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Abstract: A network-based susceptible-infected-recovered (SIR) epidemic model is proposed to study
the spread of infectious diseases, thereby incorporating vertical transmission and a saturated incidence
rate. Additionally, it introduces double impulsive control strategies, including pulse vaccination and
screening with treatment at distinct fixed intervals. Dynamical behaviors of the formulated model are
analyzed using two types of transmission thresholds, namely R(,zl_ and Rg,-' By applying the Floquet
theorem and comparison principle, the system admits a disease-free periodic solution that is globally

asymptotically stable if max

Rg_ < 1. The persistence of disease is confirmed from the uniform
i=1,2,...n g

persistence of the Poincaré map when —— max Rg, > 1, where « is the saturated coefficient in the
n 1

I+a oo
saturation infection. Scenario studies are performed to numerically evaluate the impact of various
parameters on the disease dynamics, and the effectiveness of double impulsive controls. It can be con-
cluded that synthetical double impulsive controls are more efficient at eradicating the disease compared
with only either of them.
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1. Introduction

Mathematical modeling serves as a powerful tool for providing theoretical support in examining
the disease transmission progress and assessing disease control and prevention strategies from various
perspectives [1,2]. Numerous mathematical models with different focuses have been developed and
analyzed to study the epidemic dynamics in the past decades. Zhang and Xu [3] studied the global sta-
bility of both disease-free and endemic steady states for a diffusive epidemic model with a Beddington-
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DeAngelis functional response. In [4], Khan et al. found the existence of backward bifurcations from
an epidemic model that incorporated different phases of hepatitis B by considering migration, hospi-
talization, and vaccination. By utilizing the fractional Barbalat’s Lemma, Karaji and Nyamoradi [5]
analyzed the global dynamics of an epidemic model formulated with a fractional derivative. Hussain et
al. [6] developed a stochastic epidemic model with double saturated incidence rates, and examined the
conditions for disease extinction and the existence of ergodic stationary distributions by constructing
an appropriate stochastic Lyapunov function. In [7], Raezah et al. analyzed the long-term behavior of
disease dynamics by performing an optimal control and stability analysis on an epidemic model that
differentiates between acute and chronic carrier individuals.

Network science has become a crucial paradigm for revealing fascinating insights into the spread
and dispersal of infectious diseases within heterogeneous populations in the era of big data [8, 9].
In recent decades, modeling efforts have explored infectious diseases using network frameworks,
thereby incorporating effective contact rates in heterogeneous populations [10-14]. Cao et al. [10]
built a homogeneous epidemic model on a network-structured population considering various states
of carriers. Wu et al. [11] illustrated the global stability of the co-existence equilibrium for a two-
strain epidemic network model with immunity waning and imperfect vaccination. An optimal control
strategy, aiming at jointly optimizing the least robustness and highest convergence rate, was investi-
gated for a susceptible-infectious-susceptible (SIS) network model with time delay in [12]. Utilizing
the microscopic Markov chain approach, Lv et al. [13] proposed a novel Unawareness-Awareness-
Unawareness-SIS epidemic model with a two-layer network structure to investigate the dynamics of
epidemic spreading coupled with the diffusion of awareness in the population. Oestereich et al. [14]
explored the critical impact of network structure on epidemic transmissions by an adaptive network
model that incorporated the intricate interactions among vaccination strategies, human dispersal, and
opinion dynamics.

To better mimic the practical implementation of control measures, impulsive interventions have
been widely adopted and analyzed across various domains. They have proven effective in manag-
ing infectious diseases [15—-18], mitigating rumor propagation [19, 20], and controlling pest popu-
lations [21, 22]. For example, the state-dependent impulsive control was embedded in two classi-
cal susceptible-infectious-recovery (SIR) models with media coverage [1] and saturation incidence
[23]. Fu et al. [15] proposed and analyzed a susceptible-asymptomatic-infectious-quarantine-recovery
(SAIQR) epidemic model with non-instantaneous pulse vaccination on some complex networks. Zhang
et al. [16] identified the presence of a backward bifurcation in a state-dependent impulsive SIR model
that incorporated feedback control strategies, which encompass vaccination, isolation, and treatment.
Jiang et al. [17] discussed the existence of periodic solutions for an SIS epidemic model with fixed-
time pulse births and state-dependent pulse treatments. In the hybrid SIR model proposed by Li and
Xiao [18], the decision to implement pulse vaccination and isolation hinges on the susceptible popula-
tion size. Liu and Stechlinski employed pulse vaccination and treatment on an SIR epidemic model [24]
and a switched multi-city SIR epidemic model [25] featuring time-varying contact rate, respectively.

Real-world social contact networks are inherently heterogeneous. Moreover, many infectious dis-
eases are controlled through periodic vaccinations and treatment campaigns. Coordinating these two
interventions can significantly reduce the disease burden. Therefore, it is essential to investigate the
dynamics and control strategies of network-based epidemic models by incorporating multiple pulse
controls. In this work, based on complex networks, we will explore the transmission dynamics of an
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SIR epidemic model by incorporating both impulsive vaccinations and screenings with treatments. Our
study will assess the effectiveness of two pulse control strategies in addressing two distinct pathogen
transmission mechanisms on complex networks. It is worth mentioning that the proposed model re-
veals that vertical transmission increases the persistence threshold, meaning that diseases with vertical
transmission require stronger impulsive controls to eradicate. This is a practically relevant finding for
public health. The main contributions of this paper are as follows:

e While most existing studies only consider a single impulsive control, we propose a novel network-
based epidemic model with vertical transmission, saturated incidence, and a double impulsive
strategy that combines pulse vaccinations and screenings with treatments.

e Using the Floquet theory, comparison principles, and Poincaré map methods on a high-
dimensional coupled model, we obtain the transmission threshold, the existence and stability of
disease-free periodic solution, and the sufficient condition for the uniform persistence of disease.

The structure of this paper is as follows: in Section 2, we formulate our network-based SIR epidemic
model; Section 3 presents the well-posedness of the solutions and derives two types of transmission
thresholds, along with other theoretical results on the dynamics of the proposed model; in Section 4,
numerical simulations are provided to illustrate the theoretical findings from Section 3; and finally the
paper concludes with a discussion in Section 5.

2. Model formulation

We develop our model for the epidemic transmission on top of a social contact network. Assume
that the population is conserved and divided into three compartments: susceptible, infected, and recov-
ered. The heterogeneity in the population is represented by the structure of a predefined network. Each
node in the contact network corresponds to an individual, while an edge between two nodes signifies
a connection between them. In the current work, we adopt a degree-based mean-field approach, where
all nodes with the same degree are assumed to exhibit identical dynamical behaviors. Generally speak-
ing, a node-level approach for epidemic modeling in complex networks can capture finer individual
heterogeneity, local structural details, and node-specific intervention priorities. However, such a model
would be significantly more complex to analyze, especially in the presence of double impulsive con-
trols. For large uncorrelated networks, the degree-based aggregation provides an analytically tractable
approximation, thus enabling us to derive the transmission threshold, system stability, and persistence
conditions. These theoretical insights are the primary goals of this study. The degree-level abstraction
retains the essential heterogeneity due to degree differences, which is often sufficient to capture the
overall epidemic dynamics and evaluate the effectiveness of impulsive control strategies. The trade-off
is therefore between analytical depth and microscopic detail; for the present purpose, the degree-based
formulation is a reasonable and powerful choice. The connectivity of an individual is quantified by the
degree of a node, denoted as k;,i = 1,2,...,n, which represents the number of neighbors each indi-
vidual has. The maximum possible number of neighbors for any individual is set to n. Consequently,
the population on the network is categorized into 3n groups, representing three epidemiological states
with contact numbers ranging from 1 to n. We further define S,(¢), I;.(¢), and Ry.(¢) as the densities of
susceptible, infected, and recovered individuals with degree k; at time ¢, respectively.

Since we assume that the birth rate is the same as the death rate, we get a conservative system
and have u(Sy (1) + Ii,(t) + Ry, (t)) = p account for the newborns. Denote 1 — ¢ as the probability
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of disease pathogen transmitted vertically from an infectious mother to a newborn. Then the term
(1 = 6)uly,(?) is used to characterize the density of newly infected individuals within a unit of time due
to vertical transmission, which needs to be subtracted from the total newborn to susceptible population.
Additionally, susceptible individuals with k; neighbors could catch this disease pathogen by contacting
infected individuals at the rate of A(k;). Denote p(k;) as the distribution of nodes in the network, which
meets Y., p(k;) = 1. Moreover, (k;) = X.i, k;p(k;) is the average degree of the network. Thus, the
average infectivity exposed to individuals in Sy, is

O = ) wk)p(kli,(1)/<k),
i=1

or interpreted as the average infectivity exposed via one edge of a node in Sy,(¢), where w(k;) is the
average infectivity of an infected individual with k; neighbors, and w(k;) is assumed to be less than k;
for all i following the argument in [26]. Furthermore, we consider a saturated infectivity by contacting
infected individuals in the neighborhood by bringing in «, a saturated coefficient, to formulate the
saturated average infectivity ; :?58( 5 Finally, we derive the force of infection as A(k;)S (7)1 g(g( L which
reflects the disease pathogen dispersal over a network setting.

Following the idea in [27], we develop an SIR epidemic model on a complex network with the peri-
odic occurrence of both vaccination and screening with treatment. Assume that susceptible individuals
with degree k; are inoculated against the disease pathogen in an impulsive and period manner, by a fixed
proportion g; each time t = mT,m € Z* = {1,2,3,...}. Additionally, infected individuals are subjected
to a therapy service at set intervals, with the same period as the action of vaccination but at different mo-
ments. vy, is the cure rate of infected individuals with degree k; attime t = (m+[-1)T,m € 2*,0 <[ < 1.
T is the period of impulsive control measures. All system parameters are supposed to be positive.

Based on the above assumptions and transition rules, we establish a network-based SIR epidemic
model which incorporates vertical transmission, saturated incidence, pulse vaccination, and screening
with treatment. The model is formulated using the following impulsive differential equations:

ds () (1)

dldf ) =p— (1 =Oul,) - ﬂ(ki)Skf(gW — uS 1, (D), s onel
K _ t t m+1— s
P (I = O)uly, (1) + ﬂ(ki)ski(f)m =l () = pli (1), ¢, = mT,
dRy(2)

7 rl, (1) — uRy (1),

S (") = Si(0), 2.1)
L, (1) = (1 = y) I, (D), t=(m+1-DT,

Ri,(t7) = Ry (1) + il (1),

S =1 —g)Sk(1),

Ii,(t7) = I,(1), t =mT,
Ry, (t") = Ry, (1) + qiS 1, (D),
wheret > 0,i=1,2,...,n,and 0 < y;,¢q; < 1. The initial condition of System (2.1) is as follows:

S0 =80=0,0,0)=1,0>0,R.(0") =R,o=1—-Sy0—Ito =0,

where x(t]) = Ilirg x(ty + h).
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In System (2.1), the sum of S,(), I,(f), and Ry, (¢) remains constant, as the birth and death rates of in-
dividuals are balanced. Although the addition and removal of nodes may impact the network topology,
their proportion is small in large-scale networks, which results in only minor structural changes [10].
In this manuscript, we focus on a static heterogeneous network with a constant size. Therefore, we
eliminate the decoupled equation for Ry, (f) and study the following reduced system:

dS (1) (1)
k0 nH B t#=mT,
T - A(kl)Sk,(t) 1+ a’@(t) rlki(t) 5ﬂlk,(t)’

S (") = S4(0), (2.2)

1,%) = (1 =yl 1), }t = =0T,
Sk =1 —=g)Sk ),
wiemno }t =t
wheret > 0,i=1,2,...,n,and 0 < y;,q; < 1.

For convenience, we introduce the following notations: R, = [0, +00), Ri" = {x € R¥|x > 0).
Let f°,f/, and f* be the map defined by the right-hand side of equations for S, (), (¢), and
Ry, (1), respectively. Denote £ = (f5, /5, ....f3, fL fl, ... fL R AR, L. , /8. The solution of Sys-
tem (2.1) is denoted as x(r) = (S(®),1(0),R()) = {(Ski(t),Iki(t),Rki(t))}:l:l . R, — R, where
St) = (S, (1), Sk, (D)., Sk, (), X)) = (I, (1), I, (D), . . ., I;, (1)), and R(#) = (R, (), Ry, (1), ..., Ry (1)).
Let X = (84,00 Sk.05 - - - » S k.00 Tty 05 k.05 - - - » I, 0) e the initial value of System (2.2).

3. Main results

3.1. Well-posedness of solutions and disease-free periodic solutions

A solution of System (2.1) is a function on [0, #,,), Which is continuously differentiable on
(m=DT,m+1-DT]xR¥and (m+1- D)T,mT]XR¥* meZ*,0<l< 1,andx((m+[— )T*) =
iy i1y X(2), X(MT ") = lim,_,,,7+ X(¢) exist such that System (2.1) is satisfied. With the nonneg-
ative initial condition, System (2.1) has a unique solution existing globally, which is ensured by the
smoothness properties of the map f. For details, see [28,29].

Lemma 3.1. For any given initial condition, the solution of System (2.1) satisfies x(t) > 0 for all t > 0.
Besides, all solutions of System (2.1) are in the following positively invariant set:

Q-= { (S0, 1), Ro@)]_ € RY

Lemma 3.2. [30]. The impulsive differential equation

du(t) .
” =a—-bu@®), t+mlT,meZ", 3.1)
u@) =0 -0u(t), t =mT,m e Z*,

SO+ L@ +R.(D=1,t>0,i=12,...,n }

where a,b > 0,0 < 0 < 1, has a unique positive periodic solution
=24 (u - %)e—“'—’m, mT <t <(m+ DT,

b
where u* = 0=00=¢") i is eloball totically stabl
T b 1-(1-)ePT g y asympiolicatity staole.
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Based on the above Lemma 3.2, we obtain the existence of a disease-free periodic solution of
System (2.2). Namely, there are no infected individuals in the social contact network.

Theorem 3.1. There exists a disease-free periodic solution Ey(t) = {(S ,{i(t),O)}
where

n
i=

| of System (2.2),

qie_"(’_mT)
1= —gerT

Sin=1 mT <t<(m+1)T.

3.2. Global stability of the disease-free periodic solution

Theorem 3.2. The disease-free periodic solution Ey(t) of System (2.2) is locally asymptotically stable

—uT
RO < 1, where RO = Alki)w(ki) p(ki) [1 _ _ gil—e™* { ]
ki ki k[ r+ou—L n(1—y)] Tu[1-(1-gpe 1]

if max
fi:1,2,...,n

Proof. The linear approximation system of System (2.2) at Ey(?) is as follows:

dSy, (1)

= S () = (1 = Ol = AKNSLOOW), | 1% (m+1- DT,

t
dI. (1) t # mT,

= Ak)STOO) — (r + ) (1),
Si(t") =S, _ 3
1) = (1= )1, (0), }t =(m+1-DT,
Si(t) = (1—g)Se(, | .

1% = I, (1), }l =ml

(3.2)

in which the linearized infected subsystem is naturally coupled among the different degree classes
through O(r). Let ®(¢) be the fundamental solution matrix of System (3.2) when ¢ # (m + [ — 1)T and
t # mT. Then ®(7) satisfies the following form:

@ () @) ] (3.3)

oW = [ 0 ®u0)

where 0 is the n-order zero matrix, ®1(7) = diag{e™, e, ..., e}, and @y (1) =

mT+t

7oy ekppk) T+ 7o wlply) T+t T oy wtkpln)
diag {efmT [aknsT =S5 - (5/1]dT, ot [1tk)s T (025520 éy]d‘r, e [Akn)s ] oy tizgiin) (S/J]d‘l'}.

It should be noted that there is no need to give the exact form of the n-order matrix ®;,(¢) here. In
addition, columns of the matrix ®,, are n linearly independent particular solutions of the differential
equations with respect to (I, I, - - -, It,)" -

In virtue of the Floquet theory of impulsive differential equations [29], if all eigenvalues of the
monodromy matrix M satisfy |po;| < 1 for all i, the disease-free periodic solution Ey(#) of System (3.2)
is locally asymptotically stable, where

_ En - Q 0 En 0
M—[ 0 E, ](I)((I—I)T)[ 0 E, -T ](I)(IT)
_ [ (En = Q)®@1(T) * ]
0 D ((1 = DTYE, — DDy (T) |’
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with E, being the n-order identity matrix, Q = diag{qi, g2,...,¢q,}, and I' = diag{y,,y,...,¥,}. For
the proposed model (2.2), the transmission threshold is determined by the spectral radius of the mon-
odromy matrix, namely p(M) = n12ax2 pi. Due to the coupling only appearing through ©(z), the

.....

monodromy matrix M becomes block upper trlangular in the chosen basis, thus leading to the eigen-

w(ky)pk;)
values being p; = (1 —g)e™* and p,,; = (1 —7))e b [acaps [ =5t -r-oular fori=1,2,...,n. Bysolving
lonsil < 1foralli=1,2,...,n, we define the following expression:
RO = A(kp)w(k;) p(k;) [ B gi(1—e™*T) ]
S+ ou - £in(1 -]t Tull = (1 - ge ]

What needs illustration is that p(M) < 1 is equivalent to _max R) < 1. If max R) < 1 holds, then

1,2,..,n i=1,2,...n ki

the disease-free periodic solution Ey(?) of System (2.2) is locally asymptotically stable. O

Lemma 3.3. [31]. For A = (a;j)uxx € R™", klim AK = 0,5, if and only if p(A) < 1, where p(A) is the
— 400
spectral radius of A.

Theorem 3.3. The dlsease -free periodic solution Ey(t) of System (2.2) is globally attractive if

0 0 _ A(k)w(k)p(k)[ gi(1—e+T) ]
nax Ry <1, where Ry, = =4sn Tull~(1=qne 771 |

Proof. From the boundedness of solutions and the positivity of parameters in System (2.2), we obtain
the following:

dsk(t) < Si(t), t #mT,
Ta Rk " (3:4)
Ski(t+) = (1 - %)Sk,-(t)a t=mT.
Consider the following comparison system:
45k _ Si(t), t #mT
Skt =0 —q)Sk(0), t =mT.

It follows from Lemma 3.2 that System (3.5) has a positive periodic solution:

qie—p(t—mT)
1= -gper”’

Sut)=1- mT <1< (m+ )T,

which is globally asymptotically stable. As a result, lim Ekl.(t) = §,§(Z) =S ,f(t) holds. Based on
t—+0c0 ! i

the comparison principle of impulsive differentials equations [29], S;.(f) < Ek[(t) is further obtained.
Therefore, for any £ > 0, there exists some m; € Z* such that §;,(f) < S ,{i(t) +efort € (mT,(m +
DT, m> m,.

On the basis of the above-mentioned result, we obtain the following when ¢t € (mT, (m + 1)T],m >
my.

{ dlgt(—t) < AK)(ST(D) + £)O) = (r + W (1), 1 # (m+1= DT, (36)

I.(t") = (1 = y)I (), t = (m+ 1= 1)T.
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Denote ®3,(7) as the fundamental solution matrix of the ordinary differential system as follows:

dI,, ()
dr

which meets @5,(0) = E,,. Notice that p(®3,((1 - )T )(E, —I')®3,(IT)) is continuous with respect to &.
Under the condition max Rg,- < 1, the inequality p((I)gz((l -DTYE, — F)(Dgz(lT)) < 1 still holds once

i=1,2,...n

¢ is chosen small enough. By integrating System (3.6) from (m + [ — 1)T to (m + [)T when m > m,, we
have the following:

= Ak)(SE() +£)O) = (r + I, (0), t# (m+ 1= DT,i=1,2,....n,

I(mT) <®%5,(mT — (m+ 1 — DDI(m + [ - DHT™)

=®5,((1 ~ DT)(Eq ~ DI(m + 1~ DT)

<®%,((1 - DT)(E, — D)®3,IDI((m — DT).
Then, it follows that

I(m — DT) < (@5,((1 = DT)(En — D)@ IT))" ™ I((my = 1)T),m > m,.

When € (m— V)T, (m+1—- DT],m > m,,

I(r) < ®5,(t — (m — DT)L((m — 1)T). (3.7)
Additionally, when ¢ € (m + [ - 1)T,mT],m > my,

I(r) < ®5,(t — (m + [ — 1)T)(Ey — DD, (T)I(m — DT). (3.8)

The diagonal elements of the matrices ®5,(r — (m — )T) and ®%, (1 — (m + [ — DT)(E, — D)@, (IT) are
all less than 1 if ¢ is restricted to be small enough and g,(f) < 1 holds for t € (0,T],i = 1,2,...,n,

ﬂ(ki)w(ki)P(ki)[ _ gi(1—e™) ]
CkiY(r+6p) ptll=(1-g)e ]

where g;.(f) = . Hence, under the condition max Rg, < 1, we have the

i=1,2,...n

following:
1) < (@5,((1 — DT)(Ey — DYOL,UIT))" " K((my — DT),t € ((m — DT, mT1,m > my.
Due to p(®5,((1 = DT)(E, — I)®3,(IT)) < 1, by Lemma 3.3, we have the following:

lim 1(r) = 0,;.

t—+00

Then, for any € > 0, there is an integer m, > m, such that [, (1) < e for t € (mT, (m + 1)T], m > m,.

For each degree class k;, there is an inequality of the form ;. (f) < & ; then, by the definition O(¢),
we immediately obtain O(¢) < >\, w(k;))p(k)e/<{k;y < X, kip(k))e/{k;) = &. In addition, it’s obtained
from the above result that

B o (1 = e - Akes S T
o= 2 = (1= O = AK)ES (1) = S (1), 1 # mT. (3.9)
Sk(t*) = (1= g)S (), t = mT.
Thus, construct the following comparison system:
ds,
ds =pu—(1-0ue- ﬂ(ki)giki(t) - ,uikl.(t), t #mT, (3.10)
S, (1) =(1—g)S, (1), t = mT.
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Utilizing Lemma 3.2, we figure out the positive periodic solution of System (3.10)

S =

—(1=6 -(1-9
p— (1 =Sy +( o M= U= e GwperienD) <4 < (m+ DT, (3.11)

Ak)e + M Sk Ak)e + L
where

. u— (1 =8l —g)(1 — e W=l
= /l(kt)g + IJ 1 - (1 — qi)e—(/l(k;)€+/,1)T :

Similarly, for any & > 0, there exists some integer ms > m, such that §;.(1) > § ,f,(t) —gfort €

(mT,(m + 1)T],m > ms. Note that linag,fi(t) = lirré S ,fi(t) =S ,{i(t). Therefore, we have proven that
lim S4() =S ,f(t) for all i since S ,f(t) —e< 8, < E,?(t) + ¢ for sufficiently small €. O
t—+00 i i !

Corollary 3.1. If the pulse vaccination probability satisfies q; > q:,i = 1,2,...,n, where q is the
minimum allowable strength of vaccination defined by
g = [Ak)w (k) pki) = (r + 6 = 7 In(1 = y)) k) [uT (1 = e7#7)
" Ak)wk)plki)(1 = e ) = [Atkpw (k) p(ki) = (r + 6 = 3 In(1 = y)k) [uT e+

then the disease-free periodic solution Ey(t) of System (2.2) is globally asymptotically stable. Thus, a
strong vaccination program can make infectious diseases die out ultimately with a large pulse vacci-
nation probability.

3.3. The uniform persistence of the disease

Theorem 3.4. If - _max

that for all initial values x° = (S°,1°) € R" X IntR", the solution (S(¢),1(t)) of System (2.2) satisfies
I;.(t) > n when t is sufficiently large.

Rg, > 1, then there exist a positive constant n > 0 and an integer i such

Proof. Set

Q= { (S1 (D, Sk,(0, ... Sk, @), It ), I, (©), ..., I () € R

SO+ I <1, 150, i= 12n}
Define
Q0 = { (S0 S0+, SO T O T O, 0) € Q| 1@ > 0, 150, i = 1,2, |,
and 0Qy = Qf = Q\Q,. Let P : Q — Q be the Poincaré map associated with System (2.2). Namely,
P(x®) = (S(T,x"), I(T,x"),x" e R?,

where (S(z,x°), I(z, x)) is the unique solution of System (2.2) with (S(0, x"), I(0,x%)) = x’. We want to
prove that P is uniformly persistent with respect to (€2, 9€).

It’s available to obtain that Q and €, are positive invariant sets. Besides, 0€) is a closed subset of

Q. Define
My ={x" €00y : P"(x") € 0Q,Vm € Z* }.
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We are to prove that My = {(S,0,x1) : S > 0,x;}. Clearly, {(S,0,x1) : S > 0,1} € M;,. The claim
My C {(S,0,5) : S > 0,,} is to be proven by way of contradiction. For an arbitrary element x° of M},
assume that there exitm € Z* and k; € {k, ks, ..., k,} such that Iy (m'T,x") > 0. Setting Iy (m'T,x%) as
the 1nitial condition, we have Ik; (t, 1 ¥ (m T, xo)) > 0 for t > m'T based on the fact that Q is positively
invariant. This result contradicts the definition of M. Thus, we have Ikl.(m' T, xo) =0,i=1,2,...,n
for any m € Z*. Therefore, using Lemma 3.1 and the result obtained above, the map P has the only
fixed point M|, that satisfies P(My) = My in M.

Next, it’s time to prove the claim that there exists & > 0 such that for any initial condition x° € Q,
we have the following:

lim sup max Ik (1) > e. (3.12)
o400 €12,

If this claim is not true, then for any & > 0, there exists x” such that there exists #; satisfying I;,(f) <
gi=1,2,...,nfort > t,. Thus, we get the following:

$u® (1 = S)ue — Ak)eS 1. (1) — uS,. (1), t #mT,
Cdr ’ ’ (3.13)
Sk,'(t+) = (1 - qi)Ski(t)’ t=mT.
By the comparison principle, there exists a small enough £ and an integer m3 such that
Si(0) 2 S (1) — &1 = msT,
where § I{,-(t) is defined in (3.11). When t > m3T, we have the following:
O © 5l - 1T,
o 2 AK)(S (1) — )T O — (r + (1), 1 % (m+ 1= 1) 3.14)
L) = (1 =YL (@0), t = (m+ 1~ DT,

By integrating the above system on ((m + [ — 1)T,(m + )T],m > ms + 1, we get the following:
I(mT) 2®5,(mT — (m+1 - DDI((m+1- 1T")
=®3,((1 = DTYE, — D)DLUT)I(m — DT),

where ®3, is the fundamental solution matrix with ®5,(0) = E, of the following linear ordinary
differential system:

dr, (1)
dr

- 1
= Ak)(S (D) - 8)1 O — (r+ i (0.i=1,2,....n
Then,

I(1) > [@5,(mT — (m + 1 = DT)(E, = D@5, AD)]" " K(my = DT),t € ((m = DT, mT],m > ms.

Under the condition —a ‘max RO > 1, we can deduce [, () — +o0 as t — +oo for sufficiently small &,

,,,,, n

which contradicts the boundedness of I;,(¢) in System (2.2). Therefore, the above claim can be proven
through the method of contradiction.
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According to the above claims, it follows that M|, is an isolated invariant set for P in €2, and W*(My)N
Q, = 0, where W*(M,) is the stable set of M, for P. Note that w(x") = M, for any x® € M, and M,
can’t form a cycle in 0Qy. By the acyclicity theorem on the uniform persistence for maps in [32], it
can be proven that P is uniformly persistent with respect to (g, 0€p). As a result, there exist a large
enough m € Z* and a small enough € > 0 such that

P"(x") = (S(mT*),XmT)) > e(Lyx1, Lix), m > .

Notice that
dI, ()

dr
Forte (m+1-1)T,(m+ )T],m > m + 1, we have the following:

> —(r+ oW, (1), t # (m+1— DT.

I () 2 e DD (4 1= 1D)T™)
= o HO=Gm =D () _ g (m+ 1 - 1)T)
> e_(r+5ﬂ)(t_(m+l—1)T)(1 _ ’)/i)e_(r+6#)lTIk-((m — 1)T+)
> e—(r+6/1)(t—(m—1)T)(1 —y)e = .

O
Theorem 3.5. If ﬁ max Rgi > 1, then System (2.2) is uniformly persistent.
Proof. 1t follows from Lemma 3.1 that
Bull) S (1 =y - Ak)S S T
dt —l‘t_( - )lu_ (l) k[(t)_ll k,‘(t)atim ) (315)
Sk(t) =1 —g)S(0), t =mT.
We construct the following auxiliary system:
ds, () , ,
dIt =p— (1 -0)u—-Ak)S, (1) —puS, (1), t #mT, (3.16)

g;q(t"') = (1 - ql-)i;q(t), t =mT.

By Lemma 3.2, the positive periodic solution of System (3.16) is as follows:

/ u—(1—-06)u . H= = O\ gty
ST(f) = +ls - A+ =mT) T < ¢ < (m + DT,
S5, O A(k;) + 24,0 Alk;) + p ¢ " < (m+1)
where P
, —(1=6u(l =g — e Wktu
ikf(f)=ﬂ ( (L —g)(1—e )

Ak + i 1= (1= ge R
In accordance with the comparison principle, we have S;.(f) > S ;{,(t). Note that lim S ;c_(t) =S ;(T(t).
! t—+0o0 t !

Hence, for any £ > 0, there exists some my € Z* such that S;,(z) > § ;I,T(t) —&ewhen t € (mT,(m +
1)T],m > my. Consequently, it’s proven that there must be a positive constant ¢; such that S4,() > ¢;
for a large enough ¢, where ¢; = Q;{iT(t) -&>0.
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By Lemma 3.1 and Theorem 3.4, there exists i such that ©(z) > % > mgl{w(ki)p(k )} <Z 5 for ¢
! 1€

sufficiently large. For any integer j # i, we obtain the following:

dly, (1) min{w(k;)p(ki)in
ar =W aminfw(k)p(ki)hn

= (r+ oW1, 0.

Then, the comparison system is constructed as follows:

Uy, (t ) mln{w(k )p(ki)in

dr AK)E; (ki) + @ mm{w(k )p(ki)in

Uy () = (1= ) Uy (0, £ = (m+ 1= 1T,

= (r + WU, (1), t # (m+1-1)T, (3.17)

Utilizing Lemma 3.2, we have the positive periodic solution of System (3.17) satisfying

* W —(r —(m+Il—-
UL = — éﬂ + (Ukj - éﬂ)e (o= t=00 - (m + 1 - DT <t < (m+ DT,
where
min{w(k)p(k)}n
= Ak; :
(k))és k) + amm{w(k k)i’
and

e T (=)l = et
BT r s 1= (1 —yerront

which is globally asymptotically stable. Similarly, for any & > 0 and ¢ sufficiently large, we get the
following:

L= Ul(n-¢e*¢;>0.

Hence, we have proven that all solutions of System (2.2) eventually enter in the following region:

Q= {{(su. 1)), <R

L<Su®<Lmax{n el <T@ <1, 650, i=12,....n }
where {; and max{n, ¢;} are independent of the given initial condition of System (2.2). O

Corollary 3.2. Define the minimum allowable strength of cure as follows:

_Apetippty) [ gia-enT)
s _ 1 _eT{’+5/‘ o)k [ Tall—(-gpe 7]

Yi =

If the pulse cure rate satisfies y; < yi,i = 1,2,...,n, then System (2.2) is uniformly persistent. This
implies that the disease persists in the population when the screening rate is low.
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4. Numerical simulations

In this section, we present some numerical simulations to examine the impact of parameter values
on the disease dynamics, visualize some of our theoretical results, and investigate the effects of double
impulsive controls quantitatively. The numerical simulations in this study are performed by directly
integrating the deterministic degree-based mean-field ordinary differential equations derived in Section
2, that is, while the model is motivated by network epidemiology, the simulations are deterministic and
based on the same system used for the theoretical analysis. Thus, the numerical results serve as a direct
validation of the analytical findings. For practical convenience, suppose k; to be i, which ranges from
1 to n. The maximum degree of nodes is assumed to be k, = n = 100. For the underlying topology,
we consider the transmission of disease based on the scale-free network with the degree distribution

100

pk;) = Qki‘3, where o = 0.8319 makes ) p(k;) = 1 hold. By calculation, the average degree of the
i=1

network is (k;) = 1.3602. Moreover, the propagation probability is taken as A(k;) = /10%, where A is

.. K03 . . ..
the basal transmission rate. For each node, choose w(k;) = s to characterize the saturated infectivity

of the node with degree k;. It is necessary to clearly state that the periodic oscillations observed in the
following figures do not result from the continuous network-based SIR epidemic model. Instead, they
are directly imposed by the periodic impulsive controls. Thus, the periodic solutions depicted in this
section are forced by the periodic impulsive intervention strategy.

4.1. Impact of model parameters on the transmission thresholds

As a crucial criterion, the transmission thresholds Rg, play a key role in determining the transmission

dynamics of disease across the network. In this subsection, we examine the influence of model param-
eters on controlling the transmission of disease. Following [33,34], we adopt the analytical expression
RO aRO . . . .
TX"’ = a—; X If—o to measure the relative change of the transmission threshold Rg. which results from
ki '
a change in a specific parameter, where y is any parameter involved in Model (2.2). By calculating
partial derivatives of the threshold with respect to all relevant parameters, fori = 1,2,...,n, we obtain

OR? OR? OR? OR? OR? OR?
k,‘ O ki O ki 0 ki < 0 ki < O ki

<y, >0, <0, , , >0
0o 04 or 0q; 0yi oT

when model parameters are in the following region = defined by

gi(1 —e*T) Tu
Tull = (1 —g)e*rT]" 1 —e+T”

{ (1.6, A0, 7,41y T) € R max{ [T —1) + 2]e-ﬂT} <1 }

From these inequalities, it is found that the parameters 6, r, g;, and y; are negatively correlated with the
threshold Rgl_ for all i. On the other hand, both the basal transmission rate A, and the pulse vaccination
period T are positively correlated with the threshold Rg,-' Take the parameters ¢ = 0.15,0 = 0.1, 4y =
0.7,r=0.02,g; = 0.2,y =0.1,T =2 withi = 1 as an example. It can be observed from Figure 1(a)
that the transmission threshold Rgl consistently increases with the natural birth (death) rate 4 when the
vertical transmission rate 1 — ¢ is large. However, for a small 1 — ¢, the threshold Rg,- initially increases
and then decreases as u increases. This intriguing result highlights the significant impact of vertical
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transmission on the spread of disease when mother-infant transmission dominates, and the vaccine has
not yet interrupted the infection.

To quantitatively assess the influence of key parameters on the transmission threshold Rgi, we per-
form a global sensitivity analysis using the Partial Rank Correlation Coefficient (PRCC) method. The
uncertain parameters considered are as follows: the birth/death rate u € (0, 1), the vertical transmis-
sion factor 6 € (0,1) with 1 — ¢ being the vertical infection rate, the transmission rate 4, > 0, the
saturation coefficient @ > 0, the recovery rate r € (0, 1), the pulse period T > 0, the pulse vaccination
rate ¢; € (0, 1), and the pulse cure rate r; € (0, 1). A Latin hypercube sample of size 1000 is drawn
from uniform distributions over the specified ranges, and PRCC values are computed for a represen-
tative degree class k; = 80. All 1000 samples yield valid Rgl_ values. The results are shown in Figure
1(b). The most influential parameter is the transmission rate 4y (PRCC = +0.869, P < 0.001), thus
indicating that reducing A, has the strongest effect in lowering the threshold R,?l_. The recovery rate r
(PRCC = —-0.665) and the vertical transmission factor 6 (PRCC = —0.405) also exhibit strong negative
correlations, meaning that a faster recovery or reduced vertical transmission significantly decreases
Rg,-‘ The pulse period T shows a substantial positive correlation (PRCC = +0.507), confirming that
more frequent impulsive interventions are beneficial. The pulse vaccination rate g; and cure rate vy;
have weaker negative correlations (PRCC = —-0.317 and —-0.275, respectively), while the birth/death
rate u exhibits a very weak negative effect (PRCC = —0.074, p = 0.0195) that is still statistically sig-
nificant. All p-values are below 0.05, thus confirming the statistical significance of these correlations.
These findings provide quantitative guidance for disease control: priority should be given to reducing
transmission, enhancing recovery, and increasing the intervention frequency, whereas solely raising the
pulse vaccination or cure coverage yields comparatively smaller benefits.

1 ‘
*
1.2
1.5 *
— 1 0.5r
m_
X
S 1
£ 08 O
= O
o x™ x OrT1m/=T
0_ *
o 0.6
0.5 *
o *
0.4 -0.5r
0 1 .
1
0.2
1 ‘ ‘
o 4 /\O r T g Y
(a) (b)

Figure 1. The joint impact of u and ¢ on the transmission threshold Rgl [panel (a)] and PRCC
for transmission threshold [panel (b)].

4.2. Dynamical behaviors of epidemic model in different cases

In this subsection, we perform simulations for System (2.2) to observe the evolution of a disease
under different conditions. The model parameters are set as u = 0.15,6 = 0.65,1p = 5,r = 0.05, @ =
0.002,¢q; = 0.8,y; = 0.01,T = 2, and [ = 0.3. For each degree class, choose the initial condition
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Si0o=0.6,1p = 0.3. Accordingly, the transmission threshold is calculated as _max ;Q_g =0.6844 < 1.

Without loss of generality, we examine the evolution of nodes with degree k; = 80 as an example.
Figure 2 illustrates that S go(#) converges to a positive periodic solution, while Igy(#) approaches zero as
t becomes sufficiently large. This indicates that the disease eventually becomes extinct over time, thus
validating the statements in Theorem 3.3. Furthermore, from Corollary 3.1, we know that the disease-
free periodic solution Ey(7) of System (2.2) is globally asymptotically stable, a conclusion supported
by several numerical experiments with different initial conditions.

5 5

o2 il m\m““\m“u““\\“‘HHHH‘\H“\\H‘“\H‘“\H“H“\m‘\ \‘”‘\W\‘W‘\”H‘\”H“”\‘H‘”\”H”‘ o

il S

t é:?ys> t ((;5)1)’5)
A Z::: discase-free p\\d solution
04 0 o6 o:g ;M 1
B g0V " 50
Figure 2. When i:rlr’lza’lxvn R/?,- < 1, the dynamical behavior of System (2.1) with the initial

condition §; = 0.6, I,-,.(; = 0.3 for all i. (a) Time series of Sgy(?). (b) Time series of Igy(7). (c)
Phase portrait of Sgy(#) and Ig(¢). (d) Phase portrait of S gy(), Iso(?), and Rgy(t).

Set the model parameters as u = 0.15,6 = 0.07,4p = 0.98,r = 0.005,a = 0.002,¢q; = 0.3,y; =
0.1,7 = 2, and [ = 0.3 and the initial condition as S, = 0.5,;p = 0.35 for all i. By calculation,
- max Rl?,- = 1.0126 > 1. According to Figure 3, System (2.2) exhibits an endemic periodic

I+a o0 n
solution, oscillating distinctly due to the introduction of double impulsive strategies. The numerical

results in Figure 3 further show that Ig)(f) remains strictly positive over time, thus confirming the
persistence of disease in the network as stated in Theorem 3.4.
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2,- > 1, the dynamical behavior of System (2.1) with the initial

condition S, = 0.5, ;o = 0.35 for all i. (a) Time series of Sgy(¢). (b) Time series of Igy(?).
(c) Phase portrait of Sgo(?) and Ig(¢). (d) Phase portrait of Sg(t), I30(?), and Rgo(%).

——S. =0.6,1 =0.1foralli
i,0 i,0
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Figure 4. Time series of Sgy(7) and Igy(#) with three sets of initial conditions.
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To assess the impact of initial conditions on the disease dynamics, we consider three different sets of
initial values, as shown in the legend of Figure 4. Examining nodes with degree k; = 80 as an example,
we observe that both Sgy(¢) and Ig(¢) converge to the same positive periodic solutions, regardless of
the initial conditions. This result demonstrates that the disease remains uniformly persistent under the
given conditions, thus validating Theorem 3.5.

4.3. Effects of double impulsive controls on the transmission of disease

To examine the relationship between the transmission threshold Rgi and the pulse period T, pulse
vaccination probability ¢;, or pulse cure rate y;, we set the parameters as u = 0.15,6 = 0.85,1p =
0.98,r = 0.01, and either y; = 0.05 or g; = 0.05, respectively. Under these parameter settings, Figure
5(a),(b) illustrate the combined effect of T, g;, and y; on Rg,-' The results indicate that Rg,- is positively
correlated with T, while it is negatively correlated with ¢; and y;. By comparing these two plots in
Figure 5, we find that when both rates are extremely low, a given value of g; results in a lower R,?l_ than
the same value of y;. However, above a small critical value, y; becomes more effective in reducing
Rg,- than ¢;. That suggests that, provided there are sufficient medical resources, increasing the pulse
screening with the treatment rate is more effective in accelerating the eradication of disease.

UL o=

o 02 ]

03

0.9 o | 09k /
o° o / -
o8 !/ 1 0.8} .
o~ o2
o®

o
<&
0.7 - os 1 0.7
0.6 o 1 0.6 o®
ol
S 0.5 & o® | 05
047 S . o — 0.4 .
& — ] . -
0-3r o o i 0.3¢ ) © Ces
_— o! —
~ 5 _— ot —
0.2 M e /oe/ 0.2 e 0o —
0.1vse _— B o 1 0.1Vs // gg/ J
2 4 6 8 10 2 4 6 8 10
T T
(a) (b)

Figure 5. Contour plot of the threshold Rgl_ for pulse period T', pulse vaccination probability
gi [panel (a)], and pulse cure rate y; [panel (b)].

To investigate the impact of the pulse period T on the transmission dynamics of disease, we sim-
ulate the epidemic model (2.2) with various pulse periods T = 1, 3,5, while keeping the remaining
parameters fixed at u = 0.15,6 = 0.09, 4y = 0.95,r = 0.05,a = 0.02,¢; = 0.3,y; = 0.1, and [/ = 0.3.
Besides, the initial condition is set as S, = 0.6, I;o = 0.1 for all i. Taking nodes with degree k; = 80 as
an example, Figure 6 shows that as T increases, the oscillation frequency of S gy(¢) or Igo(f) decreases.
Additionally, there is a positive correlation between the infected population size and the pulse period
once the system reaches a stable periodic solution. Notably, the disease is eliminated when vaccina-
tions and screenings with treatments are administered frequently enough to meet a specified threshold.
Additionally, the results indicate that the more frequently the pulse interventions are applied, the faster
the disease is eradicated. Therefore, as long as medical resources allow, increasing the frequency of
vaccination and screening with treatment proves to be an effective strategy to control epidemic out-
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Figure 6. Time series of Sgy(#) and Igy(#) with the initial condition S;¢ = 0.6,1;p = 0.1 for
all 7.
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Figure 7. Time series of Sgy(#) and Igy(#) with the initial condition S;¢ = 0.6, = 0.1 for
all 7.

To further investigate the effects of impulsive control parameters on the oscillation amplitude, we
vary the pulse period T, pulse vaccination rate g;, and pulse cure rate ;. The initial conditions are
set as S, = 0.6,1;p = 0.1 for all degree classes. For illustration, we focus on nodes with degree
k; = 80, namely Sgo(¢) and I3o(#). When studying the effect of the pulse period T on the amplitude,
we choose 7' = 7, 10, 30, 60, 120, and 240 while keeping the other parameters fixed as u = 0.15,6 =
0.09,4p) = 095, r = 0.05,a = 0.02,9; = 0.3,y; = 0.1, and [ = 0.3. As shown in Figure 7(a), when
T increases from small to moderate values, the amplitude of Ig(#) first increases. This is because a
longer inter-pulse interval allows more time for disease transmission, thus leading to a higher peak.
However, when T exceeds a certain threshold, the amplitude begins to decrease and eventually reaches
a saturation. This non-monotonic behavior arises from the saturated incidence and the depletion of
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susceptible individuals: for very long periods, the infection peak is limited by the saturated contact
rate, while the natural recovery and death processes reduce the trough, thus narrowing the amplitude.
The oscillation frequency monotonically with decreases 7. When studying the effect of the pulse
vaccination rate g; on the amplitude, we choose ¢g; = 0.15,0.35,0.55,0.75, and 0.95 while keeping the
other parameters fixed as u = 0.15,6 = 0.09, 4y = 0.95,r = 0.05,¢ = 0.02,T = 2,y; =0, and [ = 0.3.
Since pulse vaccinations directly reduce the susceptible population, we examine S gy(¢) in Figure 7(b),
which shows that increasing ¢; leads to a larger amplitude of Sgy(¢). A higher vaccination coverage
removes more susceptible individuals at each pulse, thus causing deeper troughs. When studying the
effect of the pulse cure rate y; on the amplitude, we choose y; = 0.05,0.1,0.15,0.2,0.25, and 0.3 while
keeping the other parameters fixed as u = 0.05,6 = 0.09, 4y = 0.98,r = 0.01,a = 0.02,7 = 2,49; = 0,
and /[ = 0.3. Pulse treatment acts on infected individuals, so we present Igy(t). Figure 7(c) reveals
that as vy; increases, the amplitude of Ig,(¢) initially rises and then falls. For a small vy;, the treatment
is weak; increasing it reduces the post-pulse infected trough, thus widening the amplitude. However,
beyond a critical y;, treatment becomes so effective that the infection is suppressed before reaching a
high peak, and the amplitude declines. This indicates an optimal treatment intensity that maximises
the oscillatory response, beyond which the system approaches the no-infection regime.
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Figure 8. Time series of Sg(f) and Ig(¢) with the initial condition S,y = 0.5, 1;p = 0.35 for
all 7.

To evaluate the effectiveness of dual impulsive controls, comparison experiments are conducted us-
ing the epidemic model (2.2), with five typical scenarios with different combinations of pulse vaccina-
tion and cure rates: (g;, v;) = (0, 0), (0.3, 0), (0, 0.1),(0.3, 0.1), and (0.4, 0.2) for all i. The reminding
parameters are set as 4 = 0.15,6 = 0.09, 1y = 0.95,r = 0.005, ¢ = 0.02,T = 2, [ = 0.3 and the initial
condition is chosen as S;o = 0.5,1;p = 0.35 for all i. Take nodes with degree k; = 80 as an example,
Figure 8 exhibits that in the absence of pulse interventions, the time series of S go(¢) and Igy(#) remain
smooth without oscillations. Compared to the uncontrolled scenario, implementing a single pulse con-
trol method reduces the final infected population size. However, a significant reduction in prevalence
is only achieved when both impulsive controls are applied together. Furthermore, increasing the in-
tensity of both pulse vaccinations and screenings with treatments can lead to the complete eradication
of the disease. These findings highlight that effective control requires an integrated approach combin-
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ing vaccination and medical treatment. For comprehensive disease prevention and management, both
strategies should be considered to effectively curb disease transmission .

5. Conclusions and discussion

In this work, we developed an SIR epidemic model on complex networks, thereby incorporating
vertical transmission, saturated incidence, pulse vaccination, and screening with treatment. We ana-
lyzed the model’s dynamical properties both theoretically and numerically, thus providing insights that
can guide the control and prevention of infectious diseases through multiple pulse interventions. The
key findings of this study are summarized as follows.

First, the positively invariant set Q for System (2.1) was identified. To assess disease transmission,

two critical thresholds, RO and RO were introduced and defined, which determine the progression of
disease. It was obtained that System (2.2) admits a disease-free periodic solution Ey(7). Using the
Floquet theorem, the disease-free periodic solution Ey(#) was proven to be locally asymptotically sta-
ble when max RO < 1. Furthermore, by applying the comparison principle for impulsive differential

i=1,2,..., n

equations, the global attractivity of Ey(¢) was demonstrated when rlnzax RO < 1. Additionally, by

.....

utilizing the uniform per51stence of the Poincaré map, we derived a sufﬁment condition for the persis-
tence of disease: if —Q max RO > 1, then System (2.2) exhibits a uniform persistence, thus leading

..... n
to the establishment of an endemlc state. Regarding double impulsive controls, the minimum required

strengths of vaccinations and screenings with treatments are defined in Corollaries 3.1 and 3.2, re-
spectively, providing necessary conditions to implement effective impulsive strategies to eliminate the
disease.
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Figure 9. Time series of Sg(¢) and Ig(¢) with parameters u = 0.15,6 = 0.07, 1, = 0.98,r =
0.005,9; = 0.3,y; =0.1,T = 2 [ = 0.3 and different & shown in the legend, corresponding
to max R0 1.0146, an = 0.9947, 0.9059, and 0.8316, respectively. Ini-

i=12,..., =12,
tial condltlons (S0, 1ip) are set as (O 6 0.1), (0.4,0.3), and (0.2, 0.5) for the three scenarios,

respectively.

In addition, numerical simulations and analysis for Model (2.2) were performed. While the dynam-
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ics of System (2.2) are well understood for the cases where _mzax Rg < 1 and ﬁ r]nzax Rg, > 1,
1 l: s 1

i=1,2,..., n ¢4 % =12,.., n

further investigation is needed when the threshold indicator m2ax Rgi falls within the range (1, 1 + ).

i=12,..., n

Based on the numerical results shown in Figure 9, we propose a conjecture that the endemic periodic
solution is globally asymptotically stable in this intermediate range. This is supported by time series
simulations of S gy(#) and Igy(#) under three different parameter sets that satisfy 1 < i:rlnzaangi <l+a.

Compared to the scenario without impulsive control, the application of either pulse vaccination or
treatment significantly reduces the density of infected individuals. Furthermore, the results indicate
that the combined implementation of both pulse interventions is more effective than using a single
measure alone. From a public health perspective, an integrated approach that includes both vaccina-
tions and screenings with treatments are not only more effective but also practically viable to eradicate
the disease. To achieve effective disease control, comprehensive impulsive measures are crucial. Our
analysis shows that while increasing the pulse frequency and rates accelerates eradication, there exists
an optimal frequency beyond which benefits diminish. Moreover, raising the pulse cure rate beyond a
critical value yields limited gain, and a single additional high-coverage vaccination pulse can eliminate
the infection. Thus, double impulsive strategies should be designed that considers cost-effectiveness
and network heterogeneity.

Despite the valuable insights gained in this study, several limitations remain. One key challenge is
our inability to derive an exact threshold that distinguishes between the extinction and persistence of
the disease. Additionally, due to the complexity of our model, analyzing the existence and stability
of endemic periodic solutions in the network-based epidemic model with impulsive strategies remains
a difficult task. In future work, we aim to address these gaps through rigorous theoretical analyses.
Furthermore, this study does not include a case study on infectious diseases such as hepatitis B, as
real-world data and detailed information were unavailable. Moving forward, our research will focus
on refining the impulsive epidemic model by incorporating more realistic factors and reliable data. One
important future direction is to extend the numerical framework toward more realistic simulations,such
as the following: (i) using real-world social networks to test the robustness of the thresholds and the
resulting epidemic dynamics; (i) exploring heterogeneous initial infection distributions, (e.g., concen-
trating initial cases in high-degree nodes); (iii) designing targeted intervention strategies that prioritize
high-degree nodes for pulse vaccinations or screenings with treatments; and (iv) performing stochastic
simulations to compare with the deterministic degree-based results. Another valuable future direc-
tion is to develop optimal impulsive control strategies for the proposed model under cost constraints.
For example, regarding the spread of cyber propaganda, Chen et al. [35] proposed a methodology
that combines the optimal impulsive control theory, which provides a valuable reference. To balance
costs with epidemic control effectiveness, an optimal impulsive control problem will be formulated to
determine the timing, intensity, or degree-targeting of vaccination and treatment. This line of work
can also be extended to related propagation scenarios, such as malware or cyber propagation [36,37],
which significantly enriches the context and motivation to extend the current study. What’s more,
some network-based vaccination strategies in [38] can be integrated into this research framework of
an epidemic model with double impulsive controls. It is also noted that a comparative study of dif-
ferent network information strategies is a promising extension [39]. This will enhance the model’s
applicability and effectiveness in practical disease control strategies.
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Appendix

Proof of Lemma 3.1. From
dN,(2)

dr
where Ny (t) = Sy, (7) + I,(t) + Ry (1), it can be obtained that Ny, (1) = (N, (07) — 1)e™ + 1. Hence,
Ni,(t) = 1fori=1,2,...,n under the given initial condition.

Observe that the pulse rates g; and y; are in the interval (0,1). For System (2.1) with the ini-
tial condition, the nonnegativity of the solution x(#) can be guaranteed for all + > 0 provided
that x(#) remains nonnegative when t # (m + [ — 1)T,t # mT. Hence, we prove the claim that
x(1) = {(S K (1), I, (1), Rkl.(t))}?_1 is nonnegative in each interval (mT, (im+D)T)J (im+ DT, (m+ 1)T],m €
Z*,0 <l < 1. Define the set N = {1,2,...,n}. If the above claim isn’t true, then there exists a num-
ber fir € N such that Sy, (¢), I, (2), or Ry, (¢) first approaches and crosses through the 7-axis. We
distinguish the following three cases:

Case 1. If Sy, (v) first reaches and crosses through the z-axis at time #; > 0, then Sy (1) = 0 and
dSy, (1) "
dr |t:t1

= p — uN, (1),

< 0. Besides, I, (t1) + Ry, (1) = 1 because of Ny, (1) = 1. Therefore, we get the following:

dsy,, () o)
= u—1=0ul, (t)— Alksi)Si, () ——— — L
d[ - l-l ( )lu kfzr( ) ( f )Sk_flr( )1 + CZ@(Z‘) MSkf”( ) =1
= M- (1 - 6)/.11](/-#(1‘])
= pRy,, (t1) + opdy,, (1)
> ou >0,

which contradicts the assumption.

Case 2. If Iy, (1) first reaches and crosses through the s-axis at time #; > 0, then I, (1) = 0,

dly,. (f) . . . .
AQ—’;L:tl < 0, and I, (1) < Oin (¢, + €), where € > 0 is sufficiently small. Meanwhile, S.(#;) >

0,li(t1) =2 Ofori = 1,2,...,n and k; # k. We can further prove Sy, (#;) > 0 with the proof by
Eew® - _ 'S 0 holds. Like the

dt =

contradiction. Assume Sy, (1) = 0, then Ry, (7)) = 1. Besides,
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variable Iy, (¢), S, (7) is also the first to reach and cross the 7-axis at time 7, which is consistent with
the aforementioned case. Hence, we have Sy, (1) > O for ¢ > 0. This suggests that the trajectory of

S, () must increase or remain in the interval (¢;,7; + €), where € > 0 is sufficiently small. For these
dS i, (0

5 = 0, which leads to a contradiction. Next, it’s time to

=N

two possible situations, we conclude

calculate the following:

dIy,, ()
dr

— rly,, () = Sply,, (8)

=N

0
= ﬂ(kfzr)S kgir (t) W(g(l‘)

®
Alksi)S kﬂr(tl)#t@l)(tl) (A-1)

2. wki)pk)I(1)

ki#k iy

(ky +a@ ¥ wkpt)l(t)

k,’#kﬁr

1=

Alksir)S iy, (1)

To better estimate the above Eq (A-1), it will be straightforward to discuss the following two sub-
cases.
di (1)

(1) There exits at least one variable I;,(#) > 0,k; # ky;r such that —— > 0. Hence, our aim is
=1

directly achieved by contradiction.

(2) Provided that I (t;) = O fori = 1,2,...,nand k; # k;., we are to deduce a contradiction. In fact,
with the initial condition I;.(¢;) = O for all i, the equations for /;,(¢) in System (2.1) always have the zero
solution I;,(t) = 0, > t,,i = 1,2, ..., n. According to the assumption in this case, with the initial value
I, (1) = 0, the equation for [; , (¢) in System (2.1) has a solution that satisfies [, (f) < 0in (¢, + €).
Forasmall e, > 0,inthedomain D : t; <t <t +€,— < [},(t) < &,i = 1,2,...,n, it follows from the
continuity of f(x(¢)) and 5%(;))) that the right-hand side of System (2.1) is locally Lipschitz continuous.
Since f(x(?)) is locally Lipschitz continuous with respect to x(¢), there exists a unique solution x(¢) of
System (2.1) locally in the interval (#,,#, + €). In consequence, the results obtained above contradict
the uniqueness of the solution of System (2.1) starting from the initial value /; , (¢;) = 0.

Case 3. If Ry, (¢) first reaches and crosses through the z-axis at time #; > 0, then Ry, (1) = 0

Rkﬂr(t) < 01in (#;,t; + €), where € > 0 is sufficiently small. Based on the above result, we have
dRy, (1)
dr

> —uRy, (1), which implies R;.(f) > 0. Hence, a contradiction arises in the interval (¢, + €).
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