 actually implies a stronger
condition.

Lemma 3.1. Let p(:), v, Q be as defined above. Then there exists a constant C = C(p(-),v, E) such
that for any f € L") (v; E) and any corresponding weak solution (u,g); € ITQ’P(')(\/; E) of (1.2),

.D*—l re—1
el < CIA ey

where p. and r, are defined by (1.4).

Proof. Let f € LPY(v;E) and (u,g); be a weak solution of (1.2) with data f. By Proposition 2.7,
Holder’s inequality, the regularity estimate (1.3), and Theorem 2.9, and using the weak solution (u, )¢
itself as a test function in the definition of weak solution, we have that

lgll”., . < f |VO(0g(x)I"Vdx
E

L£yE) ~
= f IVOME)IPI2g(x) Q(x)g(x)dx
E
= - [ @ e dx
E

< f PO PO (o dx
E

-1
< Koo IO Mo vl ooy

=1
< Kp(’)“fl|2p(~)(v;E)”u”Ll’(')(V;E).
rs—1

re—1 px—1
S KP()C1||f||Lp()(V,E)||f| Lp(.)(v;E)-

Note that in the second to last inequality, we used that fact that in this case the exponent b, in
Theorem 2.9 equals r,. Therefore, if we raise both sides to the power of (p. — 1)/p., we get

P*_l re—1
el < O

where C = C(p(-), v, E). |

To prove that the Poincaré inequality holds, fix f € C'(E). We will first consider the special case
where fg, = 0 and |[|f]|.»0.r) = 1. Then by Proposition 2.8, the definition of weak solution with f as
our test function, Holder’s inequality, and Theorem 2.9,

ANl LrooE) = f|f(X)V(X)|p(x)dx
E
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- f PO F) FOOMRP D dx
E

< f VORIV £ Q(x)g(0)ldx
E

< f VODEWIP | OV F()ldx
E

9-1
< Kool VOB o IVl o

b.—1
< KP(‘)||g||£Z(.)(E)”Vf”£lg'>(E)'

By Lemma 3.1 and our assumption that || f]| 0. = 1, we find
Wl < CIV Aoy
where C = C(p(-), v, E). This is what we wanted to prove.

To prove the general case, let fo = f — f, g, and fi = fo/llfollLrow.g)- Then fi has zero mean and
Il fillLroq:ey = 1, so by the previous case f; satisfies the Poincaré inequality. But by the homogeneity of
this inequality, and since || follr0.5)Vfi = Vfo = V£, we have that f satisfies the Poincaré inequality
as well. This completes the proof.

4. p(-)-Poincaré implies p(-)-Neumann

In this section we will give the second half of the proof of Theorem 1.8. Fix p(-) € P(E), 1 < p_ <
p.+ < oo, let v be a weight in Q with v € LPY(E), and Q a measurable matrix function with y!/? €
LPY(E). Assume that the Poincaré inequality in Definition 1.2 holds. We will show that Definition 1.4
holds by showing that a weak solution to (1.2) exists and that the regularity estimate (1.3) is satisfied.

To show the existence of a weak solution to the Neumann problem (1.2), we will apply Minty’s
theorem [19]. To state it, we introduce some notation. Given a reflexive Banach space B, denote its
dual space by 8*. Given a functional @ € B*, write its value at ¢ € B as a(¢) = (a,¢). Thus, if
B: B — B*and u € B, then we have B(u) € B and so its value at ¢ is denoted by S(u)(¢) = (B(u), ).

Theorem 4.1. (Minty’s Theorem, [19]) Let B be a reflexive, separable Banach space and fixI" € B*.
Suppose that T : B — B* is a bounded operator that is:

1). Monotone: (T (u) — T (¢),u —¢) >0 forall u,p € B;

2). Hemicontinuous: for 7 € R, the mapping z — (T (u + zp), @) is continuous for all u, p € B;

3). Almost Coercive: there exists a constant A > 0 so that (T (u), u) > (I, u) for any u € B satisfying
llullg > A.

Then the set of u € B such that T (u) =T is non-empty.

To apply Minty’s theorem to prove the existence of a weak solution, let 8 = H IQ"’ O(v; E). Note that

with our hypotheses, by Theorem 2.19, H IQ”’ (')(v; E) is a reflexive, separable Banach space. We now
define the operators I" and 7 using the right and left-hand sides of the equation in Definition 2.22.
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Definition 4.2. Given f € L'O(v; E), defineT =T : I:IIQ”’(')(v; E) — R by setting

(Tow) = - f |FCOIPO72 F W () (v(x))P D dx
E

for any w = (w,h) € ﬁIQ’p(')(v; E).

Remark 4.3. T, clearly depends on f € LPY(v; E). But for ease of notation we will simply write T
where f is understood in context.

Definition 4.4. Define 7 : I:IlQ’p(')(v; E)— (I:IIQ”’(')(V; E))* by setting

.w = [ VO h owecdx

foru = (u,g), w=(w,h) € A;""(v; E),

Clearly, u = (u,g) is a weak solution of (1.2) if and only if (7 (u),w) = (I',w) for all w €
H lQ’p “(v; E). Therefore, we will have shown that a weak solution exists if we can show that the operators
I'y and 7 satisfy the hypotheses of Minty’s Theorem.

Lemma 4.5. Given f € L"Y(v;E), T = I’y is a bounded, linear functional on H (12”’ (’)(v; E).
Proof. We first show that I'is linear. Letu = (1, g), w = (w,h) bein A IQ’p (')(v; E). Thenforall a, B € R,
(I au + pw) = — f P o) (au(x) + Bw(x)(v(x))Vdx = a(T, u) + KT, w).
E
To show that I is bounded, it will suffice to show that there exists a constant C = C(f, v, p(:)) such
that

KT, W)l < Cliwvllro), 4.1

since |[wvllroe) = [IWllroo.e) < 1IWI AL By Holder’s inequality,

KT, wy| =

f |£ ()P FOw(x)v(x)PD dx
E

-1 -1 -1
< f PO w(xv(x) dx < Koo IV o Wil o ) -
E
Since f € LPY(v; E), by Theorem 2.9 we have that
=1 bo-1
AV N o) < 1 0y < O

Therefore, if we let C = K, |ll /PO~ || vz, We have that (4.1) holds. o
We now prove that 7~ is bounded, monotone, hemicontinuous.

Lemma 4.6. 7 is a bounded operator.
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Proof. We will prove that 7 is bounded by showmg the operator norm of 7~ is uniformly bounded.
The norm of 7 : H: p()(v E) — ( 1p()(v E)) is given by

||T||0p = Sup{lT(u)lop . ||u||H1Q"D(.)(V;E) = l}’

where |7 (w)l,, = sup{{7 (w), w)| : ||w]| O wE) = = 1}. Thus, it will suffice to show that there exists a
constant C such that for all u,w € H, P”(v E) with [full, o, 2 = Wl = 1. KT (@), W)l < C.

By Theorem 2.9, for any f € LO(v; E), I/ o, < 1175,
we have that

LP() &) Therefore, by Holder’s inequality

K7 (w), w)| =

| VO)ZI ™2 (h(x))" Q(x)g(x)dx
E

< f | VO™ |V O)h(x)ldx
E

-1
Kool O Ml Il VORIl ooy
Kol Vo gllle<>(E>lll\/— Bl

pollell) Il o,

LP( )(E)
< K.

Thus, 7 is bounded. m]
Lemma 4.7. 7 is Monotone.

Proof. Letu = (u,g) and w = (w,h) be in ;" (v; E). Then

(T() =T (W),u—-w)
=7 (), u—w) — (7T (W), u—w)

= [ 1V0ur g~y 0g - 10N (g - ' Ohdx

= [(Varte - (y@er > Vg - (arg— ) 1 GhI"? O ds
) fE< Vo -h)" || V0gI"* {0g - | Oh 2 /0| dx

) fE<l V0" /g — | /O \/Oh, \/0g — /Ohs» dx,

where (-, -)r» denotes the inner product on R". For each x € E, the integrand is of the form
(IslP=2s = 1P 21, s = ryps,

where s,7 € R" and p > 1. But as noted in [13, p. 74] (see also [1, Section 4]), this expression is
nonnegative. Thus, 7 is monotone. O

Lemma 4.8. 7 is Hemicontinuous.
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Proof. Letz, y € Randletu = (u,g), w = (w,h) be in FIIQ’p(')(v; E). Definey =g+zhandy = g + yh.

Then

(T (@+zw) — T (uu + yw), w)
- f |VOUPO 0 Oy — | /Oy 20T Qy dix
E

= fE (Vo' [ Yoyl oy - INo > Joy| dx
- f (\/on” [lrlp(’)_zr— |s|P('>-2s] dx
E

(4.2)

where r = VQy and s = VQy. Define E* = {x € E : p(x) >2}and E~ = {x € E : p(x) < 2}. We will

show that the integral (4.2) tends to 0 as z — y by estimating it over E* and E~ separately.
Observe that our choice of r, s gives

r—s=+OW —7y) = \JOzh - yh) = (z - y)/Oh.

Hence,
e = slllroe = 1o = Yl VOl < 12 = YW1z,

4.3)

4.4)

Furthermore, by an inequality from [13, pp. 43, 73] (see also [1, Section 4]), we have that for

r,se R"and p > 2,
Il — [s|”%s| < (p = Dlr = s|(lsl”> + [x}”™).

If we combine this inequality with (4.3) and apply them to (4.2) over E*, we get that
f (VO [P 2r — |52 | dx
E+
< [ 1VDbllpG) = e = sy ) dx
E+

< |Z - )’||P+ - 1| f | \/éh|2 ||S|P(x)—2 + |r|p(x)_2| di.
E+

Since p(x) > 2 on E*, by Holder’s inequality, Theorem 2.6, with exponents %, 1% we have

Q) .
LPO-2(E*)

2 -2 -2 2
f |VOP [IslPO72 + [rlP072| dx < Kpiopalll v OWPllrore
E+

|S|p(~)—2 + |r|p(~)—2||

By Proposition 2.7, since ||| v/Ohl|| Lro(g) 18 finite, we have that

f |@h|2|pw2 dx = f | VOhPWdx < oo,
E* E*

and so by the same result we have that ||| VOh[*||,¢)2 < .
By the triangle inequality,

sl + PO o <SP PO
LPO=2 (E+) LPO-2(E+) LPO=2 (E*)

4.5)
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Observe that
|s| PO PO/PO-D) = 1g1P0) = |\/§y|p(-) — |\/§(g + yh)lp(~)_
Since g, h € Lg')(E), Il VO(g + yh)lll s e+) < 0. But then, again by Proposition 2.7,

(x)/(p(x)=2)
f VO + b = f VOl + "l < oo,
E* B

and so [||s|”¥72|| ,o < co. Similarly, ||Ir|?”72|| L, is finite. Therefore,
LPO-2 (E*) LPO-2 (E*)

f | /O [IsIP®72 + [bfP@7| dix < oo,
E+

and so (4.5) converges to 0 as z — y.

Now consider the domain E~. By [13, p. 43] (see also [1, Section 4]) we have that for r,s € R” and
l<p<2,
lIsl”~*s — [r]" x| < C(p)ls — P~

The constant C(p) varies continuously in p; since for x € E7, 1 < p_ < p(x) < 2, we must have that

C = sup C(p(x)) < oo.

xeE~

If we apply this estimate, Holder’s inequality, Theorem 2.9, and (4.4) to (4.2), we get

f (VO [IrP 92 — sl s| dx
.
< f |/Oh! |IefP®~2r — |s]" 25| dx
.
< [ 1Vbls - rrt s
-

= CKP(')||h||£1é(->(E,) |||s - r|p(-)—1||

LP'O(E)
b.—1

S CKP(-)”hHLIS')(Ef)'”S - rIHLp(.)(E)

b.—1
< CKP(')”hHLS‘)(E‘)(lz - Y|||W||H5p<'J(V;E)) .

Thus, the integral (4.2) converges to 0 on E~ as z — y, and so 7 is hemicontinuous.

Lemma 4.9. 7 is almost coercive.

Remark 4.10. The proof of Lemma 4.9 is the only part of the proof that requires the Poincaré inequality
(1.1).

Proof. Fix f € LPO(v;E) and let ' = T'y. We need to find 4 > 0 sufficiently large that for any

u = (u,g) € H;"(v; E) such that [[ul| 10, > A, (7 (w),u) > (T, u). Suppose first that 1 > 1 + Cq
o

where Cj is as in Poincaré inequality (1.1). By Lemma 2.20, and since u has mean zero, we have that

A < lullgrroq g = llleoee + 18l o, < (Co+ DIgl o).
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Hence, IIgIILpQ«)(E) > 1.
By Proposition 2.7 and the Poincaré inequality (1.1) we have that

(T(w),u) = f | VOg2g" Qgdx = f N e
E

—5=llull7,

Lp( )(E) Cp_ LPO(E)"

Consequently,

(Co + IXT (w),w) > [Ilgll”, > 217 ||ul” (4.6)

L’J()(E) ” lLl’()(v E) = lp()( E).

By Holder’s inequality,

KT w| =

‘[V“Wm”ﬂmmwwwmux
E

)1 -1
< Kol Mol o ey < Kpol(F)PO ||Lp'(-)(E)||U||H5p(z>(v;E).

< f FOIPO™ ()P u(x)v(x)dx
E

Since f € L'O(v; E), || fvliroE < o0, and so by Theorem 2.9, ||| fvIPOY| o < o0. Let C(f) =
Kool v)?O 7 o ey; then we have

Cy +1
COPMlyy = COMaLE I < COMILES =T (), w)
p—
Let C = C(f) 3 th
(.wl < Clullf, (7@, u).
Therefore, if we further assume that 1 > CY?-=1_ then
1/(p_—1
100y > A > 0.
This in turn implies C||u||1 1’;[)( - < 1. Thus, we have that
KL, w)| < (7 (w), w)
and our proof is complete. O

We have now shown that the hypotheses of Minty’s theorem are satisfied, and so a weak solution
exists. To complete the proof, we need to prove that the regularity estimate (1.3) holds. This is
established in the next lemma.

Lemma 4.11. There is a positive constant C = C(p(-), E) such that for any f € L’ (v; E) and any
corresponding weak solution (u,g); € H IQ’p (')(v; E),

el oy < Cllfllzmiw

where p,. and r, are defined by (1.4).

Mathematics in Engineering Volume 4, Issue 5, 1-22.



20

Proof. By Definition 2.22, Proposition 2.7, Theorem 2.9 and the Poincaré inequality (1.1), we have
that

I, <

| W ogas

_f|f|P(X)—2qup(X)dx
E

Sflflp(X)_lvp(X)_lll'thdx

E
)-1
= Kp(-)|||fV|p() o lluvileo )
)-1
Kp(-)C0|||fV|p() ||Lp’<->(E)||g||£p<»)(E)

p(- )Collf”L[)()(V E)”g”.l:g')(lf)'
If we combine this inequality with the Poincaré inequality, we get

1/(p«—1 (r«=1)/(ps—1) 1/(p--1 (r«=1)/(ps—1)
”u”LP(-)(v;E) < COHg”L/é()(E) < CO(KP(')CO) 4 )Hf”Lrp()(v E? < CO( ()CO) /b )||fllgp(')(v;El)7 s

which is the desired inequality. O
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Estimates for the weighted Poincaré inequality

In this section we prove Proposition 1.9. As we noted above, versions of this result appear to be

known, but we have not found the proof in the literature. Recall that E is bounded, v € L?(E), and
w =", sow € LY(E). Fix f € C'(E); then

1 1/p
i = fesl = | f (e = FwiP d| < &, ( f 1f = Fenlw dx) = Killf - feallon,
W(E) JE E
where K| = “5'(';[; . But then we have that

1
f = fesllerosey < Wf = fewllroey + 1w — fEMP0nE) < (1 + Kiw(E) /‘D)”f — JewllrosE).-
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Conversely, if we switch the roles of v and w in the first calculation above, we get that

1
w(E)

|fE,w - fE,v = f(fE,v - f)vvp—l d)C < KZ”f - fE,v”LI’(v;E)a
E

where K, = w(E)~!/?. Then we can argue as we did before to get

If = fewllrer < (1 + KawE)DF = fellear = 21f = feallors-

Similarly, if we take w = 1 in the first argument, we get that

f = fesllroney < (3 + K)If = fEllrosey,

where K3 = % On the other hand, to prove the converse inequality, we have

|fev — fEl < Kullf = feallroiys

L -1
_‘IEI L(f Jew)vw ™ dx

where

’

1 .o\
K4:—(fv_” dx) < o0
EI\ JE

by our assumption that v=' € L”'(E). The argument then continues as before.
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