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Abstract: Dengue remains a public health challenge due to the persistence of Aedes aegypti popula-
tions and the limited effectiveness of medical and vector control interventions. The release of Wol-
bachia-infected mosquitoes has been used in multiple regions; yet, release protocols are often heuris-
tically structured, with limited optimization. In particular, the impacts of mosquito sex structure and
strain-specific effects remain unclear. This study develops a sex-structured dynamical model that links
within-vector Wolbachia dynamics, such as cytoplasmic incompatibility and vertical transmission, with
between-host dengue transmission. An optimal control framework is used to determine cost-effective
releases of male and female mosquitoes over a finite intervention horizon, with mosquito dispersal
on a finite time interval. The cost effectiveness of a release program relies on minimizing releases
and dengue cases. The approach is applied to three Wolbachia strains, wAlbB, wMel, and wMelPop,
to assess how strain-specific fitness and viral blocking influence optimal release plans. The analysis
identified sex-structured strategies that diverge from in-field protocols, supporting the notion that com-
monly used plans may benefit from optimization by sex. Additionally, differences were noted among
strains, which suggests that optimal sex-structured releases may vary with Wolbachia strain used.
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1. Introduction

Dengue is a vector-borne viral disease, primarily transmitted by the Aedes aegypti mosquito, with
transmission disproportionately affecting regions of high population density and limited socioeconomic
resources [1–5]. Over recent decades, the dengue incidence has substantially increased across endemic
and emerging regions, driven, in part, by expanding climatic suitability for mosquito vectors, urban-
ization, and global mobility [1,4,5]. Originally native to sub-Saharan Africa, Aedes aegypti has spread
throughout much of the Americas and other tropical regions, where it has become the dominant vector
for dengue and other arboviruses, including yellow fever and chikungunya [3,6–8]. Its close association
with human habitats and its efficiency in urban environments make humans the primary blood-meal
source sustaining transmission [8, 9]. Classical dengue control strategies have focused on chemical
insecticides and source reduction through the elimination of larval habitats [10]. Although dengue
vaccines have become available, their population-level impact remains limited, as vaccine efficacy is
partial and varies by serotype and host immune status [11, 12]. These limitations are compounded by
the intrinsic heterogeneity of dengue, which consists of four antigenically distinct serotypes, compli-
cating immunity and long-term control efforts [12,13]. As a result, contemporary dengue management
strategies have increasingly focused toward interventions that directly target mosquito populations.
Despite these efforts, Aedes aegypti persist especially in warmer regions that permit year-round re-
production, with persistence pronounced in low-income countries where sustained vector control is
difficult to maintain [4, 5].

Motivated by these challenges, biological vector control strategies based on Wolbachia-infection of
mosquito populations have received a growing attention. Wolbachia is a maternally inherited endosym-
biotic bacterium that infects a wide range of arthropods and can establish stably within mosquito popu-
lations [14]. In Aedes aegypti, Wolbachia pipientis has been shown to reduce the viral replication within
mosquitoes, thereby lowering the transmission potential for dengue and other RNA viruses [15,16]. In
addition, Wolbachia infection induces cytoplasmic incompatibility, consequently altering mosquito re-
productive dynamics such that offspring viability depends on the infection status of mating pairs [17].
Empirical evidence indicates that the strength of incompatibility varies across Wolbachia strains and
environmental conditions [4, 18–21]. Large scale field implementations have been initiated by orga-
nizations such as the World Mosquito Program in regions of Latin America, Oceania, and Asia [4].
However, release strategies are frequently heuristically designed, and the systematic optimization of
release protocols remains limited. Current field practices often rely on single sex releases or sim-
plistic mixed sex-ratios [22]. In particular, differences in the effects of Wolbachia infection across
male and female mosquitoes suggest that such release practices may be sub-optimal for wild mosquito
populations of varying composition. While these releases can produce successful results, they may
require prolonged release schedules or greater quantities of mosquitoes, thus increasing intervention
costs. Sex-optimized releases can leverage the sex-driven distinctions between Wolbachia-infected
mosquitoes, thereby minimizing costs and promoting an increased accessibility of interventions. More-
over, release outcomes strongly depend on the Wolbachia strain choice, as egg viability, fitness costs,
and viral blocking efficacy vary substantially across strains [18–21, 23]. Among the most commonly
used strains are wMelPop, wMel, and wAlbB, which differ markedly in these biological characteristics.

This work addresses these gaps by introducing a sex-structured dynamical system that integrates
the dynamics of the Wolbachia population with dengue transmission between-hosts. An associated
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optimal control problem is formulated in which the control variables represent the proportion of maxi-
mal release rates of male and female Aedes aegypti mosquitoes. The objective functional balances the
intervention costs with the cumulative human infection over a finite intervention horizon, thus ensur-
ing that Wolbachia-infected mosquitoes are released on a fixed, finite time interval. The framework is
applied to the wAlbB, wMel, and wMelPop strains to assess how strain-specific biological differences
influence optimal release strategies. The proposed framework allows for the analysis of sex-structured
release strategies and their cost-effectiveness.

2. Sex-structured Wolbachia-dengue transmission model formulation

Mathematical models for Wolbachia-based mosquito release strategies have incorporated a variety
of biological and ecological features of Aedes aegypti, including seasonally varying birth functions [24]
and sex-structured population dynamics [25]. While these approaches have provided valuable insights
into Wolbachia establishment and persistence, further development is needed to quantify how Wol-
bachia affects the pathogen transmission when vector sex is explicitly accounted for. This distinction
is particularly relevant for dengue, as transmission is primarily driven by female mosquitoes, while
reproductive interactions between male and female mosquitoes govern the inheritance and spread of
Wolbachia within vector populations, as summarized in Table 1.

Table 1. Offspring viability outcomes of Wolbachia and wild mosquito reproduction.

Gender Non-infected male Wolbachia-infected male
Non-infected female Non-infected offspring Deceased offspring
Wolbachia-infected female Infected offspring Infected offspring

Figure 1. Flow diagram of the sex-structured Wolbachia-Dengue transmission model, which
shows five distinct compartments for mosquitoes based upon sex, dengue presence (red com-
partments), and Wolbachia-infection (green compartments), as well as a human population
(orange compartments) composed of dengue-infected and dengue-susceptible individuals.
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To capture these mechanisms, a sex-structured model is formulated to describe the coupled dynam-
ics of mosquito populations and dengue transmission in humans under Wolbachia intervention. The
model builds upon the bi-dimensional Wolbachia framework proposed by Vicencio, Vasilieva, and Ga-
jardo [26], extending it to incorporate dengue transmission through an explicit human component. The
mosquito population is divided into wild, non-Wolbachia-infected males and females, denoted by (NM)
and (NF), respectively, and Wolbachia-infected males and females, denoted by (WM) and (WF). As the
proportion of Wolbachia-infected mosquitoes increases through vertical transmission and cytoplasmic
incompatibility, the pool of vectors capable of transmitting dengue is reduced, which is consistent
with intervention outcomes [27]. In order to quantify the epidemiological consequences of mosquito
population changes, a human population is incorporated into the model. The human population is
divided in two compartments: susceptible (S ) or infected (I). The total population, denoted as H, is
assumed to be constant and given by H = S + I. This coupling allows for the direct assessment of how
Wolbachia-infected mosquito releases influence human dengue prevalence, which cannot be evaluated
using mosquito-only models. The flow diagram of the mathematical model is shown in Figure 1, which
illustrates the interactions between mosquito subpopulations and human disease states.

Within this framework, several biological assumptions are adopted to maintain tractability while
preserving key transmission mechanisms. Human dengue infection is represented using two epidemi-
ological classes, susceptible and infected, without a recovered (immune) class. Although infection
with a given dengue serotype can confer long-term immunity to that serotype, it is possible to be-
come infected from a different strain, thus leaving short-term immunity [28]. Accordingly, recovery
is not assumed to confer permanent immunity at the population level, meaning that individuals who
recover from the infected class (I) immediately move to the susceptible class (S ). The model further
assumes homogeneous mixing between humans and mosquitoes and treats all dengue serotypes equiv-
alently. Only wild, non-Wolbachia-infected female mosquitoes are capable of transmitting dengue,
while Wolbachia-infected mosquitoes are assumed to completely block transmission. Though liter-
ature suggests that this incompatibility can be imperfect, we assume perfect incompatibility because
accurately identifying parameters characterizing such variability was infeasible for the problem formu-
lation. Additionally, an assumption of complete incompatibility distinguishes the distinct biological
roles of Wolbachia-infected male and female mosquitoes, thus leading to the identification of optimal
release strategies primarily influenced by the sex of mosquitoes released. Under these assumptions, the
governing system of equations is as follows:

dNFI

dt
= µN NFS I − αN NFI − βN NFIP,

dNFS

dt
= ρN f (NFI + NFS )

(
NM

WM + NM

)
− αN NFS − βN NFS P − µN NFS I,

dNM

dt
= ρN(1 − f )(NFI + NFS )

(
NM

WM + NM

)
− αN NM − βN NMP,

dWF

dt
= ρWqWF − αWWF − βWWF P,

dWM

dt
= ρW(1 − q)WF − αWWM − βWWMP,

dI
dt
= µH(H − I)NFI − αHI,

(2.1)
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with initial conditions NFI (0) ≥ 0, NFS (0) ≥ 0, NM (0) ≥ 0, WF (0) ≥ 0, WM (0) ≥ 0, and I (0) ≥ 0. The
entire mosquito population is P = NFS + NFI + NM +WM +WF . While Wolbachia-infected mosquito
subcategories remain split only by sex (WM and WF), wild Wolbachia-free females are split into two
compartments, wild susceptible mosquitoes (NFS ) and infected with dengue (NFI), thus reflecting the
role of female mosquitoes as the primary vectors of transmission. Wild males are aggregated in a
single compartment (NM), as they do not take blood meals and therefore do not directly contribute to
dengue transmission [29]. No vertical or horizontal transmission of dengue is assumed to occur within
the mosquito population.

Distinct demographic parameters are assigned to wild and Wolbachia-infected mosquitoes to cap-
ture potential fitness differences. Natural birth rates (ρN , ρW) and natural death rates (αN , αW) are in-
cluded for each. Female birth proportions ( f , q) are separately specified for each population. Density-
dependent competition terms (βN , βW) account for resource limitations during immature developmental
stages, such as access to water and suitable habitats. In Table 2, the model parameters and their de-
scriptions are presented.

The wild and Wolbachia-infected mosquito populations are given by the following:

N(t) = NF(t) + NM(t) and W(t) = WF(t) +WM(t), (2.2)

with average lifespans of αN
−1 and αW

−1 for wild and Wolbachia-infected mosquitoes, respectively.
The term NM/(NM +WM) denotes the probability that mating occurs between two wild (uninfected)
mosquitoes. We assume WM + NM > 0, so that the mating probability term is well-defined. To ensure
biological feasibility and non-trivial populations dynamics, it is assumed that ρN > αN and ρW > αW .
Additionally, to reflect strain-dependent fitness costs associated with Wolbachia infection, the model
assumes ρW ≤ ρN and αW ≥ αN , as shown in Table 3.

Dengue transmission between mosquitoes and humans is governed by three epidemiological param-
eters: the human-to-mosquito transmission rate (µN), the mosquito-to-human transmission rate (µH)
and the recovery rate in humans (αH). Parameter values are informed by data from Cali, Colombia,
a location experiencing sustained circulation of all four serotypes and active Wolbachia-based release
programs [30]. While parameter estimation based on a specific locality introduces certain limitations,
Aedes aegypti populations exhibit similar ecological and epidemiological characteristics across sub-
tropical regions, thus supporting broader qualitative interpretations of results. Prior to the analysis, the
system (2.1) is proven to be biologically well-posed.

Lemma 2.1. The sex-structured Wolbachia-dengue transmission model, (2.1), is well-posed. Conse-
quently, the set

χ :=
{
(NFI ,NFS ,NM,WF ,WM, I) ∈ R6

+ : 0 ≤ NFS ,NFI ,NM,WF ,WM, I ≤ K̃
}

acts as an absorbing set of trajectories and is invariant, where

K̃ := max
{
ÑFS , ÑFI , ÑM, W̃F , W̃M, Ĩ

}
,

and ÑFS , ÑFI , ÑM, W̃F , W̃M, and Ĩ represent the finite carrying capacities of each subpopulation.

The proof is provided in Appendix A.
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Table 2. Description of sex-structured Wolbachia-dengue transmission model parameters.

Parameter Description Units Value Reference
ρN Per capita fecundity rate

of uninfected insects
time−1 4.55 [31, 32]

ρW (wMelPop) Per capita fecundity rate
of infected insects

time−1 0.5 × ρN = 2.27 [33–35]

ρW (wMel) Per capita fecundity rate
of infected insects

time−1 0.9 × ρN = 4.095 [36]

ρW (wAlbB) Per capita fecundity rate
of infected insects

time−1 0.85 × ρN = 3.8675 [36]

αN Per capita mortality rate
of uninfected insects

time−1 0.03333 [31, 32]

αW (wMelPop) Per capita mortality rate
of infected insects

time−1 2 × αN = 0.06666 [33–35]

αW (wMel) Per capita mortality rate
of infected insects

time−1 1.1 × αN = 0.03666 [36]

αW (wAlbB) Per capita mortality rate
of infected insects

time−1 αN [36]

βN Competition of unin-
fected insects

(mosquito × time)−1 2.61 × 10−3 [26]

βW Competition of infected
insects

(mosquito × time)−1 3.13 × 10−3 [37, 38]

f Female birth proportion
(uninfected)

scalar 0.5 [39]

q Female birth proportion
(infected)

scalar 0.5556 [40, 41]

µN Human→mosquito trans-
mission rate

(time × human)−1 0.0004762 [42]

µH Mosquito→human trans-
mission rate

(time × mosquito)−1 0.001427 [42]

αH Per capita dengue recov-
ery rate in humans

time−1 0.1 [42]

Table 3. wMelPop, wMel and wAlbB strain parameter relationships.

Strain Fecundity rate (ρW) Mortality rate (αW) References
wMelPop 0.5 × ρN 2 × αN [33–35]
wMel 0.9 × ρN 1.1 × αN [36]
wAlbB 0.85 × ρN ≈ αN [36]

To incorporate strain-specific effects of Wolbachia infection, three commonly deployed strains are
considered: wMelPop, wMel, and wAlbB. These strains primarily differ in their impacts on mosquito
fecundity and mortality, thereby reflecting strain-dependent fitness costs [43]. In Table 3, the corre-
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sponding parameter values are shown.
Among the three strains, wAlbB is associated with minimal increases in mosquito mortality and

primarily affects fitness through sensitivity to temperature [18]. In contrast, wMelPop induces substan-
tial fitness costs, including increased mortality, while wMel exhibits intermediate effects and is often
associated with higher overall survival relative to wMelPop [20, 21]. These strain-dependent tradeoffs
influence establishment success and intervention outcomes and are typically evaluated in relation to
the local environmental conditions and viral suppression efficacy [19, 23]. Due to the infeasibility of
identifying parameters that accurately capture the relationship between dengue suppression efficacy
and strain for the present formulation, all three strains are assumed to equally suppress dengue trans-
mission and to experience the same level of density-dependent competition, which is represented by
a common competition parameter (βW). The wMelPop strain is used as our baseline reference for this
parameter.

3. Mathematical analysis

3.1. Basic reproduction number

The basic reproduction number, R0, characterizes the ability of dengue to invade and persist in a
population through the human–mosquito transmission cycle. In the proposed model, dengue transmis-
sion is exclusively mediated by wild, Wolbachia-free female mosquitoes, while Wolbachia-infected
mosquitoes are assumed to be incompetent vectors. Consequently, R0 depends on the equilibrium
structure of the mosquito population and, in particular, on the availability of wild female mosquitoes.

Definition 3.1 (Basic reproduction number for dengue under Wolbachia-mediated vector structure).
The basic reproduction number, R0, is the expected number of secondary dengue infections generated
by a single infected individual introduced into a fully susceptible host population, conditional on the
mosquito population being at a given demographic equilibrium:

R0 = (QN − 1)
HαNµHµN

αHβNρN
.

Remark. R0 quantifies the transmission potential of dengue through the wild female mosquito popula-
tion and decreases as Wolbachia reduces the availability of competent vectors. The basic reproduction
number accounts for both stages of transmission (host to vector and vector to host). The calculation of
R0 is completed at the equilibrium of dengue-free, wild mosquito domination (EN), which is described
in Theorem 3.1. The explicit calculation of R0 is discussed in Appendix A.

The quantity

QN =
fρN

αN
(3.1)

represents the net reproductive threshold of wild female mosquitoes and plays a central role in de-
termining whether dengue can persist. In particular, dengue transmission requires not only efficient
human–vector contact but also sufficient demographic persistence of the wild mosquito population.
This expression highlights the explicit coupling between the vector population structure and epidemi-
ological dynamics.
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To assess the influence of the model parameters on the dengue transmission potential, a local sensi-
tivity analysis over R0 is performed. For a parameter p, the sensitivity index

Υp :=
p

R0
·
∂R0

∂p
(3.2)

quantifies the relative change in R0 induced by a relative change in p, evaluated at the wild-mosquito,
dengue-free equilibrium.

Table 4. Normalized sensitivity indices of R0 related to QN .

Parameter (p) Sensitivity index Υp

H 1
µH 1
µN 1
αH −1
βN −1

f
QN

QN − 1

ρN
1

QN − 1

αN −
1

QN − 1

Figure 2. Bar plot of the normalized local sensitivity indices of R0, evaluated at the baseline
parameter values shown in Table 2.

Importantly, although Wolbachia-related parameters do not explicitly appear in R0, their effects are
indirect but structural: Wolbachia reduces the wild female mosquito population, thereby diminishing
the pool of competent vectors. The resulting sensitivity indices, summarized in Table 4 and Figure 2,
reveal that dengue invasion is most strongly promoted by increases in mosquito-to-human and human-
to-mosquito transmission rates, as well as by increases in the net reproductive output of wild female
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mosquitoes. Conversely, increased mosquito mortality and reduced human infectious periods substan-
tially decrease R0.

3.2. Equilibria analysis

This section analyzes the equilibrium structure of the sex-structured Wolbachia-dengue transmis-
sion model (2.1). The system admits five biological equilibria: three are dengue-free and two are
dengue-present equilibria. The equilibria are represented in form as E = (N∗FI ,N

∗
FS ,N

∗
M,W

∗
F ,W

∗
M, I

∗).

Theorem 3.1. Assuming QN > 1, QW > 1, and q, f ∈ (0, 1), System (2.1) admits five distinct equilibria:

1) A wild mosquito dominated, dengue free equilibrium EN;
2) A Wolbachia-dominated, dengue free equilibrium EW ;

3) A coexistence, dengue free equilibrium, EC, provided C >
QN − 1
QW − 1

& C >
(1 − f )QN + ( f + q)

(QW − 1)(q − f )
when q > f ;

4) A wild dominated, dengue endemic equilibrium EDN if R0 >
QN − 1
ρN − 1

& µH f > 4QNβNαH;

5) A coexistence, dengue endemic equilibrium EDW when αW < 1 & βN > βW , C >
QN − 1
QW − 1

& C >

(1 − f )QN + 1
QW − 1

when q > f . Moreover, R0 >
ν1 + ν2

ν0
, where

ν0 = QW(αW + q)
αN

f
QN

QN − 1
, ν1 = (1 − f )

βW

αW

QN

αH
− q(1 − q)

βN

αN

QN

f
, ν2 = (q − f )

(
βN

αN
+
βW

αW

)
.

They are defined by the following:

EN =

(
0, f (QN − 1)

αN

βN
, (1 − f )(QN − 1)

αN

βN
, 0, 0, 0

)
,

EW =

(
0, 0, 0, q(QW − 1)

αW

βW
, (1 − q)(QW − 1)

αW

βW
, 0

)
,

EC =

(
0,
αW f φ̄1

φ̄2
,
αW(1 − f )φ̄1

φ̄2
,
αWqφ̄3

φ̄2
,
αW(1 − q)φ̄3

φ̄2
, 0

)
,

EDN =


f
(
1 −
ρN − 1
QN − 1

R0

)
βnµH(HµN + fρn)

, φ̄4 fρN , (1 − q)(QW − 1)
αW

βW
, 0, 0,

f
(
1 −
ρN − 1
QN − 1

R0

)
µHρN f 2 − αNµH f + αHβN

 ,
EDW =

(
φ̄6

µHφ̄13φ̄11
,
φ̄12φ̄5

βWµHφ̄13φ̄11
, φ̄9, φ̄8, φ̄7,

φ̄6

µNφ̄5

)
.

where

φ̄1 = (C(QW − 1) + 1)(QW − 1)(1 − q),
φ̄2 = C(QW − 1)( f − q) + (1 − f )QN + ( f + q),
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φ̄3 = (C(QW − 1) − (QN − 1))(QW − 1)(1 − f ),

φ̄4 =
µhρN f 2 − αNµH f + αHβN

βNµH
(
HµN + fρN

) ,

φ̄5 = (1 − q)µHρWq fαWβN

[
1

QW

(
1
αw
− 1

)
+

QN

f
+
βW

αW

αH

µH
+
βW

αW

αN

βN
+
βW

βN

]
+ αHαNβ

2
W

[
(q − f )

(
1 −
βN

βW

)
+ (1 − f )QN

]
,

φ̄6 = φ̄12αWαNαH

(
R0

QN QW

QN − 1
αN(αW + q)

f
− QN

(
βW

αW

1
αH

(1 − f ) −
βN

αN

1
f

q(1 − q)
)
− (q − f )

(
βN

αN
+
βW

αW

))
,

φ̄7 =
(QW − 1)(1 − f )(1 − q)φ̄10

βW φ̄11
,

φ̄8 =
q(QW − 1)(1 − f )φ̄10

βW φ̄11
,

φ̄9 =
(αW − qρW)(1 − f )(1 − q)φ̄12

βW φ̄11
,

φ̄10 = αWβN [C(QW − 1) − (QN − 1)] ,

φ̄11 = αWβN (q − f )
[
QW +

1
C

(1 − QN(1 − f )) − 1
]
,

φ̄12 = 1 −
(

1
C
+ QW

)
,

φ̄13 =
1
C

(
1 +
µN

αN
H

)
+ QW − 1.

First, we discuss the analysis of the dengue-free equilibria EN , EW , and EC. Feasibility of EN requires
QN > 1. Let us recall that QN represents the demographic reproduction threshold for wild female
mosquitoes. Similarly,

QW := qρW/αW

governs feasibility of the Wolbachia equilibrium EW . These thresholds reflect purely vector-
demographic conditions: QN > 1 ensures persistence of wild mosquitoes, while QW > 1 ensures
self-sustainability of Wolbachia-infected mosquitoes. Notably, dengue elimination does not require
Wolbachia establishment; the system may converge to EN if wild mosquitoes dominate. However, such
a state remains epidemiologically fragile, as persistence of competent wild vectors permits reinvasion
of dengue.

In contrast, convergence to EW eliminates all competent vectors and structurally prevents dengue
transmission under the assumption of perfect cytoplasmic incompatibility. The coexistence equilib-
rium (EC) represents a balance between wild and Wolbachia-infected subpopulations and acts as a
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separatrix between attraction regions. Feasibility of EC relies on satisfying inequalities for the quan-

tity C :=
αWβN

αNβW
, which encodes the competition balance among populations. EC may exist when the

competition balance among wild and Wolbachia populations appropriately exceeds the replacement
balance between populations under specific female birth ratios. The attainability of each equilibrium
depends on the local stability, which is determined by the interaction between demographic thresholds
and inter-specific competition parameters. Consequently, the long-term system behavior reduces to
competitive exclusion: asymptotic dominance by either wild or Wolbachia-Infected mosquitoes.

Proposition 3.1. The wild-mosquito equilibrium EN is locally asymptotically stable if
QN − 1 > C(QW − 1), while the Wolbachia-dominated equilibrium EW is locally asymptotically
stable if QW > 1.

This result is proven in detail in Appendix A.
The threshold QW > 1 ensures that Wolbachia-infected mosquitoes are demographically self-

sustaining. When QW < 1, Wolbachia cannot persist, and the system converges to the wild-mosquito
equilibrium EN . When QW > 1, the persistence of Wolbachia becomes possible, but dominance over
the wild population depends on the competition balance encoded in C. The inequality

QN − 1 < C(QW − 1)

characterizes when wild mosquitoes outcompete Wolbachia-infected mosquitoes. Conversely, viola-
tion of this condition leads to Wolbachia-infected dominance. Thus, the system exhibits a competitive
exclusion structure: asymptotic dynamics are governed by demographic reproduction thresholds and
interspecific competition, thus leading to eventual dominance by one subpopulation. Note that the
inequality that ensures stability of EN is exactly the same as seen in the feasibility conditions for EC.
When EC exists, EN must be locally asymptotically stable.

However, persistent coexistence with and without dengue is restricted to a narrow parameter regime
and is structurally unstable under biologically reasonable conditions. Due to the complexity of the
analytical solution of thresholds for EC and EDW , the local stability was gauged via numerical methods.
Intuitively, from a biological perspective, when considering the inheritive dominance of Wolbachia
[16], it is unlikely that either would be stable.

As demonstrated in Figure 3, each basin of attraction plot shows convergence to two of the non-
coexistence equilibria (EDN and EW) and confirms the instability of either of the coexistence fixed
points, EC and EDW . When no dengue is present or is insufficiently spread, the region occupied by EDN

is effectively EN . There exists no region for a coexistence equilibrium for any strain choice, provided it
would be stable for some choice of parameters, that is, there is no stable coexistence equilibrium that
is attainable under reasonable, biological choices of parameters, only asymptotic domination by one
sub-population.

We finish the section with a discussion of EDN and EDW . Feasibility of EDN requires that

R0 >
QN − 1
ρN − 1

and µH f > 4QNβNαH.

In the inequality, µH f measures the effective contribution of wild female mosquitoes to dengue trans-
mission from mosquitoes to humans. Additionally, 4QNβNαH could be understood as the combined
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effects of human recovery and density-dependent competition among uninfected mosquitoes. This ex-
pression says that mosquito-to-human transmission must be strong enough to overcome both human
recovery and density-dependent limitation in the wild mosquito population. This means that dengue
can only persist when transmission from mosquitoes to humans is sufficiently strong relative to the loss
of infection through human recovery and regulation of the wild mosquito population by competition.
Effectively, the human population must maintain their status as a reservoir of the disease. This is inti-
mately related to the inequality involving R0, suggesting that not only must dengue spread efficiently
among human hosts, but also must transfer between the host and vector populations enough to support
this spread. The associated stability analysis for EDN is not tractable.

A B

C

Figure 3. Basin of attraction plots for mosquito population equilibria convergence dynamics
for wMelPop (A), wMel (B), and wAlbB (C) strains with starting male and female wild
mosquito populations of 1000, as well as 100 dengue-infected humans and mosquitoes.
On the horizontal axis is the ratio of male Wolbachia-infected mosquitoes to male wild
mosquitoes, whereas the vertical axis represents an identical ratio for female mosquitoes.
In each plot, the red area displays convergence to a wild and dengue-free equilibrium, EW ,
the blue area represents convergence to a Wolbachia and dengue-free equilibrium, EN , the
black area to a wild dominated, dengue endemic equilibrium, EDN , the magenta area to a co-
existence, dengue free equilibrium, EC, and the green area to a coexistence, dengue endemic
equilibrium, EDW .
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Alternatively, EDW is feasible under similar conditions as EC. While both need q > f and

C >
QN − 1
QW − 1

, EC requires that

C >
(1 − f )QN + ( f + q)

(QW − 1)(q − f )

while EDW needs

C >
(1 − f )QN + 1

QW − 1
.

Ultimately, Wolbachia and wild mosquito coexistence requires an appropriate competition balance
guaranteed by C > (QN − 1)/(QW − 1). However, what determines the persistence of dengue is dictated
by the remaining two thresholds stated above, as well as the condition that R0 > (ν1 + ν2)/ν0. This
section concludes with a summarization of the equilibria in Table 5.

Table 5. Summary table of subpopulations present in the five equilibria of the sex-structured
Wolbachia-dengue transmission model, (2.1).

Equilibria Wild mosquito Wolbachia mosquito Dengue infection
EN Yes No No
EW No Yes No
EC Yes Yes No
EDN Yes No Yes
EDW Yes Yes Yes

3.3. Numerical simulations of the sex-structured Wolbachia-dengue transmission model

In this subsection, we provide numerical simulations of the sex-structured Wolbachia-dengue trans-
mission model (2.1) under varying initial conditions of the subpopulations. Figure 4 demonstrates
the two main cases when no Wolbachia-infected mosquitoes are present and when such mosquitoes
are introduced to the system. For the case of a nonexistent Wolbachia-infected population, we con-
sider that there exist both dengue-infected humans and mosquitoes. However, the same qualitative
behavior holds true regardless of whether only one of the dengue-infected subpopulations is present to
begin with. All subpopulations approach an equilibrium where dengue remains endemic, with dengue-
infected mosquito and human subpopulations remaining significantly lower than uninfected popula-
tions, thus corroborating the estimates of [42]. Alternatively, when Wolbachia-infected mosquitoes
are introduced to the system, the qualitative behavior of the dynamics dramatically changes. In this
instance, Wolbachia-infected populations can overtake wild mosquito populations, thus leading to the
eradication of dengue. However, the level and specifications of introduction of Wolbachia-infected
mosquitoes play a large role in dictating the long term dynamics of the system. Sex-release ratios,
Wolbachia strain, and quantity of release ultimately determine whether Wolbachia overtake will occur.

Figure 5 describes the dynamics for approaching the two equilibrium points, EDN and EW , when
accounting for Wolbachia presence in mosquito populations (under the 3 different Wolbachia strains).
Regardless of the inheritive advantage Wolbachia has when Wolbachia-infected females reproduce, the
plots of EDN illustrate that too low of Wolbachia introduction can lead to the persistence of only wild
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mosquitoes (and therefore also disease). This is of great importance for constructing release programs.
Although economic feasibility of releases is crucial, over-minimizing the number of mosquitoes re-
leased can make the intervention virtually ineffective. Alternatively, for the plots demonstrating EW ,
Wolbachia mosquito overtake and persistence can be achieved when a sufficiently large amount of Wol-
bachia-infected mosquitoes are released. Even though a significant portion of the mosquitoes released
initially die, with a sizable enough amount released, they can outlast the remaining wild mosquitoes,
eventually driving down disease transmission.

Figure 4. Dynamics of the sex-structured Wolbachia-dengue transmission model, (2.1),
without and with (left to right) Wolbachia-infected mosquitoes. Dengue-infected wild female
mosquitoes, NFI (dark blue), non-dengue infected wild female mosquitoes, NFS (black), wild
male mosquitoes, NM (red), Wolbachia-infected female mosquitoes, WF (green), Wolbachia-
infected male mosquitoes, WM (magenta), and dengue-infected humans, I (turquoise).

As can be seen from the plots of Figure 5, what defines a “sufficiently large” introduction of Wol-
bachia-infected mosquitoes varies depending on the strain. This is understood by the basin of attraction
plots of Figure 3, that is, when the introduction of Wolbachia mosquitoes satisfies a large enough ratio
of male Wolbachia-infected mosquitoes to male wild mosquitoes (and likewise with females), then
convergence to a Wolbachia dominant equilibrium (EW) is guaranteed. These required ratios are de-
pendent on the initial population sizes of wild mosquitoes. From Figure 3 , which represents the basins
of attraction matched to the plots of Figure 5, to achieve convergence to this equilibrium, wMelPop
requires the largest amount of mosquitoes, followed by wAlbB, and then wMel. For a symmetric
sex release, wMelPop dominance is reliant on an introduction where both of the sexes of Wolbachia-
infected mosquitoes exceed double the number of same sex wild mosquitoes. Alternatively, wMel and
wAlbB can overtake the wild population with a female-only introduction of approximately 35% and
50% of the wild female population, respectively. Biologically, due to the high mortality and low fe-
cundity induced by wMelPop, substantially more mosquitoes must be released to ensure Wolbachia
establishment when compared to either wMel or wAlbB. A similar analysis of required introduction
amounts can be completed for initial populations of varying size, but the ultimate determinant of the
success of Wolbachia-introduction rests on attaining these necessary sex-structured ratios for a given
wild population.
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A

B

C

Figure 5. Dynamics of wMelPop (A), wMel (B), and wAlbB (C) strains reaching EDN (left)
and EW (right). Dengue-infected wild female mosquitoes, NFI (dark blue), non-dengue in-
fected wild female mosquitoes, NFS (black), wild male mosquitoes, NM (red), Wolbachia-
infected female mosquitoes, WF (green), Wolbachia-infected male mosquitoes, WM (ma-
genta), and dengue-infected humans, I (turquoise).

4. Formulation of the optimal control problem

4.1. Optimal control formulation

Effective Aedes aegypti release programs must balance reductions in human dengue infection with
the logistical and economic costs associated with mosquito deployment. Although the long term cost of
dengue infection substantially exceeds the per-unit cost of mosquito releases [44], the scale of release
programs often represents a primary barrier to implementation, especially in resource-limited settings.
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These considerations motivate the formulation of an optimal control problem to identify cost-effective
release strategies for Wolbachia-infected mosquitoes [4].

In this section, an optimal control framework is introduced to investigate sex-structured mosquito
release strategies. Existing release programs typically employ fixed male-female ratios, implicitly as-
suming that static release compositions are sufficient. The present formulation relaxes this assumption
by allowing release proportions to dynamically vary over the course of the intervention, thereby en-
abling the identification of time-dependent, sex-specific strategies that minimize both the epidemiolog-
ical burden and the intervention effort. Such continuous control strategies are intended to approximate
in-field release protocols that are often discretely completed.

Our optimal control problem is stated on a fixed, finite time interval, [0,T ], representing the dura-
tion of the release program. Maximum feasible release rates for Wolbachia-infected male and female
mosquitoes are denoted by LM and LF , respectively. The control variables u (t) = [u1(t), u2(t)] represent
the proportions of these maximum release rates deployed at time t. Incorporating these controls into
System (2.1) yields the controlled Wolbachia-dengue transmission model by (4.1), subject to nonneg-
ative initial conditions for all state variables. Then System (2.1) becomes the following:

dNFS

dt
= ρN f (NFI + NFS )

(
NM

WM + NM

)
− αN NFS − βN NFS P − µN NFS I,

dNFI

dt
= µN NFS I − αN NFI − βN NFIP,

dNM

dt
= ρN(1 − f )(NFI + NFS )

(
NM

WM + NM

)
− αN NM − βN NMP,

dWF

dt
= ρWqWF − αWWF − βWWF P + u1LF ,

dWM

dt
= ρW(1 − q)WF − αWWM − βWWMP + u2LM,

dI
dt
= µH(H − I)NFI − αHI,

(4.1)

such that NFS (0) ≥ 0, NFI (0) ≥ 0, NM (0) ≥ 0, WF (0) ≥ 0, WM (0) ≥ 0, and I (0) ≥ 0. For future use,
we define the following:

f (x(t),u(t)) =
[
dNFS

dt
,

dNFI

dt
,

dNM

dt
,

dWF

dt
,

dWM

dt
,

dI
dt

]
.

The objective is to minimize the functional J (u) that is subject to f (x(t),u(t)),

J(u) =
∫ T

0

[
a0I +

1
2

a1u2
1(t) +

1
2

a2u2
2(t)

]
dt, (4.2)

where the weights a0, a1, and a2 are nonnegative constants. The term involving I(t) penalizes human
infections, while the quadratic terms penalize mosquito release effort. Quadratic costs are used to
reflect increasing marginal costs associated with high-intensity releases. Controls are restricted to the
admissible set:

A :=
{
ui ∈ L1(0,T ) : ui(t) ∈ [0, 1], i = 1, 2

}
,
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ensuring bounded and measurable release strategies. An optimal control u∗ minimizes J(u) over A ,
with the associated state trajectory denoted by x∗:

J(u∗) = min
u∈A

J(u). (4.3)

The existence of an optimal control–state pair (u∗, x∗) follows from the Filippov–Cesari Existence
Theorem presented in [45]. Convexity of the integrand with respect to the control variables, com-
pactness of the admissible control co-domain, and boundedness of state trajectories are satisfied under
the present formulation. Consequently, there exists at least one admissible control that minimizes the
objective functional subject to the controlled system (4.1).

Theorem 4.1. There exists an optimal control u∗ with u1, u2 ∈ A such that for J(u) of (4.2)

J(u∗) = min
u∈A

J(u),

subject to f (x(t),u(t)) of the controlled Wolbachia-dengue transmission model (4.1).

Proof. The existence of an optimal control–state pair (u∗(t), x∗(t)) follows from the Filippov–Cesari
Existence Theorem [45]. To apply this result, three conditions must be verified.

First, for each (t, x), consider the set

N(t, x) = {(g(x,u) + ξ, f (x,u)) : ξ ≤ 0,u(t) ∈ [0, 1]} .

By construction, the integrand g(x,u) is convex in u; therefore, g(x,u) + ξ remains convex for any
ξ ≤ 0. Moreover, the state dynamics f (x,u) are affine in u. Hence, the set N(t, x) is convex for all
(t, x).

Second, the admissible control co-domain is compact. Indeed, the control functions satisfy ui(t) ∈
[0, 1], and the interval [0, 1] is compact by the Heine–Borel Theorem [46].

Finally, solutions of the controlled system (4.1) are uniformly bounded on (0,T ). Since the model
is well posed, each state variable admits a finite upper bound. Let

xmax =
[
Nmax

FS , Nmax
FI , Nmax

M , Wmax
F , Wmax

M , Imax] ,
and define M := max

{
Nmax

FS , Nmax
FI , Nmax

M , Wmax
F , Wmax

M , Imax
}
. Then,

||x(t)|| ≤ ||xmax||

=

√
(Nmax

FS )2 + (Nmax
FI )2 + (Nmax

M )2 + (Wmax
F )2 + (Wmax

M )2 + (Imax)2

≤
√

6M,

and one may take K =
√

6M.
Since all conditions of the Filippov–Cesari Existence Theorem are satisfied, there exists an optimal

pair (x∗(t),u∗(t)).

Theorem 4.2. The optimal controls of (4.3) admit the following characterizations:

u∗1(t) = min
{

1,max
{
−λ4LF

a1
, 0

}}
, u∗2(t) = min

{
1,max

{
−λ5LM

a2
, 0

}}
.
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Proof. Let (u∗, x∗) denote an optimal control–state pair minimizing the objective functional (4.2) over
the admissible control set A . Then,

J(u∗, x∗) ≤ J(u, x∗)

for any choice of u with u1, u2 ∈ A .
By the Pontryagin Maximum Principle [47], there exists an adjoint vector λ(t), consisting of abso-

lutely continuous functions, such that the Hamiltonian

H(t, x,u, λ) = g(t, x,u) + λ f (t, x,u)

= a0I(t) +
a1

2
u2

1(t) +
a2

2
u2

2(t) + a3 + λ1(t)
dNFS

dt
+ λ4(t)

dWF

dt
+ λ2(t)

dNFI

dt
+ λ3(t)

dNM

dt

+ λ5(t)
dWM

dt
+ λ6(t)

dI
dt
,

satisfies the adjoint system

λ′(t) = −
∂H
∂x
, λ(T ) = 0,

and the optimality condition

H(t, x∗(t),u∗(t), λ) = min
u∈A

H(t, x∗(t),u(t), λ(t)) a.e. t ∈ [0,T ].

Since the Hamiltonian is quadratic in the control variables, its second derivatives satisfy the following:

∂2H(t, x,u, λ)
∂u2

1

= a1 > 0, and
∂2H(t, x,u, λ)

∂u2
2

= a2 > 0,

which imply convexity with respect to u. Therefore, the stationary conditions yield the following:

∂H
∂u1

∣∣∣∣∣
u1=u∗1

= a1u∗1(t) + λ4(t)LF = 0
∂H
∂u2

∣∣∣∣∣
u2=u∗2

= a2u∗2(t) + λ5(t)LM = 0,

where H is convex at u∗, so H attains a minimum at u∗ (H(t, x∗,u, λ) ≥ H(t, x∗,u∗, λ) for any u). If we
solve for u1

∗ and u2
∗, then we attain the following characterization:

u∗1(t) =



0 if
∂H
∂u1
> 0

−λ4LF

a1
if
∂H
∂u1
= 0

1 if
∂H
∂u1
< 0

u∗2(t) =



0 if
∂H
∂u2
> 0

−λ5LM

a2
if
∂H
∂u2
= 0

1 if
∂H
∂u2
< 0

Projecting these expressions onto the admissible control set [0, 1] gives the following characterizations:

u∗1(t) = min
{

1,max
{
−λ4LF

a1
, 0

}}
and u∗2(t) = min

{
1,max

{
−λ5LM

a2
, 0

}}
.
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4.2. Optimal control results

Closed-form solutions to the optimal control problem are not available due to the nonlinear struc-
ture of the system. Therefore, numerical solutions are computed using GPOPS-II, a next-generation
optimal control software package [48]. Simulations are conducted using parameter values representa-
tive of Cali, Colombia, a region with sustained dengue transmission and active Wolbachia intervention
programs [30, 42]. The three Wolbachia strains, wMelPop, wMel, and wAlbB, are considered. Model
parameters, control bounds, and initial conditions are summarized in Tables 6 and 7. The objective
functional weights a1 and a2 are chosen to be equivalent so that the solution of optimal controls does
not prioritize a given sex of Wolbachia based upon the associated weight alone. These weights ensure
that optimal control solutions are structured by the biological effects of each sex on dengue existence
and Wolbachia persistence. To ensure all entries of the objective functional (4.2) are comparable, a0

was appropriately scaled according the units of I, u1, and u2.

Table 6. Optimal control parameters for release program and objective functional, J(u).

Parameter Description Value Units Reference

LF Maximum release rate for female
Wolbachia-infected mosquitoes.

100 mosquito × (time)−1 Assumed

LM Maximum release rate for male
Wolbachia-infected mosquitoes.

100 mosquito × (time)−1 Assumed

H Total human population.
P̃

1.4727
human [42], Appendix A

a0 Weight placed on infected humans,
I.

1000
H

– Assumed

a1 Weight placed on u1. 1 – Assumed

a2 Weight placed on u2. 1 – Assumed

T Length of release program. 70 – Gauged via [4]

Table 7. Initial conditions used for the optimal control calculations based on [42] .

Initial condition Value Units
NFS (0) 0.485 × 1.4727 × H mosquito
NFI(0) 0.03 × 1.4727 × H mosquito
NM(0) 0.485 × 1.4727 × H mosquito
WF(0) 0 mosquito
WM(0) 0 mosquito
I(0) 0.01 × H human

Figure 6 presents the optimal control solutions and corresponding system dynamics for each strain.
In all cases, the optimal strategy exhibits a sex-asymmetric release pattern, with maximal female re-
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leases maintained slightly longer than male releases before both are rapidly reduced. The duration of
this delay varies by strain, with wMelPop requiring the longest sustained releases, consistent with its
higher fitness costs. Across all strains, optimized controls substantially reduce human dengue preva-
lence relative to the scenarios without intervention. Replacement of wild mosquitoes by Wolbachia-
infected populations is achieved under all optimized strategies, with strain-dependent differences in the
time required for establishment. These results demonstrate that dynamically optimized, sex-structured
release strategies may outperform commonly used heuristic approaches and that strain-specific biolog-
ical characteristics play a critical role in shaping effective intervention programs.

A

B

C

Figure 6. Optimal control solutions for wMelPop (A), wMel (B), and wAlbB (C) sce-
narios. On the left, the optimal control solutions for female (blue) and male (orange)
Wolbachia-infected mosquito release are illustrated. On the right, the population dy-
namics under the optimal control strategy are given. Non-dengue-infected wild female
mosquitoes, NFS (dark blue), dengue-infected wild female mosquitoes, NFI (orange), wild
male mosquitoes, NM (yellow), Wolbachia-infected female mosquitoes, WF (purple), Wol-
bachia-infected male mosquitoes, WM (green), dengue-infected humans, I (turquoise), and
for comparison, dengue-infected humans, I, under no control strategy (dashed maroon)
are displayed.
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A comparison can also be directly made between heuristic strategies and the optimized sex-
structured strategies. In Figure 7, the optimized strategies and system dynamics for all-male Wolbachia
releases for each strain are shown. Regardless of strain, the most optimized all-male Wolbachia release
results in significantly more dengue cases when compared to the sex-structured protocol. No estab-
lishment of a Wolbachia population is achieved due to the incompatibility of Wolbachia-infected male
mosquitoes with the wild population. A comparison of the final objective functional values across
control strategies is found in Table 8. Sex-structured optimized release strategies outperform all-male
releases at least ten-fold for each strain.

A

B

C

Figure 7. Optimized all-male release solutions for wMelPop (A), wMel (B), and wAlbB (C)
scenarios. On the left, the release solutions for female (blue) and male (orange) Wolbachia-
infected mosquito release are illustrated. On the right, the population dynamics under the
control strategy are given. Non-dengue-infected wild female mosquitoes, NFS (dark blue),
dengue-infected wild female mosquitoes, NFI (orange), wild male mosquitoes, NM (yellow),
Wolbachia-infected female mosquitoes, WF (purple), Wolbachia-infected male mosquitoes,
WM (green), dengue-infected humans, I (turquoise), and for comparison, dengue-infected
humans under no control strategy, I (dashed maroon), are displayed.

In Figure 8, the optimized strategies and system dynamics for sex-symmetric Wolbachia releases
for each strain are presented. Optimized symmetric Wolbachia release results in comparable system
dynamics to the optimized sex-structured releases. However, the sex-structured release programs still
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incrementally outperform the heuristic, symmetric release, as noted in Table 8. Altogether, these results
further suggest that specified, scenario dependent sex-structured optimization may help improve the
efficacy of Wolbachia-release programs that utilize preexisting heuristic release structuring.

A

B

C

Figure 8. Optimized sex-symmetric release solutions for wMelPop (A), wMel (B), and
wAlbB (C) scenarios. On the left, the release solutions for female (blue) and male (orange)
Wolbachia-infected mosquito release are illustrated. On the right, the population dynam-
ics under the control strategy are given. Non-dengue-infected wild female mosquitoes, NFS

(dark blue), dengue-infected wild female mosquitoes, NFI (orange), wild male mosquitoes,
NM (yellow), Wolbachia-infected female mosquitoes, WF (purple), Wolbachia-infected male
mosquitoes, WM (green), dengue-infected humans, I (turquoise), and for comparison,
dengue-infected humans under no control strategy, I (dashed maroon), are displayed.

Table 8. Objective functional value results for all strains across varying control strategies.

Release strategy wMelPop wMel wAlbB
Optimized male-only release 6532.633 6511.244 6508.825
Optimized symmetric release 643.257 432.876 442.399
Optimal control sex-structured release 643.119 432.776 442.296
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5. Conclusions

The continued global expansion of dengue fever highlights the need for effective strategies that
limit transmission at the vector level, particularly given the absence of broadly preventative medical
treatments. This study developed and analyzed a sex-structured mathematical model describing the
interaction between Wolbachia dynamics in Aedes aegypti mosquitoes and dengue transmission in
humans. By incorporating mosquito sex structure, the model captures mechanisms governing both
Wolbachia inheritance and dengue transmission that are absent from non-sex-structured formulations.

Our mathematical analysis and calculations of R0 as well as its associated sensitivity analysis re-
inforce the need for Wolbachia release programs to sufficiently establish Wolbachia in mosquito pop-
ulations, as persistent coexistence is unlikely to occur. It was shown that sufficient introductions of
Wolbachia-infected mosquitoes rely on attaining specific Wolbachia to wild mosquitoes sex-ratios that
are dependent on the initial wild population sizes. If such ratios of release are not met, then in real
life, a mosquito population remains susceptible to dengue reestablishment via movement of infected
humans. Ultimately, self-directed establishment of small Wolbachia batches is improbable and keeps
the population at risk.

An optimal control problem was subsequently used to investigate release strategies under three
most commonly deployed Wolbachia strains (wMelPop, wMel, and wAlbB). The results indicate that
commonly used heuristic strategies, such as single-sex or fixed-ratio releases, are generally suboptimal
when both intervention costs and human infection burden are considered. In contrast, optimized sex-
structured release strategies exhibit non-trivial temporal patterns, including sex-asymmetric release
schedules that vary by strain. These findings suggest that sex structure plays a critical role in shap-
ing effective Wolbachia deployment strategies and that its omission may lead to inefficient or costly
interventions.

This work does not prescribe a specific release strategy or strain choice, but it has demonstrated
that accounting for mosquito sex structure is essential to optimize Wolbachia-based dengue control.
Future work should refine strain-specific parametrization, incorporate additional epidemiological com-
plexity, and continue to compare optimized strategies against existing heuristic practices. Overall,
this study highlights the nontrivial role of sex structure in vector populations and provides a quanti-
tative framework to improve the design and evaluation of Wolbachia release programs particularly in
resource-limited settings.
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Appendix

A. Model formulation and mathematical analysis

We provide detailed proofs of selected theoretical results presented in the sections Sex-Structured
Wolbachia-Dengue Transmission Model Formulation and Mathematical Analysis.

A.1. Well-possedness of the sex-structured Wolbachia-dengue transmission model

Lemma A.1. The sex-structured Wolbachia-dengue transmission model (2.1) is well-posed.

Proof. With assumptions of the sex-structured Wolbachia-dengue transmission model (2.1),

dNFS

dt

∣∣∣∣∣
NFS=0

= ρN f NFI

(
NM

WM + NM

)
≥ 0

dNFI

dt

∣∣∣∣∣
NFI=0

= µNFS I ≥ 0

dNM

dt

∣∣∣∣∣
NM=0

= 0

dWF

dt

∣∣∣∣∣
WF=0

= 0

dWM

dt

∣∣∣∣∣
WM=0

= pW(1 − q)WF ≥ 0

dI
dt

∣∣∣∣∣
I=0
= µHHNFI ≥ 0,
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that is, no subpopulation ever becomes negative, for when each subpopulation is 0, their rate of change
is nonnegative, provided all other subpopulations are also required to be nonnegative. Hence, the model
system (2.1) is invariant in the positive cone R6

+.

Next, we show that each subpopulation is bounded. To expedite a portion of this process, note that
NF = NFI + NFS , meaning NFI ,NFS ≤ NF . If we can establish an upper bound on NF , then this is also
an upper bound for NFI and NFS .

For the wild female mosquito population,

dNF

dt
= ρN f NF

(
NM

NM +WM

)
− αN NF − βN NF P

≤ ρN NF − αN NF − βN N2
F

= βN NF

(
ρN − αN

βN
− NF

)
.

Hence,

dNF

dt

∣∣∣∣∣
NF=ÑF

≤ 0

and
dNF

dt
< 0 when NF > ÑF , where ÑF :=

ρN − αN

βN
.

This inequality portrays a representation of logistic growth that identifies what can be considered as a
“carrying capacity” of NF . ÑF is not necessarily the actual “carrying capacity” of NF however. Yet,
given

dNF

dt

∣∣∣∣∣
NF>ÑF

< 0,

then for any t,NF(t) ≤ max
{
ÑF ,NF(0)

}
. As NF ≥ 0, for any t,

0 ≤ NF(t) ≤ max
{
ÑF ,NF(0)

}
|NF(t)| ≤ max

{
ÑF ,NF(0)

}
.

Therefore, NF is bounded as desired. We denote the upper bound of NF by Nmax
F where

Nmax
F ≥ Nmax

FI ,N
max
FS .

Through a similar argument, for the wild male mosquito population, NM,

dNM

dt
= ρN f NF

(
NM

NM +WM

)
− αN NM − βN NMP

≤ ρN NF NM − αN NM − βN N2
M

≤ βN NM

(
Nmax

F ρN − αN

βN
− NM

)
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which leads us to
dNM

dt

∣∣∣∣∣
NM=ÑM

≤ 0

and
dNM

dt
< 0 when NM > ÑM, where ÑM :=

Nmax
F ρN − αN

βN
.

Continuing the same method, for any t,NM(t) ≤ max
{
ÑM,NM(0)

}
, and for any t

0 ≤ NM(t) ≤ max
{
ÑM,NM(0)

}
|NM(t)| ≤ max

{
ÑM,NM(0)

}
,

thus showing NM is bounded.

Next, for the Wolbachia-infected female population, WF , realize,

dWF

dt
= ρWqWF − αWWF − βWWF P

≤ ρWWF − αWWF − βWW2
F

= βWWF

(
ρW − αW

βW
−WF

)
,

suggesting

dWF

dt

∣∣∣∣∣
WF=W̃F

≤ 0

and
dWF

dt
< 0 when WF > W̃F , where W̃F :=

ρW − αW

βw
.

Hence, for any t,WF(t) ≤ max
{
W̃F ,WF(0)

}
, and

0 ≤ WF(t) ≤ max
{
W̃F ,WF(0)

}
|WF(t)| ≤ max

{
W̃F ,WF(0)

}
,

showing WF is bounded. We denote the upper bound of WF by Wmax
F .

Likewise, for the Wolbachia-infected male population, WM,

dWM

dt
= ρWqWF − αWWM − βWWMP

≤ ρWWmax
F − αWWM

= αW

(
Wmax

F ρW

αW
−WM

)
,

indicating

dWM

dt

∣∣∣∣∣
WM=W̃M

≤ 0
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and
dWM

dt
< 0 when WM > W̃M, where W̃M :=

Wmax
F ρW

αW
.

Therefore, for any t,WM(t) ≤ max
{
W̃M,WM(0)

}
, and t,

0 ≤ WM(t) ≤ max
{
W̃M,WM(0)

}
|WM(t)| ≤ max

{
W̃M,WM(0)

}
,

proving WM is bounded.
Finally, for the boundedness of the infected human population,

dI
dt
= µH(H − I)NFI − αHI

≤ µH(H − I)Nmax
FI − αHI

= µHHNmax
FI − µHINmax

FI − αHI

=
(
µHNmax

FI + αH
) ( µHHNmax

FI

µHNmax
FI + αH

− I
)

for which it is seen

dI
dt

∣∣∣∣∣
I=

µH HNmax
FI

µH Nmax
FI +αH

≤ 0

and
dI
dt
< 0 when I >

µHHNmax
FI

µHNmax
FI + αH

.

Thus, for any t, I(t) ≤ max{Ĩ, I(0)} where Ĩ = µH HNmax
FI

µH Nmax
FI +αH

. Then, it follows that for any t:

0 ≤ I(t) ≤ max{Ĩ, I(0)}
|I(t)| ≤ max{Ĩ, I(0)},

thus showing I is bounded.

Specifically, the compact set

χ :=
{
(NFI ,NFS ,NM,WF ,WM, I) ∈ R6

+ : 0 ≤ NFI ,NFS ,NM,WF ,WM, I ≤ K̃
}

where
K̃ := max

{
ÑFS , ÑFI , ÑM, W̃F , W̃M, Ĩ

}
,

acts as an absorbing set of trajectories and is invariant. Thus, the sex-structured Wolbachia-dengue
transmission model (2.1) is well-posed.
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A.2. Proof of the dengue-free equilibria and their stability

Proof. Under the pretense of no dengue, we have that NFI = I = 0, that is, an equilibrium point will be
of the form E = (0,N∗FS ,N

∗
M,W

∗
F ,W

∗
M, 0). For simplicity, we define NFS = NF and will write a dengue-

free equilibrium in the form E = (N∗F ,N
∗
M,W

∗
F ,W

∗
M), as we already know NFI = I = 0. An equilibrium

point, E = (N∗F ,N
∗
M,W

∗
F ,W

∗
M), for our system will satisfy the following:

dNF

dt

∣∣∣∣∣
(NF ,NM ,WF ,WM)=E

= 0

dNM

dt

∣∣∣∣∣
(NF ,NM ,WF ,WM)=E

= 0

dWF

dt

∣∣∣∣∣
(NF ,NM ,WF ,WM)=E

= 0

dWM

dt

∣∣∣∣∣
(NF ,NM ,WF ,WM)=E

= 0.

Suppose EN :=
(
NEN

F ,N
EN
M ,W

EN
F ,W

EN
M

)
with

NEN
F =

f ( fρN − αN)
βN

, NEN
M =

(1 − f )( fρN − αN)
βN

, WEN
F = WEN

M = 0.

If WM = WF = 0, then
dWM

dt
=

dWF

dt
= 0.

Alternatively, if NF =
f ( fρN − αN)
βN

and NM =
(1 − f )( fρN − αN)

βN
,

dNF

dt
= ρN f

(
f ( fρN − αN)
βN

)
− αN

(
f ( fρN − αN)
βN

)
− βN

(
f ( fρN − αN)
βN

) (
−(αN − fρN)

βN

)
=

f ( fρN − αN)
βN

(ρN f − αN) −
f ( fρN − αN)
βN

(ρN f − αN)

= 0, as desired.

dNM

dt
= ρN(1 − f )NF − αN NM − βN NM(NF + NM) provided WF = WM = 0, then by substituting NF and

NM from before,

dNM

dt
= ρN(1 − f )NF − αN NM − βN NM(NF + NM)

=
(1 − f )( fρN − αN)

βN
(ρN f − αN) −

(1 − f )( fρN − αN)
βN

(ρN f − αN)

= 0.

Hence,

EN =

(
f ( fρN − αN)
βN

,
(1 − f )( fρN − αN)

βN
, 0, 0

)
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is an equilibrium. Moreover, as NF ,NM,WF ,WM ≥ 0, it follows that

fρN − αN > 0 =⇒
fρN

αN
> 1.

We define QN :=
fρN

αN
. From a biological perspective, the inequality

fρN

αN
> 1 implies that EN can only

be attained when the average number female wild mosquitoes introduced (birthed) over a set period
of time exceeds the average deaths of wild mosquitoes over an equivalent length of time. Ultimately,
a population of wild mosquitoes must be self-sustaining. This a biologically reasonable requirement.
To analyze the stability of EN, we first calculate the eigenvalues of the Jacobian, J, of the condensed
system of (2.1) evaluated at EN.


σ5 − NFβN − σ3 − αN σ0 −NFβN −NFβN −

NFσ5
(NM+WM)

−NMβN − NMσ4 σ6 −NMβN σ1 − NMβN

−WFβW −WFβW qρW −WFβW − αW − σ2 −WFβW

−WMβW −WMβW −WMβW − ρW(q − 1) −αW −WMβW − σ2

 (A.1)

is the Jacobian matrix, J, and

σ0 = −
NF(βN N2

M + 2βN NMWM + βNW2
M − fρNWM)

(NM +WM)2 , σ1 =
NF NM ρN ( f − 1)

(NM +WM)2 ,

σ2 = βW P, σ3 = βN P, σ4 =
ρN( f − 1)
NM +WM

, σ5 =
NM fρN

NM +WM
,

σ6 = σ1 − NMβN − σ3 − NFσ4 − αN .

The eigenvalues, λ, of J(EN) are as follows:

λ (J(EN)) =


αN βW−αW βN−βW f ρN+βN q ρW

βN

αN − f ρN

− f ρN

−
αW βN−αN βW+βW f ρN

βN

 .
All eigenvalues λ (J(EN)) must be negative for EN to be stable, requiring new thresholds relating
the parameters of the sex-structured Wolbachia-dengue transmission model (2.1). By formalizing
these thresholds, we can better understand the necessary biological conditions for Wolbachia-infected
mosquitoes to overtake the wild mosquito populations (and vice versa). Conveniently, the third
eigenvalue satisfies − fρN < 0 and the second eigenvalue αN − fρN < 0 as QN > 1. Additionally,
αNβW − αWβN − βW fρN < αNβW − αWβN − βW fρN + βNqρW . It suffices to find the threshold for
negativity for the first eigenvalue, which will immediately imply the negativity of the last eigenvalue.

We want αNβW − αWβN − βW fρN + βNqρW < 0. Then, we can see the following:

αNβW − αWβN − βW fρN + βNqρW < 0
αNβW + βNqρW < αWβN + βW fρN
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αNβW + βNqρW

αWβN + βW fρN
< 1

αWβN + βW fρN

αNβW + βNqρW
> 1

αWβN
αNβW
+ QN

1 + βNqPW
αNβW

> 1

αWβN

αNβW
+ QN > 1 +

αWβN

αNβW
QW

QN > 1 +C(QW − 1)

where C :=
αWβN

αNβW
and QW :=

qρW

αW
. Therefore, our threshold for stability is QN > 1 +C(QW − 1) for

EN .

Next, suppose EW :=
(
NEW

F ,N
EW
M ,W

EW
F ,W

EW
M

)
, where

NEW
F = NEW

M = 0, WEW
F =

q(qρW − αW)
βW

, WEW
M =

(qρW − αW)(1 − q)
βW

.

When NF = NM = 0,
dNF

dt
=

dNM

dt
= 0.

Then, for

WF =
q(qρW − αW)
βW

, WM =
(qρW − αW)(1 − q)

βW
,

dWF

dt
= ρWq

(
q(qρW − αW)
βW

)
− αW

(
q(qρW − αW)
βW

)
− βW

(
q(qρW − αW)
βW

) (
(qρW − αW)
βW

)
=

q(qρW − αW)
βW

(ρWq − αW) −
q(qρW − αW)
βW

(ρWq − αW)

= 0,
dWM

dt
= ρW(1 − q)

(
q(qρW − αW)
βW

)
− αW

(
(1 − q)(qρW − αW)

βW

)
− βW

(
(1 − q)(qρW − αW)

βW

) (
(qρW − αW)
βW

)
=

(1 − q)(qρW − αW)
βW

(ρWq − αW) −
(1 − q)(qρW − αW)

βW
(ρWq − αW)

= 0, as needed.

Therefore,

EW =

(
0, 0,

q(qρW − αW)
βW

,
(qρW − αW)(1 − q)

βW

)
is a valid equilibrium. Provided NF ,NM,WF ,WM ≥ 0,

qρW − αW > 0 =⇒ QW > 1.

Mathematical Biosciences and Engineering Volume 23, Issue 8, 2393–2428.



2426

This suggests that the feasibility of EW relies on the average female birth rate of Wolbachia-infected
mosquitoes exceeding the average death rate of Wolbachia-infected mosquitoes.

Using the same Jacobian as before, J, the eigenvalues, λ, of J(EW) are as follows:

λ (J(EW)) =


αW − q ρW

−q ρW

−
αN βW−αW βN+βN q ρW

βW

−
αN βW−αW βN+βN q ρW

βW


We can see −qρW < 0 and αW − qρW < 0 as QW > 1. We need αWβN − αNβW − βNqPW < 0, provided
the last two eigenvalues are equivalent. Note, αWβN − αNβW − βNqPW = βN (αW − qρW) − αNβW , and
as αW − qρW < 0 and −αNβW < 0, αWβN − αNβW − βNqPW < 0. Thus, we only require QW > 1 for the
stability of EW .
Finally, for EC = (NEC

F ,N
EC
M ,W

EC
F ,W

EC
M ), where

NEC
F =

f (q ρW − αW) (q − 1)σ3

σ1

NEC
M =

(1 − f ) (q ρW − αW) (1 − q)σ3

σ1

WEC
F =

q (q ρW − αW) (1 − f )σ2

σ1

WEC
M =

(q − 1) (αW − q ρW) ( f − 1)σ2

σ1

and

σ1 := βW

(
βNq2ρW − αNβW f + αWβN f + αNβWq − αWβNq − βW fρN + βW f 2ρN − βN f qρW

)
σ2 := αNβW − αWβN − βW fρN + βNqρW

σ3 := αNβW − αWβN + βNqρW ,

it can be shown that EC is an equilibrium, which is omitted due to its algebraic terseness. The stability
of EC is left to the numerical solution. Furthermore, all equilibria can be rewritten in terms of QN and
QW as done in Theorem 3.1.

A.3. Boundedness of the mosquito population

Proof. Take P = NFS + NFI + NM +WF +WM. Note,

dP
dt
= ρN f (NFI + NFS )

(
NM

WM + NM

)
− αN NFS − βN NFS P − µN NFS

+ µN NFS I − αN NFI − βN NFIP

+ ρN(1 − f )(NFI + NFS )
(

NM

WM + NM

)
− αN NM − βN NMP

+ ρWqWF − αWWF − βWWF P + u1LF
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+ ρW(1 − q)WF − αWWM − βWWMP + u2LM

≤ ρN P − αN P − βN P2

= βN P
(
ρN − αN

βN
− P

)
.

Thus, |P| ≤
ρN − αN

βN
.We denote P̃ =

ρN − αN

βN
.

A.4. Computation of the basic reproduction number

We determine the reproduction number using the Van den Driessche and Watmough approach [47],
a technique often used for compartmental disease transition models. Following the procedure, we
create a next generation matrix to computationally solve for R0 [45].

For this model, the infected compartments consist of the dengue-infected, wild female mosquitoes
alongside the dengue-infected humans. The remaining subpopulations are considered non-infected,
and thus, are not accounted for in the next generation matrix calculation. We continue with

dNFI

dt
= µN NFS I − αN NFI − βN NFIP,

dI
dt
= µH(H − I)NFI − αHI.

The rate of new infections (Fi) and transitional terms (Vi) from
dNFI

dt
and

dI
dt

can be put into matrices
as follows:

Fi =

[
µHNFS I

µH(H − I)NFI

]
,

Vi =

[
αN NFI + βN NFI(NFS + NFI + NM +WF +WM)

αHI

]
.

Recall that there are three disease-free equilbria by Theorem 3.1. Take

EN = (0,
f ( fρN − αN)
βN

,
( f − 1)(αN − fρN)

βN
, 0, 0, 0).

Linearizing around the disease-free equilibrium for new dengue infections, we attain the following:

FN =

[
0 −

fµN (αN− fρN )
βN

HµH 0

]
.

The same is done for the transitional terms, providing

VN =

[
αN − βN( f (αN− fρN )

βN
−

(αN− fρN )( f−1)
βN

) 0
0 αH

]
.

Then, we use FN and VN to solve for the next generation matrix:
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KN = FNV−1
N =

 0 −
fµN (αN− fρN )
βNαH

HµH
fρN

0

 .
Adhering to the same methodology of [45], it follows that the next-generation reproduction number,
RNG

0 , is given by the following:

RNG
0 =

√
HµHµN( fρN − αN)

αHρNβN
.

Finally, to solve for the basic reproduction number, R0,

R0 =
(
RNG

0

)2
=

HµHµN( fρN − αN)
αHρNβN

=
HµHµNαN(QN − 1)

αHρNβN
.

R0 accounts for both host to vector and vector to host (human to human) transmission while RNG
0

accounts for only one transmission cycle (host to vector). For the sex-structured Wolbachia-dengue
transmission model (2.1), R0 helps with observing the spread of dengue in both mosquito and human
populations.
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