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Abstract: COVID-19 is a highly transmissible respiratory disease that has significantly impacted
global health and economies. In this study, we investigated the impact of immunity duration,
vaccination behavior, transmission reduction measures, and healthcare timing and duration on COVID-
19 dynamics and economic outcomes. Using a mathematical model that integrates epidemiological,
human behavioral, and economic factors, we analyzed the effectiveness of interventions based on real-
world data. Analytical results revealed up to six disease-free equilibria, with stability determined
by reproduction number thresholds. Results from numerical simulations of the model indicated that
prolonged immunity and high vaccination rates can reduce peak infections and deaths, whereas delayed
hospitalizations and increased transmission can exacerbate outbreaks. Sensitivity analysis highlights
vaccine efficacy and uptake as key determinants of disease control. These findings underscore the need
for sustained vaccination, timely healthcare interventions, and strategic public health measures.
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1. Introduction

COVID-19 has had a profound health and economic impact on the US, leading to over a million
deaths and long-term health complications for many survivors [1, 2]. Moreover, the pandemic
overwhelmed healthcare systems, strained medical resources, and exacerbated existing health
disparities [3, 4]. Economically, it triggered a sharp recession, causing widespread job losses,
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business closures, and disruptions to global supply chains [5, 6]. Government interventions, including
stimulus packages and emergency policies, mitigated some effects, but inflation, labor shortages, and
economic uncertainty persisted. While vaccination efforts and public health measures have helped
control the virus, the long-term consequences on healthcare, productivity, and economic stability
remain significant.

In the US, COVID-19 vaccination efforts have used various vaccine types, including mRNA
vaccines (Pfizer-BioNTech and Moderna), viral vector vaccines (Johnson & Johnson’s Janssen), and
protein subunit vaccines (Novavax) [7, 8]. These vaccines have demonstrated high efficacy in
preventing severe illness, hospitalization, and death. For instance, mRNA vaccines have shown
effectiveness rates up to 95% in clinical trials [9–11]. The widespread administration of these
vaccines has significantly reduced COVID-19-related mortality and morbidity. However, challenges
such as vaccine hesitancy persist, influenced by factors such as misinformation, distrust in healthcare
systems, and concerns about potential side effects of vaccines [12–15]. Addressing vaccine hesitancy
requires understanding individuals’ decision-making processes and implementing effective risk
communication strategies.

Human behavior has played a critical role in the pandemic’s trajectory, as personal decisions
regarding vaccination and adherence to public health measures have directly impacted the spread of
the virus and the effectiveness of mitigation efforts. Individuals and communities assessed the costs
and benefits of protective actions, often adjusting their behaviors based on observed outcomes and
social influences. The costs of preventive measures included discomfort from mask-wearing, vaccine
side effects, economic hardships, and mental health challenges from lockdowns, while the risks of
inaction involved severe illness, long-term health complications, and death [16, 17]. The payoffs for
adopting protective behaviors included reduced transmission, personal and community protection, and
avoiding severe disease. Public perception, shaped by social norms and trust in institutions,
influenced how people sampled others’ behaviors and determined whether the perceived benefits
outweighed the costs. This dynamic feedback loop between individual decision-making and collective
behavior played a crucial role in shaping the course of the pandemic. Thus, understanding this
interplay is essential for developing mathematical models to inform actionable and effective pandemic
response strategies.

Mathematical modeling played a crucial role in the fight against COVID-19 and other infectious
diseases, particularly in the early stages, by informing policy decisions, forecasting healthcare
demand, and evaluating intervention strategies. For example, Ferguson et al. [18] presented
projections of ICU demand and mortality under varying non-pharmaceutical interventions (NPIs),
influencing public health policies in the UK. Ngonghala et al. [19–21] developed models to assess the
impact of lockdowns, healthcare access, and testing rates on disease spread and healthcare burden.
Gumel et al. [22] provided a primer to help public health officials interpret and apply epidemic
modeling outcomes. These early efforts primarily focused on the role of NPIs such as social
distancing, lockdowns, and contact reduction measures. As vaccines became available, researchers
expanded their models to study the effects of vaccination strategies on pandemic dynamics [23–26].
Some studies examined the interplay between human behavior and disease spread, recognizing that
individual compliance with health measures significantly influences outcomes [27, 28]. For instance,
Ngonghala et al. [27] developed models that incorporate behavioral fatigue and perceived risk,
showing how these factors dynamically affect compliance with interventions. Martcheva et al. [28]
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introduced a game-theoretic framework for vaccination behavior, illustrating feedback between
individual decision-making and epidemic dynamics. A study published in Nature Human
Behaviour [17] emphasized the role of social and behavioral sciences in promoting public adherence
to interventions during the pandemic. Additionally, Banholzer et al. [29] explored how NPIs and
vaccination policies influence economic activity, offering a model-based analysis of their
macroeconomic impacts. Despite these contributions, relatively few models, such as that by
Martcheva et al. [28] have simultaneously addressed the combined effects of human behavior,
economic outcomes, and disease dynamics. This underscores the need for integrated approaches to
inform balanced public health and economic policies.

Additionally, researchers have explored the interactions between COVID-19 and the economy,
analyzing how NPIs and vaccination efforts affect economic activity. A study in PLoS One [29]
modeled the economic implications of various NPIs, providing insights into balancing public health
and economic interests. However, relatively few models, including those by Martcheva et al. [28]
have simultaneously addressed the combined effects of human behavior, economic factors, and
disease dynamics, underscoring the need for comprehensive approaches to inform policy decisions.

In this study, we develop a mathematical model that integrates the epidemiology of COVID-19,
human behavioral responses to vaccination, and their combined effects on economic growth. Unlike
traditional models that separately examine disease spread, vaccination dynamics, or economic impact,
this framework captures the feedback loop between disease dynamics, individual vaccination
decisions, and economic performance. Parameterized with daily COVID-19 case and mortality data
from the US, the model is used to evaluate how varying immunity durations, hospitalization timing
and duration, transmission reduction interventions, vaccine efficacy, and coverage, as well as
behavioral shifts in vaccine uptake, influence COVID-19 trajectories and economic stability.
Incorporating adaptive human behavior and resource constraints provides a more comprehensive
understanding of pandemic dynamics and informs policies for balancing public health and economic
recovery. The rest of the paper is structured as follows: In Section 2 we develop the mathematical
model, with analytical results in Section 3. Model fitting and identifiability analysis are in Section 4,
while in Section 5, we present numerical simulations, including sensitivity analyses. In Section 6, we
discuss the findings and conclusions.

2. Model formulation

In this section, we introduce a COVID-19 vaccination model. We split the total population at time
t, denoted by N(t) into seven non-intersecting compartments of susceptible individuals S (t), fully
vaccinated individuals V(t), exposed individuals E(t), asymptomatic infectious individuals A(t),
symptomatic infectious individuals I(t), hospitalized individuals H(t), and recovered individuals R(t).
The total population size is given by

N(t) = S (t) + V(t) + E(t) + A(t) + I(t) + H(t) + R(t).

The variable x(t) denotes the proportion of individuals who play strategy one; that is, they vaccinate
with each booster on time to keep their immunity up to date. Variable K(t) denotes the capital, such
as a country’s gross domestic product. Table 1 lists the variables and their descriptions. The epidemic
component of the model we will consider is closest to a model considered by Diagne et al. [30];
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however, we also include game-theoretic and economic components. The following system gives
the model:

dS
dt
= Λ(1 − x) −

(βI I + βAA + βHH)S
N

− (µ + ψx)S + ωRR + ωVV

dV
dt
= Λx + ψxS − (1 − ϵ)

(βI I + βAA + βHH)V
N

− (µ + ωV)V

dE
dt
=

(βI I + βAA + βHH)S
N

+ (1 − ϵ)
(βI I + βAA + βHH)V

N
− (κ + µ)E

dA
dt
= (1 − ρ)κE − (γA + µ)A

dI
dt
= ρκE − (α + γI + νi + µ)I

dH
dt
= αI − (γH + νh + µ)H

dR
dt
= γAA + γI I + γHH − (µ + ωR)R

dx
dt
= x(1 − x)(δ0x − rS + cH − δ0(1 − x) + ηK)

dK
dt
= sKσ(N − ε0I − H)1−σ − (d + ξhH) K.

(2.1)

In this model, Λ is the recruitment rate of individuals in the population, βI , βA, βH are the transmission
rates from infective individuals I, asymptomatic individuals A, and hospitalized individuals H,
respectively, µ is the natural death rate, ψ is the vaccination rate, ωR, ωV is the immunity waning rate
for recovered R and vaccinated V individuals, respectively.

Table 1. Descriptions of the model variables representing the epidemiological, behavioral,
and economic states in the system.

Variable Description
S Susceptible
V Vaccinated
E Exposed
A Asymptomatic
I Infected
H Hospitalized
R Recovered
x Fraction completely immunized
K Capital / GDP
N Total population size

Parameter ϵ gives the vaccine efficacy, 1/κ is the length of the exposed period, ρ is the fraction of
individuals who exhibit symptoms of COVID-19, α is the hospitalization rate, γI , γA, γH are the
recovery rates for symptomatic infectious, asymptomatic infectious, and hospitalized individuals,
respectively. δ0 is the strength of social norms to follow health directives, rS is the cost of vaccination,
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c is a proportionality constant of the impact of number hospitalized on the decision to get vaccinated,
η is proportionality constant of the economic impact on the decision to get vaccinated, s is the capital
accumulation rate, d is the capital depreciation rate, and σ is the Elasticity of the output concerning
capital. For a more detailed derivation of the game-theoretic-economic part, we refer to [28].

The growth of capital (K) follows a production function sKσ(N − ε0I − H)1−σ that demonstrates
a diminished labor efficiency due to both infected (I) and hospitalized (H) individuals. The capital
K undergoes depreciation because of intrinsic decay rates (d) along with healthcare-related burdens
(ξhH). K functions as both a determinant of vaccination behavior (ηK) and an outcome of disease
prevalence, which leads to bidirectional coupling. Economic output declines during outbreaks because
labor resources become scarce and equipment wears out more quickly, but improved economic capacity
(K ↑) helps boost vaccination rates, which reduce disease transmission. The relationship between
public health measures and economic stability underscores the need to harmonize these factors to
ensure sustainable results. A list of parameters and their meanings is given in Table 2. The flowchart
of the model is shown in Figure 1.

Table 2. Descriptions of model parameters used in the
epidemiological–behavioral–economic framework.

Parameter Description
Λ Recruitment rate
βI Transmission rate from symptomatic infectious individuals
βA Transmission rate from asymptomatic infectious individuals
βH Transmission rate from hospitalized individuals
γI Recovery rate of symptomatic infectious individuals
γA Recovery rate of asymptomatic infectious individuals
γH Recovery rate of hospitalized infectious individuals
ψ Vaccination rate
ϵ Vaccine efficacy
µ Natural death rate
ωR Immunity waning while recovered
ωV Immunity waning while vaccinated
1/κ Duration of exposed period
ν Disease-induced death rate
α Hospitalization rate
ρ Proportion symptomatic individuals
η Proportionality constant of the economic impact of the decision to get vaccinated
δ0 Rate of individuals following the social norms
rS Cost of vaccination rate
d Capital depreciation rate
c Proportionality constant of hospitalizations impacting vaccinations
σ Elasticity of the output concerning capital
ε0 Labor efficiency reduction due to infected and hospitalized individuals
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Figure 1. Compartmental model of COVID-19 vaccination dynamics with interacting
components. The epidemiological component (blue) tracks population flow between disease
states (S ,V, E, A, I,H,R). The behavioral component (orange) models vaccination decisions
(x vs 1 − x), with red arrows showing how these choices affect disease spread. The
economic component (green) represents capital (K) affected by labor availability. Purple
dotted arrows show feedback mechanisms: hospitalizations influence vaccination decisions,
while infections impact economic productivity. This bidirectional coupling demonstrates
how disease outbreaks reduce economic output, while improved economic conditions can
increase vaccination rates.

We adopt a continuous-time neoclassical growth framework based on the Solow-Swan model [31,
32], which describes capital accumulation driven by savings and depreciation. The capital stock K(t)
evolves as dK

dt = sY(t) − dK(t), where s > 0 is the savings or capital stock accumulation rate and
d > 0 is the depreciation rate. Assuming unit labor-augmenting technology, economic output (Y(t))
follows the Cobb-Douglas production function [33] Y(t) = K(t)σ(L(t))1−σ, with σ ∈ (0, 1) denoting the
capital share of output and L(t) the labor force. Assuming diminishing returns to capital, the marginal
productivity of capital declines as it accumulates.

At equilibrium, where dK
dt = 0, substituting the production function into (2.1) yields the

equilibrium capital level: K∗ = 0 or K∗ =
(

s
d

) 1
1−σ . Stability is assessed by examining the derivative of

the accumulation function f (K) = sKσ − dK. The slope at equilibrium is d f (K∗)
dK = d(σ − 1), which is

negative under the standard condition σ < 1, confirming local asymptotic stability. The zero-capital
equilibrium K = 0 is unstable due to unbounded marginal productivity as capital approaches zero.
Thus, the model predicts convergence to a unique, stable equilibrium, where capital investment
balances depreciation and diminishing returns. In the early stages of capital scarcity, high marginal

Mathematical Biosciences and Engineering Volume 22, Issue 9, 2300–2338.



2306

returns generate instability, but the system naturally stabilizes over time.
This framework component is linked to the rest of the framework through the production function

and capital loss. Specifically, labor input is assumed proportional to the productive population,
modifying the production function to Y = Kσ(N − ε0I − H)1−σ, where ε0 ∈ [0, 1] accounts for reduced
productivity among the infected. This form reflects reduced labor efficiency due to illness and
hospitalization. Additionally, the capital loss term incorporates both intrinsic capital decay and
health-related burdens, modifying the capital dynamics to include: dK

dt = sY − (d + ξhH)K, ξh captures
the economic cost of hospitalization. Capital K determines economic output and influences
vaccination behavior through a coupling term ηK, creating feedback between economic and
epidemiological systems. During outbreaks, economic output declines as labor becomes scarce and
capital deteriorates more rapidly. Conversely, improved economic capacity enhances vaccination
uptake, reducing disease spread. This bidirectional interaction underscores the importance of
integrating economic dynamics with health behavior models.

To formulate the model, we make several simplifying assumptions:

1) We assume a homogeneously mixing population and exponentially distributed times in epidemic
classes, enabling us to formulate a simple ODE model. More realistically distributed times in
epidemic classes require partial differential equations or more complex ODEs [34, 35].

2) We assume individuals in the vaccinated class are fully vaccinated and up-to-date on the boosters.
According to the CDC, as of December 2022, this was valid for 27% of the US population [36].
Even if individuals are fully vaccinated and boosted, we assume their immunity wanes [37], and we
assume they return to the susceptible class where they can be vaccinated again. Further, the vaccine
is imperfect, leading to infection of vaccinated individuals at a reduced force of infection [38].

3) Upon infection, infected individuals enter a latent class, after which they develop symptoms and
become infectious, or they become infectious and do not have symptoms. In reality, infected
individuals are infective a couple of days before developing symptoms, and some researchers have
modeled that by incorporating pre-symptomatic class [39] or by assuming that exposed individuals
are infectious [40]. Still, we neglect it since this period lasts only a few days.

4) We assume that people are motivated to get vaccinated from reports of hospitalized individuals
only, since the hospitalized individuals are a more reliable measure of the outbreak’s severity. For
the derivation of the game-theoretic and economic components of the model and their associated
assumptions, we refer to [28].

The literature abounds with COVID-19 mathematical models, most of which are more complex
than the one we present here. Our model’s novelty incorporates a game-theoretic and an economic
component, which are integrated into the model in the simplest possible way. Our goal is to study the
model analytically and numerically and to understand the interplay between COVID-19, the vaccine
decisions made by individuals, and the economy.
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3. Mathematical analysis of the model

In this section, we provide a detailed mathematical analysis of the equilibrium solutions of the
given model. The analysis identifies possible disease-free equilibria (DFE) by solving the system of
equations and examines the conditions under which these equilibria exist.

3.1. Disease-free equilibrium solutions

This model has several disease-free equilibrium solutions. To find the disease-free equilibrium
solutions, we set the time derivatives of the system to zero and the disease variables equal to zero,
reducing the problem to solving the following algebraic equations:

0 = Λ(1 − x) − (µ + ψx)S + ωVV, (3.1)
0 = Λx + ψxS − (µ + ωV)V, (3.2)
0 = x(1 − x)(δ0x − rS − δ0(1 − x) + ηK), (3.3)
0 = sKσN1−σ − dK. (3.4)

Solution of Eq (3.4) The fourth equation, (3.4), determines the value of K. Assuming σ = 1/2, the
solutions are K = 0 or

K =
( s
d

)2
N.

These two possibilities divide the analysis into cases where K = 0 (no resources) or K > 0 (presence
of resources).

Solution of Eq (3.3) The third equation, (3.3), determines the value of x. It admits three possible
solutions: x = 0, x = 1, or a solution x∗ that satisfies 0 < x∗ < 1. For 0 < x < 1, the solution x∗ is
given by:

x∗ =
rS + δ0

2δ0
.

x∗ ∈ (0, 1) if and only if rS < δ0.

3.2. Case analysis of disease-free equilibria

Combining the solutions of (3.4) and (3.3), we derive six cases, as outlined below.

1) Case 1: K = 0 and x = 0

Substituting into Eqs (3.1) and (3.2), the system becomes:

Λ − µS + ωVV = 0,
−µV − ωVV = 0.

These equations imply S = Λ
µ

and V = 0. Thus, the first disease-free equilibrium is:

E0 =

(
Λ

µ
, 0, 0, 0, 0, 0, 0, 0, 0

)
.
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2) Case 2: K = 0 and x = 1

For x = 1, Eqs (3.1) and (3.2) reduce to:

−(µ + ψ)S + ωVV = 0,
Λ + ψS − (µ + ωV)V = 0.

Solving these, we find:

V =
Λ(ψ + µ)

µ(µ + ψ + ωV)
B V∗1 ,

S =
ΛωV

µ(µ + ψ + ωV)
B S ∗1.

Thus, the second disease-free equilibrium is:

E1 = (S ∗1,V
∗
1 , 0, 0, 0, 0, 0, 1, 0).

3) Case 3: K = 0 and x = x∗

For x∗ = rS+δ0
2δ0

, Eqs (3.1) and (3.2) yield:

S ∗2 =
Λ

µ
·
µ(1 − x∗) + ωV

µ + ψx∗ + ωV
,

V∗2 =
Λx∗

µ
·

µ + ωV

µ + ψx∗ + ωV
.

The third disease-free equilibrium is:

E2 =
(
S ∗2,V

∗
2 , 0, 0, 0, 0, 0, x

∗, 0
)
.

4) Case 4: K = K∗0 and x = 0

Here, substituting x = 0 into the equations for the disease process yields:

E3 =

(
Λ

µ
, 0, 0, 0, 0, 0, 0, 0,K∗0

)
.

5) Case 5: K = K∗0 and x = 1

For x = 1, the equilibrium becomes:

E4 =
(
S ∗2,V

∗
2 , 0, 0, 0, 0, 0, 1,K

∗
0
)
,

where S ∗2 and V∗@ are as defined in Case 3.

6) Case 6: K = K∗0 and x = x∗0
If x∗0 is a solution of:

2δ0x − rS − δ0 + ηK∗0 = 0,
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Then:

x∗0 =
rS + δ0 − ηK∗0

2δ0
,

provided 0 < x∗0 < 1. This condition holds if and only if:

rS − δ0

η
< K∗0 <

rS + δ0

η
.

The final disease-free equilibrium is:

E5 =
(
S ∗3,V

∗
3 , 0, 0, 0, 0, 0, x

∗
0,K

∗
0
)
,

where S ∗3,V
∗
3 are obtained from S ∗@,V

∗
2 in which the value of x∗ = 1 has been replaced by x∗2.

The six cases outlined above represent all possible disease-free equilibria for the model under
different assumptions about K and x. Each equilibrium describes a biologically meaningful scenario
that captures distinct states of the system in the absence of disease progression.

3.3. Stability of DFE

The disease-free equilibrium (DFE) stability is analyzed using the Jacobian matrix and evaluated at
each DFE. The Jacobian matrix is given by

J =



−(µ + ψx∗) ωV 0 −
βAS ∗

S ∗+V∗ −
βI S ∗

S ∗+V∗ −
βHS ∗

S ∗+V∗ ωR −Λ − ψS ∗ 0
ψx∗ −(µ + ωV ) J24 J25 J26 0 Λ + ψS ∗ 0
0 0 J33 J34 J35 J36 J37 0 0
0 0 k(1 − ρ) −γA − µ 0 0 0 0 0
0 0 kρ 0 J55 0 0 0 0
0 0 0 0 α J66 0 0 0
0 0 0 γA γI γH −µ − ωR 0 0
0 0 0 0 0 cx(1 − x) 0 J88 ηx(1 − x)

J91 J92 J93 J94 J95 −Kξh J97 0 J99


,

where,

J24 = −
(1 − ϵ)βAV∗

S ∗ + V∗
, J25 = −

(1 − ϵ)βIV∗

S ∗ + V∗
, J26 = −

(1 − ϵ)βHV∗

S ∗ + V∗
,

J33 = −(k+µ), J34 =
βAS ∗

N∗
+ (1− ϵ)

βAV∗

N∗
, J35 =

βIS ∗

N∗
+ (1− ϵ)

βIV∗

N∗
, J36 =

βHS ∗

N∗
+ (1− ϵ)

βHV∗

N∗
,

J88 = (1 − 2x8)(δ0x∗ − rS − δ0(1 − x∗) + ηK∗) + 2δ0x∗(1 − x∗),

J9 j = (1 − σ)Kσs(S ∗ + V∗)−σ, j = 1, 2, 3, 4, 7, J95 = (1 − σ)Kσs(S ∗ + V∗)−σ(1 − ϵ0),

J94 = Kσs(S ∗ + V∗)1−σ, J99 = sσKσ−1N1−σ − d,

J55 = −α − γI − µ − νi, J66 = −γH − µ − νh,

The eigenvalues of the Jacobian matrix determine the stability of the equilibrium points. Below, we
analyze the stability of each equilibrium point in detail.

Now, we discuss the stability of all six disease-free equilibrium points above.
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1) Equilibrium E0:
Equilibrium E0 is unstable if

sσKσ−1N1−σ − d > 0 as K → 0.

This inequality implies that E0 is inherently unstable, as the term sσKσ−1N1−σ dominates as K → 0.

2) Equilibrium E1:
By an analogous argument to E0, the equilibrium E1 is also unstable under the same conditions.

3) Equilibrium E2:
Similar reasoning indicates that E2 is unstable. Thus, we conclude that all equilibria where K = 0
are unstable. This is sensible because no system can persist without resources.

4) Equilibrium E3:
At E3, one eigenvalue is given by:

sσK∗σ−1
0 N1−σ − d.

Since K∗σ−1
0 N1−σ = d

s , it is not hard to see that at K∗0 this eigenvalue is always negative, since σ < 1.
Some of the remaining eigenvalues are associated with the matrix:

J1 =

[
−(µ + ψx∗) ωV

ωx −(µ + ωV)

]
,

which has eigenvalues with negative real parts.

Additionally, another eigenvalue is given by:

δ0x − rS − δ0(1 − x) + ηK∗0 |x=0 = −rS − δ0 + ηK∗0 .

Define the threshold:

r1 =
ηK∗0

rS + δ0
.

If r1 > 1, E3 is unstable. Assuming r1 < 1, the remaining eigenvalues are determined by the
characteristic equation of matrix J:

(λ + K + µ)(λ + γA + µ)(λ + α + γI + µ + νi)(λ + γH + µ + νh) = 0.

The basic reproduction number R1 for E3 is defined as:

R1 =
βAK(1 − ρ)

(K + µ)(γA + µ)
+

βIKρ
(K + µ)(α + γI + µ + νi)

+
βHαρκ

(K + µ)(α + γI + µ + νi)(γH + µ + νh)
.

If R1 < 1, E3 can be locally asymptotically stable. Otherwise, it will be unstable. We summarize
the results on E3 stability in the following theorem.

Theorem 3.1. Assume r1 < 1 and R1 < 1. The equilibrium E3 is locally asymptotically stable. If
any of the three inequalities is reversed, E3 is unstable.
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5) Equilibrium E4:

At E4, eigenvalues are determined by K∗0 and x∗ = 1. Similar computations as before lead us
to define:

r2 =
rS

δ0 + ηK∗0
.

Define also the disease reproduction number at x∗ = 1 as R2, where:

R2 =
k(1 − ρ)(βA(S ∗2 + (1 − ϵ)V∗2)

(k + µ0(γA + µ)(S ∗2 + V∗2)
+

kρβI(S ∗2 + (1 − ϵ)V∗2)
(k + µ)(α + γ + I + µ + νi)(S ∗2 + V∗2)

+
kραβH(S ∗2 + (1 − ϵ)V∗2)

(k + µ)(α + γ + I + µ + νi)(γH + µ + νh)(S ∗2 + V∗2)
,

we summarize the results on the stability of E4 in the following theorem.

Theorem 3.2. Assume r2 < 1 and R2. Then E4 is locally asymptotically stable. If any of these
inequalities is reversed, E4 is unstable.

6) Equilibrium E5:

The eigenvalues of J corresponding to E5 are λ1 = −µ, λ2 = −(µ + wv + ψx∗, λ3 = 2δ0x∗(1 −
x∗), λ4 = (σ − 1)d, λ5 = −(µ + wv). The remaining eigenvalues of E5 are the eigenvalues of the The
characteristic equation is derived from a sub-matrix of the Jacobian J. Thus, the stability of E5 is
determined by the above eigenvalues and R5, where

R5 =
k(1 − ρ)(βA(S ∗3 + (1 − ϵ)V∗3)

(k + µ0(γA + µ)(S ∗3 + V∗3)
+

kρβI(S ∗3 + (1 − ϵ)V∗3)
(k + µ)(α + γ + I + µ + νi)(S ∗3 + V∗3)

+
kραβH(S ∗3 + (1 − ϵ)V∗3)

(k + µ)(α + γ + I + µ + νi)(γH + µ + νh)(S ∗3 + V∗3)
,

if R5 < 1, E5 would be locally asymptotically stable. If R5 > 1, E5 would be unstable. However,
eigenvalue 2δ0x∗(1 − x∗) is always positive. Thus, E5 is always unstable. We summarize the result
on the stability of E5 in the following theorem.

Theorem 3.3. Equilibrium E5 is always unstable.

Stability analysis reveals that the equilibria E0, E1, E2, and E5 are inherently unstable for the
parameter regimes considered. The equilibria E3 and E4 exhibit stability under specific threshold
conditions related to r1, r2, R1, and R2. The reproduction numbers R1 and R2 provide critical
information on the system’s dynamics and the effectiveness of control measures. The instability of E5

is unusual, but it follows from our assumptions on the fitness of the two strategies.

3.4. Existence of endemic equilibrium

To determine the presence of an endemic equilibrium for the system (2.1), we argue the existence
of an endemic equilibrium by solving the following system of equations:
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0 = Λ(1 − x) −
(βI I + βAA + βHH)S

N
− (µ + ψx)S + ωRR + ωVV,

0 = Λx + ψxS − (1 − ϵ)
(βI I + βAA + βHH)V

N
− (µ + ωV)V,

0 =
(βI I + βAA + βHH)S

N
+ (1 − ϵ)

(βI I + βAA + βHH)V
N

− (κ + µ)E,

0 = (1 − ρ)κE − (γA + µ)A,
0 = ρκE − (α + γI + νi + µ)I,
0 = αI − (γH + νh + µ)H,
0 = γAA + γI I + γHH − (µ + ωR)R,
0 = x(1 − x)(δ0x − rS + cH − δ0(1 − x) + ηK),
0 = sAKσ(N − ε0I − H)1−σ − (d + ξhH) K,

0 = Λ − µN − νiI − νhH,

(3.5)

where,

N =
Λ − νiI − νhH

µ
=
Λ

µ
−
νiI
µ
−
νhH
µ
.

Substituting this into the ninth equation, we obtain:

0 = sKσ

(
Λ

µ
−

(
νi

µ
+ ε0

)
I −

(
1 +

νh

µ

)
H

)1−σ

− (d + ξhH) K.

Now, let Q = βI I+βAA+βH H
N , which represents the force of infection. Using this substitution, we

compute the equilibrium values of the other compartments:

E =
Q(S + (1 − ϵ)V)

k + µ
,

I =
ρkE

(α + γI + νi + µ)
=

ρk
(α + γI + νi + µ)

Q(S + (1 − ϵ)V)
(k + µ)

= iQ(S + (1 − ϵ)V,

H =
α

(γH + νh + µ)
ρk

(α + γI + νi + µ)
Q(S + (1 − ϵ)V)

(k + µ)
= hQ(S + (1 − ϵ)V),

A =
(1 − ρ)k
(γA + µ)

Q(S + (1 − ϵ)V)
(k + µ)

= aQ(S + (1 − ϵ)V),

R =
γA

(µ + ΩR)
(1 − ρ)k
(γA + µ)

Q(S + (1 − ϵ)V)
(k + µ)

= pQ(S + (1 − ϵ)V).

To simplify, let us rewrite the equations for S and V from the first two equations of the system:

Λ(1 − x) − QS − (µ + ψx)S + ωR pQ(S + (1 − ϵ)V) + ωVV = 0, (3.6)
Λx + ψxS − (1 − ϵ)QV − (µ + ωV)V = 0. (3.7)
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Now we solve systems (3.6) and (3.7), and get

S =
Λ(1 − x)[(1 − ϵ)Q + µ + ωV] + Λx[(1 − ϵ)pQωR + ωV]

[Q(1 − ωR p) + µ + ψx][Q(1 − ϵ) + µ + ωV] − [(1 − ϵ)QpωR + ωV]ψx
,

V =
Λ(1 − x)ψx + Λx[Q(1 − pωR) + µ + ψx]

[Q(1 − ωR p) + µ + ψx][Q(1 − ϵ) + µ + ωV] − [(1 − ϵ)QpωR + ωV]ψx
.

Let
S = f (Q, x) and V = g(Q, x).

The equation for N is Λ − µN − νiI − νhH = 0 which gives

N =
Λ

µ
−
νi

µ
I −

νh

µ
H =

Λ

µ
−
νi

µ
iQ(S + (1 − ϵ)V) −

νh

µ
hQ(S + (1 − ϵ)V)

and

Q =
βI I + βAA + βH H

N

=
βI iQ[ f (Q, x) + (1 − ϵ)g(Q, x)] + βAaQ[ f (Q, x) + (1 − ϵ)g(Q, x)] + βHhQ[ f (Q, x) + (1 − ϵ)g(Q, x)]

Λ
µ
−

(
νi
µ

i + νh
µ

h
)

Q ( f (Q, x) + (1 − ϵ)g(Q, x))
. (3.8)

Thus, the equation for Q is

(βIi + βAa + βHh)( f (Q, x) + (1 − ϵ)g(Q, x))
Λ
µ
− ( νii+νhh

µ
)Q( f (Q, x) + (1 − ϵ)g(Q, x))

= 1. (3.9)

Case 1: x = 0 (no one is a vaccinator)

S =
Λ((1 − ϵ)Q + µ + ωV

[(1 − ωR p)Q + µ][(1 − ϵ)Q + µ + ωV]
=

Λ

(1 − ωR p)Q + µ
= f (Q),

V = 0 implies g(Q) = 0 and Eq (3.9) of Q becomes

(βIi + βAa + βHh)Λ
Λ
µ

((1 − ωR p)Q + µ) − ( νii+νhh
µ

)ΛQ
= 1. (3.10)

We note that in the above, the denominator of f in the numerator and denominator of the left-hand side
of (3.10) cancels. Considering the denominator of (3.10), we show it remains positive for all Q.

1 − ωR p − νii − νhh = 1 −
ωR

µ + ωR

(1 − ρ)k
µ + k

γA

µ + γA
−

νi

α + γI + µ + νi

ρk
µ + k

−
νh

γH + µ + νh

ρk
µ + k

α

α + γI + νi + k

≥ 1 −
ωR

µ + ωR

(1 − ρ)k
µ + k

γA

µ + γA
−

ρk
µ + k

νi + α

α + γI + µ + νi

≥ 1 −
(1 − ρ)k
µ + k

−
ρk
µ + k

= 1 −
k

k + µ
=

µ

k + µ
> 0
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Thus, the denominator is always positive. Therefore, the left-hand side of (3.10) is a decreasing
function of Q. Thus, if

R6 = βIi + βAa + βHh > 1. (3.11)

then there is a unique solution Q, which gives a unique endemic equilibrium.

Theorem 3.4. If (3.11) holds, the system has a unique endemic equilibrium with x = 0.

Case 2: When x = 1, we get

S =
Λ[(1 − ϵ)ωR pQ + ωV]

[(1 − ωR p)Q + µ + ψ][(1 − ϵ)Q + µ + ωV] − [(1 − ϵ)ωR pQ + ωV]ψ
= f (Q), (3.12)

V =
Λ[Q(1 − ωR p) + µ + ψ]

[(1 − ωR p)Q + µ + ψ][(1 − ϵ)Q + µ + ωV] − [(1 − ϵ)ωR pQ + ωV]ψ
= g(Q). (3.13)

Now, we evaluate the LHS of (3.9) at Q = 0, and we get

S Q=0 =
ΛωV

(µ + ψ)(µ + ωVψ) − ωVψ
= f (0),

VQ=0 =
Λ(µ + ψ)[

(µ + ψ)(µ + ωV) − ωVψ
= g(0),

R7 =
(βIi + βAa + βHh)

[
f (0) + (1 − ϵ)g(0)

]
Λ/µ

.

The denominator in the expressions for S and V above is

denom =
[
(1 − ωR p)Q + µ

] [
(1 − ϵ)Q + µ + ωV

]
+ ψ(1 − ϵ)Q(1 − ωR p) + ψµ.

Thus, the denominator is an increasing function of Q. In the expressions for S and V above, the
denominator is quadratic in Q, and the numerator is linear in Q. Thus, f (Q) → 0 and g(Q) → 0, as
Q→ ∞.

Also,

Q f (Q)→
Λ(1 − ϵ)ωR p

(1 − ωR p)(1 − ϵ)
=
ΛωR p

1 − ωR p
as Q→ ∞,

Qg(Q)→
Λ(1 − ωR p)

(1 − ωR p)(1 − ϵ)
=
Λ

1 − ϵ
as Q→ ∞.

Thus, as Q→ ∞, the LHS of (3.9) tends to

(βIi + βAa + βHh) · 0
Λ
µ
− Λ

µ

(
νii + νhh

) ( ωR p
1−ωR p + 1

) .
Consider the denominator of the expression above:
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Λ

µ

[
1 −

(
νii + νhh

) ( ωR p
1 − ωR p

+ 1
)]

=
Λ

µ

[
1 −

(
νi

α + γI + νi + µ
−

ρk
k + µ

+
νh

νh + γH + µ
·
ρk

k + µ
·

α

α + γI + νi + µ

)
·

(
ωR p

1 − ωR p
+ 1

)]
.

The expression in the second parenthesis can be simplified as follows:

ωR p + 1 − ωR p
1 − ωR p

=
1

1 − ωR p
.

Thus,

1 − ωR p −
νi

αi + γI + νi + µ

ρk
k + µ

−
νh

νh + γI + µ
·
ρk

k + µ
α

α + γIνi + µ
> 0.

Therefore, limQ→∞ of the LHS of (3.9) is zero. We obtain the following theorem.

Theorem 3.5. If R7 > 1, at least one solution with x = 1 exists.

Case 3: 0 < x < 1 The equilibrial equations for K and x are given by:

sKσ(N − ϵ0I − H
)1−σ
−

(
d + ξhH

)
K = 0,

δ0x − rS + cH − δ0(1 − x) + ηk = 0.

Solving the K equation. Let σ = 1
2 :

sK
1
2
(
N − ϵ0I − H

) 1
2 =

(
d + ξhH

)
K.

Case 3A: K = 0 The equation for x takes the form:

δ0x − rS + cH − δ0(1 − x) = 0,

2δ0x + chQ
[
f (Q, x) + (1 − ϵ)g(Q, x)

]
= rS + δ0,

where

S =
Λ(1 − x)

[
(1 − ϵ)Q + µ + ωV

]
+ Λx

[
(1 − ϵ)ωR pQ + ωV

][
(1 − ωR p)Q + µ + ψx

][
(1 − ϵ)Q + µ + ωV

]
−

[
(1 − ϵ)ωR pQ + ωV

]
ψx
=: f (Q, x),

V =
Λ(1 − x)ψx + Λx

[
Q(1 − ωR p) + µ + ψx

][
(1 − ωR p)Q + µ + ψx

][
(1 − ϵ)Q + µ + ωV

]
−

[
(1 − ϵ)ωR pQ + ωV

]
ψx
=: g(Q, x).

We need to decide whether f (Q, x) + (1 − ϵ)g(Q, x) increases or decreases in x.

f + (1 − ϵ)g =
Λ((1 − ϵ)Q + Q(1 − ωR p)ϵx + µ + ωV + ψx)[

(1 − ωR p)Q + µ + ψx
][

(1 − ϵ)Q + µ + ωV
]
−

[
(1 − ϵ)ωR pQ + ωV

]
ψx
.

Taking the derivative with respect to x, we have
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d
dx

( f + (1 − ϵ)g)

=
ϵQ(1 − ωR p)(Q(1 − ωR p) + µ + ψ)((1 − ϵQ + µ + ωV ) + (ϵQ(1 − ωR p) + ψ)((1 − ϵ)Q(1 − ωR p) + µ)ψx)

(denom)2 .

Consequently f (Q, x) + (1 − ϵ)g(Q, x) is an increasing function of x. Thus, the left-hand side of

2δ0x + chQ[ f + (1 − ϵ)g] = rS + δ0,

is an increasing function of x. At x = 0 we want

chQ[ f (Q, 0) + (1 − ϵ)g(Q, 0)] < rS + δ0. (3.14)

We note that g(Q, 0) = 0, and the above inequality follows if

chQΛ
((1 − ωR p)Q + µ)

< rs + δ0.

Since the left-hand side of the above is an increasing function of Q, the inequality will be satisfied for
all Q if we assume

chΛ
(1 − ωR p)

< rs + δ0. (3.15)

Then, Eq (3.14) holds for any Q. At x = 1 we want

chQ[ f + (1 − ϵ)g] > rS − δ0. (3.16)

This inequality is clearly satisfied for all Q if rS < δ0.
Hence, we have the following result:

Theorem 3.6. Assume rS < δ0 and

chQ
Λ((1 − ϵ)Q + µωv)

[(1 − ωR)Q + µ][(1 − ϵ)Q + µ + ωV]
< rS + δ0, (3.17)

for all Q, that is, we assume inequality (3.15) is satisfied. Then equation

2δ0x + chQ
{
f (Q, x) + (1 − ϵ)g(Q, x)

}
= rS + δ0, (3.18)

has a unique solution for x ∈ (0, 1).

From the above theorem, it follows that the solution defines x = X(Q) for all Q. Changing x with
X(Q) in (3.8), we obtain an equation in Q. Consider (3.8) with x = X(Q). Our goal is to show that the
equation below has a solution,

(βIi + βAa + βHh)( f (Q, X(Q)) + (1 − ϵ)g(Q, X(Q)))
Λ
µ
− ( νii+νhh

µ
)Q( f (Q, X(Q)) + (1 − ϵ)g(Q, X(Q)))

= 1. (3.19)

We note that the denominator of the expression on the left-hand side above remains positive for all
Q, X ∈ [0, 1]. This result is due to Theorem 3.10 given below. Evaluating the left-hand side of (3.19)
at Q = 0, we get
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R8 =
(βIi + βAa + βHh)( f (0, x(0)) + (1 − ϵ)g(0, x(0)))

Λ
µ

.

For Q = 0 in (3.18) we get

2δ0x = rS + δ0 ⇒ x =
rS + δ0

2δ0
.

Thus, X(0) = rS+δ0
2δ0

and, consequently, 1 − X(0) = 1 − rS+δ0
2δ0
= δ0−rS

2δ0
. Hence, we have

f (0, X(0)) + (1 − ϵ)g(0, X(0)) =
Λ

(
δ0−rS

2δ0

)
(µ + ωV) + Λ

(
rS+δ0

2δ0

)
ωV[

µ + ψ
(

rS+δ0
2δ0

)]
(µ + ωV) − ωVψ

(
rS+δ0

2δ0

)
+ (1 − ϵ)

Λ
(
δ0−rS

2δ0

)
ψ

(
δ0+rS

2δ0

)
+ Λ

(
δ0−rS

2δ0

) (
µ + ψ δ0−rS

2δ0

)
(µ + ψ δ0−rS

2δ0
)(µ + ωV) − ωVψ

δ0−rS
2δ0

.

Next, we want to know what X(∞) is.

lim
Q→∞

Q f (Q, X) =
Λ(1 − X)(1 − ϵ) + ΛX(1 − ϵ)ωR p

(1 − ϵ)(1 − ωR p)

=
Λ(1 − ϵ)(1 − X + XωR p)

(1 − ϵ)(1 − ωR p)
=
Λ(1 − X(1 − ωR p))

(1 − ωR p)
,

and

lim
Q→∞

Qg(Q, X) =
ΛX(1 − ωR p)

(1 − ϵ)(1 − ωR p)
,

Q f + (1 − ϵ)Qg =
Λ((1 − ϵ)(1 − X(1 − ωR p)) + (1 − ϵ)ΛX(1 − ωR p)

(1 − ϵ)(1 − ωR p)

=
Λ − ΛX(1 − ωR p)) + ΛX(1 − ωR p)

(1 − ωR p)

=
Λ

1 − ωR p
,

2δ0X + ch
Λ

1 − ωR p
= rS + δ0,

X =
rS + δ0 −

Λch
1−ωR p

2δ0
= X(∞).

We note that X(∞) ≥ 0, which follows from (3.15). Furthermore, since we assume that rS < δ0, then
X(∞) < 1. Now, taking the limit as Q→ ∞ of LHS of (3.19) we get

lim
Q→∞

( f (Q, X(Q)) + (1 − ϵ)g(Q, X(Q))) = 0.

This discussion leads us to the following theorem.

Theorem 3.7. Assume rS < δ0 and the inequality (3.15) holds. If R8 > 1, then (3.19) has at least one
solution for Q, giving 0 < x∗ < 1.
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Remark: Q is capped as

Q =
βI I + βAA + βHH

N
< max{βI , βA, βH}.

Case 3B: K , 0

sK1/2(N − ϵ0I − H)1/2 = (d + ξhH)K.

Canceling K1/2, we obtain:

s(N − ϵ0I − H)1/2 = (d + ξhH)K1/2.

Solving for K, we have:

K1/2 =
s(N − ϵ0I − H)1/2

(d + ξhH)
.

Therefore, K can be expressed in terms of the number of infected and hospitalized individuals.

K =
s2(N − ϵ0I − H)

(d + ξhH)2 .

From the equation for x, we obtain:

δ0x − rS + cH − δ0(1 − x) + ηK = 0.

We are looking for a solution satisfying 0 < x < 1. We replace K with its expression in I and H:

δ0x − rS + cH − δ0(1 − x) +
ηs2(N − ϵ0I − H)

(d + ξhH)2 = 0.

Consider the equation for N

0 = Λ − µN − νiI − νhH.

Solving for N in terms of I and H, we have:

N =
Λ

µ
−
νi

µ
I −

νh

µ
H.

Thus, the equation for x becomes:

cH +
ηs2(N − ϵ0I − H)

(d + ξhH)2 = rS + δ0 − 2δ0x.

Replacing N with its expression in terms of I and H, we have:

cH +
ηs2

(
Λ
µ
−

νi
µ

I − νh
µ

H − ϵ0I − H
)

(d + ξhH)2 = rS + δ0 − 2δ0x. (3.20)
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We rewrite the left-hand side of (3.20) in terms of I

cα1I +
ηs2

(
Λ
µ
− qI

)
(d + ξhα1I)2 = rS + δ0 − 2δ0x, (3.21)

where q = νi
µ
+ νh

µ
α1 + ϵ0 + α1 and α1 =

α
γH+νh+µ

.

Theorem 3.8. If

cα1d3 − ηs2(dq + 2
Λ

µ
ξhα1) > 0, (3.22)

then the left hand side of (3.21) is an increasing function of I.

The proof of this theorem is omitted. If condition (3.22) is satisfied, then (3.20) is an increasing
function of H and I. On the other hand, H and I are increasing functions of x. Thus, the left-hand side
of (3.20) is an increasing function of x.

Assume

cH(0) +
ηs2

(
Λ
µ
−

νi
µ

I(0) − νh
µ

H(0) − ϵ0I(0) − H(0)
)

(d + ξhH(0))2 < rS + δ0, (3.23)

where H(0), I(0) denote H and I evaluated at x = 0. Assume rS − δ0 < 0. Then:

cH(1) +
ηS 2A2

(
Λ
µ
−

νi
µ

I(1) − νh
µ

H(1) − ϵ0I(1) − H(1)
)

(d + ξhH(1))2 > rS − δ0,

where H(1), I(1) denote H and I evaluated at x = 1.
Then, (3.20) has a unique solution at x ∈ (0, 1). Denote this solution as follows:

x = X(Q).

Replacing x with X(Q) in the expression for Q , we obtain the following equation for Q:

1 =
(βIi + βAa + βHh)( f (Q, X(Q)) + (1 − ϵ)g(Q, X(Q)))
Λ
µ
−

(
νi
µ

i + νh
µ

h
)

Q ( f (Q, X(Q)) + (1 − ϵ)g(Q, X(Q)))
. (3.24)

Denote by

R9 =
(βIi + βAa + βHh)( f (0, X(0)) + (1 − ϵ)g(0, X(0)))

Λ
µ

.

Consider (3.20) with Q = 0, which implies that I = H = 0. This gives

ηs2Λ
µ

d2 = rS + δ0 − 2δ0x⇒ x =
rS + δ0

2δ0
−
ηs2Λ

µ

2δ0d2 C X(0).

We want x ∈ (0, 1). Thus, we define the number r9 below. It is not hard to see that if r9 < 1, then
X(0) ∈ (0, 1).

Let

r9 =
cα1id2 Λ

1−ωR p + ηs2Λ
µ

d2(rS + δ0)
.
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It can be shown that if r9 < 1, then (3.23) holds for all Q. If, on the other hand, R9 > 1, then the RHS
of Eq (3.24) is greater than one. Next, as before, we have that

lim
Q→∞

Q( f (Q, X(Q)) + (1 − ϵ)g(Q, X(Q)) =
Λ

1 − ωR p
.

Hence,

X(∞) = lim
Q→∞

X(Q) =
1

2δ0

rS + δ0 − cα1i
Λ

1 − ωR p
−
ηs2(Λ

µ
− qi Λ

1−ωR p )

(d + ξhα1i Λ
1−ωR p )2

 .
It is not hard to see that if r9 < 1, X(∞) ∈ (0, 1). Because Q f (Q, X(Q)) and Qg(Q, X(Q)) have finite
nonzero limits as Q goes to∞, that means that

lim
Q→∞

f (Q, X(Q)) = 0 and lim
Q→∞

g(Q, X(Q)) = 0.

Therefore, as Q → ∞, the RHS of (3.24) goes to zero. Thus, as a function of Q, the RHS of (3.24) is
larger than one for Q = 0 and goes to zero as q → ∞. Hence, there must be a Q∗ for which the RHS
of (3.24) equals one. That Q gives an endemic equilibrium. We summarize these deliberations in the
following theorem.

Theorem 3.9. Assume r9 < 1, R9 > 1 and condition (3.22) hold. Then there is at least one endemic
equilibrium with 0 < x∗9 < 1 and K∗9 > 0, E9 = (S ∗9,V

∗
9 , E

∗
9, A

∗
9, I
∗
9,H

∗
9,R

∗
9, x
∗
9,K

∗
9).

For the above arguments to lead to Theorem 3.9, we need the denominator of (3.24) always to be
positive for all Q and x ∈ [0, 1]. To demonstrate this result, we introduce the following theorem.

Theorem 3.10. The denominator of (3.24) is positive for all Q and x ∈ [0, 1].

To see this theorem, we bound f + (1 − ϵ)g from above. We rewrite the denominator as a sum:

1
Λ

( f + (1 − ϵ)g) =
(1 − x)((1 − ϵ)Q + µ + ωV + (1 − ϵ)ψx) + x((1 − ϵ)Q + (1 − ϵ)µ + ωV + (1 − ϵ)ψx)

((1 − ωR p)Q + µ)((1 − ϵ)Q + µ + ωV) + ψx((1 − ϵ)(1 − ωR p)Q + µ)
.

Rearranging the terms in the numerator, we have

1
Λ

( f + (1 − ϵ)g) =
((1 − ϵ)Q + µ + ωV + (1 − ϵ)ψx) − ϵxµ

denom
.

Neglecting the negative term in the numerator, we are going up. Thus, we have

1
Λ

( f + (1 − ϵ)g) ≤
((1 − ϵ)Q + µ + ωV + (1 − ϵ)ψx)

((1 − ωR p)Q + µ)((1 − ϵ)Q + µ + ωV) + ψx((1 − ϵ)(1 − ωR p)Q + µ)
.

By differentiation, it is not hard to show that the expression above is a decreasing function of ψx. Thus,
if we set ψx to zero, we will obtain something larger. Therefore, we have

((1 − ϵ)Q + µ + ωV

((1 − ωR p)Q + µ)((1 − ϵ)Q + µ + ωV)
≤

1
(1 − ωR p)Q

.

Considering the denominator of (3.24) and using the estimate of f + (1 − ϵ)g we have

denom ≥
Λ

µ

(
1 − (νii + νhh)

1
(1 − ωR p)

)
=
Λ

µ

1 − ωR p − νii − νhh
1 − ωR p

> 0.
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3.5. Control reproduction number

We define a control reproduction number, which will be used in the numerical simulations.

Rc =
κ
[
B2ρ(B4βI + αβH) + B3B4βA(1 − ρ)

]
B1B2B3B4

[
S + (1 − εV) V

S + V

]
= R0 (1 − εV fV) , (3.25)

B1 = κ + µ, B2 = γA + µ, B3 = α + γI + νi + µ, B4 = γH + νh + µ, fV =
V

S+V .
Herd immunity threshold: f ∗v =

1
εV

(
1 − 1

R0

)
.

4. Model fitting to data and structural identifiability

4.1. Data fitting and parameter estimation

Using publicly available data, we calibrated the COVID-19 epidemiological model to daily case and
death counts in the United States from November 20, 2021, to April 22, 2022. The model incorporates
multiple compartments, including susceptible (S ), vaccinated (V), exposed (E), asymptomatic (A),
symptomatic (I), hospitalized (H), and recovered (R) individuals. Parameter estimation focused on
key epidemiological rates, such as transmission and recovery, by minimizing the discrepancy between
model predictions and observed data.

4.2. Data sources and preprocessing

Daily incidence and mortality data were initially obtained from the CDC website in March 2023.
However, due to the discontinuation of COVID-19 case tracking, these data are no longer available on
the CDC platform. Despite this, they remain essential for analyzing the pandemic’s progression during
that period. To mitigate potential biases from testing shortages and reporting delays, we estimated the
initial effective population size, N(0), held constant throughout parameter estimation. Additionally, we
introduced a parameter ρ to account for asymptomatic and unreported cases, improving the model’s
ability to capture early-stage disease dynamics when testing capacity was limited. The dataset and
accompanying code will be made available on GitHub upon request.

4.3. Parameter estimation approach

The estimated parameters include transmission, recovery, vaccination, death rates, and other
model-specific parameters. They were estimated using a constrained optimization process. Due to the
complexity and potential identifiability challenges inherent to the model, specific parameters were
fixed based on values from the literature to ensure stable and accurate estimates.

4.4. Optimization process

The parameter estimation was formulated as a constrained optimization problem, where the
objective function minimized the sum of squared differences between the observed data and the
model’s predictions. This was done while ensuring that the parameters remained within biologically
plausible ranges. The optimization problem is defined as:

p̂ = min
p>0

1
n

n∑
i=1

∣∣∣∣∣∣y1(ti) − Yi1

Ŷ1

∣∣∣∣∣∣2 + 1
m

m∑
j=1

∣∣∣∣∣∣y2(t j) − Y j2

Ŷ2

∣∣∣∣∣∣2
 ,
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where p is the parameter vector, Yi1 and Y j2 are the observed daily cases and deaths, and y1(ti) and y2(t j)
are the corresponding model-predicted values. The terms Ŷ1 and Ŷ2 are the average daily observed cases
and deaths, respectively.

4.5. Best-fit parameter values

The parameter estimation process yielded the values presented in Table 3. These values represent
the best-fit parameters that effectively capture the dynamics of COVID-19 during the specified period.
The parameters provide a robust fit to the data, reflecting the underlying transmission and progression
of the disease. Figure 2 illustrates the model’s fit to the data.

Table 3. Best-fit parameter values for the COVID-19 model.

Parameter Value Unit Reference
Λ 12000 # people/day computed
µ 1/(365*77) days−1 [41]
βI 2.331941756049400 days−1 fitted
βA 0.489195394362985 days−1 fitted
βH 2.808321751437552 days−1 fitted
γI 0.999413086787279 days−1 fitted
γA 0.431693071216958 days−1 fitted
γH 0.142855222286123 days−1 fitted
ψ 0.009179791490040 days−1 fitted
ϵ 0.85 Dimensionless [39]
ωR 1/90 days−1 days−1 [30]
ωV 1/120 days−1 days−1 [37]
1/κ 5 days−1 [25]
νi 0.005905364597948 days−1 fitted
νh 0.124008505776642 days−1 fitted
α 1/5 days−1 days−1 [39]
ρ 0.168587872308369 Unitless fitted
η 0.028370082249179 (days × dollars)−1 fitted
δ0 0.328196677991075 days−1 fitted
rS 1.921848796624883 days−1 fitted
d 2.996338283133039 days−1 fitted
c 1.948939475929112 (days × # people)−1 fitted
σ 1/2 Unitless assumed

4.6. Monte Carlo simulations and practical identifiability

To assess practical identifiability, we introduced Gaussian noise at levels of 0%, 1%, 5%, 10%,
and 20% to the simulated data and evaluated the accuracy of parameter recovery under increasing
uncertainty. The ARE is defined as [40]:

ARE(pk) = 100% ·
1
M

M∑
j=1

∣∣∣p̂k − p j
k

∣∣∣
p̂k

,
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where M is the number of Monte Carlo iterations, p̂k is the estimated parameter value, and p j
k is the

j-th estimate obtained from the simulations. These ARE values provide a direct measure of how much
noise impacts the practical identifiability of each parameter.

The results of the MCS are shown in Figure 3. Parameters such as δ0, rS , νi, and η exhibit high
sensitivity to noise, as indicated by their increasing ARE values with higher noise levels. In contrast,
parameters such as γI , γH, γA, and νh demonstrate more robust behavior with much lower ARE values
across noise levels.
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Figure 2. Model fit to daily COVID-19 case and mortality data for the US during the
Omicron wave. Red dots represent observed data points, while solid blue curves denote
model-generated estimates. (a) Fit to daily case data, showing the model’s ability to
capture infection trends. (b) Fit to daily mortality data, illustrating the agreement between
observed and predicted deaths. (c) Economic yield over time, computed using the estimated
parameters, highlighting the pandemic’s economic impact.

Figure 3. Heat map of Average Relative Error (ARE) values for key model parameters across
noise levels with 1000 iterations.
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The ARE analysis reveals important insights into parameter sensitivity. For example, βI ,
representing the transmission rate of symptomatic individuals, remains robust at lower noise levels
but experiences increased sensitivity at higher noise, with an ARE reaching 24.4% at 20% noise. The
parameter δ0, which reflects the social norm following rate, shows a sharp increase in sensitivity,
from 10.6% at 1% noise to 24.4% at 20% noise. Parameters like rS (cost of vaccination) and η

(economic impact) are similarly sensitive, with rS reaching 15.8% at 1% noise and 12.6% at 20%
noise and η increasing from 34.0% at 1% noise to 38.0% at 20% noise.

Conversely, parameters such as νi and νh, representing death rates for symptomatic and
hospitalized individuals, exhibit lower sensitivity to noise. For example, νi increases from 1.5% at 1%
noise to 33.4% at 20% noise, whereas νh maintains much lower ARE values, reaching only 1.1%
at 20% noise. These findings underscore the importance of practical identifiability assessments, as
certain key parameters may require more precise data or refined modeling for reliable estimation. In
contrast, others can be confidently estimated even in the presence of substantial noise.

4.7. 95% confidence intervals for estimated parameters

To quantify the uncertainty in parameter estimation, we computed the 95% confidence intervals
(CIs) for all model parameters. These intervals were derived from the covariance matrix of the
estimated parameters, obtained by evaluating the Jacobian of the residuals at the optimal solution
using finite differences. A local linear approximation was assumed, and the resulting covariance
matrix was used to generate 100 Monte Carlo samples drawn from a multivariate normal distribution.
The model was then re-simulated for each sample to propagate the uncertainty and compute empirical
confidence bounds.

Table 4. Estimated parameters with 95% confidence intervals.

Parameter Median estimate 95% CI lower 95% CI upper
βI 2.3600 2.1240 2.5960
βA 0.4900 0.4410 0.5390
βH 2.2600 2.0340 2.4860
ψ 0.0100 0.0090 0.0110
δ0 0.3000 0.2700 0.3300
rS 1.4900 1.3410 1.6390
c 1.9500 1.7550 2.1450
η 0.0300 0.0270 0.0330
d 2.9900 2.6910 3.2890
s 15.4300 13.8870 16.9730
ξh 16.3400 14.7060 17.9740
ρ 0.1700 0.1530 0.1870
νi 0.0200 0.0180 0.0220
νh 0.2100 0.1890 0.2310
γI 1.0000 0.9000 1.1000
γA 0.4200 0.3780 0.4620
γH 0.1500 0.1350 0.1650
κ 0.2200 0.1980 0.2420

Mathematical Biosciences and Engineering Volume 22, Issue 9, 2300–2338.



2325

Table 4 summarizes the median estimates of the model parameters and their associated 95%
confidence intervals. This includes all epidemiological, behavioral, and economic parameters.
Notably, the capital-related parameters in the last differential equation, such as the depreciation rate
(d), the savings rate (s), and the health-related capital decay rate (ξh), were treated similarly and
estimated alongside the other parameters using the same fitting procedure. Their inclusion within the
same CI framework ensures the model’s economic and epidemiological components are consistent.

5. Numerical simulation results

5.1. Assessing the sensitivity of the control reproduction number

Contour plots in Figure 4 illustrate the control reproduction number (Rc) “from Section 3.5
Eq (3.25)” as a function of vaccine efficacy (εV) and vaccine coverage ( fV). These plots assess the
impact of control measures–such as masking, social distancing, and others–on reducing disease
transmission through changes in the transmission rates (βI , βA, βH). Additionally, they assess the
impact of the proportion of symptomatic individuals post-incubation (ρ), and hospitalization timing
via changes in the hospitalization rate (α) on Rc and explore how these changes influence the herd
immunity thresholds. The proportion of symptomatic versus asymptomatic individuals in a
population impacts disease control strategies by influencing transmission dynamics and detection
capabilities. A higher proportion of asymptomatic cases may lead to undetected spread, necessitating
broader surveillance and preventive measures, such as universal testing and contact tracing.
Conversely, a higher symptomatic population may enable targeted interventions but may also
overwhelm healthcare systems. Effective control requires adapting strategies to both the clinical
manifestations of the disease and the hidden burden of asymptomatic carriers. Using the baseline
parameters from Table 3, the basic reproduction number is ≈ 2.2, with a herd immunity threshold of
(1 − 1/2.2)/0.58 ≈ 64%. For vaccines with efficacies of 65%, 75%, and 95%, the required coverage to
reduce the reproduction number below one is 84%, 73%, and 57%, respectively (Figure 4(a),(e),(i)).
Transmission-reducing measures that lower transmission by 20% and 60% reduce the thresholds
to 50% (Figure 4(b)) and 28% (Figure 4(c)), reflecting reductions of 14% and 36% from the baseline.
Conversely, a 20% increase in transmission raises the threshold to 72% (Figure 4(d)), an 8% increase.
Reducing the proportion of individuals symptomatic post-incubation by 25% and 50% lowers the
thresholds to 58% (Figure 4(f)) and 52% (Figure 4(g)), decreases of 6% and 12%. A 50% increase in
this proportion raises the threshold by 8% (Figure 4(h)). Shortening the treatment-seeking time
from 5 days to 1 and 3 days reduces the thresholds to 45% (Figure 4(i)) and 59% (Figure 4(j)),
reductions of 19% and 5%. Extending the delay to 8 days increases the threshold by 3% (Figure 4(k)).
In summary, effective vaccination, timely treatment, and transmission-reducing measures significantly
lower Rc and herd immunity thresholds, highlighting the critical interplay between intervention
strategies and disease control.
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Figure 4. Contour plots depicting the control reproduction number (Rc) as a function of
vaccine efficacy (εV) and coverage ( fV), highlighting the effects of (a)–(d): Transmission-
reducing measures through changes in the transmission rates (βI , βA, βH), (e)–(h):
Symptomatic proportions (ρ), and (i)–(l): Hospitalization timing through changes in the
hospitalization rate (α) on Rc and herd immunity thresholds. The parameters used are
presented in Table 3.

5.2. Assessing the impact of waning of vaccine-derived and natural immunity, the vaccination rate,
and the recovery rate on daily disease and economic outcomes

The time series analysis (Figure 5) demonstrates the effects of the waning vaccine-derived
immunity rate (ωV), waning natural immunity rate (ωR), vaccination rate (ψ), and recovery rate of
hospitalized individuals (γH) on infection incidence, mortality, and economic output. It should be
noted that 1/ωV and 1/γH are the average duration of vaccine-derived immunity, natural immunity,
and hospitalization, respectively. Baseline simulations using Model (2.1) parameters (Table 3) show
that following Omicron’s emergence, daily cases and deaths peak at 610,701 (day 45) and 2805
(day 54), respectively, (blue curves, Figure 5(a)–(h)). Shorter immunity durations delay and amplify
peaks. In particular, 45-day vaccine-derived immunity (i.e., 1/ωV = 45) shifts baseline daily peaks to
days 66 for cases and 75 for deaths, with respective increases of 165% and 170% in baseline daily
peak sizes, reducing economic output (magenta vs. blue curves, Figure 5(a),(e)). In contrast, a
6-month vaccine-derived immunity duration (i.e., 1/ωV = 180) advances peaks by 3–4 days,
lowering baseline daily case and death peaks by 14% and 15% (dotted light green vs. blue curves,
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Figure 5(a),(e),(i)). A 1-year vaccine-derived immunity duration (i.e., 1/ωV = 365) further shifts
peaks earlier by 7 days, reducing cases and deaths by 25% and 26% (dark green vs. blue curves,
Figure 5(a),(e)). Similar but smaller changes occur with waning natural immunity (Figure 5(b),(f)),
with a 6-month duration altering baseline daily cases and deaths by 0.8% and 1.0%, and a 1-year
duration by 1.1% and 1.3%. These results emphasize the need for durable immunity through
sustained vaccine efficacy or booster doses. Higher vaccination rates (ψ) advance peak times and
reduce peak magnitudes, while lower rates have the opposite effect. A 20% reduction in vaccination
rate increases peak cases and deaths by 101% and 102%, delaying peaks by 7 and 6 days,
respectively, and lowering economic yield (magenta vs. blue curves, Figure 5(c),(g),(k)). Conversely,
a 20% increase in baseline vaccination reduces peak cases and deaths by 43% each, advancing peaks
by 16 (cases) and 15 (deaths) days, with economic gains (dark green vs. blue curves,
Figure 5(c),(g),(k)). This underscores the necessity of maintaining high vaccination coverage to
mitigate health and economic impacts. Recovery rates of hospitalized individuals also significantly
influence outcomes (Figure 5(d),(h),(l)). Lower recovery rates among hospitalized individuals
heighten peak infections and deaths while reducing economic output. A 50% reduction in the baseline
recovery rate of hospitalized individuals increases peak cases and deaths by 2.3% and 76%,
respectively (magenta vs. blue curves, Figure 5(d),(h),(l)). In contrast, a 25% increase in the baseline
of the recovery rate of hospitalized individuals reduces peaks by 0.7% (cases) and 18% (deaths),
enhancing economic output (dotted light green vs. blue curves, Figure 5(d),(h),(l)). A 50% increase in
the baseline of recovery rate of hospitalized individuals further lowers peak cases and deaths by 1.3%
and 31% (dark green vs. blue, Figure 5(d),(h),(l)). These results highlight the importance of
optimizing recovery rates to reduce emerging variants’ public health and economic burden.

5.3. Assessing the impact of transmission reduction measures, vaccine efficacy, time to seek
treatment, and the proportion of symptomatic infectious individuals on cumulative cases
and deaths

Figure 6 presents cumulative Omicron cases (Figure 6(a)–(d)) and deaths (Figure 6(e)–(h)) over
time under varying transmission rates (β ∈ {βA, βI , βH}), vaccine efficacy (εV), hospitalization rates (α)
or average time to seek treatment (1/α), and proportions of symptomatic infectious individuals (ρ).
The results indicate that one month after the Omicron variant’s onset, the baseline cumulative cases
and deaths are 60,424,400 and 157,656, respectively (blue curves, Figure 6). A 10% increase in
transmission rate raises cases by 65% and deaths by 51% (early portion of blue vs. magenta curves,
Figure 6(a),(e)), while a 10% reduction lowers cases by 40% and deaths by 33% (blue vs. green
curves). Suppose the Omicron variant is extended by over a year. In that case, baseline cumulative
cases and deaths are projected to have increased to 365,498,000 and 1,798,540, respectively, with
a 10% transmission increase leading to 116% and 113% rises in cases and deaths, respectively. In
contrast, a 10% reduction results in 62% and 60% decreases. This underscores the role of
non-pharmaceutical interventions like mask mandates and social distancing in reducing infections and
fatalities. A 10% decrease in vaccine efficacy raises cases by 18% and deaths by 12% (blue vs.
magenta curves, Figure 6(b),(f)), whereas a 10% increase reduces cases by 15% and deaths by 10%
(blue vs. green curves) after one month. Over a year, these changes amplify, with a 10% efficacy
reduction increasing cases by 137% and deaths by 134%, and a 10% increase decreasing cases by
50% and deaths by 49%. This highlights the importance of booster campaigns and updated vaccines
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in mitigating disease burden. Regarding hospitalization, delays (early interventions) lead to higher
(lower) cumulative cases and deaths ( Figure 6(c),(g)), emphasizing the role of healthcare capacity
and timely treatment in reducing mortality. Similarly, a lower proportion of symptomatic infectious
individuals decreases cumulative cases and deaths, while a higher proportion increases them.
Specifically, a 10% reduction in ρ decreases cases by 17% and deaths by 22% (blue vs. green curves,
Figure 6(d),(h)), whereas a 10% increase raises cases by 20% and deaths by 27% (blue vs. magenta
curves) after one month. Over a year, a 10% decrease in ρ leads to a 28% and 35% reduction in cases
and deaths, while a 10% increase results in 36% and 49% rises. This suggests that while increased
symptom presentation aids detection, it also amplifies transmission, necessitating rapid testing and
isolation strategies. Overall, reducing transmission, enhancing vaccine efficacy, increasing
hospitalization capacity, and managing symptomatic cases are crucial to minimizing Omicron-related
cases and deaths. Public health measures should prioritize vaccination, early detection, and resource
allocation to mitigate severe outcomes.

Figure 5. Local sensitivity analysis of the vaccine-derived immunity waning rate (ωV) or the
average vaccine-derived immunity duration (1/ωV) ((a), (e), and (i)), the natural immunity
waning rate (ωR) or the average duration of natural immunity (1/ωR) ((b), (f), and (j)), the
vaccination rate (ψ) ((c), (g), and (k)), and the recovery rate (γH) or the average duration of
hospitalization (1/γH) ((d), (h), and (l)), on daily Omicron cases ((a)–(d)), Omicron deaths
((e)–(h)), and economic yield ((i)–(l)). Other parameters and the initial conditions used for
the simulations are presented in Table 3.

Mathematical Biosciences and Engineering Volume 22, Issue 9, 2300–2338.



2329

Figure 6. Local sensitivity analysis of the transmission rates (β ∈ {βA, βI , βH}) ((a) and (e), the
efficacy of vaccines (εV) ((b), (f)), the hospitalization rate vaccination rate (α) ((c) and (g)),
and the proportion of symptomatic infectious humans (ρ) ((d) and (h)), on the cumulative
Omicron cases ((a)–(d)) and the cumulative Omicron deaths ((e)–(h)). Other parameters
used for the simulations are presented in Table 3.

5.4. Global sensitivity analysis

A global sensitivity analysis is a crucial step in any mathematical modeling study as it enables
identifying the most influential parameters that affect the model’s response functions. This analysis
provides valuable insight into which variables most strongly impact the outcomes, helping to
prioritize areas for intervention and refine model predictions. By quantifying the uncertainty in model
outputs due to variability in input parameters, it ensures that the conclusions drawn are robust and
reliable. For complex systems such as infectious disease dynamics, sensitivity analysis also highlights
the interactions between parameters, revealing how changes in one factor may influence others,
thereby guiding more effective and targeted interventions. In this study, a global sensitivity analysis
was carried out for the model (2.1) using the Latin Hypercube Sampling (LHS) and Partial Rank
Correlation Coefficient (PRCC) approach [42]. This approach assessed the impact of various model
parameters on two key response functions: Omicron incidence and Omicron deaths. A uniform
distribution was assumed for each parameter, and simulations were run with 1000, 5000, and 10,000
different sets of parameters. Since the results for 10,000 simulations were similar to those for the
other cases, the results for 10,000 simulations were retained. The analysis (depicted in Figure 7)
reveals that changes in vaccine efficacy (εV), vaccine-derived immunity duration (ωV), symptomatic
individual transmission rate (βI), and vaccination rate (ψ) had the most significant impact on both
response functions, with PRCCs greater than 0.6. Specifically, increases in εV and ψ will trigger
significant reductions in both Omicron incidence and deaths, while increases in βI and ωV will result
in substantial increases in both response functions. These results suggest that increasing vaccination
coverage and using vaccines with high efficacy can significantly reduce both the number of infections
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and deaths, while shorter vaccine-derived immunity durations and higher transmission from
symptomatic individuals may exacerbate the situation. Additionally, changes in the transmission rate
of asymptomatic individuals (βA) leads to notable changes in both response functions, though to a
lesser extent. Variation in the hospitalization rate (α), the recovery rate from infection (γH), and the
proportion of symptomatic individuals at the end of the incubation period (ρ) primarily impact
Omicron-related deaths, notably, but have a limited effect on the number of cases. These findings
emphasize the importance of controlling symptomatic transmission, extending vaccine efficacy, and
enhancing vaccination rates to mitigate the broader impact of COVID-19. The public health
implication of these results is that interventions aimed at increasing vaccination efficacy and coverage,
while reducing symptomatic transmission, are likely to have the most substantial impact on both case
numbers and mortality. In contrast, focusing on parameters that only affect mortality may be less
effective in controlling overall disease spread.

Figure 7. Global sensitivity analysis of model parameters on Omicron (a) incidence and (b)
deaths using the Latin hypercube sampling (LHS) and partial rank correlation coefficient
(PRCC) approach. The analysis reveals that vaccine efficacy (εV), vaccination rate (ψ),
symptomatic individual transmission rate (βI), and vaccine-derived immunity duration (ωV)
significantly impact both response functions, with increases in εV and ψ reducing incidence
and deaths, while higher βI and shorter ωV exacerbate both. Asymptomatic transmission
rate (βA) and parameters affecting hospitalization and recovery primarily influence deaths,
emphasizing the importance of improving vaccination coverage and efficacy to control
COVID-19 spread and mortality. The parameters used are presented in Table 3.

6. Discussion and conclusions

6.1. Discussion

W present a comprehensive mathematical model that integrates human population dynamics,
COVID-19 epidemiology, vaccination behavior through imitation dynamics, and the economic impact
of the disease using neoclassical economic growth theory to examine COVID-19 transmission and
control in the US. The model incorporates key epidemiological and economic interactions to provide
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a holistic understanding of disease spread and intervention effectiveness. Reproduction numbers
under various conditions are derived to analytically assess the existence and stability of multiple
disease-free equilibria. Furthermore, we investigate the conditions leading to endemic equilibria,
offering critical insights into long-term disease persistence and control strategies. The model is fitted
to daily case and mortality data for the Omicron variant in the US, and the parameterized model is
used to evaluate various intervention scenarios.

The findings underscore the critical role of vaccination efficacy, coverage, and complementary
interventions in controlling disease transmission. The observed reductions in herd immunity
thresholds with improved vaccine efficacy and timely treatment align with previous studies
emphasizing the synergistic effect of vaccination and non-pharmaceutical interventions (NPIs) on Rc

suppression [25, 43–45]. The proportion of symptomatic versus asymptomatic individuals affects
disease control by influencing transmission and detection. A higher asymptomatic proportion may
lead to undetected spread, requiring broader surveillance and preventive measures, such as universal
testing. Conversely, more symptomatic cases enable targeted interventions but may strain healthcare
systems. Effective control strategies must balance both clinical manifestations and the hidden burden
of asymptomatic carriers. Our results show that reductions in symptomatic proportions and
hospitalization delays further highlight the importance of targeted strategies to optimize healthcare
responses, consistent with results from modeling studies exploring time-sensitive
interventions [46, 47]. Conversely, increased transmission or delayed treatment exacerbates control
efforts, reinforcing the necessity of robust and multi-faceted approaches. These insights contribute to
a broader understanding of epidemic control dynamics, complementing theoretical and empirical
frameworks in the literature. Achieving high vaccine coverage during the COVID-19 pandemic was
critical for controlling the disease, but was hindered by widespread vaccine hesitancy,
misinformation, and political factors, despite its proven importance in reducing transmission [48, 49].
While higher vaccine coverage would have lowered herd immunity thresholds and reduced the burden
on healthcare systems, the waning of vaccine-derived immunity further complicated the issue,
requiring continuous efforts to maintain high coverage. Ultimately, robust and sustained vaccination
efforts and complementary interventions were essential to mitigating health and economic impacts.

This study highlights the critical role of immunity duration, vaccination rates, and hospitalization
recovery in shaping COVID-19 dynamics and economic outcomes. Our results demonstrate that
shorter vaccine-derived and natural immunity durations amplify and delay infection and mortality
peaks, whereas longer-lasting immunity reduces peak magnitudes and advances their timing. These
findings underscore the importance of durable immunity, either through sustained vaccine efficacy or
timely booster doses, to mitigate the impact of emerging variants. Prior research has similarly
emphasized the benefits of long-lasting immunity in controlling outbreaks and minimizing severe
outcomes [10, 50, 51]. Vaccination rates also significantly influence epidemic trajectories, with higher
coverage reducing peak cases and deaths while improving economic performance. Conversely,
reductions in vaccination rates lead to prolonged outbreaks and economic downturns, reinforcing the
necessity of maintaining high vaccine uptake. These findings highlight the fact that vaccination is a
key strategy in pandemic control. However, achieving high vaccination rates during the COVID-19
pandemic has been challenging, primarily due to vaccine hesitancy, which has been exacerbated by
misinformation, political factors, and distrust in public health systems [52, 53]. This hesitancy has
hindered efforts to reach ID-19. Our findings emphasize the importance of addressing these barriers to
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improve vaccination uptake and mitigate both the health and economic consequences of future
pandemics. Similarly, hospitalization recovery rates play a crucial role in disease burden and
economic resilience. Faster recovery reduces mortality and economic losses, while slower recovery
exacerbates strain on healthcare systems. Hence, the study demonstrates that optimizing hospital
treatment capacity can significantly mitigate both direct health consequences and broader economic
disruptions. Overall, these results emphasize the need for sustained immunity, widespread
vaccination, and improved healthcare capacity to minimize the health and economic burden of future
COVID-19 waves and emerging variants. Policy interventions that enhance vaccine durability, ensure
consistent vaccination efforts, and improve hospital recovery rates can play a crucial role in
pandemic management.

Furthermore, the findings of the study highlight the significant impact of transmission rates,
vaccine efficacy, hospitalization dynamics, and symptomatic case proportions on the cumulative
burden of Omicron-related cases and deaths. Higher transmission rates substantially increase
infections and fatalities over both short- and long-term periods, underscoring the effectiveness of
non-pharmaceutical interventions such as mask mandates and social distancing in curbing virus
spread, consistent with previous studies [54]. Vaccine efficacy plays a crucial role, with lower efficacy
leading to increased cases and deaths, reinforcing the importance of booster campaigns and updated
vaccines, as supported by reports on waning immunity and variant-specific vaccine responses [55].
Timely hospitalization is another critical factor, as delays exacerbate disease outcomes, aligning with
prior studies emphasizing the role of healthcare system capacity in pandemic management [56].
Additionally, a higher proportion of symptomatic individuals increases transmission despite aiding
case detection, highlighting the need for rapid testing and isolation strategies to balance disease
control and surveillance efforts [57]. Collectively, these findings emphasize the importance of
comprehensive public health strategies, including vaccination, early detection, and healthcare
preparedness, in minimizing the burden of Omicron and future variants.

The global sensitivity analysis conducted in this study underscores the importance of key
parameters, such as vaccine efficacy (εV), vaccination rate (ψ), and symptomatic transmission (βI), in
controlling Omicron incidence and mortality. These findings emphasize the central role of high
vaccine coverage and efficacy in reducing both disease spread and mortality. The results suggest that
strategies to enhance vaccination rates and vaccine efficacy while minimizing symptomatic
transmission could substantially impact both health outcomes and economic recovery. In contrast,
focusing on aspects like the time that elapses from symptom onset or identification before seeking
treatment (or the hospitalization rate) or asymptomatic transmission may be less effective in curbing
disease transmission and mortality. Thus, targeted public health interventions aimed at increasing
vaccine effectiveness and coverage are critical for effective pandemic control.

6.2. Concluding remarks

This study underscores the critical role of immunity duration, vaccination rates, and healthcare
capacity in mitigating the health and economic impacts of COVID-19. Through sustained vaccine
efficacy or timely booster doses, durable immunity reduces infection peaks and mortality, highlighting
the need for long-term immunization strategies. High vaccination coverage minimizes outbreaks and
economic downturns, reinforcing the urgency of addressing vaccine hesitancy through targeted public
health efforts. Efficient hospitalization recovery alleviates healthcare strain and economic losses,
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emphasizing the importance of strengthening treatment capacity. Moreover, non-pharmaceutical
interventions remain essential in curbing transmission, particularly in the face of waning immunity
and emerging variants. Ultimately, a multi-pronged approach–integrating sustained vaccination, rapid
case detection, and robust healthcare infrastructure–is crucial for effective pandemic control
and preparedness.

6.3. Future research directions

In the future, researchers should explicitly address two critical extensions to enhance policy
relevance.

First, modeling detailed policy interventions, including specific lockdown durations and varying
intensities of economic restrictions, would illuminate the interactions between public health measures
and economic outcomes. Such an analysis could clearly identify trade-offs and feedback loops between
disease dynamics and economic activities.

Second, incorporating government borrowing capacities, particularly by examining interest rates
as indicators of policy deployment capability, offers another significant research direction. Analyzing
borrowing costs in relation to economic capacity would better reflect real-world policy strategies and
improve the practical applicability of the model.

Both extensions require considerable model modifications and analyses, providing valuable avenues
for subsequent investigation.
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