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Abstract: We consider the quantum hydrodynamic system on a d-dimensional irrational torus with
d = 2,3. We discuss the behaviour, over a “non-trivial” time interval, of the H*-Sobolev norms of
solutions. More precisely we prove that, for generic irrational tori, the solutions, evolving form &-
small initial conditions, remain bounded in H* for a time scale of order O(s™!~1/@=D*) which is strictly
larger with respect to the time-scale provided by local theory. We exploit a Madelung transformation
to rewrite the system as a nonlinear Schrodinger equation. We therefore implement a Birkhoff normal
form procedure involving small divisors arising form three waves interactions. The main difficulty is
to control the loss of derivatives coming from the exchange of energy between high Fourier modes.
This is due to the irrationality of the torus which prevents to have “good separation” properties of the
eigenvalues of the linearized operator at zero. The main steps of the proof are: (i) to prove precise
lower bounds on small divisors; (ii) to construct a modified energy by means of a suitable high/low
frequencies analysis, which gives an a priori estimate on the solutions.
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1. Introduction

We consider the quantum hydrodynamic system on an irrational torus of dimension 2 or 3

{6,/0 = —mA¢ — div(pVe)

HD
8¢ = —1|Ve* — gm + p) + m:pAp P (QHD)

b

_ v
2wt P

where m > 0, « > 0, the function g belongs to C*(R,;R) and g(m) = 0. The function p(¢, x) is such that
p(t,x) +m > 0 and it has zero average in x. The space variable x belongs to the irrational torus

T‘f = (R/2nviZ) X -+ - X (R/2nv,Z) , d=2,3, (1.1)
with v = (v, ...,vy) € [1,2]%. We assume the strong ellipticity condition
g'(m) > 0. (1.2)

We shall consider an initial condition (py, ¢y) having small size € < 1 in the standard Sobolev space
H*(T?) with s > 1. Since the equation has a quadratic nonlinear term, the local existence theory
(which may be obtained in the spirit of [13, 18]) implies that the solution of (QHD) remains of size &
for times of magnitude O(&™!). The aim of this paper is to prove that, for generic irrational tori, the
solution remains of size & for longer times.

For ¢ € H*(T?) we define

1
=—— | ¢x)dx, Iy :=id -1 . (1.3)
.-vd T(é

Our main result is the following.

Theorem 1.1. Let d = 2 or d = 3. There exists sy = so(d) € R such that for almost all v € [1,2], for
any s > so, m > 0, k > 0 there exist C > 0, gy > 0 such that for any 0 < € < gy we have the following.
For any initial data (py, ¢) € HS(T‘Vi) X HS(Tff) such that

lloollgszey + g Bollseray < € (1.4)
there exists a unique solution of (QHD) with (p(0), ¢(0)) = (oo, o) such that

(p(D), ¢(1)) € C([0, T,); H'(T4) x H'(TD) () C' ([0, T); H (T x H(TS),
(1.5)

EFTI S il
sup (llo(t, Mgscrgy + MG ¢ M) < Co, Tez 677 aTlog (1 + £77).

t€[0,T)

Derivation from Euler-Korteweg system. The (QHD) is derived from the compressible
Euler-Korteweg system*

{a,p +div(pit) = 0 K

O, + it - Vit + Vg(p) = V(K(p)Ap + 3K (p)Vpl)

*Some authors prefer to write the second equation in terms of the current density J := pi, see for instance [1].
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where the function p(z, x) > 0 is the density of the fluid and ii(z, x) € R? is the time dependent velocity
field; we assume that K(p), g(p) € C*(R,;R) and that K(p) > 0. In particular, in (QHD), we assumed

K
)

Je

K(p) = kER,. (1.6)

We look for solutions # which stay irrotational for all times, i.e.,
— = = d = 1 —
u=ct)+Ve, c)eR?, dt)= —— idx, (L.7)
QrYdvy -+ vg Jpa

where ¢ : T — R is a scalar potential. By the second equation in (EK) and using that rotiZ = 0 we
deduce

1
=, - _ = V—) — =, — 2 )
0,¢(t) —(271) — jq;d i-Vidx=0 = &) = d0)

The system (EK) is Galilean invariant, i.e., if (o(¢, x), ii(t, x)) solves (EK) then also
pa(t, x) := p(t,x + Ct), ixt,x):= i(t,x+ ct) - ¢,

solves (EK). Then we can always assume that i = V¢ for some scalar potential ¢ : T¢ — R. The
system (EK) reads

0,0 + div(pVe) =0 (18)
09 + 519" + (o) = K(0)Ap + 3K'(p)|Vpl*. ‘
Notice that the average
1
Y R dx = R 1.
2 va j;gp(X) x=meR, (1.9)

is a constant of motion of (1.8). Notice also that the vector field of (1.8) depends only on II5¢ (see

(1.3)). In view of (1.9) we rewrite p ~» m+ p where p is a function with zero average. Then, the system
(1.8) (recall also (1.6)) becomes (QHD).

Phase space and notation. In the paper we work with functions belonging to the Sobolev space

1 .
HY(TY) := {u(x) = GISYE Z e o O, = Z< Pl < +ool, (1.10)

jezd jezd

where (j) := /1 +|jP for j € Z¢ with Z¢ := (Z/v,) X --- X (Z/v,4). The natural phase space for
(QHD) is H}(T¢) x H*(T¢) where H*(T¢) := H*(T¢)/. is the homogeneous Sobolev space obtained by
the equivalence relation ¥ (x) ~ ¥,(x) if and only if ¥(x) — ¥,(x) = c is a constant; HS(T‘V’) is the
subspace of H*(T¢) of functions with zero average. Despite this fact we prefer to work with a couple
of variable (o, ¢) € Hj(T¢) x H*(T¢) but at the end we control only the norm ||TI§¢|l s, which in fact
is the relevant quantity for (QHD). To lighten the notation we shall write || - ||z to denote || - [[sza)-

In the following we will use the notation A < B to denote A < CB where C is a positive constant
depending on parameters fixed once for all, for instance d and s. We will emphasize by writing <,
when the constant C depends on some other parameter g.
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Ideas of the proof. The general (EK) is a system of quasi-linear equations. The case (QHD), i.e., the
system (EK) with the particular choice (1.6), reduces, for small solutions, to a semi-linear equation,
more precisely to a nonlinear Schrodinger equation. This is a consequence of the fact that the Madelung
transform (introduced for the first time in the seminal work by Madelung [24]) is well defined for
small solutions. In other words one can introduce the new variable ¥ := m + pe'?/" (see Section 2 for
details), where 71 = 2 \/%, obtaining the equation

o = (50~ <o),

Since g(m) = 0, such an equation has an equilibrium point at ¢y = m. The study of the stability of
small solutions for (QHD) is equivalent to the study of the stability of the variable z =  — ym. The
equation for the variable z reads

hDZ ’
D mg'm

Y - mg’(m)
2 h

2+ f(2),

where f is a smooth function having a zero of order 2 at z = 0, i.e., |f(z)| < |z|?, and |D|$ is the Fourier

multiplier with symbol
d

€2 := > algl?, a=vi, Véezd (1.11)

i=1
The aim is to use a Birkhoff normal form/modified energy technique in order to reduce the size of the
nonlinearity f(z). To do that, it is convenient to perform some preliminary reductions. First of all we

want to eliminate the addendum —i@i In other words we want to diagonalize the matrix

2 L lme’ 1.7
_ (2|D|V + ;mg’ (m) g’ (m) ) ' (1.12)

Fmg’ (m) SIDI; + fmg’ ()

To achieve the diagonalization of this matrix it is necessary to rewrite the equation in a system of
coordinates which does not involve the zero mode. We perform this reduction in Section 2.2: we use
the gauge invariance of the equation as well as the L? norm preservation to eliminate the dynamics of
the zero mode. This idea has been introduced for the first time in [16]. After the diagonalization of the
matrix in (1.12) we end up with a diagonal, quadratic, semi-linear equation with dispersion law

7‘;l2
w(j) = \/lel‘y‘ +mg’ )] j1; (1.13)

where j is a vector in Z? \ {0}. At this point we are ready to define a suitable modified energy. Our
primary aim is to control the derivative of the H*-norm of the solution

d 2

—IZ(Ol s » 1.14

AL (1.14)
where Z is the variable of the diagonalized system, for the longest time possible. Using the equation,
such a quantity may be rewritten as the sum of trilinear expressions in Z. We perturb the Sobolev energy

by expressions homogeneous of degree at least 3 such that their time derivatives cancel out the main
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contribution (i.e., the one coming from cubic terms) in (1.14), up to remainders of higher order. In
trying to do this small dividers appear, i.e., denominators of the form

*w(j1) £ w(j2) = W(j3) .

It is fundamental that the perturbations we define is bounded by some power of ||Z||ys, with the same s
in (1.14), otherwise we obtain an estimate with loss of derivatives. Therefore we need to impose some
lower bounds on the small dividers. Here it enters in the game the irrationality of the torus v. We prove
indeed that for almost any v € [1, 2]¢, there exists y > 0 such that

Y

(1 + @2y @’
if £j; + j, £ j3 = 0, we denoted by M(d) a positive constant depending on the dimension d and y; the
i-st largest integer among |ji|, |j2| and |j3|. It is nowadays well known, see for instance [5, 7], that the
power of w3 is not dangerous if we work in H* with s big enough. Unfortunately we have also a power
of the highest frequency p; which represents, in principle, a loss of derivatives. However, this loss of
derivatives may be transformed in a loss of length of the lifespan through partition of frequencies, as
done for instance in [12,15,17,23]. Let us mention that recently Feola-Montalto proposed in [21] a
different procedure for a quadratic Schrédinger equation on irrational tori. They prove that the lifespan
is O(g72) for initial data of size O(g) despite the fact that the small divisors have bad estimates as in our
case. The strategy implemented in [21] is based on a para differential normal form, which is the non
linear version of the ideas developed in the papers [8—10] by Bambusi-Langella-Montalto for linear
Schrodinger operators. It would be interesting to understand if such an approach may be used also for
the equation (QHD). This is not a priori obvious because in [8—10] are strongly used some geometric
properties of the spectrum of the Laplacian. Is not clear, for the moment, if the dispersive relation
(1.13) enjoy the same properties.

| + w(j1) £ w(j2) £ w(j3)| 2
(1 log®*!

Some comments. As already mentioned, an estimate on small divisors involving only powers of p3
is not dangerous. We may obtain such an estimate when the equation is considered on the squared
torus T¢, using as a parameter the mass m. In this case, indeed, one can obtain better estimates by
following the proof in [16]. This is a consequence of the fact that the set of differences of eigenvalues
is discrete. This is not the case of irrational tori with fixed mass, where the set of eigenvalues is not
discrete. Having estimates involving only u3 one could actually prove an almost-global stability. More
precisely one can prove, for instance, that there exists a zero Lebesgue measure set N C [1, +o0), such
thatifmisin [1, +00) \ NV, then for any N > 1 if the initial condition is sufficiently regular (w.r.t. N) and
of size & sufficiently small (w.r.t. N) then the solution stays of size & for a time of order ™. The proof
follows the lines of classical papers such as [5—7] by using the Hamiltonian structure of the equation.
More precisely, the system (QHD) can be written in the form

8¢H(p’ ¢)
—apH(P,(b)) , (1.15)

where d denotes the L2-gradient and H(p, ¢) is the Hamiltonian function

41 = Xulp. 9) :(

| |
H(p.¢) = 5 fT (m+p)Vgldx + fT d (Erﬁprlz +G(m+ p))dx (1.16)
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where G’ (p) = g(p).

We do not know if the solution of (QHD) are globally defined. There are positive answers in the
case that the equation is posed on the Euclidean space R? with d > 3, see for instance [4] for strong
global solutions arising from small initial data (the local well posedness was previously analyzed by
Benzoni Gavage, Danchin and Descombes [11]). Exploiting the Madelung transformation Antonelli-
Marecati [3] proved the existence of global in time weak solutions of finite energy. Here the dispersive
character of the equation is taken into account. An overview of recent results, a discussion of the
Madelung transform including vacuum regions can be found in Antonelli-Hientzsch-Marcati-Zheng [2]
see also [1] and reference therein. It is worth mentioning also the scattering result for the Gross-
Pitaevsii equation [22]. Since we are considering the equation on a compact manifold, the dispersive
estimates are not available.

It would be interesting to obtain a long time stability result also for solutions of the general system
(EK). In this case the equation may be not recasted as a semi-linear Schrédinger equation. Being
a quasi-linear system, we expect that a para-differential approach, in the spirit of [17,23] should be
applied. However, in this case, the quasi-linear term is quadratic, hence big. In [17,23] the quasi-linear
term is smaller. Therefore new ideas have to be introduced in order to improve the local existence
theorem.

By using para-compositions (in the spirit of [14,19,20]), in the case d = 1, i.e., on the torus T!, it is
possible to obtain stronger results.

2. From (QHD) to nonlinear Schrodinger

2.1. Madelung transform

For A € R,, we define the change of variable (Madelung transform)

U= My(p, @) := \m+pe™, = My(p,¢) == Vm+pe . (M)
Notice that the inverse map has the form
iy, ] —iy - )
m+p =M1W, ¥) =y, = M;\(y, )::—arctan(—_). (2.1)
pEM WD =Wl o= M) = V1T
In the following lemma we provide a well-posedness result for the Madelung transform.
Lemma 2.1. Define
1 1
_ = = == 2 . 2~2
Eo e hEL =2k (2.2)
The following holds.
(i) Let s > ‘51 and
1 1
6 := —llollas + —=IIT5 ¢|lms =Tlpo.
ol \/7<” 0l o =1l
There is C = C(s) > 1 such that, if C(s)0 < 1, then the function  in (M) satisfies
Il — Vime“lly; < 2 vins. (2.3)

Mathematics in Engineering Volume 4, Issue 3, 1-24.



(ii) Define
= inf ||y — Ve lu;.

There is C' = C'(s) > 1 such that, if C'(s)5’(\m)~! < 1, then the functions p,

1
—llolla; + IIH Pllay < . 24)
m e T T

Proof. The bound (2.3) follows by (M) and classical estimates on composition operators on Sobolev
spaces (see for instance [25]). Let us check the (2.4). By the first of (2.1), for any o € T, we have

ol <l Vmye™ — Vm)lly; + || Ve’ — Vm)llgs + [I(e™” — Vm)(e'” — vVi)llus (2.5)

2 : 1 ,
<m(——=|ly — Vme'||ys + (—=|l — Vme'||:)?) . 2.6
(\/I_nllt// g + ( \/ﬁnw llez)7) (2.6)
Therefore, by the arbitrariness of o and using that (vm)~'¢’ < 1, one deduces
| |
— s <3—0.
mllpllHV <35

Moreover we note that

— — 1
W — )W + ) Ml < 22—l — Vil .
Vi

Then by the second in (2.1), (2.2), composition estimates on Sobolev spaces and the smallness
condition (ym)~'¢" < 1, one deduces, for any o € T such that (ym)~'[jy — Vme'||: < 1, that

1 —i(y — w>
— |[IT5 ||z + 2||T15 arctan s
\/E” 0 Bllz; + 21T (—— vt Mz
= 2||IT§ arctan (— (‘[’? e Dl
w e o 4 we—w‘
il — Vme i,
v_
Therefore the (2.4) follows. O

We now rewrite equation (QHD) in the variable (¢, E).

Lemma 2.2. Let (0, p) € HS(Ti) X H S(Tf) be a solution of (QHD) defined over a time interval [0, T],
T > 0, such that

1 1
sup (=l|lo(t, g + —=|ITE o, s ) < € 2.7
sup (Lol + I 6C i) 27

for some & > 0 small enough. Then the function ¥ defined in (M) solves

{aw = —i( - 2Ay + 1g(y ) 2.8)

(0) = v+ p(0)e*® .

Mathematics in Engineering Volume 4, Issue 3, 1-24.
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Remark 2.3. We remark that the assumption of Lemma 2.2 can be verified in the same spirit of the
local well-posedness results in [18] and [13].

Proof of Lemma 2.2. The smallness condition (2.7) implies that the function ¢ is well-defined and
satisfies a bound like (2.3). We first note

Vy = ( Vp +idym+ pVe)e? (2.9)
1 1
wl Yl = 5@—| Vol + <m+p>|V¢| (2.10)

Moreover, using (QHD), (2.2), (M) and that

div(pVe¢) = Vp - Vo + pAg,

we get
o0 = i Ap  IVpP  iymtpAd Vi pA| Vel L iVp- V¢)
' AAVIFP 8w+ p) 2 2 2 ¥ p 2.11)
—iAg(yl )y .
On the other hand, by (2.9), we have
: . Ap |Vol? , 2 , iAVp-V¢
iAy = ie'’ - - +ilym+ pAg — A Vm+ p|Vo|* + ——). (2.12)
(2 Vm+tpo  4m+p): Vm+p )
Therefore, by (2.11), (2.12), we deduce
i 1
o = oAy —idg(WP), where ~ =1, (2.13)
24 A
which is the (2.8). O
Notice that the (2.8) is an Hamiltonian equation of the form
) — — h 1
o = —igHW. 9y, HW,) = f [ GIVP + =Gy, (2.14)
¢
where 0@ = (Orey + 10mmy)/2. The Poisson bracket is
{H.G} = —if Oy HOzG — 03HI,Gdx . (2.15)
Ty

2.2. Elimination of the zero mode

In the following it would be convenient to rescale the space variables x € T¢ ~» v-x with x € T and
work with functions belonging to the Sobolev space H*(T¢) := H S(Tf), i.e., the Sobolev space in (1.10)
with v = (1,...,1). By using the notation ¥ = (27r)‘% Djezd ¥ €%, we introduce the set of variables

{lﬁo =ae @el0,+),0eT 2.16)

l//j:Zje_ig _]¢O,

Mathematics in Engineering Volume 4, Issue 3, 1-24.
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which are the polar coordinates for j = 0 and a phase translation for j # 0. Rewriting (2.14) in Fourier

coordinates one has
04 = - HW¥), jeZf,
where H is defined in (2.14). We define also the zero mean variable
7= (27()_% Z Zjeij~x )
JeZ\{0}
By (2.16) and (2.18) one has
¥ =(a+2)0e”,
and it is easy to prove that the quantity

. 2 2 2
m‘:ZW’f'l —a +Z|Z,-|

jezd Jj#0

2.17)

(2.18)

(2.19)

is a constant of motion for (2.8). Using (2.16), one can completely recover the real variable  in terms

of {z;}jeza\(0) as

a= m—ZIzjlz.
J#0

(2.20)

Note also that the (p, ¢) variables in (2.1) do not depend on the angular variable 8 defined above. This
implies that system (QHD) is completely described by the complex variable z. On the other hand, using

a5 H e, yel?) = - H, e’

one obtains
10, + 0,0a =11, (g(la + 7P + z))
i0,2; + 0,0z; = %{_(a +z,a+72).
J

Taking the real part of the first equation in (2.21) we obtain

1 1 1 _
8,0 = Ty | ~g(la + Z*)Re (@ + 2) | = —zH(a,2,7),
a h 2a

where (recall (1.11))
~ _ h g — 1 5
H(e,z,2):== | IDliz-zdx+ = | G(la+z")dx.
2 Td h Td
By (2.22), (2.21) and using that

Oy H(a+z,a+3) = 05H(,2.)

one obtains

i02; =05(@,2.9) — 220, @29 = 052D, j#0,

where

Ka(z.2) := H(e. 2, Do AT

We resume the above discussion in the following lemma.

Mathematics in Engineering

(2.21)

(2.22)

(2.23)

(2.24)
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Lemma 2.4. The following holds.
(i) Let s > %’ and

1 1
0= — s+_HJ_ sy 0:=11 .
m||,0||H \/7<” 0Pl ¢
There is C = C(s) > 1 such that, if C(s)0 < 1, then the function z in (2.18) satisfies
llzllgs < 2 Ving . (2.25)
(ii) Define
0 = llzllas -
There is C' = C'(s) > 1 such that, if C'(s)8'(ym)~' < 1, then the functions p,
1|| llgs + : Iy @lls < 16 : o (2.26)
m Ol Hs \/E 0 PlHS = \/r_n . .

(iii) Let (p, $) € H)(T%) x H*(T%) be a solution of (QHD) defined over a time interval [0,T], T > 0,
such that

1 1
sup (=llo(, Nus + —=I5e(, lus) < &
te[og) (m © H \/E O¢ H)

for some & > 0 small enough. Then the function z € Hg(Tf,’) defined in (2.18) solves (2.24).
Proof. We note that
2.3)

. (2.3
lzlles = gl < by — Vme|ly, < 2Vms, (2.27)
which proves (2.25). In order to prove (2.26) we note that

| _ ,
inf Iy — VeIl < I~ Vil = llor = VR + 2l
< ym— IR, = i+l <26,

so that the (2.26) follows by (2.4). The point (iii) follows by (2.21) and (2.22). O

Remark 2.5. Using (2.1) and (2.19) one can study the system (QHD) near the equilibrium point
(0, ®) = (0,0) by studying the complex hamiltonian system

10,z = 0:Ku(z,2) (2.28)

near the equilibrium z = 0. Note also that the natural phase-space for (2.28) is the complex Sobolev
space HS(T" ;C), s € R, of complex Sobolev functions with zero mean.

2.3. Taylor expansion of the Hamiltonian
In order to study the stability of z = 0 for (2.28) it is useful to expand %K, at z = 0. We have

Kn(z,2) = gfw IDI>z - Zdx + %fw G(| m_Z|Zf'|2 +z|2)dx

j#0
(2.29)

N-1

= (2n)d? + KD(z,7) + Z K (z,2) + RV (z,2),
r=3

Mathematics in Engineering Volume 4, Issue 3, 1-24.
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where | ‘@
m)m
KD ,_:—f—D dx+ & f +72°%d 2.30

w (2,2) > sz|| - sz(z 2)" dx, (2.30)
foranyr=3,--- ,N -1, Wg)(z, 7) is an homogeneous multilinear Hamiltonian function of degree r of
the form

K(2,2) = D KD KDl 50
oe(=L1y, jez\{0})"
2o oiji=0
and
1Xzw @l <S5 N2l Vz € Bi(H)(T%;C)). (2.31)

The vector field of the Hamiltonian in (2.29) has the form (recall (1.15))

th|§ mg’(m) (m) mg ’(m) “r (r) -9 p(N)
o, = |l - T Z OF |4 [T9RT @)
z 0.7, ww ok ww ) 10,7, i, R™
h 2 r=
Let us now introduce the 2 X 2 matrix of operators
_ 1 ( A(D,m) —%mg’(m))
V2w(D)A(D, m) \~3mg' (@)  A(D,m)

with
A(D,m) := w(D) + 4D} + img'(m)

and where w(D) is the Fourier multiplier with symbol

. h? .
w(j) = \/ZIJI‘V‘ +mg’(m)|jI2 . (2.33)
Notice that, by using (1.2), the matrix C is bounded, invertible and symplectic, with estimates

mg’(m) _

IC gy, mperry < 1+ kB, = = (2.34)
Consider the change of variables
Wi 1R
[W] =C H . (2.35)

then the Hamiltonian (2.29) reads
Kaw, W) 1= KO, ) + KO (w, W) + K (w, W),
~ 1
7(r(ﬂ2) w,w :z?(élz)C[K ::—waZ'de,
0, w) ( W) 2 Jpa ) (2.36)

N-1

30 5 — a (| W 2D Ty (oW ™M (e |V
RO w, ) = KL (C[W]), R von = 3 900(c|]) + (c[w]).
Therefore system (2.32) becomes
dw = —iw(D)w — 105K (w, W) — 10K (w, W) . (2.37)

Mathematics in Engineering Volume 4, Issue 3, 1-24.
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3. Small divisors

As explained in the introduction we shall study the long time behaviour of solutions of (2.37)
by means of Birkhoff normal form approach. Therefore we have to provide suitable non resonance
conditions among linear frequencies of oscillations w(j) in (2.33). This is actually the aim of this
section.

Leta=(ay,...,aq) = (v,...,v3) € (1,4, d =2,3. If j € Z* \ {0} we define

d

7B = D i 3.1)
=1
We consider the dispersion relation
w(j) = kLI +mg/ @l (3.2)

2 3 ’
we note that w(j) = \/E(Ijlf1 + 'g - %I# + 0(6?)) for any j big enough with respect to 8 := mgT(m).

Throughout this section we assume, without loss of generality, |j|s > [j2la = |j3la > O, for any j; in
Z%, moreover, in order to lighten the notation, we adopt the convention w; := w(j;) for any i = 1,2, 3.

The main result is the following.

Proposition 3.1 (Measure estimates). There exists a full Lebesgue measure set A C (1,4)? such that
for any a € W there exists y > 0 such that the following holds true. If o1 j1 + 02 j, +03j3 =0, 0; € {1}
we have the estimate

Y Y
-1 :1d—1 d+1 2y M) lf 1v2 = -1
k 2|0'3w3 + 0w, + 0'1w1| 2d { Lt HHog © (1P M . (3.3)

1, ifoioy =1

for any |jila > |j2la = jslar ji € Z¢ and where M(d) is a constant depending only on d.

The proof of this proposition is divided in several steps and it is postponed to the end of the section.
The main ingredient is the following standard proposition which follows the lines of [5, 12]. Here we
give weak lower bounds of the small divisors, these estimates will be improved later.

Proposition 3.2. Consider I and J two bounded intervals of R* \ {0}; r > 2 and j,, ..., j, € Z¢ such
that j; # +ji ifi #k ny,...n, € Z\ {0} and h : J~' — R measurable. Then for any y > 0 we have

_ . . . 1 . . 1
{0, 6) € 15 T < 1) + " m \JLjilh yy + Uiy | < ¥} S1sen Y5 G
k=1

with (1,b) = (1,by,...,bs_1) € R? and where W is the Lebesgue measure.

Remark 3.3. We shall apply this general proposition only in the case r = 3, however we preferred to
write it in general for possible future applications.

Proof of Prop. 3.2. For simplicity in the proof we assume |ji|1p) > ... > |j-l1p). Since by assumption
we have j; # j; for any i # k then one could easily prove that for any n > 0 (later it will be chosen in
function of y) we have

u(PRY <qu®?),  Pi=1{b e I il — i < m)-
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We define P, = Ui¢ka;k, and

By = {(o,b) € 1 I c |hb) + 3 me \Jljilh ) + 0L | < 7},
k=1

then we have

H(By) < u(By N Py) + u(By N (Py)°)

< p(Dp(Py) + (I sup (o € 1 o)+ 3 m Ll + 0Ll | < 1)

ik -
béP, k=1

S DU+ "y sup (o € 1 : o) + 3 m ikl + 0L | < 7).
i#k
beP” kzl

We have to estimate from above the measure of the last set. We define the function

g(p) := h(b) + > m \/Ijklﬁ,b) + DLl p)-
k=1

For any ¢ > 1 we have

d’ . : _ 1_ - .
d_pgg(p) = CfZ nljelap® + Lilip)? ™ coi= n(% —0).

k=1 i=1
Therefore we can write the system of equations

CIlallgg(p) (p + |j1|(21,b))0 s (p + |jr|(21,b))0 nlljll(l,b)(p + |j1|(21,b))_1/2

C;la;g(p) (p + |j1|(21’b))1_r s (p + |]r (21’b))1—r nrljrl(l,b)(p + |jr|(21’b))_1/2

We denote by V the Vandermonde matrix above. We have that V is invertible since

1 1 il = 1elC
PSS PR
1<icker P |ji ap PT |]k|(1yb) \<i<k<r (p+ |],-|(lyb))(p + le|(1,b))
n - 1

Z + 12 2 Z n N2 7
1<k<r (p+|]k|(1’b)) <]1> <Jr>

where in the penultimate passage we have used thatb ¢ P, and |ji|1p) < |jklap) if i > k. Therefore we
have |
max [c,9,g(p)] 2. | det(V)| max |neljeluy(® + Lie

il
r (1,b) > n

G2 G2 TG G
At this point we are ready to use Lemma 7 in appendix A of the paper [26], we obtain

r

Rrn 1

Y- (jr>2)l .

o € 12 o)+ 3 il + Bl | < ) < PR
k=1
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Summarizing we obtained
1.1.,.\2 VN
/J(By) Siddpn N+ Y7 ((]1> o <.]r> )" s
we may optimize by choosing = y%« Jiy-+( j,))% and we obtain the thesis. O

As a consequence of the preceding proposition we have the following.

Corollary 3.4. Let r > 1, consider j, ..., j. € Z such that j, # j; ifi # kandn,...,n;, € Z\{0}. For
any vy > 0 we have

uqaeaﬁn:}:mVMﬁﬁ+mgmMMisYDswm(—J%«ﬁ> G

= Vk

Proof. We write

. — 3 B
3 miJkljil + mg' @) = Vkar Y wmm + il
i=1

i=1

where we have set

b:i=(—,...,—). (3.4)

The map (ai,...,ay) — (a]—l, b) is invertible onto its image, which is contained in (%’ 1) x (%, 4)4-1 The
determinant of its inverse is bounded by a constant depending only on d. Therefore the result follows
by applying Prop. 3.2 and the change of coordinates (aj,...,a;) — (i, b). O

Owing to the corollary above we may reduce in the following to the study of the small dividers
when we have 2 frequencies much larger then the other.

Lemma 3.5. Consider A := \/Hjllﬁ - \/%Ijzli — w3 and B defined in (3.4). If there exists i € {1,...,d}

such that
| N
sy 1+ L < L+ o, (3.5)
|.] 3 |a 2

2y
\/_l.]lz + ]21|

then for any y > 0 we have
p(lae 1,47 Al <9}) <

Proof. We give a lower bound for the derivative of the function A with respect to the parameter g;.

~ o . . | I : 1. .
[N \/%[ljii(]l,i + )l = Al + %] \/%Eljiz'”]l,i + Joil 2 ‘/%EUM + J2.l-

Therefore a; — A is a diffeomorphism and applying this change of variable we get the thesis. O
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Proposition 3.6. There exists a set of full Lebesgue measure W3 C (1,4)¢ such that for any a in U3
there exists y > 0 such that

Vky

141 log ! (1 + 1P jald+t

|0w3 + wy —w1| >

for any o € +1, for any ji, j2, j3 in Z¢ satisfying |jila > |j2la = |j3la the momentum condition o j; +
J2—Jj1=0and

» [P - adA R T
J(]l,ﬁ):mln{]lT’mm{(é) () Wisgs p77) } TARNEYS)

where B is defined in (3.4).
Proof. We suppose o = 1, we set A := w; — w; — w3 and

Vky
(73114 Tog™ ! (1 + 151]))

From the first condition in (3.6) we deduce that 8/|j;|* < 1, therefore, by Taylor expanding the (3.2),
we obtain

L(y) =

A = Vi(ljr2 = 1jal2 + E% +R) - ws, 3.7)
8 |./2|a|.]1|a
where |R| < 12 We define A := Vk|ji|2 — Vk|jz2 — ws and the following good sets

8| |4
G, :=lae (LA IAI> L. Vi, 3 €Z), G, :={ae(L,d?: |A[>3L(), V)i, j3 € Z%).

We claim that, thanks to (3.6), we have the inclusion Qy C G,. First of all we have

. . jil2 = 1jal2
IA| > |ws + VRl = Vi) - «fﬁg ]|1] |2|J’|§ — VKIR|. (3.8)
1 2

From the momentum condition j; — j, = j; and the ordering |ji|a > |j2la = |j3la We have that |j|, <
2|j2la, which implies

.12 ) d . . . . . . .
-~ +
ila = lla 2t @cdsa(iie + Jax) < 2|]3|a|]1|a <2 /3la < |3l

—— o = —— <2-0—-— <2——— <32+, (3.9)
VAR 1131213 VAR | j1lal 2l 11l

where we used | - | < |- |4 < 4| - |. Therefore from (3.6), more precisely from

: |4—d 1

Y ﬁ |]1 7+ .
R + e > .
G liogtt + i) 71
we deduce that
,82 113 = 17212
8 |J1|2|]2|2

Analogously one proves that VkIR| < L. We have eventually proved that Qy C G, using (3.8).
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We define the bad sets B, := ((1,4)* \ G,) D B, := ((1,4)? \ G,) and we prove that the Lebesgue
measure of ﬂyﬁy equals to zero, this implies the thesis.

We want to apply Lemma 3.5 with ¥ ~» L. We know that there exists i € {l,...,d} such that
d\jiil = [jil. We claim that, thanks to (3.6), we satisfy condition (3.5) for the same index i. Let us
suppose by contradiction that

. 1. . 117 ; . : L1l
/34l 4/ 1 + ﬁ > sljri + Jail = 31271 = Jaal = 1l = |J3z| > - ‘|J3z|

from which we obtain |j;| < 2d|j3| /1 + B/|j3|2. Taking the squares we get

i? < 4d?|js + 4d° :]3:2 ,
J3

which, recalling that |- | < |- |, < 4] - |, contradicts (3.6).
Therefore, by using Lemma 3.5, we have

w(By) = ullac <1 A Fjr. js € 2 |i\| < Viyljsl il gL 1)

SaY-
Z |J3|dJrl Z |j1l4= 1|]1z|10z‘§(|]1|)‘prl

] e7d

This implies that meas(N,$B,) = 0, hence we can set Az = U, G,. O
We are now in position to prove Prop. 3.1.

Proof of Prop. 3.1. The case 010, = 1 is trivial, we give the proof if oy0, = —1. From Prop. 3.6 we
know that there exists a full Lebesgue measure set 23 and y > 0 such that the statement is proven if
I73] < 3(j1,7y). Let us now assume |j3| > 3(Jji,y). Let us define

B, = U {ae(1,4)d:|0'3w3+w2—w1|_\/_ Y }

M@
Jji.jz€zd
where ¥ will be chosen in function of y and M(d) big enough w.r.t. d.

Letusset p := (M(d) —d—1)7 suppose for the moment (7/4ﬁ2)ﬁ < (y/2,33)d%. From |j3| > 3(j1,8)
(see (3.6)) and Corollary 3.4 with r = 3, we have

NESEASOREDY

Jj1.J3€Z4

log" V(1 + 1)
-3 1/6 -
|M(g,)/6<11> < (VITey oy aphy ), = Z|

| EZd |

If the exponent M(d) (and hence p) is chosen large enough we get the summability in the r.h.s. of the
1
inequality above. We now choose 7'y = y™, we eventually obtain u(8,) < y". If (y/48%)7 >

(v/ 2,83)"% one can reason similarly. The wanted set of full Lebesgue measure is therefore obtained by
choosing A := A3 N (U,508)). |
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4. Energy estimates

In this section we construct a modified energy for the Hamiltonian ‘]?m in (2.36). We first need some
convenient notation.

Definition 4.1. If j € (Z9)" for some r > k then u(j) denotes the k* largest number among |j,|, ..., |j.|
(multiplicities being taken into account).

Definition 4.2 (Formal Hamiltonians). We denote by L5 the set of Hamiltonian having homogeneity 3
and such that they may be written in the form

o :=(01,02,03)

Gw= D, Gewiwiwl, GeeC, LT L

1
oie{-1,1}, ji€z\{0}
o1 j1to2ja+03j3=0

4.1)

with symmetric coefficients (G3)y.; (i.e., for any p € S3 one has (G3)o.j = (G3)gop,jop) and where we
denoted

w;’::wj, if o=+, wj‘-’::w_j, if o=-—.
The Hamiltonian in (2.36) has the form (see (2.33))
K= KO+ KD+ KD, KD = > wliww, (4.2)
JjezZ\(0}

where (]?n(f) is a trilinear Hamiltonian in L3 with coefficients satisfying
(K)ol <1, Yoel=L+1P, je@)\ {0}, (4.3)
and where ‘]N(IE,Z“) satisfies for any s > d/2
X0 W)lls S5 Wil it (wllgs < 1. (4.4)
The main result of this section is the following.

Proposition 4.3. Let N and M given by Proposition 3.1. Consider a € U. For any N > 1 and any
s > 5o, for some 5y = S5o(M) > 0, there exist gy <y log_d_l(l + N) and a trilinear function E5 in the
class L5 such that the following holds:

e the coefficients (E3)y,; satisfies

I(E3)o | S5 N2 1og™ ' (1 + Nz ()M i1 ()™ (4.5)

Jor o e {=1,1), j € (27’ \ {0},
e for any w in the ball of radius & ong(Td; C) one has

N, + Es, Kl <5 N2 1og ! (1 + N)lwlls + N7 Il (4.6)
where N is defined as
Nyw) = il = Y <Y wiP 4.7)
jezd

and K, in (4.2).

In subsection 4.1 we study some properties of the Hamiltonians in L3 of Def. 4.2. Then in
subsection 4.2 we give the proof of Proposition 4.3. Finally, in subsection 4.3, we conclude the proof
of the main theorem.
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4.1. Trilinear Hamiltonians

We now recall some properties of trilinear Hamiltonians introduced in Definition 4.2. We first give
some further definitions.

Definition 4.4. Let N € R with N > 1.
(i) If G3 € L3 then G3" denotes the element of L defined by

(G3)o,j, it wr(j)> N,

>N e—
(G5 e - { 0, else . 4.8)

We set G5V := G5 — G;".

(ii) We define G € L3 by
(G4 ")y = (Ga)oj, when i,p=1,2,3, st.
() = 1jil, w(p) =1j,l and oo, = +1.

D ._ (+1)
We define G5 ' := G3 - G; .

Consider the quadratic Hamiltonian 7?,;2) in (4.2). Given a trilinear Hamiltonian G5 in £3 we define

the adjoint action _
adzeGs = (K, G3)

(see (2.15)) as the Hamiltonian in L3 with coeflicients

¢ (adjoint action) (adﬂmGg)m ji= (i o;w( j,-))(G3)Cr, i 4.9)

3
i=1
The following lemma is the counterpart of Lemma 3.5 in [12]. We omit its proof.

Lemma 4.5. Let N > 1, g; € R, consider G(u) in Ls. Assume that the coefficients (GY),; satisfy
(recall Def. 4.1)

(Gl < Cotts G (D™, Vo e {=1,+1F, jeZ'\ {0},

for some B; >0and C; > 0,i=1,2.

(i) (Estimates on Sobolev spaces). Set 6 = 6;, ¢ = q;, B =i, C = C; and Gg = Gs fori=1,2. There
is o = So(B,d) such that for s > sy, G3 defines naturally a smooth function from HS(T" ;C)to R, In
particular one has the following estimates:

3
1Gs(wW)l <5 Cliwllys »

2
X6, Wl <5 Cliwllys »

- 2
IXozv W)l S5 CN Wl

for any w € Hy(T%; C).
(ii) (Poisson bracket). The Poisson bracket between Gé and G% satisfies the estimate

(G}, G2}l <5 CLColIwll3,s .
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Let F : HS(Td ;C) = R a C! Hamiltonian function such that
IXrWllas <S5 Calwllys

for some C5 > 0. Then one has
(G}, F}| <5 CiC3lwllye -

We have the following result.

Lemma 4.6 (Energy estimate). Consider the Hamiltonians N in (4.7), G3 € L3 and write G3 =
G(3+1) + Gg_l) (recall Definition 4.2). Assume also that the coefficients of G5 satisfy

(Gl < CsGP()9, Vo e (=1L +1F, jeZ\{0},n e {~1,+1},

for some B> 0, C > 0 and q > 0. We have that the Hamiltonian Qg") = {Nj, Gg")}, n € {—1, 1}, belongs
to the class L5 and has coefficients satisfying

1, if n=-1

my . < C ~\G+1 ~2s N—g—a =
(Ol S5 Cs(YPH (™, « {0, —
Proof. One can reason as in the proof of Lemma 4.2 in [12]. O

Remark 4.7. As a consequence of Lemma 4.6 we have the following. The action of the operator {Ny, -}
on multilinear Hamiltonian functions as in (4.1) where the two highest indexes have opposite sign (i.e.,
G(3_1) ), provides a decay property of the coefficients w.r.t. the highest index. This implies (by Lemma
4.5-(ii)) a smoothing property of the Hamiltonian {Nj, Gg_l)}.

4.2. Proof of Proposition 4.3

__ Recalling Definitions 4.2, 4.4 and considering the Hamiltonian 7?,513) in (4.2), (2.36), we write 7?“(13) =
KO+ L 4B~V We define (see (4.9))

ESY = (adgo) NG KDY, ES = (adge) TN, (KETD)ENY, (4.10)

and we set E; := Egﬂ) + E;_l). It is easy to note that E5 € L5. Moreover, using that |(7?I§3))mj| <1
(see (4.3)), Lemma 4.6 and Proposition 3.1, one can check that the coeflicients (E3),. ; satisfy the (4.5).
Using (4.10) we notice that

(N KDY + {3, KP) = (N, (KED)). .11
Combining Lemmata 4.5 and 4.6 we deduce
[N, (KDY <5 Nl (4.12)
for s large enough with respect to M. We now prove the estimate (4.6). We have

(N, + E3, Ko} E N, + E5, K2 + KO + K9 (4.13)

= {N,, K2 (4.14)

Mathematics in Engineering Volume 4, Issue 3, 1-24.



20

+{N,;, KO} + {E5, K2} (4.15)
+{E3, KD + KEI) + (N, K=Y, (4.16)

We study each summand separately. First of all note that (recall (4.7), (4.2)) the term (4.14) vanishes.
By (4.4), (4.5) and Lemma 4.5-(ii) we obtain

(4.16)] 5, N 1og" ' (1 + N)lIwllys -
Moreover, by (4.11), (4.12), we deduce
(4.15)] < N7l .

The discussion above implies the bound (4.6).

4.3. Proof of the main result

Consider the Hamiltonian 7?m(w, w) in (4.2) and the associated Cauchy problem

{iﬁtw = 35 Tu(w, W) 4.17)

w(0) = wy € H}(T%;C),
for some s > 0 large. We shall prove the following.

Lemma 4.8 (Main bootstrap). Let sy = so(d) given by Proposition 4.3. For any s > sy, there exists
&y = &o(8) such that the following holds. Let w(t, x) be a solution of (4.17) witht € [0,T), T > 0 and
initial condition w(0, x) = wy(x) € H(S)(Td; C). For any € € (0, &) if

Iwolls < &, sup [w®llas <2e, T <& "7 log @ 2(1 +&m7), (4.18)
1€[0,T)

then we have the improved bound sup,¢i 7, IW(®)|lzs < 3/2¢.

First of all we show that the energy N, + E5 constructed by Proposition 4.3 provides an equivalent
Sobolev norm.

Lemma 4.9 (Equivalence of the energy norm). Let N > 1. Let w(t, x) as in (4.18) with s > 1 large
enough. Then, for any 0 < ¢y < 1, there exists C = C(s,d, co) > 0 such that, if we have the smallness
condition

eCN21og" V(1 + N) < 1, (4.19)

the following holds true. Define
Es(w) 1= (N; + E3)(w) (4.20)

with Ny is in (4.7), E5 is given by Proposition 4.3. We have
1/(1 + c)&w) < Wl < (1 + c)Es(w), Vte[0,T]. (4.21)
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Proof. Fix ¢y > 0. By (4.5) and Lemma 4.5, we deduce
|Es(w)] < Clwll3, N2 10g“"P(1 + N), (4.22)

for some C > 0 depending on s. Then, recalling (4.20), we get

~ (419)
1EswW)| < Wl (1 + Clwllgs N 1og P (1 + N)) < [Iwllzs(1 + co),

where we have chosen C in (4.19) large enough. This implies the first inequality in (4.21). On the
other hand, using (4.22) and (4.18), we have

Wiz < Ew) + CN?1og“* V(1 + N)elwllF;: .
Then, taking C in (4.19) large enough, we obtain the second inequality in (4.21). m|

Proof of Lemma 4.8. We study how the equivalent energy norm &,(w) defined in (4.20) evolves along
the flow of (4.17). Notice that
0,E5(w) = —{&;, H}(w).

Therefore, for any ¢ € [0, T'], we have that

T
(4.6),(4.18)
f 0Ew)dt| <, TN 1og“"P(1 + N)g* + N'&?.
0
Let O < @ and set N := & “. Hence we have
T
f 3,Es(w) di| <, 2T (2724 1og " V(1 + &7) + £'19). (4.23)
0
We choose @ > 0 such that
1
2-ad-2)=1+a, ie, @ = (4.24)
Therefore estimate (4.23) becomes
T
f 8,E,(w) dt| <, ET e log™' (1 + £7).
0
Since € can be chosen small with respect to s, with this choices we get
T
f 8,E,(w) dt| < &% /4
0
as long as
T <@ D]og™2 (1 + g77). (4.25)

Then, using the equivalence of norms (4.21) and choosing ¢, > 0 small enough, we have

T
f 8,E,(w) dt ]
0

for times 7 as in (4.25). This implies the thesis. |

Iw@llz: < (1 + co)Eo(w(n)) < (1 + Co)[Ss(W(O)) +

<(1+co)e®+ (1 +cpe? /4 < 23/2,
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Proof of Theorem 1.1. In the same spirit of [18], [13] we have that for any initial condition (pg, ¢¢) as
in (1.4) there exists a solution of (QHD) satisfying

1 | R
sup (Mol + ARG M) < 26
for some 7' > 0 possibly small. The result follows by Lemma 4.8. By Lemma 2.4 and estimates (2.34)
we deduce that the function w solving the equation (2.37) is defined over the time interval [0, T'] and
satisfies

sup [w(Dllus < 4 V(1 + ViB)e .

1€[0,7]
As long as v € [1,2]? (defined as at the beginning of section 3) belongs to the full Lebesgue measure
set given by Proposition 3.1, we can apply Proposition 4.3 if ¢ is small enough. Then by Lemma 4.8
and by a standard bootstrap argument we deduce that the solution w(t) is defined for # € [0, T], T, as
in (1.5), and

sup [[wOllgs < 8 Vim(1 + ViB)s.

t€[0,T¢]

Using again Lemma 2.4 and (2.34) one can deduce the bound (1.5). Hence the thesis follows. |
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