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Abstract: Cancer therapeutics are increasingly incorporating engineered receptors due to their ability
to detect extracellular ligands and initiate intracellular responses that regulate gene expression. By
redesigning these natural signaling systems, synthetic receptors hold great potential for use in novel
cell-based therapies. One particularly promising direction is modifying the Notch receptor, a trans-
membrane protein that naturally mediates ligand-dependent signaling at the cell surface to regulate
cell proliferation and differentiation in neurogenesis. Both the intracellular and extracellular domains
of Notch can be replaced with alternative domains, creating the family of modified Notch recep-
tors known as synthetic Notch (synNotch). In existing synNotch-activated chimeric antigen receptor
(CAR) T-cells, the extracellular domain can be engineered to adjust the binding affinity for a specific
cancer antigen, enabling precise tuning of its therapeutic activity while minimizing off-target effects.
To quantify and inform such tuning, we develop differential equations models of synNotch receptor
signaling and subsequent gene expression. The mathematical model couples activation dynamics on
fast timescales (characteristic of receptor—ligand interactions) and on slow timescales (characteristic
of downstream gene expression dynamics). Global Sobol sensitivity analysis of the proposed mod-
els highlights parameters that yield the greatest variability in synNotch signal transduction and gene
expression, indicating their potential to be engineered for different functions in future cancer thera-
peutics. For the receptor—ligand interactions in the synNotch model, we find that ligand association
and ligand-dependent activation are the most sensitive parameters. In the downstream gene expression
model, promoter strength and the degradation rates of mRNA and gene product are found to be most
amenable to engineering.
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1. Introduction

Chimeric antigen receptor (CAR) T-cell therapy is a promising avenue for treating certain types of
cancer, characterized by taking a patient’s own T-cells, engineering them to augment their anticancer
cell activity with a novel receptor, and reintroducing them back into the patient’s body [1]. During
the engineering step, these T-cells are modified with a DNA construct that allows them to express a
CAR, a synthetic receptor that allows T-cells to recognize and destroy cells expressing a target cancer
antigen [2]. In the clinic, CAR T-cell therapy has been successful in treating certain types of cancers
including relapsed and/or refractory B-cell lymphoma and B-cell acute lymphoblastic leukemia, and
these therapies are approved by the Food and Drug Administration (FDA) [2-5]. However, CAR T-
cell therapy has been less effective against solid tumors, as solid tumor antigens are often present on
normal tissues at varying levels [2, 6], and solid tumors rarely express one tumor-specific antigen [7].
In addition, CAR T-cell therapy is known to cause cytokine release syndrome, a condition caused by
elevated circulating proinflammatory substances, which can be life-threatening if untreated [8,9]. To
mitigate these issues, CAR T-cells have been engineered with more sophisticated antigen response
systems, often by using other synthetic receptors as part of a genetic circuit to allow the integration of
multiple antigen signals. One synthetic receptor used for this purpose is synthetic Notch (synNotch),
which is generated by engineering the native Notch protein.

Notch is a cell-surface receptor that plays a role in development and cell differentiation, allowing
stem cells to gain specialized function [10, 11]. Notch signaling involves direct cell-cell communica-
tion, in which a ligand-presenting cell drives the fate of a Notch-presenting cell through physical inter-
actions between the Notch receptors and membrane-bound ligands of the ligand-presenting cell [12].
Following ligand binding to Notch, the intracellular domain of the protein is cleaved off, and this
cleaved fragment serves as a transcription factor for important developmental genes [12]. Novel re-
ceptors have been designed by swapping the functional domains of native Notch to yield the class of
receptors known as synNotch [13]. The synNotch receptor, like native Notch, contains extracellular,
transmembrane, and intracellular domains [13]. The extracellular domain binds to cell-surface ligands,
and when this domain is modified, the receptor can recognize different ligands and bind at different
strengths. Similarly, the intracellular domain can also be swapped so that other transcription factors
can be released upon ligand binding [13]. Thus, synNotch receptors encapsulate a vast collection of
possible combinations of swapped extracellular and intracellular domains, while solely retaining the
transmembrane domain that regulates the activation cascade, coupling ligand binding to proteolytic
cleavage [13]. By leveraging engineered domains, input sensing can be tuned extracellularly while
the response can also be customized intracellularly, leading to a vast array of possible user-defined
sense-and-respond functionalities [13]. Since different synNotch receptors with distinct extracellular
and intracellular domains do not share signaling intermediates such as an activated kinase or kinase
substrates, they are functionally orthogonal, which means that multiple synNotch response programs
can be utilized in the same cell without interference [13]. This opens the door to creating multifunc-
tional therapeutic cells which utilize Boolean AND/OR-gate logic to require one of or both of two
distinct antigens to activate the system [14, 15].

SynNotch has been used in tandem with CAR T-cell therapy in various studies to increase its ef-
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ficacy, yielding a better tumor-killing response, a reduction in off-target effects, or a combination of
the two [14-29]. The general strategy involves an AND-logic-gated activation pathway that requires
two different antigens for the system to activate the killing response: The first antigen activates syn-
Notch, which drives transcription of the CAR, and the second antigen binds to CAR to activate the
T-cell [14]. This allows for greater specificity, as tumors may exhibit different ensembles of antigens
from healthy cells, so this AND-gate logic can be leveraged to target only cancerous cells more reli-
ably than strategies only relying on one antigen [14]. SynNotch has also been incorporated into CAR
T-cells to generate an OR-gate activation pathways; this is useful when tumors lack both tumor-specific
and homogeneously expressed target antigens [29].

When synNotch was first engineered, a significant amount of ligand-independent activation was ob-
served [13,15]. In the realm of cancer therapeutics, this leads to the unintentional activation of immune
cells, exacerbating harmful off-target effects. Engineering advances have been made, however, to miti-
gate this effect. Adding an intracellular hydrophobic sequence found in native Notch was demonstrated
to significantly reduce ligand-independent activation by up to 14.6-fold [30]. The synNotch receptor
has also undergone numerous engineering cycles to achieve different properties, such as activation by
ligand dimerization [31] and soluble ligand-sensing capabilities [32], which highlight the continued
interest in engineering synNotch. These challenges and advancements highlight the importance of de-
veloping predictive quantitative models that will guide synNotch design toward safer and more reliable
therapeutic performance.

Due to its vast potential in cellular applications, we seek a thorough mathematical understanding
of the synNotch receptor’s dynamics to predict how it can be tuned to achieve the desired functions.
Mathematical modeling has already been applied to other receptor classes to uncover key mechanis-
tic properties. Ligand-gated ion channels have been studied using mathematical models to generate
novel insight in neurology and cardiology [33—41]. Enzyme-linked receptors are another class of re-
ceptors that have been studied using mathematical modeling for predictions in reaction mechanisms
and signal transduction properties [42,43]. The modeling framework we invoke, the cubic ternary
complex model (TCM), has been used for ordinary differential equation (ODE) modeling of G protein-
coupled receptors, yielding novel insight into agonist—antagonist systems and receptor state intercon-
versions [44-48]. While synNotch has become a widely used platform for engineering customized
cell responses, mathematical modeling explicitly aimed at guiding its engineering has remained lim-
ited. In one study, researchers incorporated a synNotch-based circuit within a broader model of natural
killer cell signaling, applying global sensitivity analysis to the surrounding activation network rather
than to the receptor and gene expression parameters that are directly tunable through synNotch en-
gineering [49]. In another study, researchers developed detailed mathematical models of synthetic
juxtacrine receptor circuit architectures for temporal control, but did not include a sensitivity analysis
of the underlying kinetic parameters that impact the design and engineering of synthetic receptors [50].
Building on these established modeling frameworks for related systems, we develop a mathematical
foundation that can guide engineering for the recently introduced synNotch receptor.

We are also interested in downstream gene expression, since synNotch is used to activate the CAR
gene in synNotch—CAR T-cells. Previously, mathematical models have been successful in predicting
the dynamics of gene expression for engineering applications. In the Escherichia coli repressilator,
an ODE model predicted that a three-gene negative feedback loop could generate oscillations, and
a key model parameter constraint was predicted to be fast protein degradation [51]. In the E. coli
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bistable toggle switch, another ODE model predicted that two mutually repressing genes could reach
steady states, and it also identified parameters and conditions where cells could flip between steady
states [52]. Here, we develop and parameterize a gene expression model for synNotch which has the
potential to improve our understanding of the synNotch—CAR system.

In Section 2, we develop a synNotch model and a gene expression model, and describe the Sobol
sensitivity analysis method used to assess the global sensitivity of the model parameters. We consider
the Notch-Delta system as the baseline system, and consider different appropriate parameterizations for
different synNotch variants. The gene expression model represents a generic gene product as the base
system using a set of parameter values that are in a biologically relevant range for gene activation and
protein translation. In Section 3, we simulate the models and compute the Sobol sensitivity analysis,
with a focus on discussing how the results should be considered in an engineering context. In Section
4, we discuss the broader implications of our results and how they can be applied to future engineering
efforts.

2. Model development and methods

2.1. SynNotch model

We develop a cubic TCM for the molecular synNotch pathways. In the most general model frame-
work, each synNotch receptor can be bound or unbound to a ligand, bound or unbound to a transcription
factor, and be in an activated or inactivated state. These three binary options yield a total of eight pos-
sible states. We represent these options by eight corners on a cube, where each spatial dimension of
the cube corresponds to a binary option, as shown in Figure la. Traveling upward along an edge of
the cube represents binding to a ligand, traveling forward represents releasing a transcription factor,
and traveling rightward represents activating the receptor. This framework is consistent with previous
applications of cubic TCMs [44], although we replace the standard G protein component with the tran-
scription factor, which is Gal4-VP64 for our system [13]. The cubic structure allows for consideration
of all possible states and transitions of the synNotch system, and the associated differential equations
are derived using mass-action kinetics.

On the basis of documented biological phenomena, we make four assumptions that allow us to
simplify this framework into a minimal model with fewer parameters. First, we assume that once a
transcription factor is cleaved, it cannot return to the synNotch receptor, as this is a covalent bond [13].
This removes the bidirectionality in the backward direction of the schematic in Figure la. Second,
we assume that synNotch activation is irreversible, which has been demonstrated for the Notch-Delta
canonical pathway, which is the base system [54]. This reduces the leftward direction of the schematic.
Third, we assume that activated synNotch with a bound transcription factor is transient, since the
transcription factor is released by cleavage upon completion of activation. Finally, we assume that
the transcription factor cannot release without receptor activation, since it relies on a conformational
change [55-57]. This reduces the forward pathways from LS ynT F to LS yn# and from S ynT F to S yn#,
so the LS yn# and S yn# states are removed. Since we do not differentiate between the transcription
factor released from the ligand-bound and from the ligand-unbound synNotch, we can combine the
LSyn*TF and Syn*TF to a single state, which we refer to as 7TF. Additional details on the impact of
these assumptions on the model system are given in the Supplementary Material.

These assumptions simplify the cubic TCM into a three-state system, in which two primary path-
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Figure 1. a. Cubic ternary complex model schematic for synNotch. Each corner of the
cube represents a theoretically possible state for synNotch. L corresponds to ligand bound, *
corresponds to an activated synNotch conformation, # corresponds to a cleaved state with an
exposed PEST tag (peptide region rich in proline, glutamate, serine, and threonine), and 7 F
corresponds to a bound transcription factor. The PEST tag is exposed once the transcription
factor is cleaved and leaves the receptor [13], which signals degradation of the receptor [53].
Each orthogonal axis represents a physical property: ligand binding, receptor activation, and
transcription factor release. b. Primary (ligand-dependent) activation pathway of synNotch.
The ligand (blue circle) binds to the extracellular domain of the synNotch receptor (purple
curve), which induces activation of the receptor (yellow line). The transcription factor (pink
square) is then cleaved and sent to the nucleus. The ligand then dissociates and the receptor
eventually degrades. The binding, activation, and dissociation reactions are characterized by
the rate constants k;, k.1, and k_;, respectively; the release of the transcription factor is
treated as a quasi-steady-state approximation. ¢. Ligand-independent activation pathway of
synNotch. The cartoon components are the same as those in the ligand-dependent activation
pathway. The receptor activates in the absence of ligand at the rate k,.,. d. Schematic of the
relevant receptor states and kinetic pathways in the cubic TCM and gene expression model.
The variables and parameters for the cubic TCM are given in Tables 1 and 2, respectively.
The variables and parameters for the gene expression model are given in Tables 3 and 4,

respectively.
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ways are responsible for releasing the transcription factor: ligand-dependent and ligand-independent
activation. The ligand-independent activation pathway is known to be nontrivial, and efforts are being
made to diminish it [13, 15,30]. The three states in the reduced system are unbound synNotch (§),
ligand-bound synNotch (L), and the released transcription factor (7'). Tables 1 and 2 describe the vari-
ables and parameters used in the reduced cubic TCM, respectively. The canonical ligand-dependent
pathway cartoon is shown in Figure 1b, and the ligand-independent pathway is illustrated in Figure
Ic. The reduced three-state system is shown in Figure 1d, which also shows its relationship to the
gene expression model. The reduced system of differential equations for these three states is given by

dS

E = k_LL - (kL + kact + 75)5

dL

E = kLS - (k—L + kact,L + yL)L

dT

_t - kact,LL + kactS - yTT : (21)

Solving this system allows us to predict the evolution of the relevant states over time.

Table 1. Variables used in the cubic TCM.

Variable Description Units
S Unbound synNotch receptor Molecules/cell
L Ligand-bound synNotch receptor Molecules/cell

T Released Gal4-VP64 transcription factor Molecules/cell

Table 2. Notch-Delta baseline parameter values used in solving the cubic TCM.

Parameter Description Value Reference
ki Notch-Delta association 0.167 pm?s™! Khait et al., 2016 [58]
k_p Notch-Delta dissociation 0.034 57! Khait et al., 2016 [58]
kacr.L Notch-Delta ligand-dependent activation 0.34s7! Khait et al., 2016 [58]
ket Notch-Delta ligand-independent activation ~ 0.00034 s~! Estimated
Vs Notch degradation 0.1 hr™! Sprinzak et al., 2010 [59]
079 Notch degradation 0.1 hr™! Sprinzak et al., 2010 [59]
yr Gal4 degradation 0.2-0.33 hr™! Sprinzak et al., 2010 [59]

2.2. Gene expression model

We also develop a model for gene expression, which takes input from the function 7'(¢), describing
the amount of transcription factor inside the cell in Equation (2.1). The model we develop here captures
gene expression for some generic gene product; for synNotch—CAR T-cells, this product is often the
CAR. However, we do not use CAR-specific parameters, as CARs can be engineered to have different
properties, like synNotch [60]; if we were to explicitly model the product and its activity, we would
be more concerned with the baseline values of these parameters. We therefore use a set of parameter
values that are in a biologically relevant range for gene activation and protein translation. We later
discuss considering a large range of parameters in our sensitivity analysis so that the exact protein-
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specific parameter values are not as important.

This model accounts for the two most significant rate-limiting steps involved in protein production:
transcription and translation [61]. We choose not to explicitly model the trafficking of transcription
factors to the nucleus and of mRNA to the endoplasmic reticulum, because these trafficking processes
operate on fast timescales, on the order of a few seconds [62,63]. On the other hand, transcription
and translation create single protein copies on the order of minutes to hours [61]. Thus, we derive
time-dependent equations for the number of mRNA molecules M(¢) per cell and translated CARs C(¢)
per cell. These variables are illustrated in Figure 1d.

Table 3. Variables used in the gene expression model.

Variable Description Units
T Released Gal4-VP64 transcription factor Molecules/cell
M Transcribed mRNA Molecules/cell
C Translated CAR Molecules/cell

Table 4. Gene expression parameter values used in solving the gene expression model.

Parameter  Description Value Reference
Ym Degradation rate of mRNA transcript 0.0012/60 s~! Yang et al., 2003 [64]
Ye Degradation rate of expressed protein 2.5 % 107*/60s™! Schwanhiusser et al., 2011 [65]
Fext Extension rate of RNA polymerase (RNAP) II 3.5/60 kb/s Fuchs et al., 2014 [66]
l Expressed protein transcript length 0.8 kb Assumed
n Number of nonspecific binding sites for RNAP 10° ‘Wunderlich et al., 2009 [67]
P Total number of RNAP available for binding in a cell 140,000 Kimura et al., 1999 [68]
Freg Regulation factor as a function of T Varies, discussed below N/A
Ae Specific and nonspecific binding energy difference of RNAP to DNA -3.74 kg T, Calculated
ks Boltzmann constant 1.38 x 1072J/K N/A
T, Physiological temperature 3102 K N/A
a Fold activation between 7' = 0 and T — co 110 Calculated
Kir Dissociation constant estimated based on the K, of Gal4 dimer binding to 0.1 nM Luo et al., 2014 [69]
one upstream activating sequence (UAS) site
nr Hill coefficient assumed since Gal4 binds as a dimer to each of five UAS 5 Gadhavi et al., 1996 [70]
sites
k; Translation rate per mRNA 2.3 /60 copies (mRNA - s)~! Schwanhausser et al., 2011 [65]
rp mRNA production rate with bound RNAP % mRNA-s~! Calculated
So Number of synNotch receptors 10,000 Assumed
pp Probability that RNAP is bound Varies, discussed below Bintu et al., 2005 [71]

We use methods from statistical thermodynamics to represent mRNA production by transcription
[72]. With this approach, the general differential equation that describes the time-dependent amount of
mRNA expressed M(t) takes the form

dM
ar = —yuM + Zi:ripi,
where each transcriptionally active state has a rate of production (transcription) r; and a probability of
occurrence p;. The yy M term models the degradation of mRNA via first-order kinetics. In our case,
we only consider one transcriptionally active state, which is the state where RNA polymerase (RNAP)
is bound to the promoter. We denote the transcription rate with bound RNAP by rp and the probability
that RNAP is bound by pp, so this equation becomes

dM

— = —yyM +1rp X T).
dr Ym p X pp(T)
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The promoter activity is modulated by the presence of transcriptional activator Gal4-VP64, a fusion
protein made by joining the DNA-binding and dimerization domains of Gal4 to four copies of the
powerful transcriptional regulator VP16 [15]. Gal4-VP64 activates transcription by encouraging the
recruitment of RNAP, so pp is a function of the transcription factor concentration in the cell.

A previously reported statistical dynamics derivation [71] suggests that we can assume that pp(T)
takes the following functional form:

1
pp(T) = ”

ny kBTp
L+ prome

where the regulation factor (F,,) is also a function of 7. The parameters are described in Table 4.
The regulation factor F,,, models how the effective number of RNAPs available for binding changes as
the transcription factor binds to DNA. Intuitively, the more transcription factors that bind to the DNA,
the more RNAPs that are actively recruited. In our case, the exact mechanism by which Gal4-VP64
activates gene expression in a cooperative manner across many Gal4 upstream activating sequence
(UAS) sites is unclear. Some theories state that the VP64 domain interacts with different locations
on the transcriptional initiation machinery, causing cooperative activation [73]. Others explain the
cooperativity via chromatin unwinding [74]. Due to the lack of a mechanistic understanding of the
Gal4-VP64 cooperatively binding to DNA, we use an empirical model to capture this process. We
propose a Hill function with the following form:

"

FroT)=14(@-1)————
(M) =1+ @ D

b

where a represents the maximum fold change in the amount of RNAP available when the transcription
factor is saturated, K, 7 is the effective dissociation constant (transcription factor concentration such
that activation is at 50% of the maximum), and n7 is the Hill coefficient.

Thus, F,., requires the concentration of transcription factor as input. The cubic TCM predicts
T(t) (Equation (2.1)), and we convert this quantity to nM in the nucleus. We use 125 fL as the average
volume of T-cell nuclei, which was previously estimated by taking an average nuclear radius of 3.1 um,
assuming that nuclei are spherical [65]. We derive the conversion factor using the assumption that the
transcription factor trafficks into the nucleus almost instantaneously relative to the long timescales in
which mRNA and protein are expressed. The mRNA and protein concentrations are later converted
back to units of molecules/cell for consistency using

1 mol o 10° nmol y 1 133 % 102 nM
6.022 x 10?3 molecules 1 mol 125 % 10-15L) molecule

Now, we consider the amount of gene product expressed over time, C(¢). This product is produced
by translating mRNA, and it also degrades via first-order kinetics. We include the differential equation
for C(7) in the following system, which we henceforth refer to as the gene expression model:

amM
I —yuM + rppp(T)
dcC
— = —ycC+ kM
dr Yc t
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1
pp(T) = Ao

Y] kgTp
U+ prame
T"r

nr °
K ar T

Froo(T)=1+(a-1) (2.2)

2.3. Sobol sensitivity analysis

The outputs of the synNotch model (Equation 2.1) and gene expression model (Equation 2.2) are
the released transcription factor 7'(¢) and the expressed gene product C(¢), respectively. Modifying the
parameters in these models could lead to changes in these relevant quantities, and having a quantitative
understanding of these relationships would allow engineers to make informed decisions about which
components to engineer for improved properties. Our goal is to predict the parameters that are respon-
sible for the largest proportion of the variation in the outputs of each of these models, as these suggest
targets for engineers to produce different dynamic responses through protein modifications. We aim
to use a global method of sensitivity analysis, since these approaches allow for varying multiple pa-
rameters at a time across large domains of the parameter space, which, in turn, allows us to account
for individual parameter effects as well as interactions between parameters and how these interactions
affect the output [75]. Here, we use the Sobol sensitivity analysis method, since it does not require a
linear or monotonic relationship between the model parameters and the output [75,76]. A disadvantage
of this method is its high computational cost [75].

Both model outputs we are interested in correspond to protein amounts over time; however, the
Sobol sensitivity method requires a scalar measure. First, we specify a time interval for each solution
T(¢) and C(t), denoted as [a, b] and [c,d] in Equations (2.3) and (2.4) below, to capture the solution’s
behavior. The values of these parameters are discussed and justified in Section 3. For 7'(t), we choose
a and b such that the solution of 7'(¢) achieves a steady state, so that this interval corresponds to when
most transcription factor has been released. For C(¢), we choose ¢ and d such that C(¢) has reached
a maximum value and M(¢) has reached an approximate steady-state of zero, so there are no mRNA
molecules left to be translated into CARs. The choices of these parameters do not have to be exact,
since they primarily serve as a consistent measure for comparison when evaluating the model for each
Sobol sample of the parameter space. On the basis of these time intervals, we define the measures
using the L?>-norm value of the outputs as follows:

b
Yr = f T () dt, (2.3)

Yo = fd |C(0)* dt (2.4)

These measures thus capture characteristics of the dynamics of 7'(#) and C(¢) and output scalar values
that can be compared under different parameter conditions. We give a brief description of the Sobol
sensitivity analysis in the Supplementary Material. This analysis returns two measures of sensitivity for
each parameter: S, the first-order sensitivity index, gives a measure of how much the given parameter
influences the variance in the output measure, while S 7, the total sensitivity index, gives a measure of
how much the given parameter and its interactions with other parameters influence the variance in the
output measure.
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3. Model simulations and sensitivity analysis

3.1. SynNotch model and variants

We first simulate the synNotch model in Equation (2.1) using the Notch-Delta baseline parameters
as shown in Table 2. We consider the following initial conditions:

S(0) = 10,000
LO)=0
T(0)=0, (3.1

which reflect the scenario where 10,000 synNotch receptors are expressed on the surface of a cell and
the ligand is first introduced to the system. We also assume that there is a large pool of ligand present
so that the association rate is not affected by depletion of available ligand. The cubic TCM simulation
yields the predicted protein concentrations in Figure 2. The number of synNotch molecules in the
unbound state drops as the ligand binds, and the transcription factor is subsequently released. The
system saturates at approximately 30 seconds of simulation.

100001
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E 6000 — SynTF
~ — LSynTF
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S 4000 — TIF
—
©
_
-t
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O 20001
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(@]
Q
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Figure 2. Solution of the cubic TCM with Notch-Delta baseline parameters (Table 2).

We then use the L2-norm of the transcription factor T(¢) output (from 0 to 50 seconds) as the mea-
sure for Sobol sensitivity analysis as in equation (2.3) (see Supplementary Material for method details).
In the analysis, we choose parameter sets at random on a logarithmic scale in intervals between three
orders of magnitude below and three orders of magnitude above their baseline values. We use 2! sam-
ples from these intervals for assessing the parameters’ sensitivity. This allows for a broad exploration
of the parameter values, thus incorporating predictions for how different kinetic alterations to syn-
Notch could change the transcription factors’ release dynamics. The results of the sensitivity analysis
are shown in Figures 3a,b, and they reveal that the most sensitive parameters are ligand association (k)
and ligand-dependent activation (k.. ). It should also be noted that the S indices and the S ; indices
differ, so higher-order interactions between the parameters contribute to the variation in output. Over-
all, parameters with higher total Sobol indices could represent targets for engineering, since changing
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their corresponding components of the synNotch receptor may yield the most significant changes in
released transcription factor dynamics.

@ 0.35- b
0.304 [ 051 ]
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0.20 0.
@ 0,151 W
0.10 021
0.05- 0.11
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Figure 3. Sobol sensitivity results for the synNotch model. a. SynNotch §; Sobol results
for parameters varied three orders of magnitude from their base values, with 2'* samples. b.
SynNotch S 7 Sobol results for parameters varied three orders of magnitude from their base
values, with 2'* samples.

We also predict that ligand-independent activation (k) is a moderately sensitive parameter using
sensitivity analysis (see Figures 3a,b). In experiments, one study altered the transmembrane domain
by adding a hydrophobic sequence called RAM7 to synNotch, which reduced ligand-independent syn-
Notch activation 14.6-fold [30]. This experimental evidence thus partially validates our sensitivity
analysis result. In addition, we find that parameters such as the bound and unbound synNotch degra-
dation rates (y, and g, respectively) have low Sobol indices, meaning that our model predicts that
varying them in wide ranges around their baseline values does not contribute much variation in the
output. These results suggest that engineering the degradation rates would be less useful than engi-
neering other components of the system.

Different synNotch variants have also been proposed and engineered, with the goal of enabling
precise tuning of therapeutic activity while minimizing off-target effects. One approach uses different
single-chain variable fragments (scFvs) as extracellular domains, which can bind to specific antigens
[77]. These scFvs can be engineered to create high-affinity binding domains for a target of interest
[13,77]. Since engineering these fragments involves swapping the extracellular domain in synNotch,
in our model, this changes the relationship between the ligand association and dissociation rates, k; and
k_r. We therefore focus next on using the synNotch model in Equation (2.1) to predict the dynamic
properties of different scFvs. In the following, we determine relevant ligand association rates (k)
corresponding to different scFvs and consider the impact of these parameters in the synNotch model to
approximate variant synNotch dynamics.

To parameterize these synNotch variants, we first find the dissociation constant values K, which are
commonly reported for extracellular domains in the literature. K, is defined in terms of association and
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dissociation rates using K; = kk;LL Since we find that the ligand dissociation rate (k_,) is not sensitive
in our model based on the baseline Notch parameters (see Figures 3a,b), we set this parameter to
its constant baseline value as in Table 2 and infer the association rate k; for each synNotch variant
considered. In addition, the Notch-Delta baseline parameters used to generate Figure 2 using the
synNotch model were obtained from a model describing the contact area between two cells, where
the spherical shapes of the cells were approximated as two-dimensional (2D) circles [58]. Since the
K, values of scFvs are typically reported in three-dimensional (3D) space in the literature, we need
to convert them to 2D parameters in order to determine the ligand association rates for our model
system. For this, we use the approach proposed in [58] to convert from a KSD) constant to a 2D
association rate. First, the KSD ) values and KflzD ) values are related by the characteristic length scale,
Ay, as follows [78,79]:

(D)
d = Kd

= GD)
Kd

For example, for an anti-CD19 synNotch scFv [80], KSD) = 4.5 nM. A, is assumed to be 1 nm for
many biological systems, which captures the typical characteristic length scale associated with plasma
membrane thickness [78,79]. We thus have the conversion

(2D) _ (3D)
K = 44K}

(1nm) 4.5nmol 1L 6.02 x 10%molecules { 1000nm \
= (Inm

1L 10%nm3 10%nmol
=2.709 x 103 um™.

lum

As in [58], we assume that the 2D off-rate kf}zfl;) = 10k_; to reflect the case where ligand-dependent

activation occurs faster than ligand dissociation, and we therefore obtain kf)?;) =0.34s!. Since KjD =
2D)
off
5p°

where k; 1, denotes the 2D ligand association rate, we obtain
ki, = 126um?s™".

Using this same conversion strategy for KSD) values of different synNotch variants, we then obtain
estimated association rates for several specific scFvs, which we report in Table 5.

Table 5. Dissociation constants for various single-chain variable fragments and the corre-
sponding estimated 2D ligand association rates.

scFv Type K, k3, (calculated) Source
FMC63 (“stock™ synNotch scFv) Anti-CD19 4.5 nM 126 pm?s™! He et al., 2023 [80]
SJ25C1 Anti-CD19 269nM  21.0 pm?s™! He et al., 2023 [80]
LaG17 Anti-GFP* 50 nM 11.3 um?s™!  Toda et al., 2020 [32]
LaG16 Anti-GFP 0.7 nM 807 um?s~'  Toda et al., 2020 [32]
LaG2 Anti-GFP 16 nM 353 um?s™!  Toda et al., 2020 [32]

*GFP = green fluorescent protein
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We use these estimates to simulate the cubic TCM with extracellular variant-specific synNotch
parameters. For example, we simulate the anti-GFP LaG17 scFv dynamics by swapping the Notch-
Delta association rate (k;) with the calculated one from Table 5 and obtain the predicted dynamics in
Figure 4. The LaG17 dynamics are shown with a dotted pattern, and these results are overlaid onto
the Notch-Delta baseline simulations. The results are visualized on a smaller timescale to illustrate
the differences in dynamics between the baseline and the variant. The LaG17-synNotch binds much
faster to the ligand, as indicated by the larger and steeper LS ynT F function. Since most synNotch
molecules transition to the ligand-bound state quickly, most follow the ligand-dependent activation
pathway. This system also saturates much faster than the Notch-Delta system. These differences are
relevant on a small timescale, since T-cell interaction times with antigen-presenting dendritic cells have
been shown to be as short as 1 minute before being washed away by blood [81,82], so these interactions
are important on small timescales for predicting binding success.
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Figure 4. Solution of the cubic TCM with the LaG17-synNotch parameters in Table 5
(dotted lines). Overlaid solution of the cubic TCM with the Notch-Delta baseline parameters
(Table 2) as in Figure 2 (solid lines).

Our model predicts that the ligand association parameter k;, is the most sensitive parameter in the
synNotch model (see Figure 3). Given the connection with the binding affinity parameter K, discussed
above, we investigate the impact of changes in K; on the protein concentrations in the synNotch model
in Figure 5. Since receptor-binding dynamics are governed by the relative scales of K, and available
ligand concentration, sweeping K, across several orders of magnitude effectively captures the dynamic
regimes resulting from changes in ligand availability in vivo. Across the K; sweep, lower K, drives
SynTF to convert quickly into the ligand-bound LS ynT F state, causing S ynT F to decay rapidly and
LSynTF to rise and peak early before also decaying as it releases the transcription factor. At a higher
K,, SynTF depletes more slowly and LS ynT F accumulates more gradually with a delayed, lower
peak. Correspondingly, T'F release is fastest at a low K.
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Figure 5. Impact of changes in the binding affinity K, on protein concentrations in the
SynNotch model.

3.2. Gene expression model

For the gene expression model in Equation (2.2), we first discuss how we estimate several parameter
values: the binding energy difference (A¢), the mRNA degradation rate (y,,), the mRNA production
rate (rp), and the fold activation between transcription factor concentration limits ().

We begin by estimating the value of the binding difference Ae. Previous reports show that the
equilibrium expression of GFP under a minimal cytomegalovirus (minCMV) promoter without in-
duction is roughly 20% as strong as constitutive expression under the CMV promoter, demonstrating
that minCMV has non-negligible leaky activation [83]. Thus, the probability of RNAP binding to the
minCMYV promoter without transcription factor induction must be accounted for. To ascertain this bind-
ing probability, we first estimate the energy of this interaction. Despite the complexity that underlies
RNAP-DNA binding, previous studies have shown that a simple linear model of sequence-dependent
binding energy is sufficient to describe RNAP and DNA binding energies [84]. In this linear model,
each nucleotide in the RNAP binding site contributes a small amount of binding energy, which sums
together to approximate the total binding energy of RNAP to that site. Biophysical studies have in-
ferred all 4 x 41 parameters for this model, representing every possible nucleotide combination in the
—41 to —1 sites [85]. Given this data, the binding energy of RNAP to the minCMV promoter can be
calculated by adding the appropriate energy values for each nucleotide at each position [85, 86].

The location of the transcriptional start site for this promoter was provided by Isomura et al., 2008
for E. coli [87]. This 4 X 41 matrix is reported in kg7, energy units, and the values are shifted by
a constant such that the average binding energy of RNAP across the E. coli genome is zero [86].
This matrix is available in the Text S2 file of [86], and the minCMV promoter sequence is given in
the Supplementary Material. By adding the values in this matrix corresponding to the promoter nu-
cleotide sequence, we estimate that Ae = —3.74kpT,, which means that the binding energy of RNAP
to minCMV is approximately 3.74kpT, below the average nonspecific RNAP binding interaction at
physiological temperature. It is worth noting that the matrix we use for this estimate originates from
bacterial 0’ promoters [86]. However, the biophysical mechanisms governing AT-rich core promoter
distortion are largely conserved across prokaryotic and eukaryotic systems [88, 89], and the applica-
bility of purely thermodynamic occupancy models to eukaryotic and mammalian core promoters has
been validated in vivo [90,91]. Since a mammalian-specific dataset for base-by-base energy matrices
is not available, we use the E. coli matrix to establish a baseline binding energy. We also note that the
parameter Ag is included in our global Sobol sensitivity analysis, so that several orders of magnitude
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of variation in this parameter are considered in our analysis (see Figure 7).

We estimate the half-life of the mRNA transcript using the median mRNA half-life from a large
database of mRNAs in human cells, which is 10 hours [64]. From this, the mRNA degradation rate is
simply given by

_In(2)
Ym = 10

The rate of mRNA production in the state where RNAP is bound (rp) can be calculated using the
extension rate of RNAP II in human cells (r,,,) and the length of the gene product of interest (/):

_Tet 35
T T 6008
This gives the mRNA production rate in molecules per second. While different CARs have different
transcript lengths, we assume a base value in a biologically relevant range, namely 0.8 kb.

The values of y,, estimated above, together with y- from Table 4, set the timescale for this model
on the order of hours. This contrasts sharply with synNotch activation, which occurs on the order
of seconds (see Table 2). This allows us to obtain the long-time dynamics of gene expression while
approximating the fast dynamics of synNotch. We leverage this fact to estimate two key values in
the dynamics of protein production: the equilibrium protein concentration in the absence of induction
(Cy), where T is absent, and the equilibrium protein concentration at maximal induction (Cj), where T
is maximal. The ratio of these values, together with experimental data, allow for the determination of
the unknown parameter a. We begin by obtaining the respective mRNA levels M, and M;. Based on
Equation (2.2), the steady-state for mRNA is achieved when

= 0.069hr! = 0.0012/60s7".

mRNA -s7!,

rppp rp rp
M= Ym - 1 I~ - A
s BIp ) &
Ymil+ PF,-ege yu |1+ ;g — e%sTp
P[l+(w—l)W]

This expression is a function of transcription factor 7', which changes over time. However, gene
expression happens at a much slower timescale than receptor activation, so only steady-state values of
T are relevant for this analysis. We consider two possible steady states: one where T = 0, giving rise
to My, and one where T is very large, giving M. When T = 0, we obtain

rp

Ae \
YMm (1 + %e"BTP)

M():

Note that of the parameters specific to engineering synNotch—CAR T-cells, only Ae and y,, appear
here. Thus, this equilibrium is completely independent of synNotch activation and transcription fac-
tors’ cooperative binding; it is solely a function of the leaky promoter expression and the subsequent
degradation of the product.

To obtain M;, we remove the dependence on T of the original M equation by instead assuming that
T equilibrates to a value much larger than K. This saturates the Hill function dependence on 7 in the
F ., expression in Equation (2.2), yielding

rp

Ae :
s o7,
yM(1+aPeBI)

M, =
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Intuitively, M, corresponds to the theoretical maximum amount of mRNA that our system can yield.
We then calculate the corresponding values of Cy and C,,. For the translated CAR protein in Equation
(2.2), we reach a steady state when

kM

C .
Yc

Using the steady states calculated for transcribed mRNA, M, and M,, we obtain

k,r
Cy = P __
VCVM(I + %ekBT”)
k.r
C, = P ’

YcYm (1 + s—}e’ﬁ”)

for the cases where T = 0, and where T is saturating, respectively.

We now take the ratio of the calculated protein levels to compare to a corresponding experimental
setting, the details of which are described in the Supplementary Material. We find that the steady-state
concentration of protein with saturating 7 is 66.97 times larger than the concentration of protein with
T = 0. Thus, we estimate that

k;rp
Az Ae
¢, B Lyt
— = = = 66.97. 3.2)
CO k;rp ) Ae

Ao 1 + Lsetsly

7cm(1+”7§ekBTP ) ab

Finally, we can substitute in known values of ny, P, and Ae (see Table 4) to obtain @ = 110. This ratio
is comparable with what has been observed for this promoter in prior quantitative analyses [83].

We now discuss the inclusion of initial synNotch molecules as a gene expression model parameter.
The gene expression model is solved on a much longer timescale, so we consider ¢ = O to reflect when
all the transcription factors have been released from synNotch. The degradation rate of the transcription
factors is small and will not have a significant effect on the shorter synNotch model timescale, so we
adapt the differential equation for 7'(¢) in Equation (2.1) as follows:

aT_ .7
dr Yr
T©) =S,

where S is the initial number of synNotch receptors, since each receptor has one transcription factor.
This means that 7'(f) = Soe”?"’, which can be directly substituted into the differential equations for M
and C in Equation (2.2) for the gene expression model. This allows us to use the number of synNotch
receptors as a parameter in the Sobol sensitivity analysis for this model. The results of the dynamic
simulation are shown in Figure 6, where mRNA and CAR concentrations are predicted over time.

We then use the L2-norm of C(¢) used as the output measure for the Sobol sensitivity analysis on the
time interval from 0 to 5 X 10° seconds. The gene expression model parameters are chosen randomly
on a logarithmic scale between two orders of magnitude below and two orders of magnitude above
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Figure 6. Solution of the gene expression model with gene expression parameters (Table 4).

their baseline values, as shown in Table 4, and we use a total of 2'¢ parameter samples. We only vary
the Hill coefficient ny by one order of magnitude, since biological cooperativity for gene expression
and binding events are unlikely to exceed these bounds. The results are shown in Figure 7a,b. The
time period of the simulations allows the solution for C(¢) to increase and then subsequently decrease,
as in Figure 6. While this does not necessarily result in saturation of the concentration of C, it is still a
useful timeframe to compare the impact of different sets of parameter values on the output.
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We again observe that the computed S Sobol indices are larger than the S ; indices for most param-
eters. This implies that the interaction terms between parameters have a significant influence on the
variability of the output of gene product over time. As a result, we primarily consider the S ;7 parameters
to determine the best engineering targets for dynamic tunability in the gene expression model.

While many synNotch model parameters can be tuned by swapping different component domains,
the gene expression model contains some parameters that cannot be directly engineered; that is, certain
parameters are more reflective of the cell’s intrinsic machinery and cannot be changed by altering
synNotch and CAR alone. The two parameters with the largest S 7 indices are the transcription rate with
bound RNAP (rp) and the translation rate per mRNA (k;). These two processes are properties of RNAP
transcription and ribosome translation in the cell and cannot be readily engineered in a synNotch—-CAR
T-cell system, given the choice of cellular chassis, the host for an engineered biological system.

However, the following three most sensitive parameters shown in Figure 7b are the mRNA degrada-
tion rate (yy), the difference in RNAP-DNA binding energy (Ag), and the CAR degradation rate (yc).
Engineering degradation rates of mRNAs has been demonstrated by adding AU-rich elements [92]. In
addition, engineering the degradation rates of gene products is possible using various techniques, such
as adding degradation sequences like N-degrons and C-degrons [93] and auxin-inducible degrons [94].
The binding energy difference can be modified by using a promoter with a different strength, which is
a readily available engineering tool [86,95].

Tuning of the synNotch receptor expression levels could be used to achieve a certain amount of
CAR expression per cell. Therefore, to better understand how these most sensitive parameters impact
the amount of CAR, we carried out additional parameter sweeps. We first varied the most tunable
parameters of the model one at a time by considering values within two orders of magnitude above and
below their baseline values in Figure 8a—c. We illustrate their impact on the average CAR expression,
from time = 0 to 500,000 s. Varying the binding energy difference Ae leads to changes in the average
CAR expression ranging from 0 to roughly 105,000 molecules per cell, and this output is particularly
sensitive just above the baseline value of this parameter. Changes in the mRNA degradation rate yy,
lead to changes in CAR expression ranging from 0 to close to 120,000 molecules per cell. Finally,
changes in the protein degradation rate yc impact CAR expression levels less significantly, but can still
tune the average CAR expression from 0 to 40,000 molecules per cell. We also evaluated the impact of
simultaneously varying two parameters at a time by drawing values from the uniform distribution over
two orders of magnitude above and below their baseline values against the average CAR expression
in Figure 8d—f. We find that larger ranges of average CAR expression can be generated. It is worth
noting that the different panels of Figure 8d—f have different color scales. For example, we find that
a large binding energy difference Ae and small mRNA degradation rates y,, can yield an average
CAR level of over 400,000 molecules per cell. Intermediate parameter values can yield medium CAR
concentrations, which has been suggested to be optimal [96]. This framework can thus be used to
determine how specific promoters or degradation rates can be tuned to achieve a certain amount of
CAR per cell.

The next four parameters listed in Figure 7b have small positive S 7 indices, indicating that they are
less sensitive than the other parameters discussed thus far. The degradation rate of the transcription
factor (yr) is not particularly sensitive, indicating that this should not be the first experimental trial
when attempting to modulate gene expression dynamics. The number of nonspecific binding sites for
RNAP (ny), the number of RNAP molecules (P), and the maximum fold change in available RNAP
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Figure 8. a—c. Impact of changes in the sensitive parameters Ag, ), and y¢ on the average
CAR expression. d-f. Impact of simultaneous changes in two sensitive parameters on the
average CAR expression.

with saturating transcription factor (@) are not readily tunable.

The final three parameters listed in Figure 7b contribute very little to the overall variation in gene
expression dynamics. These final characteristics are important results for engineers. The dissociation
constant (K,;) and Hill coefficient (n7) for the interaction between the transcription factor and DNA
are not sensitive, indicating that attempting to make changes to this interaction may not influence the
overall dynamics. Moreover, the initial number of synNotch receptors does not seem to influence the
gene output, so modulating this parameter through promoter engineering is not predicted to yield the
desired results for the maximal activity of synNotch systems. Our mathematical models predict that
these parameters with low sensitivity indices will not influence the overall gene expression dynamics
as significantly, so they should not be prioritized in engineering experiments.

4. Discussion

The complex interactions of synNotch with its extracellular and intracellular environments can lead
to undesired responses during the engineering design—build—test—learn cycle, and engineers continue
to modify synNotch’s components to alter its properties to obtain the desired effects. Furthermore, the
sample space of engineerable options in this system is very large, motivating the use of mathematical
modeling to reduce the complexity in the design of experiments [97]. Making uninformed changes
can incur high experimental costs and yield few promising results in sampling the relevant sequence
landscape for synNotch and other engineered receptor systems. Here, we propose mathematical models
that can inform engineering decisions, improving on the trial-and-error methods that are common in
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synthetic biology. By understanding which model parameters are the most sensitive and tunable, this
work can suggest how to navigate this large parameter space and identify the experiments with the
most potential to vary synNotch-driven activation.

We develop a model for synNotch binding and activation and the downstream gene expression it
encodes. The synNotch model occurs on a fast timescale, so its kinetics are relevant when considering
transient cell—cell interactions. We carry out a global sensitivity analysis of the model, which indi-
cates the parameters that are most likely to yield variation in the synNotch response. We predict that
the ligand association rate between synNotch and its target has the most significant influence on tran-
scription factor release in the system. This also allows us to predict transcription factor dynamics for
different dissociation constants K, which reflect a property of the extracellular domain of synNotch
variants. Since different synNotch variants for the same antigen can have different K; values [32],
this is a valuable model output, since it informs engineers about the most appropriate variant for the
desired cellular response. In CAR T-cell therapy, the most effective binder is not necessarily the one
with the highest affinity [98, 99], underscoring the need for computational tools that can predict op-
timal binding strength within specific cellular contexts. We also predict that the model is sensitive
to ligand-independent activation, which is relevant, since engineering efforts have been successful in
reducing this activation pathway [30]. Since this activation pathway represents receptors’ leakiness,
this is an important factor to control for in immunotherapies like CAR T-cell therapy in order to re-
duce potentially toxic off-target effects. These parameters can be tuned via experimental and structural
adjustments; thus, our sensitivity analysis has direct applications to biomedical engineering applied
to cell and gene therapy optimization. Parameters with lower sensitivity indices also provide valu-
able insight, as they may suggest experiments which do not yield significant variability in the cellular
responses being observed. However, choices such as cellular chassis, copy number variation, and epi-
genetic silencing of synthetic constructs may alter the engineered responses even if not predicted by
this model [100-102].

Our synNotch model treats ligand binding as a single-site, monovalent mass-action interaction,
characterized by the effective 2D association and dissociation rates k; and k_; (Table 2). This rep-
resentation captures the affinity of a given scFv but not its avidity, which emerges from the binders’
valency and the local surface density of receptors and ligands in addition to intrinsic per-site affinity.
Engineered multivalent or oligomeric binding domains, which are increasingly used in synNotch and
CAR design, could substantially alter effective receptor engagement without changing single-site affin-
ity at all. Classical multivalent binding theory offers a natural extension of our mass-action framework,
in which the model tracks a distribution of partially and fully bound receptor-ligand complexes as a
function of binder valency, with a steric accessibility factor limiting how many sites can be simulta-
neously engaged [103, 104]. This type of extension has direct experimental motivation in the CAR
literature as conditional bivalent binding has been shown to functionally rescue otherwise low-affinity
binders by prolonging receptor engagement relative to a monovalent interaction of the same intrinsic
affinity [105, 106]. Incorporating this into our framework would require, at minimum, an explicit va-
lency parameter for the extracellular domain and an effective binding rate that depends on the local
receptor and ligand surface density rather than a single lumped k;. This is a promising direction for
future extensions of the model, particularly as multivalent and oligomeric binding domains become
more common in synNotch and CAR engineering.

We then couple this model to a general model of gene expression, which predicts the synthesis of
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a gene product over time. This has applications in CAR T-cell therapy, as synNotch activation can be
coupled to CAR activation to yield more specific immunological responses. This model occurs on a
slower timescale, which is relevant for protein expression. We also carry out global sensitivity analysis
of this system, which suggests parameters that could potentially be tuned experimentally to change
the gene expression dynamics of the system. Most notably, the promoter strength and the degradation
rates of mMRNA and CAR are the most sensitive parameters that are also tunable, suggesting that these
characteristics should be prioritized when planning experiments to modulate synNotch—-CAR gene
expression dynamics. In particular, the modeling framework proposed here can be used to determine
how specific promoters or degradation rates can be tuned to achieve a certain amount of CAR per cell.
With additional experimental validation, this model has powerful predictive capabilities, generating
new avenues for engineering in synthetic biology.

Furthermore, our model for synNotch can be directly integrated with existing mathematical models
for CAR. The receptor—antigen interaction plays a critical role in CAR models, and antigen binding
is explicitly represented through model parameters in existing models [107, 108]. Our model can be
used when synNotch scFvs mediate these interactions via k;, rates specific to these variants. This multi-
receptor synNotch—CAR T-cell system could overcome challenges posed by antigen heterogeneity by
using receptors’ AND/OR-gate logic.

The synNotch—CAR model presented here and its derivation from the cubic TCM could be trans-
lated to other systems where a synthetic receptor is tied to gene expression. Other synthetic trans-
membrane receptors include synthetic intramembrane proteolysis receptors and modular extracellular
sensor architecture, which also follow the mechanism of ligand binding, cleavage, and transcription
factor release [109-111]. These systems use different architectures and are engineered for different
functions, but their shared mechanistic properties may allow for the derivation of similar informative
mathematical models and sensitivity analyses.

Many models in mathematical biology have parameters that reflect the intrinsic properties of the
system and may not change. Performing sensitivity analysis in these models can improve our under-
standing of the system but may not be directly applied to perturb the system. The application we
consider here is that of synNotch-activated CAR T-cells, which is a biological system that can be
engineered through protein engineering, computer-aided design, and evolution strategies. Here, real-
istic modeling and rigorous sensitivity analysis provide clear predictions for informing experimental
directions and engineering decisions. Our approach provides a rigorous quantitative foundation for
modeling and understanding the synNotch—-CAR T-cell system, and sensitivity analysis of these mod-
els reveals promising avenues for the engineering of synNotch and of the CAR expression response it
induces. We hope that this model can be utilized in future engineering cycles for predicting tunable
experimental parameters and targets.
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Supplementary Material

Derivation of the three-state model for synNotch activity

Figure 9 is an illustration of the full cubic model for synNotch. The corresponding differential
equations for the eight states represented in the schematic are as follows:

d[SynTF
AIIEN _ e LS ITFY + Ko Sy T
kTF[Syl’l#] - (kL,TF + kact,TF + k—TF + ’)/SW,TF)[SyI’lTF]
d[LS ynTF] *
+ = kprr[SynTF) + k_ger 17 [ LS yn" T F] + krp [LS yn#]—
(k-r1F * kacro.rF + korFEL + YLsyurr)[LS ynT F]
d[LS yn*TF) * o *
ST = K[ LS YT F 4 K LS y'#1 4 K S yn' TF]-
(keact.TF + kigpp + K 7p + Yisywre)ILSyn' TF]
d[LSyn# | |
% = k2pp [LSyn' T + koo L [LS yn#] + K [S yn"#]—

(k;‘F,L + k—act,L + kiL + yLSyn*#)[LSyn*#]
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Figure 9. Cubic ternary complex model (as shown in Figure 1a) with detailed rate constants.

% = k*, [LSyn™#] + ko [Syn#] + kK= p[Syn"TF]—
(ky + keaer + kyp + Vsywe) Sy #]
% =k_[LSyn#] + k_7p[SynTF] + k_y:[S yn™#]—
(kp + krp + Kaei + Vsyns)[S yni#]
W = k_rpr[LSYNTF] + k_ger L [LS yn™#] + k. [S yn#]—
(krrp + Kace + kop + Yisym) LS yn#]
% =kl ppLSYW' TF] + ko 7r[SynT F] + kpp[S yn'™#]—

(kp7p + kacrtr + Kogp + Ysywere)[Syn™TF].

We then incorporate several biological assumptions. The first assumption outlined in Section 2.1 is
that the cleaved transcription factor cannot return to the synNotch receptor. Thus we have

kTF:O
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krpp =0
k*TF =0
k;F,L = 0.

The second assumption is that the activation of the synNotch receptor is irreversible. Thus we have

k—act,TF =0
k_aerpr =0
kg =0
k—act,L =0

The fourth assumption in the text is that the transcription factor cannot be cleaved from the synNotch
receptor without synNotch activation. Thus we have

k—TF = 0
k—TF,L =0.

We also consider an initial concentration of 10,000 molecules/cell for the SynT F state, while the
initial concentration of all other states is 0 molecules/cell.

Given these assumptions, the equations for [S yn#] and [LS yn#] are decoupled from the rest of the
system and are given by

d[S yn#]
d—); = k_L[LS)/n#] - (kL + kact + YS)n#)[Syn#]
d[LS ynit]
__?%_:hmwﬂ—wmu%¢+nwmwhﬁl
Note that d[det”#] and 252" are now only functions of [S yn#] and [LS yn#] and of the fixed rate con-

stants. Let X(f) = ([Syn#], [LSyn#])". Then the equations can be written as
X =AX,
with

A= (_(kL + kact + yS)’n#) k—L )
kL _(kact,L + k—L + yLS)'n#) '

Since A is constant and x(0) = 0 given the initial conditions, we obtain
Rty = M R0) = M0 = 0.
Therefore
[Syn#](r) =0 Vt

[LS yn#](t) = 0 Vt.
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The remaining system reduces to the following equations:

% = k_prr[LSynTF] — (kprF + kaer,rr + Vsynrp)[SynT F]
% = ki rr[SynTF — (k_p.7F + kacr,p.7F + Yisynrp)[LS ynT F]
% = Kaer, e [LSynTF| + ky pp[Syn"TF]—
(Kgpp + K ppp + Yisywrr) LS yn' TF]
% = Kl p [LSyn"TF] + kp[Syn™#] — (K" + Visyn#)[LS yn'#]
% = KZ LSy #] + KZpp[Syn™TF] = (kp + Vsyne#)[S yn' #]
W = k') 7 p[LS YN TF] + Kyeppp[S ynT Fl—

(kz,TF + kiTF + 75}*n*TF)[Syn*TF].

Since we are interested in the transcription factor and its carrier states, and since the equations for
[SynTF], [LSynTF], [LSyn*TF], and [Syn*T F] do not depend on [LS yn*#] and [S yn*#], we do not
need to solve for the evolution of [LS yn*#] and [S yn*#]. We thus have the following reduced system:

% = ker.rr[LSYNTF] = (krr + kawrr + Vsomri)ISynTF]
% = kprr[SynTF — (k_p 17 + Kacr.o. tF + Yisynrr)[LS ynT F]
WEIITTL — s re LS INTF) + K Sy TFI-
(K-gpp + K prp + Yisywre) LS yn' TF]
% = kg [LS YN TF] + kyeppp[S ynT F—

(kz,TF + kiTF + 7Syn*TF)[Syn*TF].

We next define the free transcription factor, [T F], as the pool of transcription factor that has been
cleaved off the receptor. By the first assumption, the cleaved transcription factor cannot return to the
synNotch receptor, so cleavage provides a pure source. The degradation rate of transcription factor is
denoted yrp:

d[TF]
dt

By the third assumption in the text, Syn*TF and LSyn*TF are transient. We can thus assume that
rates k* ;. and k* .., are much larger than other rates in the system. Let k, represent a characteristic
slow rate (activatiofl, ligand exchange, degradation) and write the cleavage rates as

. K
* —

= K e [Syn* TF) + k' 1 [ [LSyn* TF] = yr£[TF). (4.1)
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with £}, & = O(1) and a small parameter £ << 1. We assume that [Syn*T F] and [LS yn*T F] are O(¢)
since they are constantly drained by the fast cleavage step and thus they never build up appreciably.
We thus have

[Syn*TF] = eu(t)
[LSyn"TF] = ev(t)

u,v=0(1).
Substituting this into the differential equation for [Syn*T F]
W =kl LSy’ TF] + koo 7r[S ynT F]—
(kprr + kg + Ysywere)Syn”TF],
we obtain
8% = 0(€) + kyer7r[SYnTF] — %ko - eu(t)

= kaer 7S ynT F] — kikou(r) + O(e) .
The O(1) terms in the equation above give

0= kact,TF[SynTF] - Ié\] : kO . I/t(l)
kacI,TF

Kiko

= u(t) = [SynTF].

Then

[Syn*"TF] = eu

kac
= &— LTr [SynTF]
Riko
kact,TF
= ——[SynTF].
k—TF
With a similar approach, we obtain
k(lC
[LSyn « TF] = ~<LIX 1 1S ynT F).
~TF,L

Plugging this back into Equation (4.1) for [T F] yields

d[TF]
i = kaer TFISYNT F] + kyer 1. 7r[LS ynT F] — yrp[TF].
The resulting reduced three-state system is given by
d[SynTF]
};Z—t = k_prr[LSynTF] — (kprr + kaer,rr + Vsynrp)[SynT F]
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d[LSynTF]
+ =kprp[SynTF] — (k_prF + kaerr.7r + )’LSynTF)[LS)’”TF]
d[TF]
i = Kaer rr[SYNT F1 + koer 1 7 [LS ynT F] — yrp[TF].

Note that this is the same as System 2.1 for the synNotch dynamics. The protein variables and model
parameters have been given simpler names in the main text.

Overview of Sobol sensitivity analysis

We summarize the background for Sobol sensitivity analysis, as introduced in [112]. Given a math-
ematical model with the parameters 6 = [6, ..., QP]T (where p is the number of model parameters), we
consider an output measure Y, which is a function of the parameter vector 8: Y = f(6). This measure
can always be calculated directly from the model, given some set of initial parameters. In the global
sensitivity analysis, each parameter is drawn randomly from a relevant interval. This interval will vary
for each parameter, but we can rescale it to the interval [0, 1] for easier analysis and interpretation.
To generate a sequence of randomly distributed points in this unit hypercube of parameters, we use
Latin hypercube sampling (LHS). This methods splits the parameter space into a grid, and chooses
the sample of parameter values so that there is only one sample in each row and each column of the
grid [113].

Sobol decomposition expands f(#) in the following hierarchical way:

P
FO = fo+ D HO) + D [i0n0)+ ot Y fii O y) (4.2)
i=1

I<i<j<p 1<ii<..<ip<p

where f, is the mean of the function, f;(6;) represents the first-order interactions between parameters,
fij(6;, 6;) represents the second-order interactions between parameters, and f; i (8;,...,0;) are the

p-order interactions between parameters. This decomposition is not unique, but the interaction term
functions can be constrained in the following way:

1 1 1
‘f(; fz(ez)dez = v[(; ﬁj(ehej)dei = vf(; ﬁj(ehej)dej =..=0. (43)

The terms f;(6;) and the higher-order interaction terms are then computed recursively using Equa-
tion (4.2) and Constraint (4.3).

We can also interpret these integrals in terms of the expectations of random variables. In the actual
implementation of Sobol sensitivity analysis, the randomly drawn samples of parameter values are
used to assess the variance of the output measure. It can be shown that the first- and higher-order terms
have expected values equal to 0. In this probabilistic framework, we can define D as the total variance
of our measure Y:

D =var(Y) = fA0)do - f;
[0,11P

since fy = E(Y). Similar to the decomposition of f, the total variance can be decomposed as follows:

D:Zp:Di+ Z Djj+ ..+ Z Di,.. .,
i=1

i<i<j<<p 1<i<..<ip<p
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where

1
D; = f f7(6:)db;
0

1 Al
D;; = f f f,i(gg, 0,)d6;do; , etc.
0o Jo

This allows us to define the Sobol indices, which are the main outputs of the Sobol sensitivity analysis.
The first-order sensitivity index S, is defined as

D,
i 4.4
Y=D (34

and the total sensitivity index is defined as
p
S, =Si+ ) Sy (4.5)
j=1

In practice, we only consider up to second-order interactions between parameters. A large S; value in-
dicates that parameter i strongly influences the variance in the measure. A large S 7, value indicates that
parameter i and its interactions with other parameters strongly influence the variance in the measure.

MinCMV promoter sequence

The full minCMV promoter DNA sequence used to calculate the binding energy difference Ae is
shown below.

(5" — ACGGTGGGAGGCCTATATAAGCAGAGCTCGTTTAGTGAACC - 3")

Experimental protocol

The following experimental protocol from the Kim lab was used to determine the value of the
fold-activation for the minCMV promoter, @. Two samples of HEK 293T cells were prepared: in-
duced cells and uninduced cells. Induced HEK 293T cells were prepared by co-transfection with
pHR_Gal4UAS_tBFP_PGK_mCherry and pcDNAS5_Gal4VP64 using Thermo Fisher Lipofectamine.
Uninduced HEK 293T cells were prepared by transfection with pHR _Gal4UAS tBFP_PGK_mCherry
using Thermo Fisher Lipofectamine. For all cells, blue fluorescent protein (BFP) and mCherry fluores-
cence was quantified by flow cytometry 48 hours post-transfection. The relative activation of induced
and uninduced cells is given by the median cellular BFP intensity divided by median cellular mCherry
intensity, which normalizes for transfection efficiency. The fold activation is then calculated using the
ratio of induced activation to uninduced activation, as in Equation (3.2).
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