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Abstract: In this paper, we introduce and analyze a contiunous-time model of co-infection dynamics
in a heterogeneous population consisting of two subpopulations that differ in the risk of getting in-
fected by individuals with two diseases. We assume that each parameter reflecting a given process for
each subpopulation has different values, which makes the population completely heterogeneous. Such
complexity and the population heterogeneity make our paper unique, reflecting co-infection dynamics.
Moreover, we establish an epidemic spread for each disease not only in a sole subpopulation but also
with criss-cross transmission, meaning between different subpopulations. The proposed system has
a disease-free stationary state and two states reflecting the presence of one disease. We indicate condi-
tions for their existence and local stability. The conditions for the local stability for states reflecting one
disease have a complicated form, so we strengthened them so that they are more transparent. Investi-
gation on the existence of a postulated endemic state corresponding to both disease’s presence leads to
a complex analysis, which is why we only provide an insight on this issue. Here, we also provide the
basic reproduction number of our model and investigate properties of this number. The system has a
universal structure; as such, it can be applied to investigate co-infection of different infectious diseases.

Keywords: co-infection; S /S model; local stability; population heterogeneity; dynamical systems

1. Introduction

There is a large number of papers with mathematical models of epidemic dynamics. These papers
relate to both homogeneous and heterogeneous populations. By heterogeneous population we under-
stand a population with at least two subpopulations that differ in the risk of getting infected. Because
of convenience and lack of appropriate data, only two subpopulations are often distinguished. In re-
cent papers [1] and [2], one can find exemplary models of epidemic spread in such populations with
mathematical analysis.
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Nowadays, the risk of co-infections is increasing worldwide, including co-infections with COVID-
19 [3]. This increase is caused by, for example, increased people’s mobility [4], drug resistance [5],
impaired immunity after suffering from long COVID-19, and reduction of exposure to microbiota
caused by home isolation during the COVID-19 pandemic [6]. Also, getting an infection raises the
probability of simultaneous development of another illness [7]. Co-infection also boosts healthcare
costs [8] and number of deaths [9]. It is therefore essential to put an effort into reducing co-infection
cases. This reduction can be achieved by applying mathematical modeling. Thanks to mathematical
models of co-infection spreading and their mathematical analysis, one can predict co-infections and
implement proper therapeutic approaches. This is desirable since data concerning co-infections are
less accessible than for single epidemics.

Generally, models of co-infection dynamics are based on models that describe the spread of a sin-
gle epidemic. Hence, they have a more complex form and are, consequently, more difficult to analyze.
However, one can find literature dealing with mathematical analysis of co-infection spread. A recent
paper [10] conducted a systemic review of mathematical models. A model of general co-infection
for an acute and a chronic disease was presented in [11]. The authors in [12] proposed and analyzed
the model of COVID-19 and tuberculosis (7' B) infection. The same type of epidemics, together with
measuring impact on isolation, was investigated in [13]. Papers [14] and [15] provide mathematical
models for the spread of SARS-CoV-2 with hepatitis B virus and SARS-CoV-2 with human T-cell
lymphotropic virus type-I, respectively. The analysis of models concerning individuals suffering from
COVID-19 and kidney disease was presented in a recent work [16]. An interesting approach is pre-
sented in [17], where the authors investigated the co-infection of airborne and vector-host diseases,
namely COVID-19 and dengue.

Not only COVID-19 is investigated in co-infection modeling. Since HIV infection increases the
probability of developing T B [18], papers related to the modeling of 7B and HIV spread contribute
significantly to the literature. Authors in [19] distinguish two T B infected classes: fast and slow latent.
They also considered acute and chronic HIV-infected groups. A recent paper [20] focused on an anal-
ysis of a TB/HIV epidemic spread in Ethiopia, with two infected groups for each disease. Naturally,
other co-infections are also analyzed in the literature. Authors in [21] investigated the epidemic of
HIV and hepatitis C virus, whereas paper [22] dealt with co-infection of 7B and pneumonia.

In each paper described above, authors assumed that there is only one class of people that are not
infected with any disease; this means they are susceptible to both infections. This leads to situations
where the probability of co-infection is raised only by encountering a single infection. That supposition
implies no population heterogeneity for healthy individuals. Clearly, this case is not valid. Therefore,
there is a need to include heterogeneity in a susceptible class. While modeling an epidemic of a
single infection for a heterogeneous population, authors assume that values of parameters reflecting
a given subpopulation are the same. This assumption actually leads to the case of a homogeneous
population. To adequately describe the dynamics of infection, and consequently of co-infection, in a
heterogeneous population, one must consider different values of parameters for each subpopulation.
Such consideration makes the mathematical analysis of the model more difficult; thus, this approach is
uncommon.

Our paper aims to construct and analyze the mathematical models of co-infection in a heterogeneous
population consisting of two subpopulations. We assume that parameter values reflecting a given pro-
cess in each subpopulation differ. This assumption and the heterogeneity in the population make our
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paper novel among the literature considering the modeling of co-infections. In our model, we also
introduce a case of a spread of each disease not only among one subpopulation but also between sub-
populations. This introduction enables our system to be classified as a criss-cross model. We propose a
system of ordinary differential equations that is a S IS -type (susceptible—infected—susceptible) model.
In models of such type, there is no immunity after recovery and an individual becomes susceptible
again. Including heterogeneity constrains computations. For this reason, we do not incorporate a
recovered class to maintain explicit results of the analysis. Our model does not relate to particular
diseases. Hence, one can apply the obtained results to different infections. Such applications include
co-infections that combine sole airborne illnesses, such as 7B, COVID-19, or influenza, sexually trans-
mitted diseases, such as gonorrhea, HIV, and hepatitis B, or incorporate illnesses from both types.

This paper is a continuation of our work from [23] and [24], in which we investigated the criss-cross
model of epidemic spread of a single disease for a heterogeneous population. In [23], we conducted
the mathematical analysis of the model that was proposed in [25]. The aim of that analysis was to con-
firm, from a mathematical point of view, the medical hypothesis that stated that to control the epidemic
spread in the heterogeneous population, one must consider criss-cross illness transmission. Investigat-
ing such spread in a single subpopulation does not provide complete insight into the epidemic dynam-
ics. Because of the proposed model’s unexpected properties, such as a possible unbounded population
growth, we modified the system from [23] by assuming a constant inflow into each subpopulation. We
analyzed that modified system in [24] and again obtained consistency with the medical hypothesis.
Considering that the second disease in epidemic dynamics for a heterogeneous population is medically
driven by an increasing number of co-infections worldwide and different scenarios regarding individu-
als’ susceptibility can provide mathematical results that can help predict a co-infection course.

In [23] and [24], we focused on the stability analysis; we indicated stationary states appearing in
the given systems and determined the conditions for their local stability. In this paper, we also apply
this approach. The model presented herein relies on the system from [24].

The paper is organized as follows: In Section 2, we describe and introduce our model. Then we
find stationary states of the system and describe conditions for their existence. The basic reproduction
number of the model is computed in Section 4. The following section deals with local stability of the
found stationary state. We summarize our results in Section 7.

2. Formulation of a model and its basic properties

Let us first describe the assumptions concerning the proposed model. In a population, we indicate
two subpopulations, a low-risk (LS) and a high-risk (HS) subpopulation, relating to the risk of getting
infected. LS and HS have, respectively, lower and higher susceptibility to each disease. For every
variable and parameter, we assign a subscript i equal to 1 and 2 for LS and HS respectively. If i has
no assigned value, then i € {1,2}. By S and S ,, we denote a density of healthy people in LS and HS,
respectively. The variables I; refer to the density of individuals from the given subpopulation that are
infected by a pathogen of the disease that we call disease A (DA). Similarly, we define J; as the density
of individuals suffering from disease B (DB). The density of a group infected by pathogens from both
diseases is denoted by K;.

Migrating and newborn individuals join each subpopulation through S, class with a recruitment rate
C;. A natural death rate for each subpopulation is equal to u;. For DA, we introduce the transmission
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rates 511, 522, B12 and B,;, reflecting transmission among LS, among HS, from HS to LS, and from
LS to HS, respectively. These four different rates mean that DA differs in spreading and contracting a
pathogen. To get a preliminary insight on co-infection dynamics for the heterogeneous population, for
DB we assume that individuals differ only in contracting a pathogen. For this reason, we take only two
transmission coefficients for DB: o for LS and o, for HS. By vy, and g;, we denote the recovery rate
for DA and DB, respectively. The disease-mortality rate for DA and DB is depicted by «; and a;.

The proposed model of co-infection is

S1=Ci=BuSih —BuSih+yili — S — o1S1(Ji + L) + g1 1,
Iy = BuS 1L + BuaS 1L — (v + ay + u)ly — o1 L) (Jy + 1) + g1K1,
Ji = S1(J1 + 1) = (g1 +ar + pu)dy = Buily = B il + 1Ky,
Ky = o [i(Ji + ) + Buidy + Byl — (81 + ar + 1 + ay + u)K],
S2 = Cy = BnS2h = BarSa2li + y2la — (1282 — 028 2(J1 + Jo) + &2,
L = BnSaly + BoiSa2ly — (2 + ag + )b — 0 b(Jy + Jo) + 82K,
Jo = 0082y + 02) = (82 + @ + (2) o — B Jols — Bor oy + 12K,
Ky = 0o l,(J1 + o) + Bodols + Baroly — (82 + az + y2 + 2 + 1)Ko

(2.1a)
(2.1b)
(2.1¢)
(2.1d)
(2.1e)
(2.1f)
2.1g)
(2.1h)

Each parameter is fixed and positive. In particular, every parameter besides C; is in the range (0, 1).
If we assume that o, g;, a; = 0, the above system would reduce to the system that we introduced and

analyzed in [24].
Figure 1 is a schematic drawing of the proposed model.

a1:()1+)2)

62-(J14)2

62 (J14)2)

Figure 1. Possible movements between particular classes from system (2.1). The green
rectangles correspond to non-infected classes, the red rectangles reflect groups with one in-
fection, and the blue rectangles relate to co-infected classes. For the sake of transparency,
subscripts are expressed as regular symbols.
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In order to make the form of system (2.1) more transparent, we define:

kit=vyi+ai+u, ¢q=g+a+pu, r=g+aityi+aty.

(2.2)

Now we indicate the basic properties of the model. The form of the right-hand side of system (2.1)
implies that its solutions exist and are unique and positive for any positive initial condition. Let us
introduce a variable N; := §; + I; + J; + K; that naturally means a density of the whole HS or LS. After

adding both sides of Eqgs (2.1a)—(2.1d) or Egs (2.1e)—(2.1h), we get

N,' = S,' + j,' + j,’ + Ki = Cl' —,u,~N,~ —Q’ili —a,-J,- — (ai +a,~)K,~.

See that we can estimate Eq (2.3) from above by the inequality
N; < C; — u;N;,

which solution is

Ci\ e, G
Ni(1) < (N,-(O) - —) e+ —,
i Hi
For N;(0) > &, we observe a decrease of the population. Clearly, we have

Hi’

Si(0), Ii(1), Ji(1), Ki(t) < Ni(t) < Ny(0).

For N;(0) < %, we have a limited growth of the population, since

~ ¢, G
S0, Ii@0), Ji(0), Ki(t) < Ni(t) < =Ce™" + — < —,
i M
where C is any positive constant.
Now we estimate Eq (2.3) by
Ni >C;— (]Jl' +a; + a,»)N,-.
Combining inequalities (2.4) and (2.5), we get
Ci— (i + a; + a)N; < N; < C; — ;N
which produces the invariant set
Ci

Q: {(51,11,11,1(1,52,12,Jz,Kz)3 Si+Ii+Ji+K; €

it ai+a; [

(2.3)

(2.4)

(2.5)

This set attracts all solutions of system (2.1). We therefore conclude that the variables S ;(¢), I;(¢), Ji(t),

and K;(¢) are defined for every ¢ > 0.

3. Stationary states

In this section, we indicate stationary states of system (2.1) and determine conditions for their

existence.
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3.1. Non-endemic stationary states

Firstly, we find stationary states that are not endemic, meaning that at least one of their coordinates
equals zero.
We consider separated cases.

1) Firstly, let us assume that I; = J; = K; = 0. We immediately get the form of the disease-
free stationary state:

— —~ -~ C = C
Edf:(Sl,O,O,O,Sz,O,O,O), where Sl :_1’ 52:_2 (31)
Hi H2
Clearly, this state always exists.
2) Now, consider the case K; = 0. Without loss of generality, we take K; = 0. From Eq
(2.1d) for any stationary, state we have 0 = o1 11(J; + J») + B11J111 + B12J1 1, which implies
(L=0V/i+hH=0 A (L =0vL[=0 AN (J=0VvVL=0). (3.2)

Let us consider the first alternative from (3.2).

a) We first take I; = 0. From Eq (2.1b), we have 5,5 11, = 0, which yields S{ =0or/, =0. If §; =0,
then Eq (2.1b) gives the contradiction 0 = Cy + g;J;. If I, = 0, then from Eq (2.1h) we have K, = 0
and our system reduces to:

Si =0=Ci—u;S; —o:Si(J1 + L) + giJ;,

, (3.3)
Ji =0=0:5,(J1 +J2) — qiJ..

The above system’s form suggests that there is a stationary state with present DB and absent DA. We
will investigate the existence of such postulated state later. System (3.3) fulfills the case I, = 0 A I} =
0A L, =0 from (3.2).

Now, assume that I; = 0 A J; = 0 A J; = 0 holds. Then from Eq (2.1b), we get 81,5, + g1K; = 0.
It provides S| = O or I, = 0. Case S| = O linked to Eq (2.1a) yields the contrary, O = C,, hence we
must have I, = 0. Then from Egs (2.1c) and (2.1h), we get J, = 0 and K, = 0, respectively. We obtain
state Ey;.

It is easy to check that the case I} = O A J; = OA L, = 0O gives E;¢ as well. The case
ILL=0ANI; =0AJ;y=0isequivalenttol; =0AJ; =0AJ; =0.

b) Now assume that J; + J, = 0. This assumption obviously provides J; = 0 and J, = O.
From Eq (2.1g), we get J> = ¥, K>, giving K, = 0. We obtain the system

Si =0= Ci_ﬁiiSiIi_,BijSin+yi1i—/'1iSi’

. (3.4)
l; =0 =S il; + Bi;S il — kil

where j = 3 —i. The above system fulfills condition J; + J, = 0 A J; = 0 A J; = 0, emerged from (3.2).
If we take J; + J, = 0 and simultaneously one of the cases J; = 0A L =0, =0AJ; =0or
I} =0 A I, =0, then we obtain E;.

Mathematical Biosciences and Engineering Volume 22, Issue 5, 1055-1080.



1061

3) Now suppose that I; = 0. From Eq (2.1b), we get 0 = B8, + g:K;. From S, = 0, we
get I, = 0, which gives system (3.3). Choosing K; = 0 leads to system (3.4).

4) Consider J; = 0. Then Eq (2.1c) yields 0 = 0151/, + v1K;. Both cases J, = 0 and
K, = 0 provide system (3.4).

5) Assuming I; = 0 A J; = 0 leads to state E ;.

6) Supposing I} = O A K; = 0and J; = 0 A K; = O results in systems (3.3) and (3.4), respec-
tively.

Reasoning from points 1)-6) conducted for the variables with subscript 2 gives the same con-
clusions.

System (3.4) appears in our previous paper [24]. The solution of this system provides the en-
demic state E* = (§7,1}, S, I3). This state is the projection of the state

Ey=(S%,1;,0,0,53,13,0,0), S&,I'>0, (3.5)

1271

onto the non-negative subspace (S;,1;,S», 1) € R* State E, reflects the presence of DA and the
absence of DB. Observe that adding both sides of Eqs (2.1a)—(2.1b) and Eqgs (2.1e)—(2.1f) for E,
yields 0 = C; — u;(I; + S ;) — a;l;, providing

_ G- S

I; .
Hi + @

(3.6)

Relying on results for state E* from [24], we formulate conditions for the existence of state Ej4.

Proposition 1. In System (2.1), there exists the stationary state E, defined in (3.5) that reflects the
presence of disease A and the absence of disease B. This state exists if at least one of three cases

holds:
1) piiC = miky;
2) B2Cs > woky;

3) BiCi < pik; and
(uiky = B11Cy) (Uaky = B22C2) < B12B21C1Co. (3.7)

For E4, we have

k:
0<S;<—, max

12

(0’ BiCi _,Uiki) << BiiCi '
Hi + @i i + @
Now we focus on system (3.3). Equation (2.3), being the sum of equations from this system,
simplifies to N; = 0 = C; — u;S; — (u; + a;)J;, which gives
_Gi— (i +a)J;

Mi

Si (3.8)
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Computations concerning this system indicate the expected stationary state. Observe that the struc-
ture of system (3.3) is analogous to the structure of system (3.4). Based on this analogousness and
Proposition 1, we formulate the following proposition concerning the other stationary state.

Proposition 2. In System (2.1), there exists the stationary state

Ep:=(5,,0,/,,0,5,,0,/,,0), §,J;>0, (3.9)
with present disease B and absent disease A. This state exists if at least one of three cases holds:
1) o1Cy = qy;

2) 02Cy 2 prqo;
3) oCi < piq; and

C C
EAL N ST (3.10)
H191 H242
For Eg, we have
5 i iCi — g, - iCi
0<S;< i, max(O,w) <[ < 0-—.
ii Hit+a; i +a;

3.2. The existence of the endemic stationary state

Now we investigate the endemic stationary state, reflecting the presence of both diseases A and B.
Since it is difficult to obtain its explicit form, we limit our investigation to indicate some properties
concerning its existence. Let us define Z; := I; + J; + K;. Obviously, variable Z; is the density of
individuals from the particular subpopulation infected by disease A, B, or both. Summing both sides
of Egs (2.1b)—(2.1d) gives

Zy =BuliS1 + PubS1 —giJi —ai(J; + Ky) + o1 S1(Jy + ) — iy — i Zy — aq () + K).

From the above equation for the postulated endemic state, we have

_ gih+ai (T +K)+yiL + iz +a1(I) + Ky)

S 3.11)
: Buli + Bl + o1(Ji + Ja)
Equation (2.3) and definition of N, for this state yield
1
Sl = Iu— C1 —,Lll(ll + Jl + Kl) — aqll —611.]1 — (a1 +611)K1 . (312)
1
Since §; > 0, one must fulfill
C1 >,Ll](11 + Jl + Kl) + aqll +611J1 + (CY] +a1)K1.
Combining reorganized Eqs (3.12) and (3.11), we get
(Cl - +J)—ally —aJ; — SlKl)(ﬁllll + B2l + o1 (J; + Jz)) (3.13)

= ,Ul(klll +wiJy + SlK]),
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1063

where s1 := a1 + a; + and wy := g ta + .

From Egs (2.1a)—(2.1d), we get the formula for coordinates S, 11, J;, K;:

Ci+gJi +nilh

o Buly + Bl +pu + o (Jy + o)
I = B12S1hL + g1K;
o1(Ji + ) + kil - BuSi’
J, = 01812 + 71K,
q1 + Bl + Bk — 01§,
K, = BuliJy +BiJilh + o 1 (J; + Jz)‘

r
Positivity of coordinates /; and J; yields inequalities:

Ji+ D)+ k1
Sl<0'1(1 2) L S

q1 +Buli + Bl
1 < .

ﬁll (on]
Combining the above dependences with condition (3.14a), we get
o(Ji + L)+ kil g1+ Buli + Brb
B ’ 01

If we substitute Eq (3.14d) into the above inequality, we get

C < min(

@ +a; +
C1 >,ul(11 +Jl)+6¥111 +(11]1 + u
r

(,81111]1 +BiJilr + o 1/ (J; + Jz))-

(3.14a)
(3.14b)
(3.14¢)

(3.144d)

)(0'1(11 + o) +up + By +ﬁ1212) -l — gy

Observe that the reasoning presented in this subsection can be applied to variables with subscript 2.

This application provides another condition for the existence of the postulated endemic state.

4. The basic reproduction number

In this section, we find and investigate the basic reproduction number R, of system (2.1). According
to the definition from [26], R, refers to the number of new infections produced by a single infectious
individual in a population at a disease-free stationary state. To compute R, we will rely on the next
generation method described in [26]. In this section, we provide a sketch of computations leading
to the formula for R,. We consider the subsystem of system (2.1), including the equations only for

infected variables: ’
[jl’jl7kl’i2’j2’K2] :T_(V’

where vector ¥ concerns the terms related to new infections, and vector V reflects the remaining

processes. These vectors read

BuS1l + B1aS 1l
o181(J1 + J2)
o1i(Jy + J2) + Budili + BiaJi s
B2S2l + 21821
0282(J1 + J2)

| by, (Jy + J2) + Baa oy + Biodal |

Mathematical Biosciences and Engineering

kily + o (Ji + J2) — 81K,
q1J1 + Buily + Brod1l — y1K;
rk;
kol + o211 (Jy + J5) — 8K
G202 + Bndaly + B2l — 72 K>
K,

Volume 22, Issue 5, 1055-1080.
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respectively. We construct matrices F and V that are the Jacobian matrices of # and V evaluated at
E4s. These matrices have the form

ﬁllil ﬁlZEl 0 0 0 0] [k, 0 0 O —g; O]
B2S2 BnS, 0 0 00 0 kb 0 0 0 -g
F 0 0 0'1S1 0'1S1 00 0 O q1 0 -1 0
= — — . V= s
0 0 0'252 0'2S2 00 0 0 0 q2 0 =2
0 0 0 0O 00 0O 0 0 0 n 0
0 0 0 0 0 O] 0 0 0 0 O r
Then we compute FV~! and obtain
_,311§ %El 0 0 gkllﬁrlllgl %E
ds, &5, o o by, &b
oIC. OIQ. NoOIQ NoQ
pvt=| O 0SS S e S
(%) (%) 1072 2072
0 0 52 552 58 oS
0 0 0 0 0 0
0 0 0 0 0 0

The basic reproduction number is the spectral radius of the matrix F V-1, The eigenvalues of this read
/1123—0/14—0-1514- Sz,al'ld

1 — — =
Ase = T (kz,BnSl + kif0Ss F \/(kzﬁnSl kiB2S2)* + 4kikoPr1ofaS 152)
1

We finally get
R() = max(/14, ).6)

See that A4 consists of terms relying to only infection B, whereas A refers only to infection A.
Now we formulate the theorem relied on the dependence between A4 and Ag.

Theorem 4.1. Ry = A4 if

—— —— (o, oo\ o ol —
$182(812821 — Br1Bi2) < 5152( —2 2 1)+ — 57+ 2282, 4.1)
qi q2 q1 q>2
where
kio;
m:h4@5—my 4.2)
qi
and
— (20 200
S (—1 - kzﬁn) +8, (— - klﬁzz) (4.3)
q1 q>2
Proof. Observe that 44 > Ag if
\/(k2ﬁ11§1 — kiff0S5)? + 4kiko312B21S 1S < 2Askiky — ko1 St = ki3S (4.4)

Mathematical Biosciences and Engineering Volume 22, Issue 5, 1055-1080.
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Under fulfillment of
20k ky > kyB11S 1+ kifnS, 4.5)

we raise both sides of inequality (4.4) to the square and transform the result to

§1§2(ﬂ12,321 —B11P12) < As(Ay — k2,311§1 - k1ﬁ22§2)-

Using the definition of 44 in the above inequality and transforming the obtained expression, we get

- oS, S e =

S182(B12B21 — Pr1Pr2) < [f + ; 2) (S 1y + Szuz) ; (4.6)
1 2

where u; 1s defined by Eq (4.2). We rewrite inequality (4.6) as inequality (4.1). Inequality (4.5) with

the definition of A4 can be transformed into inequality (4.3).

Let us strengthen the assumptions from Theorem 4.1 so that we obtain more explicit ones. Suppose
that u; > 0, which can be written as
Biigi < kio. 4.7)

Then condition
Uy Ol

+ > B12B21 — Br1Pi2 (4.8)
qi q2
suffices fulfillment of inequality (4.1). Moreover, if
20','
Biqi < T’ (4.9)
3-i

then inequality (4.3) is always true. Combining inequalities (4.7) and (4.9) yields

3—i

20,
Biiq; < max (kiO'i, ki) . 4.10)

We conclude that
Corollary 1. If inequality (4.10), then Ry = A4.

The above corollary confirms the obvious dependence that if the transmission of infection B, repre-
sented by o7, is sufficiently stronger than the transmission of infection A between different subpopula-
tions, reflected by S;;, then infection B plays a bigger role in the whole population.

Observe that if in inequality (4.3) we replace sign > by sign <, then A4 < Ag. It yields Ry = A,
which is the same as R, for the system with one infection from [24].

From a medical point of view, the desirable situation is when R, < 1. Let us check when this case
holds. We formulate the theorem

Theorem 4.2. For system (2.1) Ry < 1 if

25+ 225, <1, (4.11)
qi q>
K
S <= 4.12)
Bii
and s _
B12621S 1852 < (B11S 1 — k1)(B22S 2 — k). (4.13)
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Proof. Condition (4.11) is obvious from the definition of 44. The part of the proof related to A4 is
similar to the proof of Theorem 4.1. The inequality 4¢ < 1 can be transformed into

\/(kzﬂn§1 — kiB22S2)? + dkikoP1ofiS 1S < 2kika — (koS + kiBaaS)). (4.14)
Under condition
2> @E + @3“2 (4.15)
ki k>

multiplying both sides of inequality (4.14) yields
B1oBaS 1S, < kika — koS — k1S + B11B12S 152,

which can be written as inequality (4.13). The right-hand side of inequality (4.13) must be positive. It
is true when §; > ;1;_ or (4.12). The first case is contrary to inequality (4.15). Hence, inequality (4.12)

must hold, which is stronger than inequality (4.15).
If is easy to check that inequality (4.13) is opposite to inequality (3.7) from Preposition 1 discussing

the existence of state £,. Similarly, inequality (4.11) is opposite to inequality (3.10) from Preposition 2
providing conditions for the Ep existence.

5. Local stability of stationary states

Now we investigate the local stability of states E;r, E4, and Ep. The Jacobian matrix of system
(2.1) can be written as J = (M1 Mz), where

G, —BusS1 + —o181+ &1 0
Fy BusSi—ki —o1(Ji +Jp) —o 11, 81
o1(J1 + J2) —Budi ocSi—-q—F1
M, = 0 o1(J1 + J2) + By ol + F —r
0 —,82152 -8, 0
0 B21S 2 -0l 0
0 —Ba1 > —038, 0
0 Ba1J> o2 lh 0
and
0 —B128 1 -8 0
0 B12S 1 -0l 0
0 —B12J1 o181 0
M, = 0 B2/ ol 0
G —BnS2 + 2 —0282+ & 0
F, BnS2—ky —o2(Jy + J2) -2y 82
o2(J1 + J2) —B2nJ> o2S2—qa—F> 7
0 or(Jy + o) + Brnds o2 + F -1
with

F;:=Fli, ) = Bil; + Bijl;, Gi:=Gi(l,1,J1,)2) =-Fi—pui—o(Ji +J), j=3-1i
We start from the local stability of E,y.
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Theorem 5.1. E; is locally stable if Ry < 1.

Proof. The Jacobian matrix for state E;¢ reads

1 PBuSi+yr —oSi+g 00 —BraS 1 -8, 0
0  BuSi—k 0 g1 O B12S 1 0 0
0 0 0'1:9\1 —q1 Y1 0 0 01§1 0
0 0 0 -rn 0 0 0 0
0 —B21S2 —038> 0 —py —BnSr+y: —02S2+8 0
0 B21S2 0 0 0 pBuSr—k 0 82
0 0 —O'z§z 0 0 0 02§2 —q2 Y2
0 0 0 0 0 0 0 —r

Immediately, we get four negative eigenvalues: —u;, —u,, —ry, —r,. The remaining eigenvalues are the
zeros of the characteristic polynomial of the matrix:

B11S| — ki AO Bi2S, OA
0 o181 - qi 0 o185
B21S2 0  BnSo-k 0
O —0'252 0 0'252 — {2

This polynomial reads P(1) = P1(1)P,(1), where
Pi() = 22— (BuS | — ki +B2S2 — ko)A + (B11S1 — k) (BS2 — k2) — B12BS 152
Py() = 2% = (018 = q1 + 0282 — @) A+ (1S 1 — @) (0282 — q2) — 71028 1S 5.

It is easy to check that their discriminants are positive. The zeros of P, are negative if inequalities
(4.12) and (4.13) hold. Analogously, P, has negative zeros if

01§1—41+0252—Q2<0 (5.1)
and
01851 =q 0282 — q2) > 010251S». (5.2)

Inequality (5.2) can be transformed into inequality (4.11). According to Theorem 4.2, merging in-
equality (4.11)—(4.13) yields Ry < 1. Inequality (5.2) yields two exclusive possibilities: o;S; > ¢;
or

O-i:g\i < (q;. (5.3)
The first case is contrary to inequality (5.1), whereas inequality (5.3), under condition (5.2), yields
inequality (5.1). Hence, we replace inequality (5.1) by inequality (5.3). We rewrite inequality (5.3) as

§,‘ < &

i

Observe that the above inequality is weaker than inequality (4.11); hence, it is omitted in the thesis of
Theorem 5.1.

Theorem 5.1 is in line with the analogical result from [24], where we also obtained the local stability
of the given disease-free stationary for the basic reproduction number smaller than one.
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5.1. Local stability of E4

Now we provide a theorem guaranteeing the local stability of state Ej4.

Theorem 5.2. E, is locally stable if

i ki
Yi cgr< L, (5.4)

ii Bii
(k1 = BiiS (ks = B22S3) > B12B21S 1S 5, (5.5)
Bili +Bil; +qi > oiSi,  j=3-1, (5.6)

rr

SIS < 42, (5.7)

g10)
riBali +Bijl; — 0S| + qi) > viBul; + Bijl; + o)), (5.8)

”'.
(j(ﬁjjl_; +Bli — 0S5 +4q) =Bl —Bili - f’jlj)
J

'(ﬁiili +Bij1j —O'l'Si +qi+l"i) >O—iSi —SJ-+O'J'IJ- , J= 3—1,
Vi
and
2
1—[ (rm(ﬁmml;:l +ﬁmj1; - O-mS; + Qm) - Ym(ﬂmmI; "'ﬁmjljf + O-mlj;q))
m2:1 (5.10)
> l—[(rmO'mS,*n + YmOul,), j=3-m.

1

3
I

Proof. Let us rearrange matrix J(E,) so that the characteristic polynomial of the new matrix remains

M: M
the same. We get M* = ( 01 2), where

M;
=Buli =Bl —m =BusS|+n 0 —B12S]
M = Bul; + B2 BuiS] _*kl ) 0 * ,312;9’{
0 —B21S5 Py —Buli — 2 —BnS;+ 12
0 B21S; Bl + Bl BnS; — ks
and
—Buli =Pl +o1ST—q1 7 018 0
M = Bul; +ﬁ121§ + o1} —r * 0'1*11‘ * 0
02S; 0 —Bul—puli+0285—q 72
0'2[;< 0 ﬁzz[é -|-ﬁ2111= +O'2[; it &)

The form of M3 € M4(R) is not needed for further computations.
We start by investigating matrix M7. To simplify computations, we define auxiliary notations:

a; :,81'1'[7 +ﬁij1;<’ U; :ﬁii‘sj -Y, ti=k —,B,','S;-k, Zi :,BijS;-k, where j=3-1i. (5.11)
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Thanks to this simplification, matrix M7 reads

—ay —pp U 0

M= a —I 0 4
1 0 _ _ _ _
22 a — U u
0 2 a, —t

The characteristic polynomial of M} has the form

Pi(1) := 22+ 38 + 022 + 14 + o,

where

cz=ayt+a+1t+t+u + u,

cy = (ay +pi)(ar + o) + (t + h)(a) + ax + py + o) + ajuy + axuy + i) — 2122,
cr =ajax(ty + t +uyp + u) + it + 1) + tit(ar + az) + apa(ty + 1 + uy)

+ axpi(t + 1 + up) + ajugty + axunty + (L + o)1tz — 2122),
co = ajax(ty + uy)(tr + up) + arbpo(ty + uy) + axtpy (tr + uo) + ppa(titz — 2122).
Observe that if
u; > 0, t; > 0
and

titp — 2122 > 0,

(5.12)

(5.13)

then each coefficient of P; is positive. Hence, from Descartes’ rule of signs, we get that P, has real

negative roots or complex roots with negative real parts. Substituting definition (5.11) into inequalities

(5.12) and (5.13) provides inequalities (5.4) and (5.5), respectively.
Let us focus now on matrix Mj. After using notations:

t; :ﬂl’ilgk +ﬁlJIj - 0'le + g, a; :ﬂiilgk +ﬁljlj + O'ilgk,
S,‘:O',‘S;F, yi:O',‘Ii*, where j:3—i,
we rewrite M as

= y1 S 0

M = a —r yi 0
3 ) 0 -t Y2
2 0 a —n

The characteristic polynomial of the matrix reads P3(1) := A* + ¢34 + 4% + ¢4 + ¢, where
Cc3 =t1+t2+r1+r2>0,

cy =(r +1)(ry + 1) = 8182 + rity —yia; + nb — ya,
=

2
cr = Z ((fj + ri)(t3-jr3-j — y3-jaz_;) — s j(r3-js3-; + 73—j)’3—j)),

co = (Y1a1 — rit)(y2a2 — aty) — (151 + Y1y1)(r282 + y2y2).

Mathematical Biosciences and Engineering
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Let us investigate the signs of the coefficients of polynomial P;. Observe that if inequality (5.6)
holds, then ¢, #, > 0, which yields c; > 0. Conditions ryr, > sy, and r;t; > y;a;, which can be written
as inequalities (5.7) and (5.8), respectively, yield ¢, > 0. See that ¢; > 0 if (#; + r)(t;r; — y;a;) >
si(rjsj +vy;y;) for j =3 — i, which we transform to

(t+r)(rjt a)>s(rjs +y)
R PR A 5, T)
Using expressions from (5.14), we rewrite the above inequality as inequality (5.9). Condition ¢y > 0

can be written as

2 2
l—[(ymam — Fly) > l—[(rmsm + YViuYm)

m=1 m=1

With (5.14), the above inequality transforms into inequality (5.10).

Now let us strengthen conditions from Theorem 5.2 providing the local stability of E, so that they
have a more explicit form. Observe that the condition

sr< i, (5.16)
O
yields fulfillment of inequality (5.6). Moreover, from definitions (2.2), clearly we have r; > g;. Hence,
inequality (5.16) implies inequality (5.7).
Again relying on (2.2), we get r; > ;. Instead of inequality (5.8), it is therefore enough to investigate
the inequality

*
i

ri(qi — oiS7) > vioil,

If inequality (5.16) holds, then the left-hand side of the above inequality is always positive. Using Eq
(3.6), we transform this inequality into

ria — Ciyioi

* i9i Qitpi
D (5.17)

r.o-. —_ yl l/“l’l

U aitp

From the definition of 7;, the denominator of the right-hand side of inequality (5.17) is positive if
(8 +a;i + @ + )i + @) + yia; > 0,

which is always true. The positivity of the numerator of the right-hand side of inequality (5.17) is

maintained if

rigi(pi + @)
YiOi '

Now observe that since r; > 7;, inequality (5.9) can be, under fulfillment of inequality (5.16), strength-

ened to

C < (5.18)

rio;
(q) = /(S5 + 1)) - Ball + Byl — oiS; +qi +11) > S| (;—j’S;‘. + ajlj) . (5.19)
If inequality (5.16) holds, then one must fulfill
« o i
ST+ < —. (5.20)
(o]

Mathematical Biosciences and Engineering Volume 22, Issue 5, 1055-1080.



1071

so that inequality (5.19) makes sense. Using Eq (3.6), we transform inequality (5.20) into

L i+ ai) — Cio;

S; 5.21)
g,;;
which is reasonable if
< M (5.22)
O

Observe that inequality (5.22) is stricter than inequality (5.18). Rewriting inequality (5.19), we get
Bil; +ﬁijf}7)(q/ —oi(S;+ 1}7)) +(gi +1)q;

v
> (_I - 1)0'1025TS§ + (O-iC[jS;'k +(qi + r")o-f(Sj' + I;))
Y

Using again Eq (3.6), we transform the above inequality into

ﬁ,‘jO’j/.l? IBIu Oilj v

- - . L s [L- 1 S*S:
(/Jj+a’j)2( J) ,ui+a'i l‘t]+aj 2 (yj 712 2

+( BiCi B,-,-C,-) Tl o Piitti (qj_ o€ )S*

J J
Hita; Ujta; uj+cxj Hjtaj Mj+a;

S (0 \BIC ) | B )
/lj+Q’J

Mt a; M+ Mt a;

i+ ri)o
+0'iqu;-"+—(q )7 +(qi +ri)g; >0, j=3-1i

Hjta;

(5.23)

Now we use the dependence r; > vy, and transform inequality (5.10) into

2 2
n (rm(qm —0uSr) — )/mO'mI;) > n(rmO'mS; + YmOml),

m=1 m=1
which can be simplified to

Trs + 1+ 2285+ < 1. (5.24)
q1 q2

Clearly, inequality (5.24) is stricter than inequalities (5.16) and (5.21).
Using Eq (3.6), we rewrite inequality (5.24) as

2 (0'](5 a/]+C))
Z <1. (5.25)

= q;(u; +aj)

We finally conclude that
Corollary 2. If (5.4), (5.5), (5.17), (5.22), (5.23) and (5.25), then E, is locally stable.

Let us treat the left-hand side of inequality (5.23) as a quadratic trinomial P(S7). If inequality (5.22)
holds, then the condition C; > ¢S suffices for the constant of P(S;f) to be positive. Hence, the form
of P(S ’;) implies that inequality (5.23) is true for 0 < § ; < 8, where § is the positive zero of P(S ;).
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5.2. Local stability of Ep

Now we provide the theorem indicating the conditions for the local stability of state Ep:

Theorem 5.3. Ey is locally stable if

- kl
S <=, (5.26)
Bii
R rir
S, < , (5.27)
2 B12B21
ri(o-i(jl +J2) = BuS: + ki) > gi(O'i(jl +J5) +,3iiji), (5.28)
r; _ _ _ _
(g—J(O'J(Jl + Jz) _ﬁjij + kj) — O'J'(Jl + Jz) _IBjij)
! . (5.29)
: (O'i(jl + 1) — RS +ki+ri) >ﬁ12ﬁ21gi(j§j+ J_j)» J=3-1i,
J
2
l_[ (gm(o-m(Jl + JZ) +Bmm-]m) - rm(o-m(Jl + JZ) _ﬁmmsm + km))
" (5.30)
> l_[ (rm,ijS_m + gm,ijJ_m), j=3-m.
m=1
.. ) ) ) M, M,
Proof. Similarly as in the proof of Theorem 5.2, we transform matrix J(Ep) into Mp = 0o il
3
where ) . ) .
—ﬂ1—0:1(J1_+J2) —0'1_514‘81 0 —0'1_51
M, = o1(J1 + 1) oiS1—q o o118
0 —0253 —p2 = 02(Ji +2) —0a2Sr+ g
0 0282 o2(J1 + J2) 0282 — @2
BuiSi — ki — o1(Jy +_f2) 81 ,3125'_1 0
W = o1(J1 +J2) + Bty -r ) B 0
: B2Sa 0 BnS, - ky + o2 (Jy +_Jz) 82
Ba1J> 0 o2 (J1 + Jo) + B> -
We start from matrix M;. After using notations:
a=ci(J1+h), si=cS., ti=q—-7S, (5.31)

we transform M, to

—a;— {1 g1 — S 0 -5
_ a -1 0 S
Ml = O
—82 —ay — My & — 82
0 AY) ar -1
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The characteristic polynomial of matrix M, reads P;(1) = A* + ¢34 + ;4% + ¢14 + ¢y, where

ci=ay+a,+t +h+y +y,,
Cy =ty — sy +ay(s1 — g1) + ax(sy — g2) + (11 + )(ar + 1 + ax + o) + (ar + pp)(as + wo),
c1 = a1ax(sy + 52— g1 — 82) + (U1 + ) (t1ty — s152) + ar(tz + u2)(s1 — g1) + ax(ty + p1)(s2 — £2),
+aiti(f + ) + axtr(ty + py) + (a1az + )t + ) + arhps + axtipy,
co = (tita — s152)(ip + a1a2) + artr(ay + p2)(s2 — &2) + tia(aipy + axpty)
+ apti(ar + p1)(s1 — g1) + arax(sy — g1)(s2 — &2) + a1az5153.
Observe that if
S1> g1, 2> g, (5.32)
and
Hty > 8§15 (5.33)

then ¢,,c1,co > 0. Hence, from Descartes’ rule of signs, we get that P, has real negative roots or
complex roots with negative real parts.
Using definitions (5.31), we rewrite inequality (5.32) as inequality (5.6) and inequality (5.33) as

25+ 228, < 1. (5.34)
q1 92

Now we focus on matrix M. With the use of expressions,

ti=oi(Ji + 1) = BiS i+ ki, a; = o:(J; + o) + Bl

G 7 . . (5.35)
si =BijSi, yi=pijJi, where j=3-1i,

we rewrite M5 as
-1 &1 51 0
Y a —r oy 0
M; = So 0 - &
2 0 a -n
which has a similar form as matrix M} from (5.15). This similarity allows us to apply reasoning for
M;; to M3. Analogically to conditions (5.6)—(5.10), we obtain inequalities (5.26)—(5.30).

Similarly as for Theorem 5.2, let us strengthen conditions from Theorem 5.3 providing the local
stability of Ep. Since r; > g;, we replace inequality (5.28) by

ri(k; _ﬁiigi) > giﬁiiji, (5.36)

which obviously requires fulfillment of inequality (5.26). Using Eq (3.8), we express the above in-
equality as
ripi + apki — CiBig;

Sl‘ < s
ﬁii((ai +yit i+ pp + ria'i)

(5.37)

under fulfillment of
< ri(pi + a;k;

Ci
Biigi

(5.38)
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Again using the dependence r; > g;, we simplify inequality (5.29) to
7 s = = 5 s (Ve |7 . :
;(kj —,Bjij) = Bjil; (O'i(Jl +J2) = BaSi+ki+ ”i) > BiofaS ;Sj +Jl, j=3-i (539
J J

Since inequality (5.26) holds, it is enough that inequality (5.36) holds so that inequality (5.39) makes
sense.
Inequality (5.30) can be strengthened by

2 2
n (gmﬁmm-]m + rm(ﬁmmgm - km)) > 1—[ (rm:ijSm + gmﬁmjjm),

m=1 m=1

which can be expressed as

(B11B2 — P1aB1)(g1 1 + 1S 1)(gaJs + 12S»)

_ - _ - (5.40)
+ Brikara(riS1 = g1J1) + Bakari(r2S2 — g2J2) + rinkiky > 0.
The above inequality is always true if
B11B2 > B2 (5.41)
and
rSi> gl (5.42)
Using Eq (3.8), we rewrite inequality (5.42) as
5 Cigi
S.> & (5.43)

Higi + [ty + it

Let us compare inequalities (5.26) and (5.27). Observe that r; > k;. Moreover, if inequality (5.41)
holds, then inequality (5.26) is stronger than inequality (5.27).
Finally, we conclude that

Corollary 3. If inequalities (5.26), (5.37), (5.38), (5.39), (5.40), (5.41), and (5.43) hold, then Ep is
locally stable.

6. Postulated local stability of the endemic state: numerical simulation

In Subsection 3.2, we provided only a slight analysis of the existence of the endemic stationary
state Eg, with two diseases present. We are therefore not certain if this state exists. Furthermore, the
complexity of the proper Jacobian matrix does not allow us to obtain the explicit conditions for local
stability of such a postulated equilibrium. However, the conditions from Theorems 5.2 and 5.3 restrict
a set of parameters’ values guaranteeing the local stability of existing states E4 and Ep. Such restric-
tion suggests that there should be ranges of the values for the Er local stability under its existence.
Indicating these ranges is difficult, even numerically, because of the system’s intricacy. For this reason,
for each parameter, we only give specific values that yield the desirable local stability. We rely on the
values from [10] that concern 7B and COVID-19. In our system, these diseases correspond to diseases
A and B, respectively. Since paper [10] relates to co-infection dynamics in a homogeneous population,

Mathematical Biosciences and Engineering Volume 22, Issue 5, 1055-1080.



1075

we arbitrarily choose the values of incompatible parameters from our system. These values are chosen
so that we reach the Eg local stability. In Table 1, one can find the taken numbers.

Table 1. The parameters’ values providing the local stability of postulated state Ex. Each
value has the unit day™'. The values of C;, C,, B12, B21, B are indicated discretionally,
whereas the remaining numbers can be found in [10].

Symbol Value

C 130

G 10

Bu 2107
B 8107
B 3.10°
ﬁzz 6.5-107°
o, 0, 55-107°
Yiy: 002

Hi, M2 m

g1, &2 0.015
ap, @ 0.004
ay, dp 0.0018

3000

2500 -

N —
Y 2
1500 —J2

™ K2

Yo

0 200 400 600 800 1000 1200 1400 1600 0 200 400 600 800 1000 1200 1400 1600
day day

(a) (b)
Figure 2. Dependence of the infected variables for the low-risk (a) and the high-risk (b)
subpopulation of system 2.1 on time. Each curve for the particular variable has a different
color. In Figure 2(a) the curves for variables J; and K; merge because of the similar values
of these variables.

We illustrate the local stability of E on the plots showing the dependence of the system’s solution
on time for each particular variable. For the illustration, we use the Matlab software, which provides
a built-in ode45 function. This function numerically solves a given differential equation system for a
specified initial condition [27]. For the simulation, we take the parameters’ values from Table 1 and
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the arbitrarily chosen initial condition
(5100, 1,(0), J1(0), K1(0), S 2(0). 1(0), J2(0), K»(0)) = (5000, 100,300, 10, 500, 60, 70, 5).

Figures 2-3 depict the result of the simulation. For the figures’ transparency, we show plots for the
infected variables for each subpopulation and the non-infected variables in separate picture graphs. The
obtained figures suggest the existence of the stationary state E, that is locally stable for the parameter
values from Table 1.

Now for the illustrated example of epidemic, we depict the relative sizes of the infections for time ¢
that we define by ratios:

I(1) + K () _ L)+ K0

_ L)+ L() + K (1) + Ky (1)
Lorko PO o RO

R\(1) := (@) + () + Ki(f) + Ko (1)

These ratios correspond to LS, HS, and the whole population, respectively, and in our case represent
the number of 7 B-infected individuals relative to the number of COVID-infected ones. Figure 4 shows
the dependence of the relative sizes on time.

For the last point of the simulation timescale, i.e., f = 1600, we get R (f) = 0.1176 and R,(f) =
0.3432. Plots from the figure suggest the convergence of each relative size. We therefore state that
for the stabilized co-infection epidemic, for one 7 B-infected person, there are approximately nine and
three COVID-infected people in LS and HS, respectively.

7000 1
1
6000 [
S,
5000
o 4000 F
%)
O 3000

2000

1000

0 200 400 600 800 1000 1200 1400 1600
day

Figure 3. Dependence of the non-infected variables of system 2.1 on time.
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1.6
— low-risk
1.4 — high-risk
—total
il
©
0 1 1 1 1 1 1 1 |
0 200 400 600 800 1000 1200 1400 1600

day
Figure 4. The relative sizes of the infections.

7. Conclusions

In this paper, we proposed and analyzed the continuous-time model (2.1) describing co-infection in
a heterogeneous population, in which we distinguish two subpopulations. These subpopulations, low-
risk LS and high-risk HS, differ in the risk of getting infected by any of two diseases, called disease
A (DA) and disease B (DA). The values of the parameters for every subpopulation are different, which
guarantees complete population heterogeneity. System (2.1) has three stationary states: disease-free
(Eqf), with sole DA or DB (E, and Eg). We also suspect that the endemic state, with two diseases
present, exists, but we did not manage to prove it because of complicated computations. State E;¢
exists unconditionally, while provided conditions determine the existence of £, and Ep. For state E,,
we only gave insight into its existence because of the complexity of the computations. For system (2.1),
we computed the basic reproduction number Ry. This number is the maximum of two terms, whose
forms depend on parameters corresponding to the particular sole infection. Later, we investigated the
local stability of the stationary state. State E,; is locally stable if Ry < 1, which is expected. Analysis
of the local stability for £, and Ep provided the list of conditions. Importantly, the parameters from
both diseases affect the local stability of both states.

The proposed model expands the system from [24], where we investigated the epidemic dynamics
of one disease in heterogeneous populations. In that system, there are only two stationary states: the
disease-free state and the endemic state, which is a counterpart of state E4 of system (2.1). The results
for their local stabilities are analogical to those for state E;r and Ey in this paper.

The next step of our work will be an analysis of the proposed model with some assumptions sim-
plifying this form. We hope to obtain the endemic state of the simplified model and get explicit results
concerning its local stability.
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