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Abstract: Portal hypertension is clinically defined by invasive hepatic venous pressure gradient (HVPG)
thresholds, whereas routine assessment relies on non-invasive markers that are biologically heteroge-
neous and only indirectly related to portal pressure. We have developed a computational framework
designed as a threshold-translation and scenario-exploration tool rather than a predictive or mechanistic
model with three explicitly separated components: a data-driven empirical core, a literature-informed
delayed dynamic layer, and a synthetic scenario module. Using HVPG-linked datasets, the empiri-
cal core has constructed a constrained latent burden score from liver stiffness, inverse platelet count,
spleen diameter, inverse albumin, and bilirubin and has compared it with an equal-weight score. The
constrained score has improved threshold discrimination more than continuous prediction at clinically
relevant HVPG levels. A monotone burden-to-HVPG mapping has translated the latent burden axis into
the clinically interpretable HVPG scale and has yielded cohort-specific burden thresholds. Leave-one-
source-out (LOSO) technique shows that pooled burden learning is informative but not source-invariant,
indicating limited transportability across cohorts. To examine delayed separation between latent burden
evolution and visible pressure manifestation, we have introduced a delay differential equation model
with literature-informed parameters. The resulting temporal gaps are illustrative scenario outputs and
not patient-specific predictions. Overall, the framework provides a transparent, threshold-oriented
computational approach for translating heterogeneous biomarkers into interpretable HVPG thresholds
while linking data-based burden learning with scenario-based dynamic simulation.
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1. Introduction

Portal hypertension is a central determinant of prognosis in chronic liver disease and is clinically
defined using hepatic venous pressure gradient (HVPG) thresholds [1–3]. HVPG values ≥ 10 mmHg
indicate clinically significant portal hypertension, while values ≥ 12 mmHg are associated with variceal
bleeding risk [4, 5]. Despite its clinical importance, HVPG measurement remains invasive, technically
demanding, and not routinely available outside specialized centers [3].

Consequently, a wide range of non-invasive markers including liver stiffness measurement (LSM),
platelet count, spleen size, and biochemical indices have been proposed as surrogates for portal hyper-
tension [6–8]. However, these markers are biologically heterogeneous and reflect different pathophysio-
logical processes, such as fibrosis, portal flow resistance, and hypersplenism, rather than portal pressure
itself [9–11]. This heterogeneity limits their direct interpretability and complicates their integration into
a unified clinical framework.

Most existing approaches aim to predict HVPG or classify portal hypertension stages directly from
these markers, implicitly treating them as interchangeable proxies. In contrast, we posit that these
variables should be interpreted as partial, indirect observations of an underlying latent disease burden.
This perspective shifts the modeling objective from direct prediction to structured translation between
heterogeneous measurements and clinically meaningful pressure thresholds.

Previous work on portal hypertension has largely followed two complementary but still separated
directions. One direction has focused on non-invasive clinical prediction, including liver stiffness,
spleen-related measures, platelet-based rules, and composite criteria designed to rule in or rule out
clinically significant portal hypertension and variceal risk [12]. A second direction has emphasized
pathophysiological and hemodynamic interpretation, in which portal hypertension is viewed as the
consequence of progressive intrahepatic resistance, splenic and splanchnic adaptation, and delayed
clinical manifestation [13–15].

However, these lines of work are not usually integrated within a single framework that is simultane-
ously data-anchored, threshold-oriented, and explicit about the inferential limitations of cross-sectional
pooled data.

Recent studies emphasize the movement toward non-invasive and threshold-oriented assessment
of portal hypertension [16–18]. Recent reviews have highlighted the expanding role of liver stiffness,
spleen stiffness, blood-based markers, and composite non-invasive tests for identifying clinically
significant portal hypertension and monitoring treatment response, while also stressing that these
tools require cautious interpretation in grey-zone cases [19, 20]. In parallel, multicenter and meta-
analytic studies have refined Baveno VII-based strategies and incorporated spleen stiffness to improve
classification of clinically significant portal hypertension [21, 22]. Imaging-based approaches have
also advanced, including CT-derived spleen volume, subharmonic-aided pressure estimation, and
multiparametric MRI/MR elastography models for HVPG-related threshold diagnosis [23–25]. These
recent contributions support the relevance of threshold-based and multimarker portal-hypertension
assessment [26]; however, the present work differs by constructing an explicit latent burden axis,
an invertible monotone burden-to-HVPG map, and a delay-differential scenario layer for exploring
latent-to-visible separation.

To address this gap, we propose a computational framework with three explicitly separated compo-
nents: (i) a data-driven empirical layer that constructs a constrained latent burden score, (ii) a monotone
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mapping that translates this latent axis into the HVPG scale and associated threshold geometry, and (iii)
a delayed dynamic layer that explores temporal separation between latent progression and observed
pressure.

Importantly, the dynamic component is not intended to provide patient-specific predictions but to
generate interpretable scenario-based insights under explicitly defined assumptions.

By explicitly separating empirical calibration from dynamic simulation, the framework avoids
overinterpretation and provides a transparent, threshold-oriented approach to portal hypertension
modeling that complements existing clinical tools rather than replacing them.

The remainder of the paper is organized as follows. Section 2 presents the materials and methods,
including the empirical data, preprocessing workflow, constrained burden construction, monotone
burden-to-HVPG mapping, and mathematical properties of the framework. Section 3 presents the
empirical results, including threshold discrimination, transportability analysis, the literature-anchored
dynamic layer, and representative synthetic scenarios. Section 4 discusses interpretation and limitations,
and Section 5 concludes.

2. Materials and methods

2.1. Data, symbols, and empirical workflow

The empirical core is built directly from three supplementary data Excel workbooks associated with
Frankova et al. [9] and two workbooks from Tanaka et al. [10]. These sources have been harmonized
into a common master table that has contained 309 rows at the initial pooling stage. Among them, 160
HVPG-positive complete-case rows have been retained for the primary five-marker empirical tier, while
49 rows with available spleen stiffness measurement (SSM) have formed a separate exploratory subset.
All analyses in the primary tier are therefore based on complete-case observations, and no imputation is
performed.

Table 1. Core symbols and roles.

Symbol Definition Unit Role
B Latent portal-hypertension burden score — Empirical core
P̂ Visible pressure state on the HVPG scale mmHg Visible layer
P̃(B) Burden-to-HVPG monotone map (static) mmHg Empirical core
X Latent dynamic burden state — Dynamic layer
U Synthetic burden-forcing input — Scenario module
LSM Liver stiffness measurement kPa Observation
PLT Platelet count ×109/L Observation
SD Spleen diameter cm Observation
ALB Serum albumin g/L Observation
BILI Total bilirubin µmol/L Observation
τ1 Observation-to-latent delay days Dynamic parameter
τ2 Latent-to-visible delay days Dynamic parameter
aX Latent relaxation rate day−1 Dynamic parameter
aP Visible relaxation rate day−1 Dynamic parameter
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The dynamic layer is introduced only after empirical burden learning and burden-to-HVPG mapping
has been completed, and it is not calibrated from patient-specific temporal trajectories but instead
constructed as a scenario-based layer for illustrative analysis. The present study therefore operates with
two empirical analysis tiers and one scenario tier. The primary tier uses five routinely available markers,
namely LSM, platelet count (PLT), spleen diameter (SD), albumin (ALB), and bilirubin (BILI). The
exploratory tier includes SSM within the smaller subset without redefining the main five-marker burden
axis. The scenario tier does not incorporate longitudinal patient data and instead applies analytically
defined synthetic forcing functions introduced in Section 3.2.

Core symbols and their roles have been summarized in Table 1, while source-level retention has been
summarized in Table 2.

Table 2. Source package and retained cohorts.

Source All rows HVPG observed Primary complete-case rows SSM rows
[9] 109 109 104 0
[10] S1 130 43 41 36
[10] S2 70 16 15 13

Table 3. HVPG-stage distribution in the primary complete-case cohort.

Source N ≤ 10 (10, 12] (12, 16] (16, 20) ≥ 20
[9] 104 9 12 19 27 37
[10] S1 41 20 5 8 6 2
[10] S2 15 12 0 2 1 0

Table 4. Learned constrained weights and monotone-map parameters.

Parameter Estimate 95% CI low 95% CI high
wLSM 0.600 0.519 0.600
wPLT 0.108 0.000 0.198
wSD 0.034 0.000 0.230
wALB 0.108 0.000 0.264
wBILI 0.150 0.000 0.256
Pmin 4.889 3.001 4.999
A 16.442 14.359 21.995
k 11.096 6.666 13.996
b0 0.468 0.422 0.552

The 160 HVPG-positive complete-case rows span two source publications with distinct clinical
settings (Table 2). Frankova et al. contributes a higher-pressure block (104 rows, predominantly
advanced cirrhosis candidates for liver transplantation), while Tanaka et al. contributes two lower-
to-moderate pressure blocks (41 and 15 rows) obtained using transient elastography with a novel
fusion device. This diversity introduces heterogeneity in disease-stage distribution, HVPG range, and
measurement modality. Because the sample is modest for simultaneous learning of five biomarker
weights and a four-parameter monotone map, the capped-simplex constraint in (2.3) serves as an
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important regularizer but also permits non-unique weight allocations. Table 3 summarizes the source-
level stage distribution, and the bootstrap intervals in Table 4 quantify sampling variability. The
empirical outputs are therefore interpreted as cohort-specific calibration objects for threshold translation
rather than universally generalizable biological constants.

All raw markers have been harmonized at source level before modeling. Robust lower and upper
anchors have then been estimated once from the pooled HVPG-positive master rows using the 5th and
95th percentiles, as has been reported in Table 5. These anchors have been fixed across all subsequent
analyses to preserve a common latent scale and avoid data leakage between model components.

Burden-increasing variables in the primary empirical tier, namely LSM, SD, and BILI, are normalized
so that larger values correspond to worse burden. Burden-decreasing variables, namely PLT and ALB,
are inverted so that lower values also correspond to worse burden. In the exploratory SSM subset, spleen
stiffness is handled as an additional burden-increasing marker without redefining the main five-marker
burden axis. This normalization imposes a unified monotone ordering across heterogeneous biomarkers
while preserving interpretability at the level of individual components.

Table 5. Normalization anchors for the five-marker empirical core.

Variable Lower anchor Upper anchor Direction
LSM (kPa) 8.100 55.480 increasing burden
Platelets (×109/L) 47.350 280.150 decreasing burden
Spleen diameter (cm) 8.121 20.000 increasing burden
Albumin (g/L) 22.105 44.000 decreasing burden
Bilirubin (µmol/L) 9.023 160.200 increasing burden

For any burden marker Z j, the normalized burden component for increasing and decreasing cases is
defined by

b j =

 max
(
0,min

(
1, Z j−L j

U j−L j

))
, when burden-increase,

max
(
0,min

(
1, U j−Z j

U j−L j

))
, when burden-decrease,

(2.1)

where L j and U j denote the lower and upper anchors for marker j.
Under this construction, larger values of b j always indicate greater latent burden, regardless of

whether the original raw marker increases or decreases clinically with worsening portal hypertension.
Equation (2.1) therefore places all retained routine markers on a common burden-oriented scale.

This representation ensures boundedness (b j ∈ [0, 1]), monotonicity within anchor intervals, and
comparability across markers, which are required for subsequent convex aggregation in the latent burden
model.

The empirical burden layer is subsequently built on this normalized representation and carried
forward into later sections for constrained burden learning, monotone burden-to-HVPG mapping, and
scenario construction.

2.2. Constrained burden construction and burden HVPG mapping

The empirical layer constructs a one-dimensional latent burden axis on [0, 1] from five routine
markers: LSM, PLT, SD, ALB, and BILI. Because the markers have different physical scales and
do not all worsen in the same numerical direction, each raw observation is first converted by (2.1)

Mathematical Biosciences and Engineering Volume 23, Issue 8, 2462–2486.



2467

into a direction-aware normalized burden component on the unit interval. Their constrained convex
combination provides an ordered burden ranking rather than a full probabilistic latent-state model or a
generative biological decomposition.

For each retained row i, let

b(i) =
(
b(i)

LSM, b(i)
PLT, b(i)

SD, b(i)
ALB, b(i)

BILI
)

denote the five normalized burden components. The learned empirical burden score has then been
defined as the constrained convex combination

Bi = wLSM b(i)
LSM + wPLT b(i)

PLT + wSD b(i)
SD + wALB b(i)

ALB + wBILI b(i)
BILI, (2.2)

subject to
w j ≥ 0,

∑
j

w j = 1, w j ≤ 0.6. (2.3)

The constraint set in (2.3) has been chosen to balance interpretability and stability. The simplex
condition preserves interpretability of the burden score as a weighted average on a common normalized
scale, whereas the upper cap prevents collapse into a single-marker solution. This cap acts as a
regularization mechanism in the presence of correlated biomarkers, although it does not guarantee full
identifiability of the weight vector.

Figure 1. Learned versus equal weights. The constrained empirical fit shifts mass toward
LSM while preserving nonzero secondary contributions under the cap 0.6 constraint.

Accordingly, the learned weights should be interpreted as one admissible solution within a constrained
class rather than as a unique biological decomposition of portal hypertension burden.
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For direct comparison, an equal-weight burden score has also been defined on the same normalized
variables:

Beq
i =

1
5

5∑
j=1

b(i)
j . (2.4)

The comparison between the learned constrained burden and the equal-weight burden is one of the
central empirical tests of the present work because it distinguishes a fully transparent shared-burden
construction from a data-informed constrained weighting strategy under the same pooled data framework.
The final fitted weights and their bootstrap intervals are reported in Table 4, while the weight distribution
relative to the equal-weight comparator is displayed in Figure 1.

Bootstrap intervals have been computed to quantify variability under resampling; however, these
intervals reflect sampling variability and do not propagate uncertainty through the full modeling pipeline.

Table 6. Weight-identifiability diagnostics from capped-simplex resampling.

Marker VIF Near-optimal median 2.5% 97.5%
LSM 1.311 0.566 0.509 0.598
PLT 1.261 0.080 0.007 0.190
SD 1.295 0.072 0.007 0.182
ALB 1.361 0.132 0.012 0.254
BILI 1.133 0.143 0.038 0.256
Note: Near-optimal weights denote capped-simplex samples within 0.01
mean threshold area under the curve (AUC) of the best sampled vector. The
resampling set contained 20,000 random admissible vectors; 272 vectors
(1.36%) satisfied this near-optimal criterion.

Identifiability of the weight vector. The capped-simplex constraint set (2.3) defines a compact
polytope in R5. Even though the variance-inflation factors reported in Table 6 do not indicate severe
linear multicollinearity, the threshold-based performance objective remains relatively flat over a family
of feasible weight vectors. The bootstrap intervals in Table 4 and the near-optimal family in Table 6 and
Figure 2 show that alternative allocations among the secondary markers can achieve similar performance.
The LSM weight is consistently dominant and frequently reaches the imposed cap, but this should
be interpreted as stability under the present regularization and data rather than as formal biological
identifiability. Accordingly, the learned weight vector is treated as one admissible solution rather than a
unique or biologically canonical decomposition. A formal profile-objective or Hessian-based analysis
could further characterize the weakly identified directions in future work.

A key observation regarding robustness of the threshold geometry is that the inverse threshold values
B∗ (Table 7) depend on the map parameters Pmin, A, k, b0 through the inversion formula (2.6), and are
therefore more sensitive to the monotone-map fit than to the individual weight allocation. Since Pmin

and A have relatively narrow bootstrap confidence intervals (Table 4), the threshold geometry is more
stable than the weight vector, which supports the claim that threshold discrimination is the stronger
empirical output of the framework even under the present sample size.

After burden construction, the learned burden axis has been translated to the visible HVPG scale
through a monotone logistic map. This map has been used as an empirical burden-to-HVPG translation
layer rather than as a fully mechanistic pressure law.
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Figure 2. Near-optimal capped-simplex weight families. The LSM contribution remains
dominant across the near-optimal family, while secondary-marker allocations vary over wider
intervals.

Table 7. Inverse threshold geometry of the learned burden-to-HVPG map.

HVPG threshold (mmHg) Burden threshold Local slope Inside domain
10 0.396 39.084 Yes
12 0.444 44.781 Yes
16 0.534 39.978 Yes
20 0.687 13.579 Yes

The logistic form is chosen for its monotonicity, boundedness, and interpretability as a population-
level ranking device; it should not be interpreted as a mechanistic pressure law or as a tool for individual
HVPG prediction.

The fitted visible map P̃(B) has been defined by

P̃(B) = Pmin +
A

1 + exp
(
−k(B − b0)

) , (2.5)

where Pmin denotes the lower visible anchor, A is the map amplitude, k is the transition steepness, and
b0 is the transition location on the burden axis.

Because the map P̃(B) in (2.5) is strictly monotone in B, it guarantees invertibility and supports
consistent translation between latent burden and clinically defined HVPG thresholds.

In the final empirical fit, the map has remained physiologically anchored and has avoided the
nonphysical negative baseline that has appeared in earlier unrestricted versions. The fitted parameter
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estimates and their bootstrap intervals are summarized in Table 4, and the resulting burden-to-HVPG
translation is illustrated in Figure 3.

For any clinically relevant HVPG threshold P∗ satisfying

Pmin < P
∗ < Pmin + A,

the corresponding burden threshold B∗ is obtained by inversion of (2.5):

B∗ = b0 −
1
k

log
(

A
P∗ − Pmin

− 1
)
. (2.6)

Figure 3. Burden-to-HVPG map P̃(B). The learned monotone sigmoid map P̃(B) translates
the empirical burden axis into the visible HVPG scale and defines the cohort-specific inverse
thresholds used in the scenario module. The smoothness of the fitted curve relative to the
data scatter reflects its role as a population-level smoothing and threshold-ranking device
rather than as a quantitatively predictive physiological relationship; individual predictions
carry substantial uncertainty not captured by the fitted curve.

This inverse mapping establishes a one-to-one correspondence between visible pressure thresholds
and latent burden levels, which forms the basis for threshold-aligned scenario construction in later
sections.
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The inverse-threshold geometry is central to the framework because it converts visible HVPG
thresholds into latent burden thresholds on a common normalized burden axis. In the empirical core,
this translation has been evaluated for the clinically relevant thresholds of 10, 12, 16, and 20 mmHg,
yielding cohort-specific burden thresholds rather than universal biological constants. These thresholds
are therefore empirical calibration outputs and should not be interpreted as fixed physiological constants
across populations.

The resulting inverse thresholds, their local slopes, and their location within the fitted burden span
have been summarized in Table 7. These quantities are later reused by the delayed scenario module,
where synthetic forcing profiles are defined relative to B∗ rather than by arbitrary unlabeled burden
targets.

The role of this section is deliberately empirical and structural. It defines a pooled burden axis
from heterogeneous routine observations, compares constrained learning against equal weighting, and
translates the resulting burden into the visible HVPG scale through the monotone fitted map in (2.5).

Importantly, this section does not establish causality, nor does it provide patient-specific predictions.
Instead, it produces calibrated transformation objects for threshold interpretation that are subsequently
used in the scenario-based dynamic layer.

2.3. Mathematical analysis

This section formalizes the main structural properties of the framework. The first group of results
concerns the empirical burden layer and the fitted burden–HVPG map introduced earlier. These results
justify the bounded burden axis, its monotone translation to the HVPG scale, and the inverse-threshold
geometry used later in the present study. The second group of results concerns the literature-anchored
delayed system used in the representative scenario module. These results justify well-posedness,
positive invariance, and convergence under constant forcing, thereby supporting the numerical delayed
simulations reported in later tables and figures.

All results in this section are structural and do not rely on patient-specific temporal calibration. They
provide theoretical support for the scenario-based dynamic layer rather than predictive claims at the
individual level.

Throughout this section, we impose the following standing assumptions:

(A1) The dynamic parameters satisfy τ1 > 0, τ2 > 0, aX > 0, and aP > 0.
(A2) The synthetic burden-forcing input U is continuous on [−τ1,∞) and satisfies 0 ≤ U(t) ≤ 1 for all t.
(A3) The initial histories are continuous and satisfy X(t) ∈ [0, 1] and P̂(t) ∈ [Pmin, Pmin + A] for

t ∈ [−max{τ1, τ2}, 0].
(A4) The fitted burden–HVPG map parameters satisfy A > 0 and k > 0.

Assumption (A2) reflects the synthetic scenario design rather than observed longitudinal data and
constrains the system to operate within the empirically defined burden domain.

We first state the properties of the empirical burden layer.

Proposition 2.1. For every retained primary-cohort row, each normalized burden component satisfies
b j ∈ [0, 1], and the empirical burden satisfies B ∈ [0, 1].

Proof. By (2.1), each normalized component lies in [0, 1]. Since B is a convex combination (2.2) and
(2.3), it also lies in [0, 1].
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Proposition 2.2. The empirical burden B is monotone nondecreasing in each component b j. If w j > 0,
then B is strictly increasing in b j.

Proof. From (2.2),
∂B
∂b j
= w j. (2.7)

Formally, this derivative corresponds to the continuous extension of the burden function; equivalently,
the result can be interpreted using finite differences. Since w j ≥ 0, monotonicity follows.

Proposition 2.3. The fitted map P̃(B) in (2.5) is strictly increasing in B and invertible.

Proof. Differentiating (2.5),
dP̃
dB
=

Ak e−k(B−b0)(
1 + e−k(B−b0))2 > 0. (2.8)

The monotonicity ensures a one-to-one correspondence between latent burden and visible HVPG
values, supporting threshold translation rather than mechanistic interpretation. The following system is
not calibrated from patient trajectories but serves as a synthetic scenario module driven by externally
specified forcing profiles.

X′(t) = aX
(
U(t − τ1) − X(t)

)
, (2.9)

P̂′(t) = aP
(
P̃(X(t − τ2)) − P̂(t)

)
, (2.10)

X(t) = ϕX(t), P̂(t) = ϕP̂(t), t ∈ [−max{τ1, τ2}, 0]. (2.11)

Theorem 2.1. The delayed system admits a unique continuous solution on any finite interval.

Proof. The first right-hand side is affine in X, and the second is affine in P̂ and contains the smooth
logistic function P̃(X(t − τ2)). Since P̃ has a bounded derivative, the complete delayed vector field
is globally Lipschitz in the present state and delayed-state arguments. Existence and uniqueness on
successive finite intervals therefore follow by the method of steps.

Proposition 2.4. The region

0 ≤ X(t) ≤ 1, Pmin ≤ P̂(t) ≤ Pmin + A

is invariant.

Proof. We show that the rectangular region

R = {(X, P̂) ∈ R2 : 0 ≤ X ≤ 1, Pmin ≤ P̂ ≤ Pmin + A}

is positively invariant for the system (2.9) and (2.10) under Assumptions (A1)–(A4).
Invariance of the X-component. From (2.9),

X′(t) = aX
(
U(t − τ1) − X(t)

)
.
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• If X(t) = 0, then X′(t) = aX U(t − τ1) ≥ 0 by (A2), so the boundary X = 0 is not crossed downward.
• If X(t) = 1, then X′(t) = aX

(
U(t − τ1) − 1

)
≤ 0 by (A2), so the boundary X = 1 is not crossed

upward.

Hence X(t) ∈ [0, 1] is maintained for all t ≥ 0 by continuity and the method-of-steps construction.
Invariance of the P̂-component. From (2.10),

P̂′(t) = aP
(
P̃(X(t − τ2)) − P̂(t)

)
.

By the invariance of X established above, X(t − τ2) ∈ [0, 1] for all t. Since P̃(B) is strictly increasing
(Proposition 2.3) and B ∈ [0, 1] (Proposition 2.1), we have

Pmin ≤ P̃(X(t − τ2)) ≤ Pmin + A, ∀ t.

• If P̂(t) = Pmin, then P̂′(t) = aP
(
P̃(X(t − τ2)) − Pmin

)
≥ 0, so P̂ cannot decrease below Pmin.

• If P̂(t) = Pmin + A, then P̂′(t) = aP
(
P̃(X(t − τ2)) − (Pmin + A)

)
≤ 0, so P̂ cannot increase above

Pmin + A.

Hence P̂(t) ∈ [Pmin, Pmin + A] is preserved for all t ≥ 0.
Since both components remain within their respective bounds at the boundary, R is positively

invariant.

Proposition 2.5. If U(t) ≡ U0 is constant, then X(t)→ U0 and P̂(t)→ P̃(U0).

Proof.
X(t) = U0 +

(
X(0) − U0

)
e−aX t. (2.12)

Define Y(t) = P̂(t) − P̃(U0):

Y ′(t) + aPY(t) = aP
(
P̃(X(t − τ2)) − P̃(U0)

)
, (2.13)

Y(t) = e−aPtY(0) + aP

∫ t

0
e−aP(t−s)(P̃(X(s − τ2)) − P̃(U0)

)
ds. (2.14)

Since X(t)→ U0 and P̃ is continuous, the integrand converges pointwise to zero. Boundedness and
exponential decay imply convergence via dominated convergence.

These results establish well-posedness and stability under bounded forcing but do not imply identifi-
ability of dynamic parameters or clinical predictive validity of simulated time scales.

3. Results

3.1. Empirical results

The final empirical core has retained 160 HVPG-positive complete-case rows for the primary
five-marker analysis and 49 rows for the exploratory spleen-stiffness subset. Frankova et al. [9] has
represented the higher-pressure source block, whereas Tanaka et al. [10] has represented lower-pressure
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source environments, making cross-source evaluation a substantive part of the empirical analysis rather
than a secondary sensitivity check. All reported results are based on cross-sectional data and therefore
reflect statistical associations within the pooled dataset rather than longitudinal or causal relationships.

Within this pooled empirical core, the learned constrained burden has improved on the equal-weight
comparator. In the full fit, the root mean square error (RMSE) has decreased from 6.245 to 5.664 mmHg,
while the fitted relation has captured the main ordering and threshold structure more clearly than
tail-extreme continuous reconstruction.

Figure 4. Observed versus predicted HVPG under the learned constrained burden. The
monotone empirical core captures ordering and threshold structure more clearly than tail-
extreme continuous reconstruction. Note the regression compression toward intermediate
HVPG values: The sigmoid map is not a precise continuous HVPG estimator but a monotone
threshold-ranking device.

However, this improvement should be interpreted as moderate and primarily structural rather than as
evidence of precise continuous HVPG prediction.

Under repeated cross-validation on the same burden representation, the learned constrained burden
has remained superior to the equal-weight burden, supporting the claim that the data are informative for
constrained weight learning under the imposed cap of 0.6. The corresponding continuous empirical
performance measures are summarized in Table 8, and the observed-versus-predicted relation under the
learned constrained burden is shown in Figure 4.
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The observed-versus-predicted scatter in Figure 4 shows the characteristic regression compression of
a monotone sigmoid smoother: Predictions are pulled toward the center of the burden range, and both
high-HVPG (> 16 mmHg) and low-HVPG (< 8 mmHg) observations are systematically underestimated
and overestimated, respectively. This compression is a direct consequence of the ℓ2-optimal monotone
fit and is expected given the logistic functional form. It confirms that the framework is not suited for
precise continuous HVPG estimation; its empirical value lies in threshold discrimination and burden
ranking, tasks for which the monotone ordering is preserved even when absolute values are compressed.

Table 8. Continuous empirical performance.

Model RMSE MAE R2 Pearson r
Equal-weight 6.245 4.991 0.202 0.449
Full-fit 5.664 4.623 0.343 0.586
Cross-validation 5.853 4.781 0.299 0.550
LOSO technique 4.839 3.955 0.154 0.621

In Table 8, the equal-weight burden denotes the untrained comparator in which all five normalized
burden components contribute equally, with w j = 1/5 for each marker. The full-fit denotes evaluation
after fitting the model on all retained complete-case observations. Cross-validation evaluates perfor-
mance on held-out folds rather than only on the full-fitted dataset. LOSO technique summarizes the
average held-out performance across source-level splits. The learned capped burden has been fitted
under the capped-simplex constraint w j ≤ 0.6.

Table 9. Threshold discrimination.

Endpoint Model AUC Average
precision

Sensitivity Specificity Best cutoff

HVPG10 Equal burden 0.736 0.885 0.756 0.634 0.469
HVPG10 Learned capped burden 0.771 0.906 0.689 0.707 0.491
HVPG12 Equal burden 0.745 0.832 0.784 0.603 0.476
HVPG12 Learned capped burden 0.805 0.883 0.578 0.879 0.548
HVPG16 Equal burden 0.724 0.623 0.808 0.540 0.483
HVPG16 Learned capped burden 0.800 0.683 0.849 0.632 0.491
HVPG20 Equal burden 0.662 0.338 0.846 0.455 0.483
HVPG20 Learned capped burden 0.789 0.457 0.769 0.711 0.549

The strongest empirical role of the learned burden is threshold-oriented rather than tail-precise
continuous reconstruction. Across the clinically relevant endpoints of 10, 12, 16, and 20 mmHg, the
learned constrained burden improves on the equal-weight burden in both the area under the receiver
operating characteristic curve and average precision, with the clearest gains beyond 12 mmHg. The
framework should therefore be interpreted as a threshold-aware latent burden translator and ranking
device, not as a precise continuous HVPG replacement. The corresponding results are summarized in
Table 9 and Figure 5.
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Figure 5. Threshold discrimination across clinically relevant HVPG levels. The learned
constrained burden improves over equal weights across all four endpoints, with the clearest
gains beyond 12 mmHg.

LOSO technique has shown that pooled burden learning has been informative across sources but has
remained heterogeneous in calibration quality. The strongest held-out performance has occurred in [10]
S1, whereas the weakest held-out performance has remained in [9], indicating that the pooled burden
axis is useful but not source-invariant in its present form.

This heterogeneity reflects underlying differences in cohort composition, disease stage, or measure-
ment protocols, and highlights the need for source-aware interpretation. This heterogeneity is one of the
principal findings of the empirical core rather than a peripheral caveat. The results therefore support
cautious transport claims, motivate source-aware interpretation, and suggest that future deployment
would likely benefit from source-specific recalibration or hierarchical extension rather than direct
assumption of invariance. The corresponding held-out continuous transport results are summarized in
Table 10, and the source-wise transport comparison is shown in Figure 6.

Table 10. LOSO continuous transport.

Left-out source Train n Test n RMSE MAE R2 Pearson r
[9] 56 104 6.078 4.811 0.030 0.475
[10] S1 119 41 4.174 3.452 0.374 0.769
[10] S2 145 15 4.265 3.602 0.058 0.618

Taken together, the empirical results support a narrower but stronger interpretation of the framework.
The learned constrained burden improves on equal weighting within the pooled data setting, especially
for threshold discrimination, but it does not erase source heterogeneity and should not be presented as
source-invariant.
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Accordingly, the primary contribution of this section is the demonstration of threshold-oriented
burden learning with explicit transportability auditing, rather than the construction of a universally
generalizable predictive model.

Figure 6. Cross-source transportability. Held-out performance varies materially by source,
confirming that the pooled burden should not be presented as source-invariant.

3.2. Literature-anchored dynamic layer and representative synthetic scenarios

The delayed layer is not calibrated from repeated within-patient trajectories. Delay and relaxation
parameters are assigned through literature-anchored profiles and explicit scenario rules, while the burden
weights and monotone-map parameters remain empirically calibrated quantities from the data core. This
deliberate separation avoids assigning patient-specific temporal meaning to quantities that are not identi-
fiable from pooled cross-sectional observations and keeps the framework auditable by distinguishing
empirical, literature-anchored, and scenario-imposed parameter blocks. The corresponding provenance
structure and dynamic profiles are summarized in Tables 11 and 12.

The short delay τ1 has been anchored to rapid spleen-stiffness dynamics reported after
recompensation-oriented clinical change, where marked decline has already been visible by day three
with little additional decline by day five. The slower delay τ2 has been anchored to the multi-week
follow-up logic used in short-term monitoring studies [11, 13, 14].

These delay values should be interpreted as representative ranges rather than as patient-level esti-
mates.

The rates aX and aP have not been copied directly from a single study. Instead, they have been
obtained analytically from literature-anchored response half-lives, with faster latent adjustment and
slower visible adjustment by design.
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Table 11. Parameter provenance.

Block Values / rule Source or basis
τ1 2, 3, 5 days [13, 14]
τ2 28, 35, 56 days [11, 13]
aX 0.3466, 0.2310, 0.1386 [14]
aP 0.0495, 0.0248, 0.0165 [11, 13]

Burden offsets

Near-threshold, severe, recovery,
latent-only, and
full-crossing offsets Scenario design

w j
∑

j w j = 1 and w j ≤ 0.6 data-empirical core
Pmin, A, k, b0 Parameters of P̃(B): monotone burden-to-HVPG map data-empirical core

Table 12. Literature-anchored dynamic profiles.

Profile τ1 (days) τ2 (days) aX (day−1) aP (day−1) Horizon (days)
conservative 2 28 0.3466 0.0495 140
moderate 3 35 0.2310 0.0248 180
high separation 5 56 0.1386 0.0165 220

Accordingly, these parameters define internally consistent dynamic profiles rather than uniquely
identified physiological constants.

The scenario module has been built around clinically interpretable burden thresholds rather than
around patient labels. The reported scenarios comprise representative near-threshold progression,
representative severe progression, representative recovery, representative slow visible normalization,
representative latent-only crossing, and representative full crossing.

Each scenario is defined through a prescribed forcing profile rather than fitted to observed longitudinal
trajectories.

To summarize these scenarios, the forcing input has been implemented as a profile-dependent function

U(t) = Ubase + ∆Us(t), (3.1)

where Ubase ∈ [0, 1] denotes the baseline burden level, ∆U is a scenario-specific burden offset relative to
the inverse threshold B∗, and s(t) is a prescribed synthetic forcing profile.

In the present framework, s(t) is implemented using simple analytic forms (e.g., step, ramp, or smooth
sigmoid transitions) depending on the scenario type. These functions are chosen to represent qualitatively
distinct progression or recovery patterns rather than to reproduce specific patient trajectories.

In the present framework, s(t) is a bounded scenario function satisfying

0 ≤ s(t) ≤ 1, (3.2)

so that the latent forcing remains inside the normalized burden range and can be interpreted relative to
the inverse threshold B∗ defined by (2.6).

The resulting outputs are therefore scenario-dependent numerical timing summaries under explicitly
defined assumptions, not estimates of clinical time-to-event.
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The representative synthetic scenario summary is given in Table 13.

Table 13. Representative synthetic scenario summary.
Scenario representative Mode HVPG

thresh-
old

Profile Latent
crossing
(days)

Visible
crossing
(days)

Gap
(days)

Regime

near-threshold progression progression 12 conservative 24.56 64.67 40.12 2
near-threshold progression progression 12 moderate 26.33 84.75 58.42 2
near-threshold progression progression 12 high separation 29.89 121.43 91.54 2
severe progression progression 20 conservative 24.17 66.95 42.78 2
severe progression progression 20 moderate 25.76 89.82 64.06 2
severe progression progression 20 high separation 28.93 128.77 99.84 2
recovery recovery 12 conservative 25.88 74.80 48.91 2
recovery recovery 12 moderate 28.32 104.99 76.67 2
recovery recovery 12 high separation 33.20 151.78 118.57 2
slow visible normalization recovery 16 conservative 28.17 85.98 57.81 2
slow visible normalization recovery 16 moderate 31.76 127.05 95.29 2
slow visible normalization recovery 16 high separation 38.93 185.02 146.09 2
latent-only crossing probe progression 12 conservative 24.17 62.09 37.92 2
latent-only crossing probe progression 12 moderate 25.76 — — 1
latent-only crossing probe progression 12 high separation 28.93 — — 1
full crossing progression 12 conservative 24.17 61.91 37.74 2
full crossing progression 12 moderate 25.76 79.33 53.58 2
full crossing progression 12 high separation 28.93 113.25 84.32 2

The dynamic outputs show that the delayed layer behaves coherently under the three profile families.
Near-threshold progression and severe progression produced full crossing across all profiles, while the
hidden-to-visible gap widened systematically as the profile moved from conservative to high-separation.

This widening gap reflects the imposed delay structure rather than directly measured biological lag.
The clearest qualitative discriminator is the latent-only probe. Under the conservative profile the

probe still produced full crossing, whereas under the moderate and high-separation profiles it produced
latent threshold crossing without visible threshold crossing inside the simulation horizon.

This result illustrates a possible separation regime between latent burden progression and visible
pressure manifestation, rather than establishing its prevalence in clinical populations.

Recovery and slow visible normalization produced the longest separation windows, especially under
the high-separation profile.

These longer windows should be interpreted as upper-bound illustrative scenarios under slow visible
dynamics, not as expected recovery times in clinical practice.

The same interpretation applies to the delay- and rate-sensitivity surfaces, which summarize how
the separation window responds to changes in the delayed layer rather than measuring clinical duration
itself.

In particular, the sensitivity analyses highlight the dominant role of τ2 and aP in shaping visible
delay, which reflects the structural design of the model rather than independent empirical identification.

4. Discussion and limitations

The present study supports a narrower but stronger claim than earlier versions. The available data
consist of patient-level measurements pooled across individuals and source cohorts rather than repeated
longitudinal measurements from the same patient. This structure is well suited to learning a cross-patient
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burden axis, a burden-to-HVPG translation, and clinically relevant threshold geometry, but it does not
by itself identify within-patient temporal delay kinetics.

Accordingly, the framework should be interpreted as a structured threshold-translation and scenario-
analysis approach rather than as a predictive or mechanistic model of portal hypertension progression.

The empirical and dynamic components should therefore be interpreted in a layered way, with the
data core carrying the burden of learning and threshold translation and the delayed layer carrying only
literature-anchored scenario structure.

First, the learned burden is informative but not biologically balanced in a literal decomposition sense.
Even under the imposed cap of 0.6, LSM remains the dominant contributor, while PLT, ALB, BILI, and
SD play smaller and less stable roles.

This dominance reflects both the statistical strength of LSM in the available datasets and the imposed
regularization constraints, and it limits interpretation of the burden as a fully distributed physiological
construct.

The empirical core should therefore be described as a constrained LSM-led burden rather than as a
fully balanced multimarker partition. This interpretation follows directly from the constrained burden
weights reported earlier in Table 4 and from the weight distribution shown in Figure 1.

The stability of the learned burden axis under resampling has been assessed via bootstrap (Table 4).
The dominant weight wLSM is stable (CI: [0.519, 0.600]), while the four secondary weights have wide
intervals that include zero. The LOSO technique in Table 10 confirms that calibration quality varies
across sources. Together, the bootstrap and near-optimal-family analyses suggest that the ordering
induced by the learned burden axis is stable, with the framework correctly ranking higher-burden patients
near the clinically relevant thresholds, even though the specific weight allocation among secondary
markers is not uniquely identified. Claims about the relative importance of PLT, SD, ALB, and BILI
should therefore be treated with caution.

The correlation structure among the five normalized burden components creates a non-unique
optimization landscape: Multiple weight vectors within the capped-simplex polytope can achieve
similar area under the receiver operating characteristic curve and average precision at the clinically
relevant HVPG thresholds. This is empirically visible in the wide bootstrap intervals for the secondary
weights (Table 4). It implies that the specific numerical values of wPLT, wSD, wALB, and wBILI should
not be read as quantitative estimates of the biological importance of each marker; they represent one
admissible solution to the constrained optimization problem under the available data and the imposed
regularization. The latent burden axis should therefore be presented as a structured threshold-ranking
tool, not as a unique biological decomposition of portal hypertension burden.

Second, the clearest empirical value of the framework lies in threshold interpretation more than in
exact continuous HVPG reconstruction. The threshold analyses are stronger and more clinically aligned
than the continuous-fit results, and the inverse-threshold map provides an interpretable bridge from
burden space to visible HVPG cut points.

In particular, the framework is better suited for classification and discrimination around clinically
meaningful thresholds than for precise estimation of absolute HVPG values and should be positioned
accordingly in clinical interpretation. This interpretation is supported by the inverse threshold geometry
in Table 7, the continuous performance results in Table 8, the threshold discrimination results in Table 9,
and the burden-to-HVPG map shown in Figure 3 together with the cross-endpoint comparison in
Figure 5.
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Figure 7. Representative near-threshold progression. The latent burden crosses the burden
threshold before the visible HVPG-scale trajectory reaches the corresponding pressure thresh-
old, yielding a profile-dependent hidden-to-visible gap.

Third, transportability heterogeneity is a central empirical finding. The LOSO technique (Table 10
and Figure 6) indicates that the pooled burden axis remains informative across sources but is not
source-invariant in calibration quality, most likely because of differences in disease-stage mix, etiology,
measurement protocols, and reference HVPG ranges. Application in a new clinical environment
would therefore require cohort-specific recalibration of the normalization anchors and monotone-map
parameters, and it may benefit from a hierarchical extension. Moreover, LOSO is only an internal
portability audit: The present study does not include a prospectively collected independent external
cohort. Such external validation, ideally spanning different elastography platforms, etiologies, and
disease stages, is required before clinical use can be considered.

Fourth, the literature-anchored delayed layer is useful precisely because it is labeled correctly. It
provides representative delayed scenarios for hidden-to-visible separation, latent-only crossing, and
delayed recovery, while remaining explicit that these outputs are profile-dependent scenario quantities
rather than patient-fitted biological delay estimates.

The simulated time gaps therefore represent internally consistent consequences of the imposed delay
structure and forcing profiles, not direct measurements of clinical delay durations or time-to-event.

With richer longitudinal repeated-measurement data from the same patients, future work could move
toward more direct dynamic calibration and reduce the need for the present separation between empirical
calibration, literature ranges, and scenario-imposed forcing rules.

In the current framework, the most appropriate reading of the dynamic results is therefore as an
auditable scenario module anchored to the empirical threshold structure and summarized in Tables 11–
Table 13, and Figures 7–9.
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Figure 8. Representative latent-only crossing probe. In the moderate and high-separation pro-
files, latent threshold crossing occurs without visible threshold crossing inside the simulation
horizon.

Regarding the latent burden module: The 160-row dataset is sufficient to demonstrate that constrained
weight learning improves over equal weighting in threshold discrimination, but it is too small and
heterogeneous to yield a stable unique weight vector with narrow bootstrap intervals. The dominant
role of LSM (wLSM = 0.6, at the imposed cap) reflects both its statistical dominance in the available data
and the regularization design, not necessarily a biologically universal decomposition.

For the delay-scenario module: Because the dynamic layer is not calibrated from patient-specific
longitudinal trajectories, dataset limitations do not directly affect the structural correctness of the delay
differential equation well-posedness and invariance results (Theorem 2.1, Propositions 2.4 and 2.5).
However, the literature-anchored parameter ranges for τ1, τ2, aX, aP are drawn from small short-term
monitoring studies (Tables 11 and 12), and the scenario outputs should accordingly be interpreted as
internally consistent illustrative ranges rather than patient-validated timing estimates.

Additional data-handling considerations also apply. The dataset has been constructed by pooling
supplementary cohorts, retaining HVPG-positive complete-case rows, and applying fixed normalization
anchors prior to burden learning. While this multi-stage approach improves transparency and repro-
ducibility, it may introduce selection bias and limits direct comparability across heterogeneous cohorts.

Transportability limitations further indicate that the framework should not be applied across clinical
environments without recalibration. Similarly, the spleen-stiffness subset remains exploratory due to its
limited size and should not redefine the main empirical conclusions.

Despite these limitations, the framework provides a transparent and modular structure for linking het-
erogeneous non-invasive markers to clinically meaningful HVPG thresholds, while offering a controlled
environment for exploring latent-to-visible separation under explicitly defined assumptions.
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Figure 9. Representative recovery. The latent burden decreases earlier than the visible pressure
state normalizes, illustrating delayed visible recovery rather than immediate hemodynamic
reversal.

5. Conclusions

The present work supports a data-anchored and methodologically disciplined framework for portal
hypertension modeling. The data-based empirical core learns a constrained burden, improves on equal
weights, and maps that burden to clinically meaningful HVPG thresholds, while also revealing that
cross-source transport remains informative but heterogeneous rather than invariant.

Within this empirical layer, the principal contribution is the construction of a unified latent burden
axis and its translation into clinically interpretable threshold geometry, rather than precise continuous
prediction of HVPG.

The delayed layer is retained in a clearly limited but useful role: a literature-anchored scenario
module that has been solved numerically and has been driven by representative synthetic forcing
profiles. It is explicitly not calibrated to patient-level longitudinal data and should be interpreted as a
scenario-based exploration of latent-to-visible separation rather than a predictive timing model.

Within that role, it generates near-threshold progression, severe progression, recovery, slow visible
normalization, latent-only crossing, and full crossing in a way that is interpretable and internally
consistent. These scenarios provide a structured illustration of how delays and relaxation rates can shape
observable dynamics without asserting direct correspondence to individual patient trajectories.

Better longitudinal repeated-measurement data from the same patients could support more direct
dynamic calibration in future work, but the present study already provides a transparent burden-to-HVPG
bridge together with a cautious hidden-to-visible timing framework.
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Overall, the framework offers a modular and auditable approach for integrating heterogeneous nonin-
vasive markers into a common threshold-oriented representation while maintaining clear boundaries
between empirical calibration, literature-anchored assumptions, and scenario-based interpretation.
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