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Abstract: Antimalarial drugs are critical for controlling malaria, but the emergence of drug resistance
poses a significant challenge to global eradication efforts. This study explores strategies to minimize
resistance prevalence and improve malaria control, particularly through the use of mass drug admin-
istration (MDA) in combination with antimalarial drugs. We develop a compartmental mathematical
model that incorporates asymptomatic, paucisymptomatic, and clinical states of infection and evaluates
the impact of resistance mutations on transmission dynamics. The model includes both treated and un-
treated states among infected and recovered individuals, with a focus on optimizing control strategies
through MDA and antimalarial treatment. A global sensitivity analysis identifies the critical factors
that influence malaria dynamics, including MDA coverage, treatment access for different infection
states, the probability of mutation from treated sensitive human infections, to treated resistant human
infections and the initial prevalence of resistance. The model is extended to include optimal control
strategies that provide time-dependent control interventions for treatment and MDA. Intuitively, when
the mutation rate is relatively low, the optimal strategy combines the use of antimalarial drugs and
MDA, with a gradual decrease in antimalarial drug use over time, ensuring sustainable malaria con-
trol. In contrast, at higher mutation rates, the strategy prioritizes broader deployment of MDA while
significantly reducing reliance on antimalarial to minimize the risk of resistance developing. Numer-
ical simulations of the optimal control problem reinforce the importance of strategic intervention in
mitigating drug resistance. This study contributes to understanding the role of MDA and treatment
strategies in the control of malaria, with implications for optimizing malaria control programs in en-
demic regions.
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1. Introduction

Antimalarial drugs are crucial for controlling and eliminating malaria worldwide. However, the
emergence of resistance in malaria parasites has significantly reduced their effectiveness, posing a crit-
ical challenge to global malaria control efforts [1]. Resistance often arises from genetic mutations in
Plasmodium falciparum, enabling the parasite to withstand specific treatments. The spread and impact
of these mutations on malaria endemicity have been extensively documented [1–6]. These develop-
ments raise concerns about the continued efficacy of key interventions, such as intermittent preven-
tive treatment in pregnancy with sulfadoxine-pyrimethamine and seasonal malaria chemoprevention
(SMC), particularly in affected regions. Consequently, it is essential to explore strategies to minimize
the prevalence of resistance and reduce malaria-related mortality. One promising approach endorsed
by the World Health Organization (WHO) is the mass drug administration (MDA) [7].

MDA involves administering antimalarial drugs to all individuals in a defined geographic area,
regardless of the presence of symptoms or infection [7]. When implemented effectively, MDA can
eliminate both drug-resistant and drug-sensitive parasites, providing the long-term benefit of prolong-
ing the therapeutic efficacy of first-line treatments across entire populations, not just within the targeted
region [8]. Given these advantages, incorporating MDA into models of malaria transmission dynam-
ics is essential for understanding its role in controlling drug resistance and optimizing intervention
strategies.

Malaria’s pathogenesis involves multiple interacting factors, and significant research on malaria’s
transmission dynamics in the presence of drug resistance has been carried out over the past few decades.
These studies include models with and without the MDA strategy, as well as models that incorporate
genetic mutations in both the mosquito and human populations (e.g., [3, 9–11]). In [9], an epidemiolog-
ical model for the spread of antimalarial resistance, excluding mutations, was developed, considering
the treated and untreated statuses of individuals. In [11], a mathematical model for malaria was for-
mulated with treatment and three levels of resistance in humans, where the results showed the limited
benefits of treatments in a population with resistant strains, especially in high-transmission areas. The
prevalence of mutations related to antimalarial resistance in Plasmodium falciparum was studied using
a Bayesian malaria model in [3]. A simple compartmental malaria model including MDA was devel-
oped in [10] to compute the probability of extinction. The model analytically calculated the expected
time to extinction in small populations following MDA for various scenarios.

While some human malaria infections initially progress through an asymptomatic phase before
developing into symptomatic or clinical cases, others remain paucisymptomatic throughout the en-
tire duration of the infection, meaning they never advance to symptomatic or clinical stages, (e.g.,
[12, 13]). Despite their mild symptoms, paucisymptomatic infections contribute to malaria transmis-
sion similarly to asymptomatic cases. Due to the overlap between malaria symptoms and those of other
diseases, paucisymptomatic individuals often fail to realize they are infected. As a result, the parasites
can persist in their bodies for extended periods, facilitating the spread of the disease [12, 13]. However,
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the aforementioned studies do not incorporate the paucisymptomatic characteristic as addressed in the
current work. In addition, we examine the combined effects of antimalarial drugs and the implementa-
tion of MDA within the host population for effective malaria control. Using a compartmental modeling
approach, we assess the impact of resistance-associated mutations on malaria dynamics; we optimize
control strategies, including MDA and the treatment proportions for individuals in asymptomatic, pau-
cisymptomatic, and clinical states; and, finally, we investigate how the proportion of paucisymptomatic
individuals affects the control strategies.

We begin by considering a model without optimal control that accounts for both the treated and un-
treated states among infected and recovered individuals. This approach is motivated by the challenges
in accessing treatment in certain endemic regions. An in-depth asymptotic analysis of the model’s
steady states is performed using various threshold parameters, including the basic reproduction num-
ber, T0. Key findings include the local stability of the disease-free equilibrium and conditions under
which the malaria model exhibits bistability through a backward bifurcation. Our findings suggest that
increasing the proportion of infected individuals receiving treatment and the coverage of MDA signifi-
cantly reduces the spread of resistance and malaria-related mortality. Additionally, a global sensitivity
analysis is conducted to identify the key parameters influencing the prevalence of resistance and mor-
tality. Four critical factors are identified: (i) The proportion of individuals covered by MDA, reflecting
the strategy’s acceptability in endemic areas; (ii) the proportion of asymptomatic individuals receiving
antimalarial treatment, highlighting access to treatment for this group; (iii) the proportion of clinical
cases receiving treatment; and (iv) the initial prevalence of resistance and the mutation rate.

Next, we extend the model to include optimal control, where the MDA rate and the proportions
of infectious individuals receiving treatment serve as time-dependent control strategies. We analyze
the impact of these control measures on the transmission dynamics of malaria associated with resis-
tance mutations. Pontryagin’s maximum principle [14] is applied to characterize the optimal control
strategies. Numerical simulations of the optimal control problem reinforce the findings of the global
sensitivity analysis.

The remainder of the manuscript is organized as follows: Section 2 presents the model’s description
and associated parameters. In Section 3, we establish some fundamental properties of the model,
including the existence of a globally defined semiflow, the asymptotic stability of the model’s stationary
states, and an analysis of the backward bifurcation. Baseline model simulations and sensitivity analysis
results are detailed in Section 4. Section 5 introduces the optimal control problem, including the
derivation of the necessary optimality conditions and numerical simulations of the control strategies.
The overall findings of the manuscript are discussed in Section 6. Finally, Section 7 provides the
detailed proofs of the manuscript’s main results.

2. Description of the model

We examine the interconnected dynamics of humans and mosquitoes in malaria transmission. We
use the variable k ∈ {r, s} to denote the type of infection, where r represents a resistant infection and
s represents a sensitive infection. Furthermore, the variable ` ∈ {U,T } indicates the treatment status
of the human host, with U representing an untreated infection and T representing a treated infection.
The human population is classified into five states, namely susceptible (S h), asymptomatic infected
(Ak,`

h ), paucisymptomatic infected (Pk,`
h ), clinical cases (Ik,`

h ), and recovered (Rk,`
h ), while the mosquito
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population is divided into susceptible (S m) and infectious mosquitoes (Ik
m). The disease is transmitted

from infectious mosquitoes to humans at time t through the force of infection, denoted as

λk
m(t) =

βk
m

Nh(t)
Ik
m(t), k ∈ {s, r},

where βk
m represents the transmission probability, and Nh denotes the total human population, given by

Nh(t) = S h(t) +
∑

k∈{r,s}

∑
`∈{T,U}

(
Ak,`

h (t) + Pk,`
h (t) + Ik,`

h (t) + Rk,`
h (t)

)
.

The force of infections from infected humans, either with sensitive infection (λs
h) or with resistant

infection (λr
h), to mosquitoes is given by

λs
h(t) =

βs
h

Nh(t)

[
As,U

h (t) + Ps,U
h (t) + I s,U

h (t) + εr

(
Ar,T

h (t) + Pr,T
h (t) + Ir,T

h (t)
)]

+
βs

h

Nh(t)

[
(1 − εs)

(
As,T

h (t) + Ps,T
h (t) + I s,T

h (t)
)]
,

λr
h(t) =

βr
h

Nh(t)

[
Ar,U

h (t) + Pr,U
h (t) + Ir,U

h (t) + εs

(
As,T

h + Ps,T
h (t) + I s,T

h (t)
)]

+
βr

h

Nh(t)

[
(1 − εr)

(
Ar,T

h (t) + Pr,T
h (t) + Ir,T

h (t)
)]
.

Here, εr represents the probability of mutation from treated resistant human infections to treated sen-
sitive human infections, while εs represents the probability of mutation from treated sensitive human
infections to treated resistant human infections.

The model we shall consider then reads

Ṡ h = Λh − µhS h − (λs
m + λr

m)S h + ρh
∑

k∈{r,s}
∑
`∈{U,T } R

k,`
h ,

Ȧk,T
h = −µhAk,T

h + (1 − p)φ(t)λk
mS h − νhAk,T

h − g(t)Ak,T
h , k ∈ {s, r},

Ȧk,U
h = −µhAk,U

h + (1 − p)(1 − φ(t))λk
mS h − νhAk,U

h − g(t)Ak,U
h , k ∈ {s, r},

Ṗk,T
h = −µhPk,T

h + pφ(t)λk
mS h − g(t)Pk,T

h , k ∈ {s, r},

Ṗk,U
h = −µhPk,U

h + p(1 − φ(t))λk
mS h − g(t)Pk,U

h , k ∈ {s, r},

İk,T
h = −µhIk,T

h + θ(t)νhAk,T
h + θ(t)νhAk,U

h − γk,T
h Ik,T

h − δ
k,T
h Ik,T

h , k ∈ {s, r},

İk,U
h = −µhIk,U

h + (1 − θ(t))νhAk,T
h + (1 − θ(t))νhAk,U

h − γk,U
h Ik,U

h − δk,U
h Ik,U

h , k ∈ {s, r},

Ṙk,`
h = −(µh + ρh)Rk,`

h + γk,`
h Ik,`

h + g(t)Ak,`
h + g(t)Pk,`

h , k ∈ {s, r}, ` ∈ {U,T },

(2.1)

and Ṡ m = Λm − µmS m − (λs
h + λr

h)S m,

İk
m = λk

hS m − δ
k
mIk

m, k ∈ {s, r}.
(2.2)

The dynamic of the total number of disease-induced deaths is defined by

Ḋh =
∑

k∈{s,r},`∈{T,U}

δk,`
h Ik,`

h .
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Figure 1. The model flow diagram.

In System (2.1), the variable φ(t) denotes the rate of exposure of asymptomatic infections to anti-
malarial treatment without a curative intention at time t, whereas θ(t) represents the rate of exposure
of clinical cases to antimalarial treatment with a curative intention. In addition, g(t) describes the
implementation of MDA efforts. Note that

g(t) =
qmda(t)
Dmda

,

where qmda(t) denotes the proportion of the target population participating in MDA, and Dmda represents
the delay required for an individual to be considered no longer a carrier after taking MDA treatment.
Systems (2.1) and (2.2) will be considered under the following natural assumptions:

νh ≥ 0; ρh ≥ 0; g ≥ 0; p, θ, φ ∈ (0, 1); Λk ≥ 0 (for k = h,m);
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δk
m ≥ 0; δk,`

h ≥ 0; γk,`
h ≥ 0; (for k = s, r; and ` = T,U).

The model is shown in Figure 1, and the remaining parameters of Models (2.1) and (2.2) are sum-
marized in Tables 1 and 2.

Newborn humans and mosquitoes appear with the flux Λh and Λm, respectively. Susceptible humans
(S h) become infected with a force of infection denoted by λs

m for sensitive infections and λr
m for resistant

infections. Similarly, susceptible mosquitoes (S m) become infected with a force of infection denoted
by λs

h for sensitive infections and λr
h for resistant infections. A fraction p of infected individuals will

never develop clinical symptoms and will enter the group of paucisymptomatic infections (Ph). The
rest will initially progress through an asymptomatic phase (Ah) before developing into symptomatic
or clinical cases (Ih). Paucisymptomatic and asymptomatic infections are treated with antimalarial
drugs without a curative intention at a rate φ, leading to the partitioning of compartments Ph and Ah

into untreated (U) and treated (T ) sub compartments. Similarly, symptomatic infections are treated
with a curative intention at a rate θ, resulting in the partitioning of the symptomatic compartment into
untreated (U) and treated (T ) sub compartments. The implementation of MDA efforts is represented
by g. Ah infections progress to Ih infections at a rate νh, while Ih infections recover at a rate γh.
Recovered individuals lose their temporary immunity at a rate ρh. The death rates are either natural µk

(for k = h,m) or due to infections for humans δh. Infectious mosquitoes die at a rate δk
m (for k = s, r).

The Notation is shown in Tables 1 and 2.

Table 1. Variable parameters, their biological meaning, and value.

Parameters Description (unit) Value [Ref]

φ Rate of exposure of asymptomatic and paucisymptomatic infections to
antimalarial treatment without a curative intention

(0; 1)

θ Rate of exposure of clinical cases to antimalarial treatment with a curative
intention

(0; 1)

qmda Proportion of humans under MDA (0; 1)
εs Probability of mutation from treated sensitive human infections to treated

resistant human infections
10−1 − 10−3(assumed)

γ̄h Ratio of the recovered rate (0; 1)
δ̄h Ratio of the additional mortality rate of humans due to disease (0; 1)
ε̄ Ratio of the mutation rate (0; 1)
β̄m Ratio of the infection rate of human by infectious mosquitoes (0; 1)
δ̄m Ratio of the mortality rate of infectious mosquitoes (0; 1)
InitPrevR Initial prevalence of drug resistance within the host population {10−1, 10−3} (assumed)
εr Probability of mutation from treated resistant human infections to treated

sensitive human infections (day−1)
ε̄εs

δr,T
h Additional death rate of treated infectious humans to resistant infection (day−1) δ̄hδ

s,U
h

βr
m Resistant infection rate of human by infectious mosquitoes (day−1 bites−1) β̄mβ

s
m

δr
m Mortality rate of mosquitoes with resistant infection (day−1) δ̄mδ

s
m

γr,T
h Recovery rate of treated humans to resistant infection (day−1) γ̄hγ

s,T
h
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Table 2. Fixed parameters, their biological meaning and value.

Parameters Description (unit) Value [Ref]

T0,0 Basic reproduction number for φ = 0, θ = 0, and g = 0 5 (assumed)
γs,T

h Recovery rate of treated humans to sensitive infection (day−1) 0.0035 [15]
γs,U

h Recovery rate of untreated humans to sensitive infection (day−1) 0 (assumed)
γr,U

h Recovery rate of untreated humans to resistant infection (day−1) 0 (assumed)
βs

h Sensitive infection rate of mosquitoes by infected humans (day−1 bites−1) βh defined by (4.1)
βr

h Resistant infection rate of mosquitoes by infected humans (day−1 bites−1) βh defined by (4.1)
βs

m Sensitive infection rate of humans by infectious mosquitoes (day−1 bites−1) 0.022 [15]
δs,T

h Additional death rate of treated infectious humans from sensitive infection (day−1) 0 (assumed)
δs,U

h Additional death rate of untreated infectious humans from sensitive infection
(day−1)

1/5 [15]

δr,U
h Additional death rate of untreated infectious humans from resistant infection

(day−1)
9 × 10−5 [15]

Λh Recruitment rate of susceptible humans (day−1 humans) 102 (assumed)
µh Natural mortality rate of humans ( day−1) 0.00224 (assumed)
µm Natural mortality rate of mosquitoes (day−1) 1/20 (assumed)
Λm Recruitment rate of susceptible mosquitoes (day−1 mosquitoes) 100 (assumed)
δs

m Mortality rate of mosquitoes with sensitive infection (day−1) 0.033 [15]
ρh Loss of immunity rate of recovered humans (day−1) 5.5 × 10−4[15]
νh The rate at which asymptomatic humans become infectious (day−1) 0.1 [15]
p The proportion of paucisymptomatic infections (day−1) 0.7 (assumed)
Dmda Delay to being no longer a carrier after MDA (days) 1 [16]
ch Balancing coefficients in the objective function ($ per person) 1 (assumed)
bh Balancing coefficients in the objective function ($ per person) 1 (assumed)
T f End time of controls (year) 10 (assumed)

Cost of control

cφ Cost of φ ($ per person) 10 [17–19]
cθ Cost of θ ($ per person) 3 − 20 [17–19]
cg Cost of MDA ($ per person) 3 − 20 [17–19]

3. Some basic properties of the model

The aim of this section is to provide some preliminary remarks to Systems (2.1) and (2.2). Let us
introduce the following vector notations:

Ah = (As,T
h , Ar,T

h , As,U
h , Ar,U

h )′, Ph = (Ps,T
h , Pr,T

h , Ps,U
h , Pr,U

h )′, Ih = (I s,T
h , Ir,T

h , I s,U
h , Ir,U

h )′,

Rh = (Rs,T
h ,Rr,T

h ,Rs,U
h ,Rr,U

h )′, Im = (I s
m, I

r
m)′,
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as well as the matrices βh = diag(βk
h)k∈{s,r}, βm = diag(βk

m)k∈{s,r}, γh = diag(γk,`
h )k∈{s,r},`∈{T,U}, δh =

diag(δk,`
h )k∈{s,r},`∈{T,U}, δm = diag(δk

m)k∈{s,r},

Θ =


θ 0
0 θ

1 − θ 0
0 1 − θ

 , Φ =


φ 0
0 φ

1 − φ 0
0 1 − φ

 , e =

(
1 0 1 0
0 1 0 1

)
, and ε =

(
1 − εs εr 1 0
εs 1 − εr 0 1

)
.

Then Models (2.1) and (2.2) are rewritten as

Ṡ h = Λh − µhS h − 12λmS h + ρh14Rh,

Ȧh = (1 − p)Φ(t)λmS h − (νh + µh + g(t))Ah,

Ṗh = −µhPh + pΦ(t)λmS h − g(t)Ph,

İh = −µhIh + Θ(t)eνhAh − γhIh − δhIh,

Ṙh = γhIh + g(t)Ah + g(t)Ph − (µh + ρh)Rh,

Ṡ m = Λm − µmS m − 12λhS m,

İm = λhS m − δmIm,

(3.1)

with 12 = (1, 1), 14 = (1, 1, 1, 1), and

λh =λh(S h, Ah, Ph, Ih,Rh) =
βh

Nh
ε(Ah + Ph + Ih),

λm =λm(S h, Ah, Ph, Ih,Rh, Im) =
1

Nh
βmIm.

Let us introduce the matrixB = −diag (µh, (µh + g(t) + νh)Id, (µh + g(t))Id, (µh + γh + δh)Id, (µh + ρh)Id, µm, δm),
where Id is the identity matrix, as well as the nonlinear map

M[t](S h, Ah, Ph, Ih,Rh, S m, Im) =



Λh − 12λmS h + ρh14Rh

(1 − p)Φ(t)λmS h

pΦ(t)λmS h

Θ(t)eνhAh

g(t)(Ah + Ph) + γhIh

Λm − 12λhS m

λhS m


.

By identifying v together with (S h, Ah, Ph, Ih,Rh, S m, Im) and by setting
v0 = (S h(0), Ah(0), Ph(0), Ih(0),Rh(0), S m(0), Im(0)) , Systems (2.1) and (2.2) are rewritten as the fol-
lowing Cauchy problem: 

dv(t)
dt

= Bv(t) +M[t](v(t)),

v(0) = v0.
(3.2)

3.1. Existence and uniqueness of the global solution

The existence and uniqueness of the bounded solutions of (3.2) reads as follows:

Mathematical Biosciences and Engineering Volume 22, Issue 8, 1898–1930.
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Theorem 3.1. Let v0 ∈ R
20
+ . Assume that θ, φ, and g are constant functions. Then the following hold.

(1) A unique global solutionV(·, v0) : [0,∞)→ R20 exists such thatV(t, v0) = v(t) andV(0, v0) = v0.
Furthermore,

V(t, v0) = eBtv0 +

∫ t

0
eB(t−η)M(v(η))dη.

(2) The semiflow defined by {V(t, v0)}t is bounded, dissipative, and asymptotically smooth, and hence
it admits a global attractor in R20

+ .

We recall the following definition.
Bounded dissipative: A bounded set Ω ⊂ R20 exists such that for any bounded set U ⊂ R20, τ =

τ(U,Ω) ≥ 0 exists such thatV(t,U) ⊂ Ω for t ≥ τ.
Asymptotically smooth: For any nonempty, closed, bounded set U ⊂ R20, a nonempty compact set
J = J(U) exists such that J attracts {ϕ ∈ U : V(t, ϕ) ∈ U,∀t ≥ 0}.

Furthermore, we also recall that a nonempty set J ⊂ R20 is said to attract a nonempty set U ⊂ R20

if δ (V(t,U), J))→ 0 as t → +∞, where δ (U, J) = supu∈U infv∈J ‖u − v‖.
Note that the term “asymptotically smooth” is used here following the terminology of Hale, LaSalle,

and Slemrod [20]. However, this is strictly equivalent to the notion of asymptotically compact as
defined by Ladyzhenskaya [21]. Finally, refer to Section 7.1 for the detailed proof of Theorem 3.1.

3.2. The disease-free equilibrium and disease invasion process

To determine the threshold of System (3.2), which govern the invasion dynamics of the disease
in a host population that is completely free of infections, we linearize (3.2) around the disease-free
equilibrium (DFE) E0. Specifically, the DFE is written as

E0 =
(
S 0

h, 0R4 , 0R4 , 0R4 , 0R4 , S 0
m, 0R2

)
, S 0

h =
Λh

µh
, S 0

m =
Λm

µm
,

and we linearize the infective compartments of (3.2) at the disease-free equilibrium E0 to obtain the
following system:

dw(t)
dt

= B̂w(t) + M̂w(t),

where w(t) = (Ah(t), Ph(t), Ih(t), Im(t)), and

B̂ =


−(µh + νh + g)Id 04×4 04×4 04×2

04×4 −(µh + g)Id 04×4 04×2

Θeνh 04×4 −(µhId + γh + δh) 04×2

02×4 02×4 02×4 −δm

 ,

M̂ =


04×4 04×4 04×4 (1 − p)Φβm

04×4 04×4 04×4 pΦβm

04×4 04×4 04×4 04×2

βhεS 0
m

S 0
h

βhεS 0
m

S 0
h

βhεS 0
m

S 0
h

02×2


.

Lemma 3.2. Assume that θ, φ, and g are constant functions. The following then hold.
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(1) The square matrix M̂ is positive, i.e., M̂ is not the zero matrix, and all entries of M̂ are non-negative.

(2) The spectral bound s(B̂), i.e., s(B̂) = sup
{
<(λ) : λ ∈ σ(B̂)

}
, satisfies s(B̂) < 0.

The proof of Lemma 3.2 is straightforward and thus the details are omitted.
We now define

T0 := r(M̂(−B̂)−1),

where r(M̂(−B̂)−1) represents the spectral radius of the square matrix M̂(−B̂)−1.

The subsequent lemma provides a connection between the sign of T0 − 1 and the growth bound of
the C0-semigroup generated by (B̂ + M̂).

Lemma 3.3. Assume that θ, φ, and g are constant functions. In this case

sgn
(
s(B̂ + M̂)

)
= sgn (T0 − 1) .

Furthermore, we have

T0 =

√
S 0

m

S 0
h

r (ThTm).

Here, the 2×2 matrices Th and Tm describe the infectiousness of humans and mosquitoes, respectively,
and are defined by

Th =βhε{((νh + µh + g)−1Id(1 − p) + (g + µh)−1Id p + (µhId + γh + δh)−1Θeνh((νh + µh + g)−1Id(1 − p)}Φ,
(3.3)

Tm =βmδ
−1
m = diag(βs

mδ
s−1

m , βr
mδ

r−1

m ).

Through a straightforward computation, an explicit formula of T0 is given by

T 2
0 =

(T s
0 + T r

0 ) +

√(
T s

0 − T
r
0

)2
+ 4Qsr

2
, (3.4)

where

T s
0 =

S 0
m

S 0
h

βs
m

δs
m
βs

hK
s
h , T r

0 =
S 0

m

S 0
h

βr
m

δr
m
βr

hK
r
h ,

K s
h = (1 − εs)

(1 − p)θ
νh

(νh + µh + g)(µh + γs,T
h + δs,T

h )
+ (1 − p)φ

1
(νh + µh + g)

+ pφ
1

(g + µh)

︸                                                                                                               ︷︷                                                                                                               ︸
lifespan of s-infections exposed to antimalarial drugs

+ (1 − p)(1 − θ)
νh

(νh + µh + g)(µh + γs,U
h + δs,U

h )
+ (1 − p)(1 − φ)

1
(νh + µh + g)

+ p(1 − φ)
1

(g + µh)︸                                                                                                                         ︷︷                                                                                                                         ︸
lifespan of s-infections unexposed to antimalarial drugs

,

K r
h = (1 − εr)

(1 − p)θ
νh

(νh + µh + g)(µh + γr,T
h + δr,T

h )
+ (1 − p)φ

1
(νh + µh + g)

+ pφ
1

(g + µh)

︸                                                                                                               ︷︷                                                                                                               ︸
lifespan of r-infections exposed to antimalarial drugs
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+ (1 − p)(1 − θ)
νh

(νh + µh + g)(µh + γr,U
h + δr,U

h )
+ (1 − p)(1 − φ)

1
(νh + µh + g)

+ p(1 − φ)
1

(g + µh)︸                                                                                                                         ︷︷                                                                                                                         ︸
lifespan of r-infections unexposed to antimalarial drugs

,

and

Qsr = εrβ
r
h
βr

m

δr
m

(
S 0

m

S 0
h

) θ(1 − p)
νh

(µh + γr,T
h + δr,T

h )(νh + µh + g)
+ (1 − p)φ

1
(νh + µh + g)

+ pφ
1

g + µh

︸                                                                                                                    ︷︷                                                                                                                    ︸
average rate of new s-infection from resistant infections due to mutation

× εsβ
s
h
βs

m

δs
m

(
S 0

m

S 0
h

) θ(1 − p)
νh

(µh + γs,T
h + δs,T

h )(νh + µh + g)
+ (1 − p)φ

1
(νh + µh + g)

+ pφ
1

g + µh

︸                                                                                                                    ︷︷                                                                                                                    ︸
average rate of new r-infection from sensitive infections due to mutation

.

Furthermore, employing the next-generation matrix approach introduced in Lemma 6.12 of [22], we
can determine that T0 represents the basic reproduction number of the entire system, while T s

0 and T r
0

denote the basic reproduction numbers induced only by s- and r-infections, respectively. Consequently,
by Lemma 3.3 and the results on the asymptotic stability of equilibria for the vector fields given in
Theorem 3.16 of [22], we find that the DFE E0 is locally asymptotically stable if and only if T0 < 1.

The proof of Lemma 3.3 is appended in Section 7.2.

Remark 1. Parameters K s
h and K r

h can be interpreted as lifespans of s- and r-infections, respectively.
For instance, K s

h is rewritten as

K s
h = (1 − εs)(1 − p)θ

νh

(νh + µh + g)
Ds,T + (1 − εs)(1 − p)φDA + (1 − εs)pφDP

+ (1 − p)(1 − θ)
νh

(νh + µh + g)
Ds,U + (1 − p)(1 − φ)DA + p(1 − φ)DP,

where DP = (µh + g)−1, DA = (µh + νh + g)−1, Ds,` = (µh + γs,`
h + δs,`

h )−1, and ` = T,U are the
lifespans of paucisymptomatic, asymptomatic, and clinical infections, respectively. From this, since
(1 − εs)(1 − p)θ νh

(νh+µh+g) , (1 − εs)(1 − p)φ, and (1 − εs)pφ represent the proportions of s-clinical, s-
asymptomatic, and s-paucisymptomatic infections exposed to antimalarial drugs, respectively, we can
easily interpret the term

(1 − εs)(1 − p)θ
νh

(νh + µh + g)
Ds,T + (1 − εs)(1 − p)φDA + (1 − εs)pφDP,

as the lifespan of s-infections exposed to antimalarial drugs. By the same way, the term

(1 − p)(1 − θ)
νh

(νh + µh + g)
Ds,U + (1 − p)(1 − φ)DA + p(1 − φ)DP,

represents the lifespan of s-infections unexposed to antimalarial drugs. Consequently, K s
h is then the

lifespan of the overall s-infections.
A similar interpretation applies to K r

h . As for Qsr, it can be understood as the product of the aver-
age rate of new s-infections arising from resistant infections and the average rate of new r-infections
emerging from sensitive infections due to mutations.
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3.3. The endemic equilibrium and existence of a backward bifurcation

Assume that θ, φ, and g are constant functions. Let

E∗h = (S ∗h, A
∗
h, P

∗
h, I
∗
h,R

∗
h, S

∗
m, I

∗
m)′ ∈ R20

+ ,

be an endemic equilibrium of System (3.1), and

λs∗
h =

βs
h

N∗h

[
As,U∗

h + Ps,U∗

h + I s,U∗

h + εr

(
Ar,T ∗

h + Pr,T ∗

h + Ir,T ∗

h

)
+ (1 − εs)

(
As,T ∗

h + Ps,T ∗

h + I s,T ∗

h

)]
,

λr∗
h =

βr
h

N∗h

[
Ar,U∗

h + Pr,U∗

h + Ir,U∗

h + (1 − εr)
(
Ar,T ∗

h + Pr,T ∗

h + Ir,T ∗

h

)
+ εs

(
As,T ∗

h + Ps,T ∗

h + I s,T ∗

h

)]
.

The next theorem provides the necessary conditions on which we have the existence of a unique en-
demic equilibrium and the demonstration of a backward bifurcation. We examine the occurrence of a
bifurcation of the endemic equilibrium in Model (3.1) at T0 = 1. We find that an endemic equilibrium
of (3.1) exists if and only if a positive constant κ exists such that

L(T 2
0 , κ) = 1,

where L is defined by

L(T 2
0 , κ) = Λm

S 0
h

S 0
m
T 2

0
(µh + χ1κ)

(1 + χ2κ) (Λhµm + (χ2 + Λhµmωs + χ3)κ)
,

where χ1 = ωr (1 − as) +ωs (1 − ar), χ2 = ωr(bs + as) +ωs(br + ar), and χ3 = ωs(cs + ds) +ωr(cr + dr),
with ω = (ωs, ωr) being the principal eigenvector of the matrix TmTh, and with ‖ω‖ = 1; a j, b j, c j, and
d j,s are positive constants given later.

Next, we introduce the following bifurcation constant:

K = Λhµmχ1 − (2χ2 + Λhµmω
s + χ3) µh.

We then obtain the following result on the existence and bifurcation of the endemic equilibrium.

Theorem 3.4. Assume that θ, φ, and g are constant functions. We then have the following.

(1) If K > 0, then a backward bifurcation occurs at T0 = 1, meaning that for T0 values slightly less
than 1, two endemic equilibria exist for Model (3.1).

(2) If K < 0, then a forward bifurcation occurs at T0 = 1, meaning that for T0 values slightly greater
than 1, a unique endemic equilibrium exists, while for T0 values slightly less than 1, no endemic
equilibrium exists.

(3) If T0 > 1, then at least one endemic equilibrium exists for (3.1). Moreover, if K > 0, then when
T0 = 1, an endemic equilibrium also exists.

(4) Assume that the map κ 7−→ L(T 2
0 , κ) is strictly decreasing on R+. Thus, an endemic equilibrium

exists if and only if T0 > 1; in this case, the equilibrium is unique.

We refer to Section 7.3 for the proof of Theorem 3.4.

Mathematical Biosciences and Engineering Volume 22, Issue 8, 1898–1930.



1910

4. Model parameters, baseline model simulation, and sensitivity analysis

For the illustrative dynamics in this section, we assume that θ, φ, and g are constant functions.

4.1. Model parameters and initial conditions

The parameter values used in the model are summarized in Tables 1 and 2. In general, we assume
that the parameters for sensitive infections are well-established for both humans and vectors. To esti-
mate parameters for resistant infections, we introduce variable scaling parameters. For example, the
mutation probability εs for transitions from sensitive to resistant infections is a known value. The mu-
tation probability εr for transitions from resistant to sensitive infections is then estimated as εr = ε̄εs,
where ε̄ ∈ (0, 1) is a scaling parameter that represents the ratio of the mutation rates. This approach
ensures a consistent framework for parameter estimation across sensitive and resistant infections.

The transmission rate βh, which represents the rate of transmission from infected humans to
mosquitoes and is assumed to be identical for both sensitive and resistant infections, is determined
using the basic reproduction number T0 as given by (3.4). Specifically, βh is calibrated on the basis
of the value of T0,0 under the baseline scenario where φ = 0, θ = 0, and g = 0. This ensures that the
transmission dynamics align with the expected epidemiological behavior under the given conditions.
More precisely, we have

βh =
T 2

0,0S 0
h

S 0
m max{Cs

0,C
r
0}
, (4.1)

with

Cs
0 =

βs
m
δs

m

(
(1 − p) νh

(νh+µh)(µh+γs,U
h +δs,U

h )
+ (1 − p) 1

(νh+µh) + p 1
µh

)
,

Cr
0 =

βr
m
δr

m

(
(1 − p) νh

(νh+µh)(µh+γr,U
h +δr,U

h )
+ (1 − p) 1

(νh+µh) + p 1
µh

)
.

The initial conditions are specified using parameters such as the initial prevalence of drug resistance
(InitPrevR) within the host population. We assume an initial infection prevalence of Prev = 50%
with PrevI = 10% of these infections being clinical cases. In addition, we suppose that a proportion
(p = 0.7) of infected humans will develop paucisymptomatic infections. The initial susceptible human
population, asymptomatic infected, paucisymptomatic infected, and infectious case are, respectively,
given by S h(0) = (1−Prev)S 0

h; Ah(0) = (1− p)S 0
h(1−PrevI)Prev(1−InitPrevR, InitPrevR, 0, 0); Ph(0) =

pS 0
hPrev(1 − InitPrevR, InitPrevR, 0, 0); Ih(0) = (1 − p)S 0

hPrevPrevI(1 − InitPrevR, InitPrevR, 0, 0);
and Rh(0) = (0, 0, 0, 0). For mosquitoes, we assume that S m(0) = 0.9S 0

m and Im(0) = 0.1S 0
m(1 −

InitPrevR, InitPrevR).

4.2. Typical dynamics simulated by the model

Model (3.1) is employed to characterize the malaria infection burden within the human host popu-
lation and to capture the dynamics of resistant clinical cases.

When the probability of mutation from treated sensitive human infections to treated resistant human
infections (εs) is relatively low (Figure 2), the exposure rate φ of asymptomatic and paucisymptomatic
infections to antimalarial treatment has a marginal impact on both mortality and the number of resistant
clinical cases (Figure 2, Column 1 vs. Column 2 vs. Column 3). However, while increasing the anti-
malarial treatment rate θ for clinical cases has a relatively marginal effect on the cumulative number of
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deaths due to infection when qmda is moderate (Figure 2A–C), such an increase significantly reduces
infection-related mortality when qmda is relatively high (Figure 2D–I). Likewise, increasing the propor-
tion of humans covered under MDA has a pronounced effect in reducing both mortality and resistant
clinical cases, with a particularly strong impact on the latter (Figure 2). Importantly, increasing the
treatment rate for clinical cases is associated with a rise in the number of resistant clinical cases (Fig-
ure 2A–F), except in the scenario where the proportion qmda is sufficiently strong (Figure 2G–I). These
contrasting behaviors highlight the beneficial effect of combining antimalarial treatment and MDA to
simultaneously reduce infection-related mortality and the number of resistant clinical cases.
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Figure 2. Dynamics of the model when the mutation rate εs = 0.001. Parameter values are
the defaults in Tables 1 and 2.

The configuration above remains similar under high mutation rates (εs) (Figure 3). However, a high
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mutation rate εs leads to a higher number of deaths within the host population (Figure 3) compared with
the case of a moderate mutation rate (Figure 2). Furthermore, high values of εs accelerate the emer-
gence of antimalarial resistance within the host population (Figure 3A–F) compared with scenarios
with low mutation rates (Figure 2A–F). Although extensive use of MDA helps reduce both deaths and
resistant cases, the reduction in resistant cases occurs more slowly under high mutation rates (Figure
3G–I) than in the case of low mutation rates (Figure 2G–I).
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Figure 3. Dynamics of the model when the mutation rate εs = 0.1. Parameter values are the
defaults in Tables 1 and 2.
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Finally, for Figures 2D–I and 3D–I, one may observe a peak in resistant clinical cases at the initial
time t = 0. This peak is due to our chosen initial data. However, in Figure 3G–I, we observe an increase
in resistant clinical cases during the first year before they start to decline. This initial increase can be
explained by the high mutation rate εs. Indeed, although the proportion of humans covered under MDA
(qmda) is sufficiently high, the strong mutation capability initially leads to an increase in the number
of resistant clinical cases before they begin to decline (Figure 3G–I). In contrast, this pattern is not
observed when the mutation rate is low (Figure 2G–I).

4.3. Global sensitivity analysis

We analyze the sensitivity of cumulative deaths and resistant cases (including paucisymptomatic,
asymptomatic, and clinical cases) to five key parameters: the initial prevalence of drug resistance within
the host population (InitPrevR), the probability of mutation from treated sensitive human infections to
treated resistant human infections (εs), the rate of exposure of asymptomatic and paucisymptomatic
infections to antimalarial treatment without a curative intention (φ), the rate of exposure of clinical
cases to antimalarial treatment with a curative intention (θ), and the proportion of humans covered
under MDA (qmda). The variation range for these parameters is specified in Table 1. Sensitivity indices
are calculated by fitting an analysis of variance (ANOVA) linear model, including up to third-order
interactions, to simulation-generated data. This ANOVA model demonstrates a high level of accuracy,
explaining more than 99% of the variance.

Overall, the sensitivity analysis identifies qmda as the primary parameter influencing both the num-
ber of deaths and the prevalence of resistant cases (Figure A1). It accounts for 89% of the variance in
the number of deaths (Figure A1, left) and 53% in the prevalence of resistant cases (Figure A1, right).
When interactions with other parameters are included, these indices increase to 94% and 83%, respec-
tively. The second most influential parameter is θ, which explains 5% of the variance in the number
of deaths (rising to 10% when accounting for interactions with other parameters) and 14% of the vari-
ance in the prevalence of resistance (rising to 44% with interactions). The parameters InitPrevR and
εs have a comparable and modest impact, each contributing 0.2%–0.4% to the variance in both out-
comes. Finally, φ has a negligible effect on both the number of deaths and the prevalence of resistance,
explaining less than 0.09% of the variance, even when accounting for interactions.

5. Optimal control

Although previous analyses were performed under the assumption of constant parameter values for
the rate of exposure of asymptomatic and paucisymptomatic infections to antimalarial treatment with-
out curative intent (φ), the rate of exposure of clinical cases to antimalarial treatment with curative
intent (θ), and the proportion of humans covered under MDA (g). This section considers these pa-
rameters as time-dependent functions and assigns reasonable upper and lower bounds to account for
potential temporal variations.

The control scheme (θ, φ, g) lies on the set

Ω = {(θ, φ, g) ∈
(
L∞(0,T f )

)3
: 0 ≤ θ ≤ 1; 0 ≤ φ ≤ 1; 0 ≤ g ≤ gmax},

with gmax being a positive constant.
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Although our objective is not to provide a detailed analysis of the controlled system, i.e., System
(3.1) where the control scheme (θ, φ, g) is considered as a time-dependent function, we present the
following well-posedness result.

Theorem 5.1. Assume that the time-dependent functions θ, φ, and g are continuous. Then the con-
trolled system, that is, the System (3.1), where the control scheme (θ(t), φ(t), g(t)) is considered as a
time-dependent function, generating a unique, globally defined, positive, and bounded non autonomous
semiflow.

The proof of this result relies on a standard methodology (e.g., [23, 24]).

5.1. The optimal control problem

We assume that a successful control scheme is one that effectively reduces both the total number of
deaths and the total number of resistant cases. Consequently, the control scheme is considered optimal
if it minimizes the following objective functional:

J(θ, φ, g) =

∫ T f

0

chDh(t) + bh

∑
`∈{T,U}

(Ar,`
h (t) + Pr,`

h (t) + Ir,`
h (t)) +

cθ
2
θ2(t) +

cφ
2
φ2(t) +

cg

2
g2(t)

 dt. (5.1)

Here, bh and ch are balancing coefficients that transform the integral into the cost expended over a
finite period of T f years (see Table 2). The first integral, weighted by bh and ch, captures the economic
losses associated with deaths and resistant infections, respectively. The second integral represents the
costs of implementing the three control measures, with quadratic terms for the controls included to
account for the nonlinear costs.

We find that (θ∗, φ∗, g∗) satisfies

J(θ∗, φ∗, g∗) = min
(θ,φ,g)∈Ω

J(θ, φ, g). (5.2)

5.2. Necessary optimality conditions

To address the necessary optimality conditions, we follow the framework provided by [25–
27]. Given a solution v = (S h, Ah, Ph, Ih,Rh, S m, Im) of System (3.1), where the control scheme
(θ(t), φ(t), g(t)) is considered as a time-dependent function, we define the corresponding adjoint func-
tions as ϑ =

(
ϑS h , ϑAh , ϑPh , ϑIh , ϑRh , ϑS m , ϑIm , ϑDh

)
. Theorem 5.1 gives the existence and boundedness

of the solutions of System (3.1) with time-dependent control functions. According to the results in
[25, 27], the set of controls Ω is nonempty, convex, and closed. Moreover, the right-hand side of
System (3.1) is continuous and can be expressed as a linear function of the controls θ, φ, and g, with
coefficients that depend on both time and the state variables.

If we choose a1 ∈ R
∗
+, a2 = min

{cθ
2
,

cφ
2
,

cg

2

}
, and α = 2, the integrant h(v, θ, φ, g)(t) of J verifies

h(v, θ, φ, g)(t) =chDh(t) + bh

∑
`∈{T,U}

(Ar,`
h (t) + Pr,`

h (t) + Ir,`
h (t)) +

cθ
2
θ2 +

cφ
2
φ2 +

cg

2
g2

≥
cθ
2
θ2 +

cφ
2
φ2 +

cg

2
g2
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≥ − a1 + min
{cθ

2
,

cφ
2
,

cg

2

}
(θ2 + φ2 + g2).

Therefore, the existence of the optimal control is given by the following result.

Theorem 5.2. Assume that the time-dependent functions θ, φ, and g are continuous. Let v =

(S h, Ah, Ph, Ih,Rh, S m, Im) be the solution of System (3.1) where the control scheme (θ, φ, g) is con-
sidered as a time-dependent function. Here, (θ∗, φ∗, g∗) ∈ Ω exists such that

min
(θ,φ,g)∈Ω

J(θ, φ, g) = J(θ∗, φ∗, g∗).

The existence of such a control is well-established using standard techniques, as detailed in [25, 27].
Pontryagin’s maximum principle [14] allows us to reformulate the problem (5.2) to the problem of

minimizing the Hamiltonian defined as follows:

H =chDh + bh

∑
`∈{T,U}

(Ar,`
h + Pr,`

h + Ir,`
h ) +

cθ
2
θ2 +

cφ
2
φ2 +

cg

2
g2 +

∑
z∈Z

ϑz fz,

whereZ = {S h, Ah, Ph, Ih,Rh,Dh, S m, Im}, (ϑz)z∈Z are adjoint functions and fz is given by the right-hand
side of Models (2.1) and (2.2) for the z-compartment.

The necessary conditions for the existence of the solution to the problem (5.2) are

ϑ̇z = −∇zH , for z ∈ Z, (5.3)

and
∂H

∂w
= 0, for w ∈ {θ, φ, g}. (5.4)

From (5.3), we find that the adjoint system (ϑk)z∈Z verifies:

ϑ̇S h =
(
µh + 12λm

(
1 − S h

Nh

))
ϑS h −

(
1 − S h

Nh

)
(1 − p)(Φλm)tϑAh

−
(
1 − S h

Nh

)
p(Φλm)tϑPh − 12λh

S m

Nh
ϑS m +

S m

Nh
〈λh, ϑIm〉,

˙ϑAh = b −
S h

Nh
(12λm)1t

4ϑS h + (µh + νh + g(t))ϑAh +
S h

Nh
(1 − p)(14(Φλm)tϑAh)

t + S h
Nh

p(14(Φλm)tϑPh)
t

−(Θeνh)tϑIh − g(t)ϑRh +
S m

Nh

(
(12βhε)t − (12λh)1t

4

)
ϑS m −

S m

Nh

(
(βhε)tϑIm − 〈λh, ϑIm〉1

t
4

)
,

ϑ̇Ph = b −
S h

Nh
(12λm)1t

4ϑS h + (µh + g(t))ϑPh + S h
Nh

p(14(Φλm)tϑPh)
t +

S h

Nh
(1 − p)(14(Φλm)tϑAh)

t

−g(t)ϑRh +
S m

Nh

(
(12βhε)t − (12λh)1t

4

)
ϑS m −

S m

Nh

(
(βhε)tϑIm − 〈λh, ϑIm〉1

t
4

)
,

ϑ̇Ih = b −
S h

Nh
(12λm)1t

4ϑS h +
S h

Nh
(1 − p)(14(Φλm)tϑAh)

t + S h
Nh

p(14(Φλm)tϑPh)
t − γhϑRh

+(µhId + γh + δh)ϑIh + δh1t
4ϑDh +

S m

Nh

(
(12βhε)t − (12λh)1t

4

)
ϑS m −

S m

Nh

(
(βhε)tϑIm − 〈λh, ϑIm〉1

t
4

)
,

ϑ̇Rh = −
S h

Nh
(12λm)1t

4ϑS h +
S h

Nh
(1 − p)(14(Φλm)tϑAh)

t + S h
Nh

p(14(Φλm)tϑPh)
t − ρh1t

4ϑS h + (µh + ρh)ϑRh

+
S m

Nh
((12λh)1t

4ϑS m − 〈λh, ϑIm〉1
t
4),

ϑ̇Dh = −ch,
(5.5)
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and  ϑ̇S m = (µm + 12λh)ϑS m − 〈λh, ϑIm〉,

ϑ̇Im = δmϑIm +
S h

Nh
(12βm)tϑS h −

S h

Nh
(Φβm)t((1 − p)ϑAh + pϑPh),

(5.6)

with b =
(
0,−bh, 0,−bh

)
. Systems (5.5) and (5.6) are associated with the boundary conditions or

transversality conditions, ϑz(T f ) = 0, for all z ∈ Z.
Furthermore, by (5.4), we have:

∂H

∂θ
=cθθ − νh

∑
k

Ak,T
h (ϑk,T

Ih
− ϑk,U

Ih
) − νh

∑
k

Ak,U
h (ϑk,T

Ih
− ϑk,U

Ih
) = 0,

∂H

∂φ
=cφφ −

∑
k

(1 − p)λk
mS hϑ

k,U
Ah
−

∑
k

pλk
mS hϑPh Pk,U +

∑
k

(1 − p)λk
mS hϑ

k,T
Ah

+
∑

k

pλk
mS hϑ

k,T
Ph

= 0,

∂H

∂g
=cgg − bh((Ar,T

h + Ar,U
h ) + (Pr,T

h + Pr,U
h )) −

∑
k,`

(Ak,`
h )t(ϑk,`

Ah
− ϑk,`

Rh
) −

∑
k,`

(Pk,`
h )t(ϑk,`

Ph
− ϑk,`

Rh
) = 0.

(5.7)

Therefore, if (θ∗, φ∗, g∗) ∈ Ω is a solution of (5.2), then by (5.7), it is characterized by:

θ = max

0,min

1;
νh

∑
k(A

k,T
h + Ak,U

h )(ϑk,T
Ih
− ϑk,U

Ih
)

cθ


 ,

φ = max

0,min

1;
S h

∑
k λ

k
m[(1 − p)(ϑk,U

Ah
− ϑk,T

Ah
) + p(ϑk,U

Ph
− ϑk,T

Ph
)]

cφ


 , (5.8)

g = max

0,min

gmax;
bh((Ar,T

h + Ar,U
h ) + (Pr,T

h + Pr,U
h )) +

∑
k,`[(A

k,`
h )t(ϑk,`

Ah
− ϑk,`

Rh
) + (Pk,`

h )t(ϑk,`
Ph
− ϑk,`

Rh
)]

cg


 .

The state system (3.1), the adjoint systems (5.5) and (5.6), and the control characterization system
(5.8) together form the optimality system that must be solved numerically. These systems operate as a
feedback system in the following sense.

(1) State system input: A given controller serves as the input for the state system.

(2) Adjoint system input: The controller, along with the output of the state system, becomes the input
for the adjoint system.

(3) Control update: The outputs of the state and adjoint systems are then used to update the controller
via the control characterization system.

(4) Loop closure: The updated controller is fed back as the input for the state system, forming a “closed
loop” system.

Since the state equations are governed by the initial conditions and the adjoint equations rely on the
final-time conditions, the optimality system cannot be solved straightforwardly by sweeping forward
in time alone. Instead, an iterative approach known as the forward−backward sweep method is applied
(see [26]). This method alternates between solving the state equations forward in time and the adjoint
equations backward in time, iteratively updating the control until convergence is achieved.
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Figure 4 demonstrates the impact of an optimal intervention strategy on the number of deaths and
clinical cases. The optimal control strategy strongly discourages the exposure of asymptomatic and
paucisymptomatic infections to antimalarial treatment without curative intent (Figure 4A). This aligns
with the findings of the global sensitivity analysis, which indicates that this parameter has a minimal
impact on both mortality and the prevalence of resistant strains. Antimalarial treatment with curative
intention is employed at relatively high levels during the initial years, followed by a gradual reduction
toward the end of the control period. In contrast, the use of MDA is strongly recommended at a consis-
tently high rate throughout the control period (Figure 4A). Furthermore, the reduction in antimalarial
treatment is effectively offset by the increased use of MDA within the host population. This approach is
likely driven by the assumption that the costs of both control strategies are equivalent in this scenario.
The optimal intervention strategies markedly diminish the severity of the projected outbreaks, reducing
both the total number of deaths (Figure 4B) and the prevalence of clinical cases (Figure 4C).
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Figure 4. Effect of intervention strategies on the model’s dynamics. (A) The implementation
of intervention strategies φ, θ, and qmda as functions of time t. (B) The total number of deaths
over time. (C) The total number of clinical cases over time. Here, εs = 10−3 and the control
costs are cφ = 10$, cθ = 20$, and cg = 20$. Parameter values are the defaults in Table 2.

6. Discussion

Antimalarial treatments and mass drug administration (MDA) are key strategies to alleviate the bur-
den of malaria. However, the rise of parasite resistance to antimalarial drugs presents a significant
challenge to effective malaria control and treatment. To assess the impact of combining antimalarial
treatments and MDA for effective disease control, the human population is categorized into five distinct
states: susceptible, asymptomatic infected (individuals with very mild or no symptoms who may later
develop symptomatic infections), paucisymptomatic infected (individuals with very mild or no symp-
toms who do not progress to symptomatic infections), clinical cases, and recovered individuals. An
infected human, whether symptomatic, paucisymptomatic, or asymptomatic, can be treated with anti-
malarial drugs either with curative intent or without. Meanwhile, the mosquito population is divided
into two states: susceptible and infectious mosquitoes.
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We use optimal control theory [26] to characterize an optimal strategy that significantly reduces the
number of deaths and resistant clinical cases. Our formulation assumes a quadratic cost for the control
effort. Overall, for a relatively low mutation rate from treated sensitive human infections to treated
resistant human infections (εs = 10−3), the optimal strategy strongly limits antimalarial treatments
for asymptomatic and paucisymptomatic infections without curative intent. Curative treatments are
applied heavily in the initial years, then taper off while MDA is consistently maintained at high levels
throughout the control period (Figure 4).

In the scenario of a relatively high mutation rate (εs = 10−1) (see Figure 5), the configuration
closely resembles that of a low mutation rate (Figure 4). However, a higher mutation rate leads to a
reduced deployment of antimalarial drugs, which is compensated by an increased reliance on MDA
within the host population for effective control (Figures 4A and 5A). Intuitively, when the mutation
rate is relatively low, the optimal strategy combines the use of both antimalarial treatment with curative
intent and MDA, with a gradual decrease in antimalarial use over time, ensuring sustainable malaria
control. In contrast, at higher mutation rates, the strategy prioritizes broader deployment of MDA while
significantly reducing reliance on antimalarial drugs to minimize the risk of resistance developing.
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Figure 5. Effect of intervention strategies on the model dynamics as in Figure 4 but with
εs = 10−1.

Figure 6 assesses the impact of control costs on the model’s dynamics. For a high cost of curative
treatment and a low cost of MDA (as shown in Figure 6A–C), the control strategies favor higher
reliance on MDA and reduced use of antimalarial treatments. This pattern is evident in society, where
high treatment costs often prevent individuals from seeking care until they are already ill. As a result,
implementing MDA on a large scale is crucial to effectively reduce both deaths and clinical cases over
time.

In contrast, when the cost of curative treatments is lower than that of MDA (see Figure 6D–F), the
control strategy advocates for a combination of both approaches: treating clinical cases with curative
intent while also implementing a significant level of MDA to more effectively reduce deaths and clinical
cases. However, the use of MDA is less extensive in this scenario compared with the previous one (see
Figure 6A–C), likely due to the higher cost of MDA. It is also clear that the number of deaths and
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clinical cases is lower when MDA is more affordable (Figure A2). It is essential to note that treating
infected individuals without curative intent in both scenarios is strongly discouraged to prevent the
emergence of resistance over time.
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Figure 6. Effect of the costs of intervention strategies on the model’s dynamics.

Human malaria infections are characterized by the actual presence of parasites within an individual,
but with the absence or very mild malaria-related symptoms, this remains a challenge for malaria con-
trol programs due to their significant influence on transmission dynamics [12, 13]. While some infected
individuals never develop clinical symptoms and transit to the group of paucisymptomatic infections,
others initially progress through an asymptomatic phase (i.e., without symptoms) before developing
into symptomatic or clinical cases. Treating the infectious parasite reservoir in paucisymptomatic
and asymptomatic individuals is a critical intervention strategy with a positive impact on reducing the
malaria burden (Figures 4 and 5). The proportion of paucisymptomatic infections (p) within the host
population significantly affects control strategies that combine MDA and antimalarial treatments (Fig-
ure 7). Specifically, a low proportion of paucisymptomatic infections results in a greater reliance on
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MDA for effective control (Figure 7, Row 1). This is because a lower prevalence of paucisymptomatic
infections corresponds to a higher proportion of asymptomatic infections that eventually progress to
symptomatic cases. Consequently, antimalarial use remains relatively high during the initial years of
the control period and continues, albeit at a lower rate, over the duration of the control period (Figure
7A). In contrast, when the proportion of paucisymptomatic infections is moderate (Figure 7, Row 2)
or high (Figure 7, Row 3), the deployment of MDA is less intense compared with scenarios with low
paucisymptomatic prevalence. Additionally, the use of antimalarials is robust during the initial years
of the control period but decreases substantially afterward (Figure 7D,G).
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Figure 7. Effect of paucisymptomatic infections on the optimal control strategy.

The proposed model assumes heterogeneity within both the human and mosquito populations. How-
ever, this presents a potential limitation, as incorporating factors such as the chronological age of
human and mosquito populations and the time since infection can have significant epidemiological im-
plications for malaria control strategies [13, 28–30]. According to previous studies, e.g., [28, 29], an
age-structured model formulation within this context may indeed be interesting to investigate in detail
but would deserve a dedicated study.

Another potential limitation of this study is the arbitrary choice of the balancing coefficients in the
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objective function. Specifically, the value of the balancing cost lacks precise justification, introducing
an element of uncertainty into the outcome of the optimal control function. Although we have delib-
erately chosen its value, we acknowledge that this parameter can significantly influence the resulting
optimal control function.

7. Proof of main results

7.1. Proof of Theorem 3.1

Note that the linear operator B is the infinitesimal generator of a strongly continuous semigroup
{eBt}t which preserves R20

+ . Furthermore, the map M : R20 → R20 is locally Lipschitz; therefore,
classical results (e.g., [24, 31]) shows that for any v0 ∈ R

20, we can find a time T = T (v0) > 0 such that
(3.2) has a unique solution v ∈ C ([0,T )) ∩C1 ((0,T )) such that

V(t, v0) := v(t) = eBtv0 +

∫ t

0
eB(t−η)M(v(η))dη,∀t ∈ [0,T ).

Moreover, statements below are valid.

(i) If T < +∞, then limt→T− ‖V(t, v0)‖R20 = +∞.

(ii) Let t ∈ (0,T ). If a sequence {un}n ⊂ R
20 such that un → v0 in R20 as n → ∞, thenV(η, un) exists

for all η ∈ [0, t], where n is sufficiently large and supη∈[0,t] ‖V(η, un)−V(η, v0)‖R20 → 0, as n→ ∞.

We are now interested in the positiveness of the solutions. Note that B is resolvent positive, i.e., for
all ζ, with ζ > −ω := min{µh, µm, δm} > 0, (ζId − B) is invertible and (ζId − B)−1R20

+ ⊂ R
20
+ . Moreover,

for all η > 0, we can find ζη > 0 such that

M(v(t)) + ζηv(t) ≥ 0R20 , ∀v ∈ R20
+ ∩ B(0, η),∀t ∈ [0,T ), (7.1)

with B(0, η) being the open ball in R20 centered at 0 with a radius η. Therefore, for all v0 ∈ R
20
+ ,

V(t, v0) ∈ R20
+ for all t ∈ [0,T ), i.e.,

V(t,R20
+ ) ⊂ R20

+ , ∀t ∈ [0,T ).

The statement above follows from well-known results, e.g., [34, Theorem 5.2.7, p. 226]. Inequality
(7.1) should be understood in the following sense. We recall that the mappingM : R20 → R20 is such
that M = (M`)`=1,··· ,20. Thus, (7.1) expresses that, for all, ` = 1, · · · , 20, M`(v) + ζηv` ≥ 0, where
v = (v`)`=1,··· ,20 ∈ R

20.
Next, for v0 ∈ R

20
+ , letV(t, v0) ∈ R20

+ , for all t ∈ [0,T (v0)), be the solution of (3.2). Then

Ṅh(t) ≤Λh − µhNh(t), Ṅm(t) ≤ Λm −min(µm, δ
∗
m)Nm(t), with δ∗m = min(δs

m, δ
r
m),

i.e.,

Nh(t) ≤ Nh(0)e−µht +
Λh

µh
(1 − e−µht),
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Nm(t) ≤ Nm(0)e−min(µm,δ
∗
m)t +

Λm

min(µm, δ∗m)
(1 − e−min(µm,δ

∗
m)t).

From the case where ∀t ∈ [0,T ),

Nh(t) ≤ max
(
Nh(0),

Λh

µh

)
, Nm(t) ≤ max

(
Nm(0),

Λh

min(µm, δ∗m)

)
.

Consequently
sup

t∈[0,T (v0))
‖V(t, v0)‖ < ∞,

which ends the global well-posedness in R20
+ .

It remains to show the bounded dissipativity, that is, a bounded subset Q ⊂ R20
+ exists such that, for

each bounded subset Q ⊂ R20
+ , t0 = t0(Q) > 0 exists such thatV(t,Q) ⊂ Q, for all t ≥ t0. Let v0 ∈ R

20
+ ,

and letV(t, v0) = (S (t), Ah(t), Ph(t), Ih(t),Rh(t), S m(t), Im(t)) be the corresponding semiflow. Setting

Q =


(S h, Ah, Ph, Ih,Rh, S m, Im) ∈ R20

+ :

S h + S m + ‖Ah‖ + ‖Ph‖ + ‖Ih‖ + ‖Rh‖ + ‖Im‖ ≤
Λh

µh
+

Λm

min(µm, δ∗m)

 ,
we easily find the bounded dissipativity of the semiflow.

To end with the proof of Theorem 3.1, it remains to show that the semiflow {V(t, ·)}t is asymptoti-
cally smooth, i.e., for any closed, bounded, and positively invariant set Q ⊂ R20

+ , a compact set K ⊂ R20
+

exists such that d (V(t,Q),K)) → 0, as t → ∞, where d is the Hausdorff semi distance, see e.g., [32].
Note that

V(t, v0) = eBtv0 +

∫ t

0
eB(t−η)M (V(η, v0)) dη.

Since {eBt}t is strictly contractive and M is compact, the lemma follows from the results established
in [33].

7.2. Proof of Lemma 3.3

By Lemma 3.2, we can employ the results in [22] to establish the first part of the lemma.
For the second part of the lemma, note that

(−B̂)−1 =


(µh + g + νh)−1Id 04×4 04×4 04×2

04×4 (µh + g)−1Id 04×4 04×2

νh(µh + g + νh)−1(µhId + γh + δh)−1Θe 04×4 (µhId + γh + δh)−1 04×2

02×4 04×4 04×4 δ−1
m


From this, M̂(−B̂)−1 can be written as

M̂(−B̂)−1 =

(
012×12 V

U 02×2

)
,

where U and V are, respectively, 2 × 12 and 12 × 2 matrices such that

U =
S 0

m

S 0
h

(
(µh + g + νh)−1βhε

[
Id + νh(µhId + γh + δh)−1Θe

]
βhε(µh + gh)−1Id βhε(µhId + γh + δh)−1

)
,
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V =


(1 − p)Φβmδ

−1
m

pΦβmδ
−1
m

04×2

 .
Therefore, (

M̂(−B̂)−1
)2

= diag (UV,VU) ,

where (
r(M̂(−B̂)−1)

)2
= r(M̂(−B̂)−1)2 = max {r(UV), r(VU)} .

Finally, we have

r(UV) = r(VU) =
S 0

m

S 0
h

r (ThTm) ,

with Th and Tm introduced by (3.3).

7.3. Proof of Theorem 3.4

The different composants of E∗h are given by

(
S ∗h
R∗h

)
=


µh + 12λ

∗
m −ρh14

−[γh(µhId + γh + δh)−1Θeνh(νh + µh + g)−1(1 − p) + g(g + µh)−1Id p
+g(νh + µh + g)−1(1 − p)]Φλ∗m (µh + ρh)Id


−1 (

Λh

04

)

:= f (λ∗m).

Set

Z = [γh(µhId + γh + δh)−1Θeνh(νh + µh + g)−1(1 − p) + g(g + µhId)−1 p + g(νh + µh + g)−1(1 − p)]Φ,

then (
S ∗h
R∗h

)
:= f (λ∗m) =

(
Λh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1

Λh(µh + ρh)−1IdZ[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m

)
.

Consequently 
A∗h
P∗h
I∗h

 =


(νh + µh + g)−1Id(1 − p)Φλ∗m 04×4

(g + µh)−1Id pΦλ∗m 04×4

(µhId + γh + δh)−1Θeνh(νh + µh + g)−1Id(1 − p)Φλm 04×4

 f (λ∗m).

i.e.,


A∗h
P∗h
I∗h

 =


(νh + µh + g)−1(1 − p)ΦΛh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m

(g + µh)−1Id pΦΛh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m
(µhId + γh + δh)−1Θeνh(νh + µh + g)−1Id(1 − p)ΦΛh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m

 .
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At the equilibrium, the total population of human is written as

N∗h =
(
1 14

) (S ∗h
R∗h

)
+

(
14 14 14

) 
A∗h
P∗h
I∗h

 .
We have

N∗h =
(
1 14

)
f (λ∗m) +

(
14 14 14

) 
(νh + µh + g)−1Id(1 − p)Φλ∗m 04×4

(g + µh)−1Id pΦλ∗m 04×4

(µhId + γh + δh)−1Θeνh(νh + µh + g)−1Id(1 − p)Φλ∗m 04×4

 f (λ∗m)

:=g(λ∗m) f (λ∗m).

With this, the two forces of infection are written as follows

λ∗h =
βh

g(λ∗m) f (λ∗m)
ε
(
1 1 1

) 
(νh + µh + g)−1Id(1 − p)Φλ∗m 04×4

(g + µh)−1Id pΦλ∗m 04×4

(µhId + γh + δh)−1Θeνh(νh + µh + g)−1Id(1 − p)Φλ∗m 04×4

 f (λ∗m)

:=J(λ∗m),

λ∗m =
1

g(λ∗m) f (λ∗m)
βmI∗m.

J(λ∗m) =
βh

g(λ∗m) f (λ∗m)
ε
(
1 1 1

)


(νh + µh + g)−1(1 − p)ΦΛh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m
(g + µh)−1Id pΦΛh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m

(µhId + γh + δh)−1Θeνh(νh + µh + g)−1Id(1 − p)ΦΛh[µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m]−1λ∗m.

 .
Furthermore, replacing λ∗h in the two last equations of System (3.1) yields S ∗m = (µm + 12λ

∗
h)−1Λm =

(
µm + 12J(λ∗m)

)−1
Λm,

I∗m = δ−1
m λ

∗
hS m = δ−1

m J(λ∗m)
(
µm + 12J(λ∗m)

)−1
Λm.

Consequently, the existence of an endemic equilibrium is given by the solution of the following
fixed-point equation

R2 3 λ∗m =
1

g(λ∗m) f (λ∗m)
βmδ

−1
m J(λ∗m)

(
µm + 12J(λ∗m)

)−1
Λ∗m := F(λ∗m) ∈ R2,

The system above is then rewritten as

λ∗m = G(λ∗m)βmδ
−1
m βhε{(νh +µh +g)−1(1−p)+(g+µh)−1 p+(µhId +γh +δh)−1Θeνh(νh +µh +g)−1(1−p)}Φλ∗m,

that is,

TmThλ
∗
m =

1
G(λ∗m)

λ∗m, (7.2)
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where
G : λ∗m ∈ R

2 7→ G(λ∗m) =
ΛmG1(λ∗m)

G2(λ∗m)G3(λ∗m)
∈ R,

with

G1(λ∗m) =µh + (12 − ρh14(µh + ρh)−1IdZ)λ∗m,

G2(λ∗m) =1 +
{
14[(νh + µh + g)−1(1 − p) + (g + µh)−1Id p]Φ

}
λ∗m

+
{
14(µhId + γh + δh)−1Θeνh(νh + µh + g)−1Id(1 − p)Φ + 14(µh + ρh)−1IdZ

}
λ∗m,

G3(λ∗m) =ΛhµmG2(λ∗m) + 12βhε{(νh + µh + g)−1(1 − p) + (g + µh)−1 p + (µhId

+γh + δh)−1Θeνh(νh + µh + g)−1(1 − p)}Φλ∗m.

Since TmTh is a positive and irreducible matrix, by the Perron–Frobenius theorem, we have

1
G(λ∗m)

= r (TmTh) ,

λ∗m = κω,

where ω = (ωs, ωr) is the eigenvector, with ‖ω‖ = 1, associated with the principal eigenvalue r (TmTh)
of the matrix TmTh, and κ is a positive constant to be determined.

The constant κ is then the solution of the equation 1
G(λ∗m) = r (TmTh), i.e., 1

G(κω) = r (TmTh), which is
rewritten as

Λmr (TmTh)
G1(κω)

G2(κω)G3(κω)
= 1.

The equality above is equivalent to

L(κ) := Λmr (TmTh)
(µh + χ1κ)

(1 + χ2κ) (Λhµm + (χ2 + Λhµmωs + χ3)κ)
= 1, (7.3)

with

χ1 = ωr (1 − as) + ωs (1 − ar) ,
χ2 = ωr(bs + as) + ωs(br + ar),
χ3 = ωs(cs + ds) + ωr(cr + dr),

and

a j =
νhθγ

j,T
h ρh

(µh + γ
j,T
h + δ

j,T
h )(νh + µh)(µh + ρh)

+
νhγ

j,U
h ρh(1 − θ)

(µh + γ
j,U
h + δ

j,U
h )(νh + µh)(µh + ρh)

,

b j =
θνh(1 − p)

(µh + γ
j,T
h + δ

j,T
h )(νh + µh + g)

+
(1 − θ)νh(1 − p)

(µh + γ
j,U
h + δ

j,U
h )(νh + µh + g)

+
(1 − p)

(νh + µh + g)
+

p
(g + µh)

,

c j =

 (1 − p)φ
(νh + µh + g)

+
pφ

(g + µh)
+

θ(1 − p)νh

(µh + γ
j,T
h + δ

j,T
h )(νh + µh + g)

 ((1 − ε j)βs
h + ε jβ

r
h),

d j =β
j
h

 (1 − p)νh(1 − θ)

(µh + γ
j,U
h + δ

j,U
h )(νh + µh + g)

+
(1 − p)(1 − φ)
(νh + µh + g)

+
p(1 − φ)
(g + µh)

 .
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Since L(0) = Λmr (TmTh) µh
Λhµm

=
S 0

m

S 0
h
r (TmTh) = T 2

0 , equality (7.3) is rewritten as T 2
0 -parametric

equation
L(T 2

0 , κ) = 1, (7.4)

such that L(1, 0) = 1.
Then, using the implicit function theorem, we get

dκ
dT 2

0

∣∣∣∣∣∣
(T 2

0 =1,κ=0)

= −
∂T 2

0
L(1, 0)

∂κL(1, 0)
.

We have
∂T 2

0
L(1, 0) = 1,

and

∂κL(1, 0) =
ΛmS 0

h

S 0
m(Λhµm)2 K,

with
K = Λhµmχ1 − (2χ2 + Λhµmω

s + χ3) µh.

A backward bifurcation occurs at T 2
0 = 1 if and only if

dκ
dT 2

0

∣∣∣∣∣∣
(T 2

0 =1,κ=0)

< 0

which is equivalent to ∂κL(1, 0) > 0, that is, K > 0.
Similarly, a forward bifurcation occurs at T 2

0 = 1 if and only if

dκ
dT 2

0

∣∣∣∣∣∣
(T 2

0 =1,κ=0)

> 0

which is equivalent to ∂κL(1, 0) < 0, that is, K < 0.
Furthermore, for all T0, we find that L(T 2

0 , 0) = T 2
0 and limκ→∞ L(T 2

0 , κ) = 0. Therefore, if T 2
0 > 1,

then at least one solution κ to the equation L(T 2
0 , κ) = 1 exists. Next, assume that T 2

0 = 1 and K > 0.
Then, on one hand, we have L(1, 0) = 1 and ∂κL(1, 0) > 0. Hence, we obtain L(1, κ0) > 1 for any
κ0 > 0 that is sufficiently small. Consequently, at least one κ > 0 exists such that L(1, κ) = 1.

Finally, the uniqueness of a positive κ satisfying L(k) = 1 is obtain if the function κ 7−→ L(T 2
0 , κ) is

strictly decreasing on R+. Indeed, since L(T 2
0 , 0) = T 2

0 , we readily see that a unique κ > 0 exists such
that L(T 2

0 , κ) = 1. We also note that a forward bifurcation occurs in this configuration since here, we
have K < 0.
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29. Q. Richard, M. Choisy, T. Lefèvre, R. Djidjou-Demasse, On the necessity of accounting for
age structure in human malaria transmission modeling, Math. Biosci., 378 (2024), 109319.
https://doi.org/10.1016/j.mbs.2024.109319
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Appendix: Supplementary figure
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Figure A1. Sensitivity indices of disease-induced cumulative deaths (left) and resistant cases
(right). The shaded portions of the bars represent the main indices (the effect of each factor
alone), while the complete bars, including both the shaded and unshaded parts, represent the
total effect of each factor, accounting for interactions with all other factors.
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Figure A2. Disease-induced deaths and clinical cases under the control functions shown in
Figure 6.
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