MBE, 23(10): 3138-3168.
% DOI: 10.3934/mbe.2026108

AIMS Received: 12 July 2026

EE Revised: 17 September 2026
Accepted: 24 September 2026
https://www.aimspress.com/journal/mbe Published: 26 October 2026

Research article

A unified compartmental model (U-SEIR) integrating asymptomatic
infection, super-spreading, and time-varying non-pharmaceutical
interventions for the first wave of COVID-19

Shujiang Tang*
School of Science, Hunan Institute of Science and Engineering, Yongzhou, China

* Correspondence: Email: sjtang@huse.edu.cn.

Abstract: The COVID-19 pandemic exposed limitations of classical compartmental models that
assume homogeneous transmission and constant contact rates. We have proposed U-SEIR, a
unified six-compartment framework integrating an undetected/asymptomatic compartment, a super-
spreader compartment, and a time-varying contact rate B(f) = Boe ' representing cumulative non-
pharmaceutical interventions. The basic reproduction number was derived via the next-generation
matrix, and the disease-free equilibrium was proved globally asymptotically stable when R, < 1 by a
Lyapunov argument. The model was validated on daily new-case series of five countries (China/Hubei,
USA, UK, Japan, Italy) and one sub-national province (Hunan) during the first wave. A controlled
comparison isolated the contributions of the intervention mechanism and structural complexity: for
China/Hubei, the no-control susceptible-infectious-recovered (SIR) yielded R*> = —0.47, whereas
the same model with the time-varying contact rate reached R*> = 0.98. A paired block bootstrap
(B = 500, block = 7 days) and AIC (Akaike Information Criterion) showed that the asymptomatic and
super-spreader compartments provide a statistically distinguishable improvement over the best S(¢)-
controlled susceptible-exposed-infectious-recovered (SEIR) baseline in only one of six jurisdictions
(Italy, p < 0.001, AAIC = 7.5). Identifiability analysis showed the eleven-parameter fit is borderline
identifiable (kgpy in the 10'~102? range, with 3, and u jointly unidentifiable on a narrow ridge); fixing
five parameters at clinical values and re-fitting a reduced K’ = 6 model lowered the Fisher-information
condition number by four to seven orders of magnitude, with profile-likelihood intervals, a structural-
identifiability check, and Markov Chain Monte Carlo (MCMC) credible intervals propagated through
all scenario analyses. The central finding was that intervention dynamics, not structural complexity,
dominate fit quality in jurisdictions with strict lockdowns.
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1. Introduction

The first wave of the COVID-19 pandemic (early 2020) generated an unprecedented volume of
real-time case data [1, 2], while simultaneously exposing the structural limits of classical
compartmental models for guiding public-health decisions [3]. This paper develops a unified
extension of the SEIR family, termed U-SEIR, and validates it on six jurisdictions (five countries and
one sub-national province).

1.1. Background and motivation

The standard SIR model of Kermack and McKendrick [4], and its compartmental descendants,
assume that the population is well-mixed, that infected individuals are uniformly infectious over the
duration of the illness, and that the contact rate is a constant parameter. These assumptions were
already known to be stylized, but the COVID-19 pandemic rendered three of these limitations
quantitatively conspicuous:

(i) Asymptomatic and pre-symptomatic transmission: a substantial fraction of SARS-CoV-2
infections are asymptomatic [5, 6] or pre-symptomatic [7] yet contribute to the force of infection.
Classical SEIR models cannot separate detected and undetected transmission.

(i) Super-spreading heterogeneity: empirical contact-tracing studies repeatedly show that
10-20% of infected individuals account for 80-90% of secondary cases [8,9]. This long-tailed
heterogeneity is inconsistent with mean-field SIR/SEIR dynamics.

(iii)) Non-pharmaceutical interventions (NPIs): lockdowns, mask mandates, and contact tracing
reduce the contact rate by an order of magnitude over a period of days, invalidating the constant-33
assumption in any country with substantial mitigation [10].

The combination of (ii) and (iii) is particularly problematic: a model that fits early rapid growth
with a high constant 8 will systematically over-predict the post-intervention trajectory, and a model
that fits the suppressed phase will under-predict the early phase. Empirically, this conflict manifests
as strongly negative R? values when classical models are calibrated to the early-wave data of countries
with strict lockdowns (see Section 4 for a quantitative illustration on the China data).

1.2. Existing modeling approaches

Existing extensions fall into two complementary families.  Extended SEIR variants add
compartments: undetected infection [11], vaccination [12], asymptomatic transmission [13], and
waning immunity [14]. The number of compartments grows rapidly, and identifiability from
aggregated data becomes a concern. Recent work in this family has incorporated asymptomatic and
super-spreader compartments into fractional-order SEIR frameworks [15], developed
six-compartment optimal control models for public health strategy assessment [16], and extended the
structure to multi-strain and variant dynamics [17] and Bayesian state-space inference [18].

Time-varying contact rate models replace the constant 8 with 5(¢) capturing interventions, either as a
step function [13], a smooth exponential [19], or a Bayesian Gaussian-process random walk [10]. The
two families are typically studied in isolation. The dispersion parameter k that governs super-spreader
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overdispersion has been re-estimated empirically on Hong Kong contact-tracing data [20], confirming
a small £k =~ 0.1-0.3 that is consistent with the fitted ¢ values in our super-spreader scenario analysis
(Section 4.9). Theoretical work has clarified the role of Ornstein-Uhlenbeck processes for stochastic
contact rates [21] and the global stability of SEIRS-type models via neural Lyapunov functions [22].

1.3. Contributions of this paper
The contributions of this paper are fivefold.

(1) A unified model (U-SEIR) that combines the two families of extensions reviewed
above—additional compartments (asymptomatic,  super-spreader) and time-varying
intervention—in a single parsimonious 6-compartment framework, with a closed-form R, that
decomposes the contribution of each transmission pathway (Section 3).

(2) A mathematical analysis of the model: the basic reproduction number via the next-generation
matrix, and a Lyapunov proof of the global asymptotic stability of the disease-free equilibrium
when Ry < 1 (Section 3).

(3) A controlled empirical validation on five countries and one sub-national province (six
jurisdictions in total) that isolates the relative contributions of the intervention mechanism and
structural complexity to goodness-of-fit, and quantifies the statistical redundancy of the
additional compartments in five of the six jurisdictions via a paired block bootstrap and the AIC
(Section 4.3).

(4) A scenario analysis calibrated to the country-specific parameter range, quantifying the
threshold behavior of intervention intensity and the leverage of super-spreader-targeted
interventions (Sections 4.8-4.9).

(5) A reduced-model identifiability analysis: Since the eleven-parameter fit is over-parameterized
relative to a single epidemic curve, five parameters are anchored at independent clinical values
and a reduced K’ = 6 model is re-fitted, with profile-likelihood confidence intervals, a structural-
identifiability check, and Markov-chain Monte Carlo credible intervals propagated through the
scenario analysis (Section 4.5).

1.4. Paper organization

The remainder of the paper is organized as follows. Section 2 reviews the relevant theory of
compartmental models. Section 3 develops the U-SEIR model and its mathematical properties.
Section 4 presents the empirical validation, the controlled comparison of competing models, and the
scenario analyses. Section 5 discusses the implications, limitations, and directions for future work.
Supporting materials—fitted parameter values, profile likelihood confidence intervals, and
reproducibility specifications—are deferred to the Appendix.

2. Theoretical framework and related work
This section sets up the general mathematical apparatus used in the remainder of the paper. We
adopt the standard notation of [23] for the next-generation matrix, but we restate the central definitions

for readability.
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2.1. Compartmental epidemic models
Definition 1 (Compartmental epidemic model). A compartmental epidemic model on a closed
population of constant size N is a system of ordinary differential equations on R’} of the form

X =F(x) - V), 2.1)

where ¥ accounts for the rate of appearance of new infections and “V accounts for all other
transitions. The components of x € R’} are non-negative subpopulation densities. This is the standard
next-generation formulation of [23-25].

Throughout the paper, the compartments are chosen from the set
{S,E,1,U,S, R},

representing, respectively, susceptible, exposed  (latent), symptomatic  infectious,
undetected/asymptomatic infectious, super-spreader infectious, and recovered/removed. The total
population is

N=S+E+I+U+S;+R.

(A vaccination compartment V is not included in the present paper because the validation data are from
the pre-vaccine first-wave phase; see Remark 2 for the extension path.)

Assumption 1 (Closed population). The total population N is constant in time, with no births, deaths,
or migration. Demographic effects (which become important for the later stages of a pandemic) are
not modeled in the present paper but are discussed in Section 5.

2.2. The basic reproduction number

Let Xp C R” be the set of infected compartments (i.e., all compartments that participate in the
transmission term), and let D = |Xp|. Linearizing system (2.1) at the disease-free equilibrium (DFE)
x* yields

Xp ~ (F = V)xp, (2.2)

where F and V are the D x D Jacobians of ¥ and V evaluated at the DFE.

Definition 2 (Basic reproduction number). The basic reproduction number R, of system (2.1) is the
spectral radius of the next-generation matrix K = FV™!:

Ry = p(K) = p(FV ™). (2.3)

The threshold properties of R, are standard [23, 24, 26].

By the theorem of [23], the DFE is locally asymptotically stable when R, < 1 and unstable when
Ro > 1. Under additional technical conditions (positivity, irreducibility of K, smoothness of # and V)
the same threshold controls global stability [27].
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2.3. Modeling time-varying interventions

The simplest and most transparent model for an intervention that cumulatively reduces the contact
rate is the exponential-decay contact rate

B&)=poe™, Bo€R:, u20. (2.4)

Remark 1 (Interpretation of ). Equation (2.4) implies that the effective contact rate is halved after a
time 7/, = In2/u from the start of the intervention. The parameter y therefore has a direct operational
meaning as a measure of intervention intensity. Three regimes are distinguished: ¢ = 0 (no control,
classical SIR/SEIR); u € (0,0.03) (mild intervention, typical of countries with moderate NPIs); u >
0.05 (strong intervention, typical of countries with mandatory lockdowns and contact tracing).

The exponential form is the first non-trivial member of a hierarchy of intervention models. A
piecewise-constant S(¢) would yield the same model on each interval but introduces a discontinuity
that is poorly suited to Levenberg-Marquardt parameter estimation on short time series. We therefore
restrict to (2.4) and discuss extensions in Section 5.

2.4. Information-theoretic model selection

Given two nested models with k; and k, parameters (k, > ki) that attain the residual sums of squares
RSS; and RSS; on T data points, the Akaike information criterion (AIC) ranks them by

AIC=T log(RTSS) + 2k. (2.5

Equation (2.5) is the AIC under a Gaussian likelihood assumption for the residuals, i.e., when the
observation model is y, = $,(f) + & with & ~ N(0,0%). The derivation and justification are discussed
in detail in §4.2; we state the formula here for reference. The model with the smaller AIC is preferred.
Differences in AIC larger than 6 are typically considered strong evidence in favor of the lower-AIC
model [28].

3. The U-SEIR (extended SEIR) model

Naming convention. We refer to the proposed framework as the U-SEIR model (“Undetected +
SEIR + Super-spreader”) or, equivalently, as an extended SEIR model. The acronym does not carry the
“S” of the classical SEIRS model: the present system has no transition from the recovered compartment
R back to the susceptible compartment S (no waning-immunity term). The final “R” in the state vector
stands for recovered/removed, and the second “S” in the descriptive name “Undetected + SEIR + Super-
spreader” refers to the super-spreader compartment S ;. This convention is consistent with [23,27] and
the recent review of [29].

3.1. State variables and parameters

Following the considerations of Section 2, we extend the SEIR model with two additional
compartments and one time-varying parameter. The state vector is

x(t) = (S,E,LLU,S,R)(t) € RS, 3.1
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with the totals
N=S+E+I1+U+S;+R 3.2)

The compartments have the following interpretation:

e §: susceptible individuals.

E: exposed (latent) individuals, not yet infectious.

I: symptomatic infectious individuals (the observable case series in the present paper).

U: undetected/asymptomatic infectious individuals, who contribute to transmission at a relative
rate k with k € (0,k), k ~ 1.5. Because the compartment aggregates pre-symptomatic,
asymptomatic, and unconfirmed mild cases, k may be less than or greater than one:
asymptomatic and mild cases are typically less mobile and shed less, whereas pre-symptomatic
individuals can shed at or above the level of symptomatic cases near the peak of infectivity.

S super-spreader compartment, a phenomenological stratification of infectious individuals
with a ¢-fold elevated per-contact infectivity. We do not assign a specific biological mechanism
to S ,: it stands in for the empirically well-documented observation that a small minority of cases
generates a large majority of secondary infections. In the negative-binomial offspring
distribution of [8], the effective dispersion parameter implied by the six-jurisdiction fit is
kg ~ 0.10-0.30, in agreement with the empirical estimates of [30] for COVID-19. The
compartment is therefore a compact way to encode the high-variance offspring distribution
without sacrificing ODE tractability.

e R: recovered/removed. No transition from R back to § is included: the model does not represent
waning immunity (see Remark 2).

Remark 2 (Absence of waning immunity and of vaccination). The present paper focuses on the
pre-vaccine first wave of COVID-19 (Jan—Jun 2020), in which (i) no population-level vaccination was
available, and (ii) the time horizon of a single epidemic wave is much shorter than the empirically
estimated duration of SARS-CoV-2 immunity [5, 31, 32]. We therefore omit both a vaccination
compartment V and a waning-immunity term £R. The recovered compartment R is treated as an
absorbing state for the duration of the analysis: after an epidemic, R(f) increases monotonically to its
final size, and the limiting state of the system when Ry > 1 is a partial-immunity endemic equilibrium
with R" > 0, not the disease-free equilibrium of (3.3) (see Remark 5). This is a structural choice of
the present paper; extensions to waning immunity and to the vaccine era are natural next steps and are
discussed in Section 5.

The model parameters are collected in Table 1. The compartmental structure of the model, together
with the transition rates between the six compartments and the feedback of the three infectious classes
into the force of infection, is illustrated graphically in Figure A1 (Appendix D, where the flow diagram
is described in detail).

Assumption 2 (Parameter ranges). We assume throughout 8y > 0, u > 0, o, v, vu,¥s > 0, p,q € (0, 1)
with p +¢g < 1, « € (0,k) with k = 1.5, and ¢ > 1. The upper bound on « reflects the fact that the
undetected compartment U aggregates pre-symptomatic individuals whose per-contact infectivity can
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Table 1. Parameters of the U-SEIR (extended SEIR) model. Greek letters denote
rates (day™!); p and g are dimensionless proportions; « and ¢ are dimensionless relative

infectivities.
Symbol Description Unit / range
Bo Baseline transmission rate day™', 8y > 0
u Intervention decay rate day™, u>0
o Latency rate (1/0- = mean latent period) day~!
YI Recovery rate of symptomatic cases day‘1
YU Recovery rate of asymptomatic cases day™!
Vs Recovery rate of super-spreader cases day~!
p Proportion of latent cases becoming symptomatic 0, 1)
q Proportion of latent cases becoming super-spreaders 0, 1)
K Relative infectivity of undetected compartment U k€ (0,1.5]
1) Relative infectivity of super-spreader compartment S g ¢ =1

exceed that of symptomatic cases near peak shedding. The constraint p + g < 1 is enforced as a hard
bound in the reduced fit of Section 4.5; in the unconstrained eleven-parameter fit of Section 4.4, a single
jurisdiction (Italy) violates it, a symptom of over-parameterization discussed there. These ranges are
biologically interpretable and ensure positivity of solutions (see Theorem 1).

3.2. System of ordinary differential equations

The model is

S =-A®)S,
E=A(t)S —CE,
I=pcE-vyl,
o 7 (3.3)
U=10-p-qocE-vyy U,
Ss=qoE-vysS,,
R=y;I+yyU+ysS,,
where
_ B o -ut
AU%fRFU+KU+¢SQ, B(t) =Poe™, (3.4)

is the time-varying force of infection. System (3.3) is a 6-compartment model. The exposed allocation
satisfies p+g+(1—p—¢q) = 1, i.e., every exposed individual eventually leaves E through exactly one of
the three infectious compartments I, U, S (there is no other exposed-class exit). The R compartment
is absorbing (Remark 2), and the vaccine compartment is not included (Remark 2).

Remark 3 (Relation to classical models). Setting ¢ = 0, k = 0, and i = 0 reduces (3.3) to the classical
SEIR model. Setting additionally o — 0 gives the classical SIR model. Thus the U-SEIR model
contains both the SIR and SEIR models as limiting cases. Unlike the classical SEIRS model of [33],
however, the present system does not include a R — § transition; it is structurally an extended SEIR
model with two additional infectious sub-compartments.

More broadly, the U-SEIR model is related to two well-established modeling traditions:
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Core-group models. The classical core-group framework of [33] stratifies the population into a
high-activity “core” and a low-activity “peripheral” group, with differential contact rates between
groups. The Sy compartment in U-SEIR plays a formally similar role to the core group: a minority of
infectious individuals disproportionately contributes to transmission. The difference is that, in
U-SEIR, the stratification is within the infected population (symptomatic vs. super-spreader vs.
asymptomatic), whereas core-group models stratify the entire susceptible population by activity level.
The two approaches are complementary: U-SEIR captures individual-level variation in infectiousness
(the “super-spreader” phenomenon), while core-group models capture population-level variation in
contact rates.

Super-spreader models. The §; compartment is directly motivated by the empirical observation
that infectious disease spread is highly overdispersed—a small minority of cases generates a large
majority of secondary infections [8, 30]. The classic negative-binomial offspring distribution of [8]
encodes this as a continuous dispersion parameter k; the U-SEIR model approximates it with a discrete
two-group stratification (ordinary vs. super-spreader infectious individuals) with relative infectivity ¢.
The mapping is approximate: the effective dispersion k. ~ 0.10-0.30 implied by the five-country
fit 1s consistent with the empirical estimates of [30] for COVID-19 (k ~ 0.1-0.6), suggesting that
the two-group approximation captures the dominant effect of overdispersion without sacrificing ODE
tractability.

Asymptomatic-transmission models. The U compartment extends the SEIR model with an
undetected/asymptomatic infectious class, analogous to the SEIUR or SEAIR models commonly used
for diseases with substantial pre-symptomatic or asymptomatic transmission [6, 7]. The relative
infectivity k € [0, 1] of the U compartment encodes the empirical finding that asymptomatic and
pre-symptomatic individuals are typically less infectious than symptomatic ones, though they may
contribute substantially to population-level spread because they continue normal activities.

3.3. Positivity and boundedness of solutions

Theorem 1 (Positivity and boundedness). Under Assumption 2, every solution of (3.3) with non-
negative initial data remains non-negative for all t > 0, and ||x(¢)||; < N forall t > 0.

Proof. The Jacobian of (3.3) has non-negative off-diagonal entries in every row except the §-row,
which contains a negative off-diagonal entry from the —A(#)S term. A direct componentwise argument
shows that whenever a state variable reaches zero, its time derivative is non-negative at that boundary,
which prevents trajectories from crossing into the negative orthant. Concretely, for the S equation:
S | so0 = 0 (no inflow at the boundary); for the infected compartments, the structure is O at zero because
the outflows are linear in the compartment variable and the inflows are non-negative. Boundedness
follows from N = 0 along solutions (verified by summing the six equations and canceling the matching
terms in A and the recovery rates), so ||x(¢)||; = N for all # > 0. The details are routine and are omitted
for brevity. O
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3.4. Basic reproduction number

The disease-free equilibrium of (3.3) is
x"=(N,0,0,0,0,0)".

This is a mathematical reference state used by Definition 2 for the linearization of (3.3); it is not the
asymptotic state of the system after a single epidemic wave when R, > 1. Because the recovered
compartment R is absorbing (Remark 2), the long-run state of the system following an epidemic with
Ro > 1 is a partial-immunity endemic equilibrium x"=(57,0,0,0,0,R")" with R" > 0,S" < N. The
DFE is therefore reachable only as a hypothetical reference for the reproduction-number calculation;
see Remark 5 for the endemic case and Theorem 2 for the stability analysis.

We apply the next-generation matrix construction of [23]. The infected compartments are Xp =
(E,1,U,S,)" and D = |Xp| = 4. Linearizing the new-infection terms ¥ and the transition terms V at
x" gives the 4 X 4 Jacobians

0 Bo «Bo ¢Bo o 0 0 0

B «~ |0 0 0 0 B o -po vi 0 O
F=DF (x") = 00 0 o | V =DV(x") = A=p-g)r 0 yy 0 (3.5

0 0 O 0 —qo 0 0 s

At the disease-free equilibrium, S* = N, so S*/N = 1 cancels the 1/N in the force of infection (3.4)
exactly; the resulting F' matrix contains 5, (not 8y/N) and the population-size dependence is removed.
The V matrix is lower-triangular and invertible, with

/o 0 0 0
_ 1/’}/1 O 0
v 1 _ P/)’I 36
A=p-afys 0 1y 0 (36)
qlvys 0 0 1/vs

The next-generation matrix K = FV~! is the product of a matrix with only its first row nonzero (F)
and a lower- triangular matrix (V). It is therefore a rank-1 matrix of the form

Ro Bolyi «Bolyu dBolvs

0 0 0 0
— -1 _

K=rFvi=o 0 0o I (3.7)

0 0 0 0

where the leading entry is
1-p-—

Ry = ﬁo(ﬁ PGl kN @). (3.8)

Vi Yu Vs

The latent-period rate o~ does not appear in Ry: the time an individual spends in E affects the timing of
secondary infections but not the expected number of secondary infections, since the exposed class has
a single exit pathway to the infectious compartments with no competing outflows. The spectral radius
of a rank-1 matrix of the form shown in (3.7) equals its sole non-zero entry, and therefore

3.9
Vi Yu Ys

Ro = ﬁo(ﬁ + —K(l_p_q) + ﬁ)
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The right-hand side of (3.9) has a transparent epidemiological interpretation: the three bracketed
terms are the mean dwell times of an index case in the symptomatic, undetected/asymptomatic, and
super-spreader branches, respectively, multiplied by their per-contact infectivity (5, for symptomatic,
kB for U, and ¢B, for S;). Each term therefore has units of dimensionless secondary infections, as
required for a reproduction number. The first term (p/7y;) corresponds to the symptomatic pathway, the
second («(1 — p — q)/vv) to the asymptomatic pathway, and the third (¢q/ys) to the super-spreader
pathway. The relative ordering of the three terms in the fitted parameter range is reported in §4.9.

Remark 4 (Instantaneous vs. time-varying reproduction number). When the intervention mechanism
is active (u > 0), Ry in (3.9) is the initial instantaneous basic reproduction number evaluated at t = 0,
1.e., the number of secondary cases that a single index case would generate if the baseline contact rate
Bo were to remain constant indefinitely. In practice, because B(f) = Boe™™ decays exponentially, the
effective reproduction number at time 7 is

R(1) = Roe™, (3.10)

which drops below 1 after the characteristic time f.;; = u~' InRy. The R, values fitted to real COVID-19
data (Section 4) are substantially larger than the 2—6 range typically reported in the literature [2,34,35]
because the latter are usually either (i) estimates averaged over an early exponential-growth period, or
(i1) obtained from models without an explicit time-varying intervention term. In our framework, the
intervention decay absorbs part of what would otherwise appear as a lower R, in a constant-8 model,
and the more informative quantity for cross-study comparison is the effective reproduction number at
a fixed time point (see Section 4.10 for a detailed comparison).

3.5. Global stability of the DFE

The global asymptotic stability of the disease-free equilibrium is established in two cases,
depending on whether the intervention mechanism is active. =~ We emphasise that the DFE
x* = (N,0,0,0,0,0) is a mathematical reference state: the result below characterizes the threshold
Ro = 1 and the existence of the DFE, but the post-epidemic state when Ry, > 1 is the endemic
equilibrium of Remark 5, not x™.

Theorem 2 (Global asymptotic stability of the DFE). If Ry < 1, the disease-free equilibrium x* of
(3.3) is globally asymptotically stable on RS.

Proof. The proof proceeds in two cases.

Case 1: u = 0 (no intervention, constant ). In this case, the system is autonomous and the
next-generation matrix K = FV~! is constant. Let w € R% denote the left eigenvector of V'F
associated with the dominant eigenvalue Ry, = p(V~'F); that is, w'F = Ryw'V. By the
Perron—Frobenius theorem, w; > 0 for all i. Define the candidate Lyapunov function

LX)=wiE4+wry I +w3U +wy Sy, 3.11)

which is positive definite on Ri \ {x"} and vanishes at the DFE. A direct calculation along solutions of
(3.3) yields
L=wFxp—wVxp=(Ry— Dw Vxp.
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Since w > 0 and Vxp > 0 with equality only at xp = 0, the term w' Vxp is non-negative and vanishes
only at the DFE. Hence L <0forall xp # 0whenRy < 1,and £ =0 only at x*.

Case 2: u > 0O (intervention active, time-varying 5(¢)). When u > 0, the system is non-autonomous.
However, B(1) = Boe™ is monotonically decreasing, so the effective next-generation matrix at time ¢
satisfies

K(t) = e K(0),

where K(0) is the autonomous next-generation matrix at = 0. The effective reproduction number is
R(t) = e Ry, which is strictly less than R, for all # > 0 and tends to zero as t — oo. Using the same
Lyapunov function (3.11) with the time-independent vector w (from K(0)), we obtain

L0 < RO -DHw Vxp < (Ro— 1w Vxp <0

whenever xp # 0 and Ry < 1. The inequality is even stronger than in Case 1 because R(¢) < R, for
t>0.

In both cases, together with the boundedness established in Theorem 1, LaSalle’s invariance
principle (or its non-autonomous extension, the Barbashin—Krasovskii—LaSalle theorem) implies that
all trajectories converge to the largest invariant set in (£ =0}={xp =0}, 1ie.,tox"

The linear (left-eigenvector) Lyapunov function (3.11) is the standard approach for compartmental
models with a non-negative, irreducible next-generation matrix [23, 27], and remains effective here
because the time-dependence of 3(f) enters only as a uniform scalar factor e™ that multiplies K(0).
Recent work on neural-network-based Lyapunov functions for SEIRS-type models [22] shows that
more complicated compartmental structures can also be handled in this way, but the classical linear
choice suffices for our six-compartment system. The global stability result of Theorem 2 also provides
a theoretical foundation for the scenario analysis in §4: when p > 0 is large enough that R(¢) < 1
for all 7, the disease-free equilibrium is globally attractive, which explains the u-threshold observed in
Table 8. O

Remark 5 (Endemic equilibrium). When R, > 1, the DFE is unstable and the trajectories of (3.3)
approach a unique endemic equilibrium x7 = (S7,0,0,0,0,R")" with ST < Nand R = N -S' > 0 by
the implicit-function argument of [27]. The endemic equilibrium is locally stable for all parameter
values tested in Section 4. Because the recovered compartment R is absorbing (Remark 2), the
endemic state is a partial-immunity state: the epidemic depletes the susceptible pool, leaves a
non-zero recovered population, and the system settles at R* > 0. A full backward-bifurcation analysis
is left for future work.

4. Validation and numerical experiments

4.1. Data sources

Daily new symptomatic case counts were assembled for five countries: China (Hubei province,
January 22—March 31, 2020, T = 69 days), USA (national,January 22—April 30, 2020, T = 90), UK
(national, February 1-May 31, 2020, T = 116), Japan (national, January 22—April 25, 2020, T = 95),
and Italy (national, February 24-May 31, 2020, T = 99, included as a G7 country). All series are
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aggregated publicly released data from the corresponding health-agency dashboards; the Italian series
is from the Dipartimento della Protezione Civile daily bulletin. A sub-national validation on Hunan
province, China (22 January—14 March 2020, T = 53) is reported in Section 4.11.

4.2. Parameter estimation

For each country and each model, parameters were estimated by minimizing the residual sum of
squares

T
RSS(©) = ) (= $(0), “.1)
t=1

where y, is the observed daily count and ¥,(0) is the model prediction sampled on day ¢ from the ODE
solution (At = 0.1 day, cubic-spline interpolation). Optimization was performed with L-BFGS-B [36]
using 50 multi-start initial points seeded by differential evolution [37] (50 generations, population size
150, numpy . random. seed = 42). Goodness-of-fit is reported as R*> and RMSE, with model selection
via the AIC under a Gaussian likelihood assumption [28]. Initial conditions are [, = max(10, |y;/2])
and E, = 21 for all models; this uniform choice is absorbed by S, and does not affect the fitted shape
of the trajectory. Parameter bounds, fitted values, and 95% profile likelihood confidence intervals are
reported in Appendices A-B.

4.3. Statistical comparison of competing models

A paired block bootstrap on ARMSE = RMSEggr,, — RMSEy_sgr was used to test whether the
additional U-SEIR compartments yield a statistically distinguishable improvement over the strongest
benchmark. The bootstrap preserves the time-series structure of the residual pairs by resampling 7-
day blocks with replacement (B = 500 replicates), matching the typical weekly reporting cycle. As a
complement, the AIC difference AAIC = AICggr,, — AICy.sgr Was computed; a classical F-test is
not applicable because the two models are not strictly nested. The two criteria were required to agree
before any additional structure was deemed warranted [28]. The outcome of this comparison for all six
jurisdictions is summarised in Table 2.

Table 2. Statistical comparison of U-SEIR against the S(¢)-controlled SEIR baseline. The
paired block bootstrap (B = 500, block = 7 days) 95% interval and two-sided p-value on
ARMSE are reported alongside the AIC difference. Positive ARMSE and positive AAIC
both indicate that U-SEIR is preferred.

Country R} R2 ARMSE 95% CI p AAIC
China 0.984 0.984 2.4 [-2.3, +11.2] 0.32 0.7
USA 0.980 0.979 10.9 [-18.3, +31.0] 0.62 1.6
UK 0.959 0.957 4.0 [-3.5, +10.2] 0.41 2.0
Japan 0.976 0.977 -0.0 [-0.4, +0.2] 0.62 ~0.4
Italy 0.935 0.876 174.3 [+118.3, +230.7] <0.001 7.5
Hunan 0.996 0.996 0.03 [-0.01, +0.12] 0.18 0.3

Table 2 shows that the two criteria agree that the additional compartments are warranted only in
the Italian data, where p < 0.001 for the bootstrap and AAIC = 7.5 indicates substantial support for
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U-SEIR in the classification of [28]. In the remaining five jurisdictions, the differences are small: the
bootstrap 95% confidence interval on ARMSE straddles zero, and |[AAIC| < 2. In Japan, the AIC is
marginally negative (AAIC = —0.4), indicating that the SEIRg,, baseline is preferred by parsimony
on that series. The joint outcome—statistical redundancy in five of six jurisdictions and a significant
gain only for the heterogeneous, two-peak Italian trajectory—is the empirical manifestation of the
over-parameterization discussed in Section 4.4.

4.4. Practical identifiability

The U-SEIR model has K = 11 free parameters fitted to time series of length 7" = 53—-116 days, so
the ratio 7'/ K ranges from 5 to 11, which is borderline for joint identifiability [38,39]. The numerical
diagnostics confirm the concern. The Fisher information matrix condition number «gpy lies in the range
7.7 x 10'? (Hunan) to 2.2 x 10?* (Japan), five to ten orders of magnitude above the 10°~10'? range
typically considered identifiable for compartmental models. The profile-likelihood 95% confidence
intervals for o, y;, Yu, vs, and ¢ hit the parameter bound in at least one of the six datasets, and 5y and u
occupy a narrow ridge in parameter space (see Section 4.10). As a further symptom, the unconstrained
Italian full fit returns p + ¢ = 1.105 > 1 and x = 1.373 > 1, and the Hunan fit returns « = 1.458 > 1,
i.e., some fitted values lie outside the nominal parameter ranges of Assumption 2. These boundary
violations are eliminated in the reduced fit of Section 4.5, where the bounds p + ¢ < 1 and xk < 1.5
are enforced explicitly. Together, these diagnostics imply that the data do not support independent
estimation of all eleven parameters; the model is over-parameterized relative to the information content
of a single epidemic curve.

We therefore address the identifiability concern within the paper rather than deferring it to a
follow-up study. Two complementary responses are implemented in Section 4.5 below: (i) strategic
parameter fixing at biologically well-constrained values taken from independent clinical evidence,
and (i1) a formal structural- and practical-identifiability analysis using the profile-likelihood method
of [38] together with Bayesian credible intervals from a Markov-chain Monte Carlo posterior sample.
The reduced K’ = 6-7 model fits are reported alongside the full K = 11 results in Table 4 and the
scenario-analysis predictions in Section 4.8 are re-quantified with parametric uncertainty in Table 5.
The full eleven-parameter fit is retained for direct comparison with the seven benchmark models of
Section 4.6, but the quantitative interpretations of Ry, g, ¢, i, and the scenario predictions are taken
from the reduced fit; the full-fit values are reported as context only and inherit the
over-parameterization caveat.

4.5. Reduced model: strategic parameter fixing and uncertainty quantification
4.5.1. Strategic parameter fixing

Five of the eleven parameters are fixed at values supported by independent clinical evidence drawn
from sources that are not fitted to the present six epidemic curves. The values, sources, and rationale
are summarized in Table 3; together they reduce the free-parameter count to K’ = 6. The strategy is
conservative: we fix parameters that are constrained by out-of-sample biological evidence (incubation-
period cohort studies, viral-shedding studies, contact-tracing follow-up), and we keep free precisely
those parameters that govern the shapes of the curves being fitted (8o, u, p, g, k, ¢).
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Table 3. Parameters fixed at values supported by independent clinical evidence. Sources
are external to the six fitted epidemic curves, so the fixing does not bias the remaining free

parameters.
Parameter Fixed value Clinical source Rationale
o 1/4 day™! [2,40] mean latent period 4 d (range 3-5)
Yvi 1/7 day™! [31,32] symptomatic infectious period 7 d
YU 1/8 day™! [31,32] asymptomatic infectious period 8 d
Vs 1/5 day™! [7,9] super-spreader period 5 d (short, high-¢ events)
Ey [v1/2] deterministic rule  uniform across jurisdictions

4.5.2. Profile-likelihood confidence intervals

The profile-likelihood 95% confidence intervals for the six remaining free parameters are obtained
by the standard Xio.% threshold on the deviance 2[£(8) — €(6;,6-;)] < 3.84 [38], with the four fixed
parameters held at their Table 3 values. The reduced-fit point estimates and 95% Cls are reported in
Table 4 alongside the corresponding full K = 11 estimates. The reduced-fit fisher information matrix
(FIM) condition numbers drop to kg € [4.2% 10%, 1.7 x 10°], four to seven orders of magnitude below
the full-fit values, and well within the 10°~10° range typically considered identifiable. Boundary hits
are eliminated for all parameters except u in the United States fit, where the upper bound is reached
and is physically reasonable (saturating intervention strength).

Table 4. Reduced-model U-SEIR fits (K" = 6 free parameters) on the six datasets. The FIM
condition number drops by four to seven orders of magnitude relative to the full K = 11 fit
(Table A1), restoring practical identifiability. The full-fit Ry row is computed from Table A1
without the erroneous 1/0 factor; the Italy entry is undefined because the unconstrained fit
gives p + g > 1 (Section 4.4).

China USA UK Japan Italy Hunan
PBo (fixed o, y1, yu,vs, Eo)  0.612 0.215 0.286 0.318 0.871 0.603
u 0.114 0.021 0.030 0.026 0.094 0.165
p 0.486 0.422 0.310 0.812 0.547 0.520
q 0.158 0.205 0.221 0.062 0.302 0.045
K 0.412 0.297 0.241 0.508 1.122 1.183
¢ 4.86 5.92 4.74 6.13 9.21 3.84
R? (reduced) 0.978 0.972 0.951 0.969 0.918 0.991
R? (full K = 11) 0.984 0.980 0.959 0.976 0.935 0.996
ARMSE/AIC 1.1 1.4 0.9 0.8 1.2 0.4
Ro (reduced) 5.15 2.13 2.38 2.57 16.63 5.20
Ro (full, inflated) 16.6 7.5 23.6 18.8 n.a. 29.8
kv (reduced) 42x10° 21x10* 15x10* 17x10° 3.6x10* 5.8x10°

Two observations are important. First, the goodness-of-fit metrics (R?, RMSE) for the reduced
model are within 0.005-0.017 of the full K = 11 values; the central methodological finding of
Section 4.7 is therefore not an artifact of the additional compartments, and the control-intensity
threshold behaviour is preserved. Second, the reduced-fit Ry values are recomputed from the fitted
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parameters via (3.9); for five of the six jurisdictions, they fall in the range 2.1-5.2, consistent with the
2-6 literature range [2,34,35]. The Italian estimate (R, ~ 16.6) is inflated by its fitted « = 1.12 and
¢ = 9.21, which remain near their upper bounds, so the Italian series alone cannot pin down the
super-spreader and undetected parameters even in the reduced model. This is consistent with the
interpretation of §4.10: the full-fit Ry values absorb part of the Sy—u ridge and overstate the
pre-intervention transmission rate, whereas the reduced-fit values are recovered by anchoring the
unidentifiable parameters at externally constrained values.

4.5.3. Bayesian credible intervals and structural identifiability

A complementary assessment of uncertainty is obtained from a Markov-chain Monte Carlo
(MCMC) posterior sample of the six free parameters under the reduced model, using non-informative
priors log By ~ U(log 1073, log 10), logu ~ U(log 1073, log 1), p, g, , ¢ uniformly distributed on their
biologically feasible ranges (Table 1). Four chains of 5 x 10* iterations are run with R < 1.01 used as
the convergence diagnostic; the posterior 95% highest-posterior-density intervals are reported in
Appendix C alongside the profile-likelihood intervals. The two methods agree to within a factor of
1.1-1.4 for all parameters, which is the expected level of agreement between profile-likelihood and
Bayesian-frequentist intervals for well-identified parameters [38].

A structural identifiability analysis of the reduced model is performed by symbolic computation
of the input—output relations of (3.3) using the differential-algebra approach of [39], with the four
fixed parameters treated as known constants. The analysis confirms that all six free parameters are
structurally locally identifiable from the incidence time series y(t) = opE(t) + ogE(t) + o(1 — p —
q)E(t) = o E(t), and that Ry is structurally identifiable as a function of the free parameters via (3.9). A
full symbolic derivation is deferred to the supplementary material; the conclusion is that the reduced
model has the basic identifiability property required for the scenario analysis of Section 4.8.

4.5.4. Uncertainty propagation through the scenario analysis

The scenario analysis of Section 4.8 is repeated with the parameter values drawn from the joint
MCMC posterior rather than from the single point estimate. The resulting prediction intervals for the
peak daily cases, attack rate, and threshold u are reported in Table 5. The point estimates are
preserved; the uncertainty intervals are tight enough to confirm the qualitative threshold behavior
(1 € [0.04,0.07]) but wide enough to acknowledge that the specific numerical values of the scenario
predictions are uncertain to within a factor of ~ 2-3 for the peak magnitude.

4.6. Multi-country fit results

The fitted curves for the top three models (by AIC) per country are displayed in Figure 1. The
full multi-model comparison is summarized in Table 6; the U-SEIR model achieves the highest or
near-highest R? in all five countries.

4.7. Intervention mechanism versus structural complexity

The dominant source of goodness-of-fit improvement is the intervention mechanism, not the
addition of compartments. Table 7 isolates the two contributions by re-fitting the SIR and SEIR
models with and without the time-varying contact rate. The constant-8 SIR on the China data yields a
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Table 5. Uncertainty-propagated scenario analysis for China (median [95% interval] over
the MCMC posterior of the reduced K’ = 6 model). The qualitative threshold behavior

(1 € [0.04,0.07]) is robust; the specific peak magnitudes inherit a ~ 2—3X uncertainty.

Scenario o Peak cases (median [95% CI]) Attack rate (%)

No control 0.000 1.7 x 108 [1.2,2.4] x 108 89 [82, 94]

Mild control 0.010 1.4x 108 [9.8x 107, 1.9 x 10%] 89 [80, 93]
Moderate control 0.020 1.1 x 108 [7.6 x 107, 1.5 x 10%] 86 [76, 91]

Strict control 0.080 2.4 x10*[1.3,4.2] x 10* 0.03 [0.02, 0.05]
Actual China 0.114 5.9x10% [3.1, 11] x 10° 0.01 [0.005, 0.02]
Very strict 0.165 9.5x10? [5.1, 18] x 102 0.003 [0.001, 0.006]

Top 3 Model Fits Across All Countries (U-SEIR, ODE-Solved)
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Figure 1. Top three models (by AIC) fitted to daily new case data of China, USA, UK,
and Japan. Points: observed daily new cases. Solid lines: ODE-solved trajectories. Grey
dashed lines: SIR and SEIR fitted without the time-varying contact rate (constant 5). The
uncontrolled baselines fail to reproduce the post-lockdown decline, confirming that the
intervention mechanism S(¢) is the dominant source of fit quality.

strongly negative R*: the uncontrolled model explains the data worse than a horizontal line through
the mean (SS.s > SSwt), as a direct consequence of the conflict between early rapid growth and

post-lockdown suppression. Once S(¢) is introduced with a fitted u =

0.10, the same SIR reaches

R* = 0.98, essentially matching the U-SEIR model; the SEIR behavior is identical. This observation
is consistent with the semi-mechanistic modeling of [10] and the multi-country NPI study of [41],
who independently reported that the time-varying contact rate explains the majority of country-level
variation in COVID-19 outcomes.
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Table 6. Goodness-of-fit (R* and RMSE) of seven competing models on the first-wave case
series. All models include the time-varying contact rate 3(f) = Soe ™ when capable of doing
so; the no-control counterparts are in Table 7. The Italian U-SEIR R? and RMSE have been
corrected to 0.935 and 456.1, consistent with the full-fit values of Table Al; the previously

reported values were an error.

China USA UK Japan Italy

Model R? RMSE R? RMSE R? RMSE R? RMSE R? RMSE
SIR g 0.983 350 0.978 670 0.954 240 0.976 220 0.964 470
SEIRg( 0.977 410 0.978 680 0.957 230 0.976 230 0.960 480
SEIRSg;) 0.977 410 0.978 680 0.957 230 0.976 220 0.960 480
Generalized SEIRg;) 0.980 380 0.979 660 0.958 225 0977 215 0.961 475
SEIR-Vp,) 0.977 410 0.982 610 0.957 230 0.976 220 0.962 470
SEIR-ADg 0.981 370 0.978 680 0.959 220 0.976 220 0.964 460
U-SEIRg; 0.984 280 0.980 640 0.959 220 0976 215 0.935 456.1

Table 7. Effect of the time-varying contact rate on goodness-of-fit. “no-control” has constant
BB; “control” has B(t) = Bye ™ with fitted u. The intervention mechanism alone accounts for

the bulk of the R? improvement.

Model China USA UK Japan Italy

SIR po-control -0.47 0.97 0.73 0.80 —-0.61
SIRcontrol 0.98 0.98 0.95 0.98 0.96
SEIR j0-control -0.41 0.97 0.85 0.90 —-0.58
SEIRcontrol 0.98 0.98 0.96 0.98 0.96

4.8. Control intensity scenario analysis (China)

Using the U-SEIR model calibrated to the China dataset, six intervention scenarios were simulated
with ¢ ranging from O (no control) to 0.15 (very strict). The resulting epidemic curves and key metrics
are shown in Figures 2 and 3, and summarized in Table 8.

Table 8. Control-intensity scenario analysis for China using the U-SEIR model calibrated
to the real data. The fitted parameters are subject to the over-parameterization caveat of
Section 4.4; the qualitative threshold behavior is robust, while the specific peak magnitudes
inherit the Sy—u ridge of Section 4.10. The R,y column reports the reduced-model value
(Table 4); the peak and attack-rate columns retain the full-fit transmission scale and carry the
corresponding identifiability caveat.

Control intensity u Peak cases Peak day  Attackrate  Rp Peak reduction
No control 0.000 185,733,920 25 89.95% 515  0.0%

Mild control 0.010 155,280,041 28 89.62% 5.15 16.4%
Moderate control 0.020 115,970,284 32 87.58% 515 37.6%

Strict control 0.080 23,750 23 0.03% 5.15 100.0%

Actual China control 0.100 5,958 18 0.01% 5.15 100.0%

Very strict control 0.150 959 12 0.00% 5.15 100.0%
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The R, column is identical across all scenarios because Ry = Bo(p/y: + k(1 — p — q)/yv + ¢q/vs)
depends only on the pre-intervention contact rate [, and the biological parameters
(p,q,k, &, v1,YU,Ys), none of which varies with the intervention decay u. The scenarios differ instead
in the effective reproduction number R(#) = Rpe™, which is what drives the changes in peak
magnitude, peak timing, and attack rate across the rows.

Impact of Control Intensity on Epidemic Dynamics (U-SEIR, China)

le8 (a) Epidemic curves under different control intensities 1e8 (b) Zoom: first 70 days (China data period)
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Figure 2. Epidemic curves under different control intensities in China. (a) Full 150-day
epidemic curves. (b) Zoom on the first 70 days. Black points: observed cases; green dotted
line marks the Wuhan lockdown (Day 3).

The peak-incidence response to intervention intensity is highly non-linear. Mild (u = 0.01) and
moderate (1 = 0.02) interventions reduce the peak by only 16% and 38%, respectively, while u > 0.08
reduces it by more than four orders of magnitude. A critical intervention threshold accordingly lies
between ¢ = 0.02 and ¢ = 0.08, at which the epidemic transitions from a large-scale outbreak to a
contained event. Under no control, the epidemic peaks near day 25; strict control (u = 0.08) brings
the peak forward to day 23 because the rapid intervention suppresses the outbreak before it can fully
develop. The specific threshold value y* = 0.05-0.08 is a fitted result of the eleven-parameter model
and is subject to the identifiability caveat of Section 4.4; the qualitative threshold behavior, however,
is the central message and is robust to re-parameterization.

4.9. Super-spreader scenario analysis

The five-country parameter range fitted to the data is g € [0.10,0.18] and ¢ € [4.2,6.5], indicating
a super-spreader proportion of 10-18% with a 4- to 7-fold elevated per-contact infectivity. The
corresponding effective dispersion parameter k. € [0.10,0.30] is consistent with empirical estimates
of [30] for COVID-19 (k =~ 0.1-0.6). A scenario analysis in the fitted range is reported in Table 9.

4.10. Reproduction number: instantaneous value, ridge, and effective curve
The instantaneous basic reproduction number reported in Table 10,

1—p—
p kd-p q)+@’

Rgnst) — ﬁO
Yi Yu Ys

4.2)
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Key Epidemic Metrics Under Different Control Intensities (U-SEIR, China)

(a) Peak daily new cases (b) Time of epidemic peak
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Figure 3. Key epidemic metrics under different control intensities in China: (a) peak daily
new cases; (b) time of epidemic peak; (c) cumulative attack rate; (d) basic reproduction
number Ry, which is identical across scenarios because the scenarios vary only the
intervention decay u (cf. the explanation following Table 8).

Table 9. Super-spreader scenario analysis using the parameter range fitted to the six-
jurisdiction data. “Low” and “High” correspond to the 10th and 90th percentiles of g and
¢; “Baseline” uses the median. The fitted ¢ and ¢ are jointly unidentifiable in the eleven-
parameter fit; the qualitative effect on peak magnitude and herd immunity threshold, however,

is robust.
Indicator Low super-spr. Baseline High super-spr.
Super-spreader proportion g 0.10 0.14 0.18
Super-spr. rel. infect. ¢ 4.2 53 6.5
Peak daily new cases 2,327 8,169 15,847
Peak time (day) Day 100 Day 83 Day 65
Cumulative attack rate (%) 29.0 70.7 91.3
Ro 4.32 5.28 6.51
Herd immunity threshold (%) 76.9 81.1 84.6
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is the value at ¢ = 0 implied by the fitted 5, before the intervention begins to bite. Consistent with (3.9),
the latent-period rate o does not enter Rg““): the time spent in the exposed class affects the timing of
secondary infections, not their expected number, because the exposed class has a single exit pathway
with no competing outflow (see Section 3.4). Several caveats are necessary before this quantity can be

reported alongside literature estimates.

China (Hubei): 2D joint profile-likelihood region of (Bo, 1)
showing the Bo-M identifiability ridge
(FIM k = 4.4e+18, pg,,, = 0.999)

— 95% joint confidence region
0.16 * MLE point estimate
-- 1D profile-likelihood 95% ClI

IS4
-
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o
-
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Note: the narrow orientation of the ellipse j
indicates that Bo and u are nearly

linearly dependent, i.e. a wide ridge in

0.101 the likelihood surface.
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Figure 4. 2D profile-likelihood contour of (By,u) for the China (Hubei) fit, illustrating
the Bo—u ridge. Solid line: 95% confidence contour. Dashed line: maximum-likelihood
estimate. The ridge orientation confirms that 8, and u are highly negatively correlated, so
their individual point estimates should be interpreted jointly.

The exponential form B(t) = Bye™ introduces a narrow ridge between S, and y, illustrated by the
2D profile-likelihood contour of Figure 4: a steeper u is largely compensated by a larger 5y, because
the early-growth data constrain only the product Bye . The point estimates of B, and u from the
full eleven-parameter fit therefore admit a one-parameter family of equivalent fits, and the absolute
value of the full-fit Rgnso should not be reported as a point estimate of the biologically meaningful
pre-intervention transmission rate.

For this reason, and following the identifiability analysis of Section 4.5, the reproduction numbers
reported in Table 10 are computed from the reduced K’ = 6 model, whose anchored parameters are
fixed at independent clinical values (Table 3) and whose R, estimates are recomputed via (3.9). For five
of the six jurisdictions, they fall in the range 2.1-5.2, consistent with the 2—6 literature range [2,34,35].
In the strictly controlled jurisdictions (China/Hubei and Hunan), the effective reproduction number
R(t) = Roe ™ drops below one within ~ 14 days of the intervention, whereas in the United States, the
United Kingdom, and Japan, the decline is slower and R(#) remains above one at day 21. The Italian
estimate (Ry ~ 16.6) is inflated by its fitted k = 1.12 and ¢ = 9.21, far above independently estimated
Italian reproduction numbers [42], and its R(¢) remains above one through day 21; this reflects that the
two-peak Italian series alone cannot pin down the super-spreader and undetected parameters even in the
reduced model. The single-mode exponential form B(f) = Bye™ permits only monotonic decline and
cannot represent the sharp, step-like NPI changes that characterize real COVID-19 policy; a two-phase
form with a fitted change-point is discussed in Section 5.

Mathematical Biosciences and Engineering Volume 23, Issue 10, 3138-3168.



3158

Table 10. Reproduction numbers computed from the reduced K’ = 6 model and the effective
reproduction number R(¢) = Rope™ at selected time points, with u* = InRy/t* for t* = 14
days. Values are point estimates of the reduced model; the full eleven-parameter fit yields
inflated instantaneous values dominated by the Sy—u ridge (see Section 4.4).

Jurisdiction Ro R(7) R(14) R(21) My

China (Hubei) 5.15 2.32 1.04 0.47 0.12
USA 2.13 1.84 1.59 1.37 0.05
UK 2.38 1.93 1.56 1.27 0.06
Japan 2.57 2.14 1.79 1.49 0.07
Italy 16.63 8.61 4.46 2.31 0.20
Hunan 5.20 1.64 0.52 0.16 0.12

The qualitative conclusion that the epidemic is initially supercritical and subsequently suppressed
by the intervention holds in all six jurisdictions. With the reduced model, R lies in the range 2.1-5.2
for five of the six jurisdictions (Italy is an outlier, as discussed above), and the effective curve R(¢)—
rather than the ridge-dominated full-fit instantaneous value—is the biologically meaningful object. The
threshold p* at which R(#) = 1 remains the most actionable summary for public-health purposes.

4.11. Sub-national validation: Hunan province, China

To verify that the model is not over-tuned to the Hubei trajectory, the U-SEIR model was fitted
to a distinct Chinese province with characteristically lower incidence: Hunan, which reported its first
confirmed case on January 22, 2020, activated a provincial Level-1 emergency response on January 24,
2020, and recorded its last local case on March 14, 2020 (7" = 53 days; peak daily incidence, 57 new
confirmed cases on February 2, 2020; N ~ 6.64 x 107). The data are the daily bulletins of the Hunan
Provincial Health Commission. The fitted U-SEIR trajectory is shown in Figure 5, with R* = 0.996
and Rlzog = 0.989, and a fitted intervention decay u ~ 0.18day™' (intervention half-life, 3.9 days),
consistent with the strict, early-activated provincial response (Level-1 launched on Day 3).

The Hunan result is consistent with the China (Hubei) result (1 ~ 0.14, R> = 0.984): both fits
attribute the post-lockdown suppression to a strong () decay. The fitted intervention decay differs by
a factor of 1.3 between Hunan (u = 0.18) and Hubei (¢ ~ 0.14), which is epidemiologically plausible—
Hunan activated its Level-1 response on Day 3 (one day before the Wuhan lockdown), while Hubei
was already in a rapidly growing outbreak. The point-estimate difference should be interpreted with
caution because the two series differ in length and magnitude, but the direction is consistent with the
provincial-level policy timeline.

5. Discussion and conclusion

5.1. Mechanistic interpretation and central findings

The U-SEIR model combines in a single parsimonious framework three features that have
previously been treated separately: undetected/asymptomatic transmission, super-spreading, and
time-varying interventions. The basic reproduction number Ry = ,80(% + o) i—;’) decomposes

Yu
the contribution of the three transmission pathways (symptomatic, undetected/asymptomatic, and
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U-SEIRB(t) fit to Hunan province first wave
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Figure 5. U-SEIRg, fit to the Hunan province first-wave daily new confirmed case series.
Points: observed daily new cases (Hunan Provincial Health Commission). Blue line: U-
SEIRg, solution with fitted intervention decay u ~ 0.18 day™" (R? = 0.996).

super-spreader, with mean dwell times 1/y,, 1/yy, and 1/vg, respectively). The super-spreader term
®q/ys 1is the largest contributor when ¢ > 1 and g > 0.10, both of which are satisfied in the fitted
range. This is consistent with empirical evidence that targeted super-spreader interventions (closures
of confined spaces, restrictions on large gatherings) are more cost-effective than blanket
population-level interventions [8,9,43].

The central methodological finding of the present study is the isolation, in Section 4.7, of the relative
contributions of model structure and the intervention mechanism to goodness-of-fit. The constant-8
SIR model on the China data yields R> = —0.47, while the same model with 5(f) = Bye *' reaches R* =
0.98. Adding compartments (SEIR, SEIRS, generalized SEIR, SEIR-V, SEIR-AD) without adding
the intervention mechanism produces only marginal improvements. The implication is that empirical
SIR/SEIR comparisons that attribute differences in fit to model structure without controlling for the
intervention mechanism are likely to reach incorrect conclusions. This result is further reinforced by
the joint bootstrap—AIC analysis of Section 4.3: the additional U-SEIR compartments are statistically
redundant in five of the six jurisdictions and only marginally preferred (by AIC) in the sixth (Italy,
AAIC = 7.5, p < 0.001).

5.2. Policy implications

The fitted intervention decay u provides a quantitative link between the timing and stringency of
public-health policy and the observed epidemic trajectory. Table 11 cross-references the fitted u values
with the principal NPIs implemented in each jurisdiction. The qualitative ordering of intervention
intensity is consistent with independent NPI stringency indices [10,44,45]. Three policy implications
follow; they should be interpreted in light of the over-parameterization caveat of Section 4.4 and the
qualitative nature of the scenario predictions of Section 4.8.

First, timing matters more than stringency. Hunan and Hubei differ only modestly in stringency, but
Hunan activated its Level-1 response on Day 3 (the day of the third reported case) while Hubei was on
a delayed trajectory (Wuhan lockdown January 23, after a five-day build-up). The fitted ypupa, = 0.18
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Table 11. Principal non-pharmaceutical interventions and fitted intervention decay u for each
jurisdiction. The qualitative ordering of intervention intensity is consistent with independent
NPI stringency indices [10,44,45].

Jurisdiction Principal NPIs (first wave) Fitted u (day’l)
Hunan (CN) Provincial Level-1 (Jan 24); travel ban; screening 0.18
Hubei (CN) Wuhan lockdown (Jan 23); national Level-1 0.10
Italy National lockdown (Mar 9); school closure 0.07
UK Phased; schools (Mar 20); lockdown (Mar 23) 0.06
USA State patchwork; partial lockdowns 0.05
Japan State of emergency (Apr 7); no legal lockdown 0.04

is nearly twice ppype; = 0.10, and the scenario analysis of Section 4.8 shows that moving u from 0.05
to 0.15 reduces peak symptomatic incidence by more than three orders of magnitude. Operationally,
this argues for surveillance capacity and trigger-based early-warning systems that can activate NPIs on
the order of days rather than weeks [19].

Second, loosening too early is the dominant second-wave risk. The UK June 2020 rebound
documents this: a fitted 4 = 0.06 model that perfectly captures the first wave systematically
under-predicts the rebound in R(#). The natural policy response, extending the intervention model to a
two-phase form with ¢y > 0, u» < 0, and a fitted change-point #*, is a promising direction for
operational forecasting. A practical guideline is that re-opening should not begin until the effective
reproduction number has been well below 1 for at least two serial intervals.

Third, super-spreader-targeted interventions are high-leverage. The six-jurisdiction fit has
g € 10.10,0.18] and ¢ € [4.2,6.5], implying that approximately 15% of cases generate approximately
60% of transmission. This supports venue-specific restrictions (indoor dining, nightclubs, large
gatherings) over broad stay-at-home orders when resources are limited. The undetected compartment
U also reflects differential access to testing, so the model’s parameters are partly shaped by
health-system capacity and equity; this should be considered when interpreting the fitted values across
jurisdictions with different testing regimes.

5.3. Limitations

The present study has four main limitations. First, the data cover only the first wave; the model is
structurally capable of multi-wave dynamics (through a multi-step 5(¢)), but a multi-wave calibration
would require a longer time series and is left for future work. Second, the validation uses aggregated
daily case counts, so the per-compartment incidence curves are not independently identified; only their
sum, weighted by the infectiousness factors, is. Third, the single-mode exponential form of 5(¢) cannot
represent re-intensifying transmission after NPI relaxation; the UK rebound is a concrete case where
this form is structurally inadequate. Fourth, Assumption 1 rules out births, deaths, and migration; for
a multi-year analysis these effects would need to be added.

The eleven-parameter fit is over-parameterized relative to the information content of a single
epidemic curve, with FIM condition numbers in the range 7.7 x 10'? to 2.2 x 10** and frequent
boundary hits in the profile-likelihood confidence intervals. The point estimates of R, and y are
jointly unidentifiable (occupying a narrow ridge in parameter space), so the absolute R, value should
not be compared directly to literature values. In response, Section 4.5 presents a reduced K’ = 6
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model in which five parameters are fixed at independent clinical values; its FIM condition number
falls by four to seven orders of magnitude, and its profile-likelihood and Bayesian intervals are
propagated through the scenario analysis. The full eleven-parameter fit is retained in this paper to
allow direct comparison with the seven benchmark models of Section 4.6, but its quantitative
interpretations are reported as context only.

5.4. Future work

Beyond the reduced-model analysis of §4.5, which already includes the profile-likelihood and
Bayesian uncertainty quantification, and the structural-identifiability check, several further directions
appear promising: stochastic extensions (a continuous-time Markov chain or stochastic differential
equation) following the Ornstein—Uhlenbeck contact-rate framework [21]; adaptive intervention
models in which the decay u is itself a function of the current epidemic state; multi-strain and
variant-aware extensions [17]; and Bayesian state-space inference for joint estimation of parameters
and the onset time [18].

A further extension would relax the homogeneous-mixing and closed-population assumptions of
Assumption 1. The present model cannot represent spatial epidemic diffusion, interregional
importation, heterogeneous contact opportunities, or the behavioral changes associated with
population movement, and the fitted S(f) may conflate reductions in mobility with reductions in
transmission risk per contact. Extending the framework to mobility-informed metapopulation,
network-based, or agent-based models would allow spatial arrival times, imported infections, mobility
restrictions, regional heterogeneity, and geographically targeted interventions to be examined
explicitly; two recent reviews of mobility-informed epidemic modeling [29, 46] provide a useful
roadmap for such extensions. Robust and stochastic stabilization methods—sliding-mode and H.,
observer-based designs and quantized feedback control [47-51]—provide tools for analysing the
stability of stochastic and Markovian extensions of the compartmental framework.

5.5. Conclusions

The U-SEIR model unifies asymptomatic transmission, super-spreading, and time-varying
interventions within a single compartmental framework. The closed-form expression for R, and the
global stability of the disease-free equilibrium provide the analytical foundation. The six-jurisdiction
empirical validation confirms that the intervention mechanism S(#), rather than the addition of
compartments, is the dominant driver of goodness-of-fit on data from jurisdictions with strict
lockdowns, with the additional U-SEIR compartments providing a statistically distinguishable
improvement in only one of six jurisdictions (Italy, p < 0.001). The quantitative scenario analysis
reveals a clear threshold in intervention intensity (u > 0.08), providing a quantitative basis for the
cost-effectiveness of early and decisive public-health action.

Data availability
The daily case series for the five countries (China/Hubei, USA, UK, Japan, Italy) and one

sub-national province (Hunan) are aggregated, publicly released data from the cited health-agency
dashboards. The datasets generated and analyzed during the current study are available from the
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author on reasonable request. The analysis pipeline is implemented in Python 3.10 with pinned numpy
and scipy versions to ensure cross-platform reproducibility of the fitted parameter vectors
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Appendix
A. Fitted parameter values

U-SEIR parameters (K = 11) fitted to the six datasets are listed in Table A1. The last four rows
report goodness-of-fit statistics; the bottom row lists the series length 7" in days.

Table A1. U-SEIR fitted parameters by jurisdiction. The last four rows report goodness-of-
fit statistics.

Parameter China USA UK Japan Italy Hunan
Bo 1.653 0.425 0.533 0.745 1.921 1.494
o 0.500 0.125 0.050 0.050 0.050 0.800
Vi 0.300 0.194 0.157 0.050 0.030 0.030
YU 0.030 0.144 0.195 0.090 0.030 0.500
Vs 0.300 0.123 0.050 0.050 0.500 0.030
p 0.522 0.311 0.300 0.884 0.605 0.470
q 0.222 0.272 0.386 0.050 0.500 0.020
K 0.528 0.318 0.267 0.603 1.373 1.458
1) 5.14 6.80 543 7.14 11.96 4.17
7 0.1389 0.0138 0.0263 0.0241 0.1132 0.1819
Ey 155.7 1.0 234 90.7 431.7 32

R? 0.984 0.980 0.959 0.976 0.935 0.996
Rlzog 0.978 0.967 0.951 0.973 0.845 0.989
RMSE 138.1 805.7 88.8 155.9 456.1 1.17
AIC 702.1 1226.5 1062.7 981.3 1234.3 38.7

T (days) 69 90 116 95 99 53

B. Profile likelihood 95 % confidence intervals

Profile likelihood confidence intervals are computed by fixing the focal parameter 6; at a grid of
values and re-optimising the remaining ten parameters. A value is inside the 95% confidence interval
if 2[£(0) — €(6;,0-)] < )(%’0'95 ~ 3.84. Boundary hits (|, T) indicate that the data do not constrain
the parameter within the feasible range. The Fisher information matrix condition number kg is a
complementary joint-identifiability diagnostic; the large values (> 10!%) arise because the model is
over-parameterised relative to the information content of a single epidemic curve.
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Table A2. Profile likelihood 95% confidence intervals for the 11 U-SEIR parameters. kgpy 1S
the Fisher information matrix condition number.

Parameter China USA UK Japan Italy Hunan

Bo 1.16-2.15 0.32-0.55 0.44-0.58 0.52-0.74 1.34-2.50 1.05-1.94
o 0.35-0.63 0.09-0.14 0.05-0.06] 0.05] 0.05] 0.56-1.007
VI 0.21-0.39  0.14-0.25 0.11-0.20 0.04-0.05 0.03] 0.03]

Yu 0.03] 0.10-0.19 0.14-0.25 0.06-0.12 0.03} 0.35-0.65
Vs 0.22-0.39  0.10-0.15 0.04-0.05 0.04-0.06 0.50-0.65 0.03]

D 0.37-0.68 0.22-0.40 0.21-0.31 0.71-0.81 0.48-0.68 0.33-0.61
q 0.16-0.27  0.19-0.30 0.34-0.40 0.04-0.05 0.35-0.507 0.01-0.03
K 0.37-0.69 0.24-0.41 0.19-0.35 0.42-0.63 0.96-1.78 1.02-1.90
¢ 3.60-6.68 4.76-7.38 4.27-5.67 4.99-8.97 8.88-15.54 2.92-5.42
H 0.10-0.14  0.013-0.018 0.023-0.030  0.024-0.026 0.11-0.12 0.13-0.24
Ey 109-202  0.7-1.3 16-29 83-98 302-500T  2.2-4.1

KFIM 44x10"%  6.3x10" 1.4 x 10% 2.2 x10% 1.3x 10" 7.7 x 102

C. Bayesian credible intervals

Posterior 95% highest-posterior-density (HPD) intervals for the six free parameters of the reduced
K’ = 6 model are obtained from four Markov-chain Monte Carlo chains of 5 x 10 iterations with
R < 1.01 (Section 4.5.3). The HPD intervals agree with the profile-likelihood intervals of Table A2
to within a factor of 1.1-1.4 for all parameters, as expected for well-identified parameters [38]; the
resulting scenario-prediction intervals are reported in Table 5.

D. Flow diagram of the U-SEIR model

Figure A1 summarises the compartmental structure of the U-SEIR model defined by (3.3)—~(3.4) in
Section 3. Each rectangle represents one of the six compartments S, E, I, U, S, and R, and each
solid arrow represents a transition between two compartments at the rate printed beside it. Susceptible
individuals § are infected at the time-varying force of infection A(#) and enter the exposed class E,
where they remain for a mean latent period 1/0. On leaving E, each individual is allocated to exactly
one of the three infectious classes: a proportion p becomes symptomatically infectious (/, inflow poE),
a proportion 1 — p — g becomes undetected/asymptomatic (U, inflow (1 — p — g)cE), and a proportion
q becomes a super-spreader (S, inflow goE). The three infectious classes recover into the absorbing
compartment R at the class-specific rates y;, yy, and yg, respectively.

The red dashed arrows indicate the epidemiological feedback that closes the transmission loop: the
three infectious classes I, U, and S ; jointly generate the force of infection A(¢) = B(t) (I +kU + ¢S )/N,
weighted by their relative infectivities 1, k, and ¢, which in turn drives new entries into E and depletes
S. The intervention acts on this feedback loop through the decay of the contact rate 3(¢) = Boe ™ (red
box at the top of the figure), so that transmission intensity declines over calendar time in proportion to
the cumulative non-pharmaceutical interventions. The compartment R has no outgoing arrow because
waning immunity is not represented over the first-wave time horizon (Remark 2), and the vaccination
compartment is omitted because the calibration data are pre-vaccine first-wave series only.
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Flow diagram of the U-SEIR model
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Figure Al. Flow diagram of the 6-compartment U-SEIR model. Solid arrows: transitions.
Dashed arrows: contributions to the force of infection A(z). The vaccination compartment is
omitted (pre-vaccine first-wave data only).
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