MBE, 22(10): 2720-2760.
% DOI: 10.3934/mbe.2025100
AIMS Received: 05 May 2025
EE Revised: 30 June 2025
Accepted: 15 July 2025
http://www.aimspress.com/journal/ MBE Published: 27 August 2025

Research article

Backward bifurcation and periodic dynamics in a tuberculosis model with
integrated control strategies

Dipo Aldila'>*, Chidozie Williams Chukwu?®, Eka D. A. Ginting', F. Fatmawati*, Faishal Farrel
Herdicho*, Mohammad Ivan Azis’ and S. Sutrisno®

! Department of Mathematics, Faculty of Mathematics and Natural Sciences, Universitas Indonesia,

Depok 16424, Indonesia

Innovative Mathematics and Predictive Analytics for Complex System and Technology Laboratory
(IMPACT Lab), Universitas Indonesia, Depok 16424, Indonesia

Department of Mathematical Sciences, Georgia Southern University, 65 Georgia Ave., P.O. Box
8093, Statesboro, Georgia 30460, USA

Department of Mathematics, Faculty of Science and Technology, Universitas Airlangga, Surabaya,
Indonesia

Department of Mathematics, Hasanuddin University, Makassar, Indonesia
Department of Mathematics, Diponegoro University, Tembalang, Semarang 50275, Indonesia

* Correspondence: Email: aldiladipo@sci.ui.ac.id.

Abstract: In this study, we present a unified mathematical model for tuberculosis (TB) that
integrates key interventions: Mask use and media campaigns to raise community awareness and
promote vaccine booster uptake. The model also incorporates slow—fast disease progression and
limited treatment capacity. A mathematical analysis was conducted to determine the existence and
stability of equilibrium points. From the mathematical analysis on the stability criteria of the TB-free
equilibrium point, we show that TB can be eradicated if the basic reproduction number is below one.
However, due to insufficient treatment capacity, a backward bifurcation may occur when the
reproduction number equals one, enabling the coexistence of endemic and disease-free equilibria even
when the reproduction number is below one. The parameter estimation is based on TB incidence data
per 100,000 individuals in Indonesia. Sensitivity analysis reveald that although both interventions are
effective, media campaigns combined with vaccine boosters are more impactful in reducing TB
transmission than the use of masks. Numerical simulations further suggest the possibility of periodic
outbreaks, indicating potential seasonal TB patterns. To explore adaptive intervention strategies, we
extended the model using an optimal control framework. Our findings suggested that combined
implementation of face masks and media campaigns is more effective than using either alone,
particularly when the likelihood of rapid disease progression increases.
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1. Introduction

Tuberculosis (TB) is a contagious bacterial infection caused by Mycobacterium tuberculosis [1-3].
It primarily affects the lungs (pulmonary TB) but can also impact other parts of the body
(extrapulmonary TB) [1,2]. The symptoms of pulmonary TB include a persistent cough, chest pain,
and coughing up blood. Other general symptoms are fever, night sweats, weight loss, and fatigue [2].
TB remains a major global health challenge. According to the World Health Organization (WHO),
TB is one of the top 10 causes of death worldwide and the leading cause of a single infectious agent,
surpassing HIV/AIDS [4, 5]. In the year 2020, an estimated 10 million people fell ill with TB, and 1.4
million died from the disease [6]. In 2022, TB was responsible for approximately 1.3 million deaths,
including 167,000 among people with HIV [4,5]. This makes it the second leading infectious disease
killer after COVID-19. Additionally, an estimated 10.6 million people fell ill with TB globally
in 2022 [4,5]. The burden is disproportionately high in low- and middle-income countries, with
significant impacts on vulnerable populations such as people living with HIV, children, and the
elderly [7]. TB infection can be categorized into two major forms: Latent TB infection (LTBI) and
active TB disease. Individuals with LTBI carry the bacteria but do not exhibit symptoms and are not
infectious [1]. However, they are at risk of developing active TB, particularly if their immune system
becomes compromised. Active TB occurs when the bacteria overcomes the immune defenses, leading
to symptomatic and infectious disease [8]. The concept of slow-fast progression in TB highlights the
differing rates at which LTBI can progress to active TB [1,9, 10]. Slow progression refers to the
gradual activation of the disease over months or years, often in individuals with weakened immune
systems [1,9]. In contrast, fast progression occurs rapidly, usually within weeks to months after initial
infection, and is more common in young children and those with HIV [9].

Interventions for TB control are accomplished by focusing on preventing transmission, ensuring
effective treatment, and enhancing public awareness. Community awareness campaigns are essential
in educating the public about TB symptoms, transmission routes, and the importance of early
diagnosis and treatment adherence. These campaigns can significantly reduce the stigma associated
with the disease, encouraging individuals to seek medical attention promptly. Effective campaigns
utilize media channels, including radio, television, and social media, to reach diverse
populations [11]. Treatment for TB typically involves a rigorous six-month course of a combination
of antimicrobial drugs, including isoniazid, rifampin, pyrazinamide, and ethambutol [12, 13].
Adherence to this treatment regimen is crucial to ensure complete eradication of the bacteria and to
prevent the development of drug-resistant TB strains. The WHO endorses the Directly Observed
Treatment, Short-course (DOTS) strategy to improve treatment adherence. Under DOTS, healthcare
workers or trained volunteers observe and support patients in taking their medication, thereby
reducing the likelihood of incomplete treatment and enhancing treatment success rates [14]. In areas
with high TB prevalence, saturated treatment approaches are employed. These strategies involve
intensive case-finding and treatment efforts, ensuring that even those with LTBI receive appropriate
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therapy to prevent progression to active TB. Saturated treatment approaches also include the
provision of prophylactic treatment to individuals at high risk, such as those with HIV, which
significantly reduces the incidence of TB in these vulnerable populations [15]. Comprehensive public
health interventions form an integrated approach to TB control and eradication. This includes
vaccination with the Bacillus Calmette-Guérin vaccine, contact tracing, and community-based
treatment initiatives.

Mathematical modeling has become an essential tool for understanding tuberculosis (TB)
transmission and evaluating control strategies. Athithan and Ghosh [16] developed a model to assess
the effects of case detection and treatment, incorporating progression from latent to active TB,
diagnostic effectiveness, and treatment success rates. Their simulations showed that improving case
detection and treatment adherence can significantly reduce TB incidence and prevalence,
underscoring the importance of early diagnosis and effective therapy. Building on this, Aldila et
al. [17] proposed a model to understand the impact of the novel M72/ASO1E vaccine for TB
prevention. Their model reveals rich dynamics which trigger from several infection pathways, such as
relapse and reinfection. Just recently, Aldila et al. [1] examined the impact of medical mask usage and
improved case detection across multiple countries through a cost-effectiveness analysis. Their
findings revealed that these combined interventions not only significantly lower TB transmission rates
but also offer a cost-efficient strategy applicable in various healthcare settings. Together, these studies
highlight the power of mathematical models in informing evidence-based TB control policies.

Several researchers have incorporated biological heterogeneity into TB transmission models,
particularly by distinguishing fast and slow progression pathways to active disease. For instance,
Song et al. [9] developed a compartmental model that stratifies the population into susceptible,
exposed, infectious, and recovered individuals, and further subdivides the infectious class into fast
and slow progressors. Their model also accounts for contact heterogeneity by differentiating close and
casual interactions. Through stability analysis and numerical simulations, they demonstrated the
significant role of casual contacts in TB transmission, particularly in densely populated urban
environments. Building on the idea of progression heterogeneity, Zhang et al. [18] extended the
modeling framework by incorporating the impact of media coverage on public awareness and
behavioral response.  Their model includes similar compartments for susceptible, exposed,
fast-progressing, slow-progressing, and recovered individuals, but introduces additional parameters to
capture the influence of media on disease transmission and control. Their results highlight that
enhanced public awareness through media campaigns can lead to earlier diagnosis and treatment,
thereby reducing the overall transmission rate. These two studies are discussed together because they
address a common structural feature, progression pathways, while each integrates a different
real-world complexity: Contact structure in the case of Song et al. [9] and behavioral awareness in the
case of Zhang et al. [18]. Taken together, they illustrate how biological and social heterogeneities can
be embedded into TB models to better reflect the dynamics observed in real populations. This
synthesis provides a foundation for further model development that seeks to integrate additional
intervention strategies and inform more comprehensive TB control policies.

Several mathematical models have been developed to study the transmission dynamics of
tuberculosis (TB), incorporating aspects such as slow and fast disease progression and the effects of
various intervention strategies. These strategies include media and education campaigns, the use of
masks, treatment programs, and general control measures. For instance, Athithan and Ghosh [16]
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focused on case detection and treatment, while Avilov et al. [19] explored progression using
fluorography data. Sumner and White [20] evaluated the impact of preventive therapy, and Chong et
al. [21] examined the treatment of latent TB infection in the elderly. Other studies considered
differential infectivity [22], age-dependent latency and fast-slow progression [10], treatment
interruptions with dual latent periods [23], and differences in awareness levels affecting susceptibility
and progression [24]. Additionally, models have incorporated fractional-order stochastic
dynamics [3], parameter estimation for TB spread in East Java, Indonesia [25], and
multidrug-resistant TB [26], among others. These diverse modeling approaches underscore the
complexity of TB as a disease influenced by numerous internal and external factors, ranging from
individual immune response to population-level awareness and treatment access. Despite extensive
research and control efforts, TB remains a major global health concern, as the number of cases has not
declined significantly, highlighting the ongoing need for comprehensive and innovative approaches to
its control.

Based on the literature reviewed, it is evident that TB is a highly complex disease. Incorporating
all critical factors, such as slow-fast progression of infection, various intervention strategies,
vaccination, multi-drug resistance, coinfection with other diseases, and many other factors, leads to
more complex models. A good mathematical model should ideally represent real-world situations as
closely as possible, but this often results in increased model complexity. Therefore, there must be a
balance between model complexity and the specific research question being addressed.

We aim to explore the impact of slow-fast progression on the effectiveness of media campaigns
and face mask use as a combined TB control strategy. To the best of our knowledge, no TB
mathematical models incorporate these two strategies while considering the effects of slow-fast
progression and limited treatment capacity in hospitals. In this article, we introduce a compartmental
model that divides the human population into five compartments: Susceptible unaware, susceptible
aware, passive TB, active TB, and recovered individuals. Important factors such as media campaign,
face mask use, slow-fast progression, treatment failure, and modified saturated treatment rate are
included in the model. Several important findings emerged from our analysis. Notably, we found that
a reproduction number smaller than one does not necessarily guarantee TB elimination. Additionally,
under specific conditions related to treatment saturation, the model can produce periodic solutions
that from the perspective of public health, will provide a seasonal outbreak situation. Our optimal
control simulations, using parameters fitted to Indonesian data, indicate that face mask use and media
campaigns should be implemented together than as single interventions. Furthermore, when more
individuals experience fast TB progression, more intensive government interventions are required to
ensure better outcomes in TB control programs.

The paper is organized as follows: We give the literature reviews on the TB model and the state of
the art of our article in the first section. We introduce our model in Section 2, and model analysis
regarding the construction of next generation matrix to find the reproduction number, and equilibrium
point existence and stability analysis, are also conducted in Section 2. In Section 5, we conduct
numerical experiments regarding parameter estimation and sensitivity analysis. We extend our
proposed model in Section 2 as an optimal control problem in Section 6. Finally, some conclusions
are given in Section 7.
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2. Model construction and analysis

In this section, we present the construction and analysis of a mathematical model that we propose
in this article. The model is formulated as a system of ordinary differential equations based on a set of
assumptions and a transmission diagram that illustrates transitions between compartments.
Mathematical analysis, including the existence and stability of equilibrium points, is discussed.
Furthermore, the role of the reproduction number in influencing the long-term behavior of the model
1s examined.

2.1. Model construction

Here, an epidemic model is constructed to study the dynamics of TB transmission in a population.
The model considers several important factors, such as the latent stage, slow-fast progression, the use
and efficacy of face masks, media campaigns to raise public awareness of TB, and the limitations of
hospital treatment capacity. The total human population, denoted by N, is divided into five
compartments: The susceptible unaware compartment (S), the susceptible aware compartment (A),
the latent compartment (L), the infected and infectious compartment (/), and the recovered
compartment (R). It is important to mention that the awareness effect A here refers to the willingness
of individuals to conduct any behavior that may reduce their probability to get infected by TB, such as
taking a vaccine booster, conducting clean life habit, avoiding close contact with possible infected
individuals, and so on. This effect will later be represented by a reduction in their infection rate,
which is smaller than the unaware individuals. The model construction follows the transmission
diagram given in Figure 1. Detailed descriptions of model parameters are provided in Table 1.

Table 1. Parameter description of the model.

Parameter Description Unit

A Natural recruitment rate h;‘e%

u Natural death rate L
year

Bi Infection rate of unaware susceptible individual _—
yearxhuman

B2 Infection rate of aware susceptible individual —_—
yearxhuman

up Proportion of infected individual / use face mask -

—_ . . 1

i Rate of media campaign emr

n Drop out due to loss of awareness on TB L
year

13 Mask efficacy -

P Proportion of new infected individuals experience slow progression -

@ Recovery rate of L individuals due to early treatment ye#ar

k Proportion of individuals in L perfectly recovered -

Vi Natural recovery rate of individuals in / compartment L
year

Y0 Maximum reduction of y,, due to increase infected individuals who need treatment y%ar

b Saturation parameter of recovery rate of individuals in I compartment hmfm
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Figure 1. Transmission diagram of model in system (2.1).

TB is primarily transmitted through the air when infected individuals talk, cough, or sneeze,
releasing droplets containing the bacterium Mycobacterium tuberculosis. Moreover, transmission of
TB through newborns is very rare. Therefore, we assume that all newborns are born as non-infected
individuals. Consequently, we describe a newborn entering the population denoted by A as entering
the susceptible unaware population. Another important assumption in our model is that all newborns
are assumed to have received the neonatal TB vaccination. This assumption is based on policies in
several countries. For example, Indonesia has mandated the Bacillus Calmette—Guérin (BCG) vaccine
for newborns since 1956, incorporating it into the national immunization program. Due to a media
campaign aimed at raising community awareness about the dangers of TB, we assume that individuals
in the susceptible unaware compartment can become aware. This campaign includes educational
programs, broader health initiatives, adaptations of preventive strategies, and increased
communication strategies to address evolving societal needs. Assuming the rate of the media
campaign is given by u,, there is a transition rate from the susceptible unaware to the susceptible
aware compartment. In reality, awareness of important issues such as TB cannot last for a lifetime.
Societal changes, complacency, resource allocation issues, and other factors may cause individuals
who were once aware to become unaware again. Therefore, we have a drop-out rate from aware to
unaware susceptible compartment, denoted by 7.

Individuals in compartments S and A can become infected with TB if they come into contact with
TB bacteria produced by individuals in compartments /. We assume that individuals in the L
compartment not yet able spread TB due to the passive TB stage. Furthermore, it should be noted that
individuals in compartment A are aware and take measures to prevent TB infection, including
receiving vaccinations that can reduce the chance of TB infection. Therefore, the infection rates in
compartments S and A are different, denoted as 3| and S, respectively for S and A. Due to the effect
of vaccination in compartment A, it is assumed that 8, < B;. In addition to interventions through
media campaigns to increase community awareness, our proposed model also considers the
proportion of infected individuals 7 using masks at a proportion of u; with efficacy level &. Note that
& € [0, 1], where ¢ = 1 represent that the face mask can gives a 100% efficacy to block TB infection
from an 7 individual to S individuals. To model the infection form, we use a bilinear incidence rate.
Hence, the new infected individual in S compartment is given by (1 — u£)8,S I, while newly infected
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in compartment A is given by (1 — u€)B,Al. This bilinear incidence form is widely adopted in
tuberculosis modeling due to its analytical tractability and provides a reasonable approximation of
transmission dynamics in populations with relatively stable contact patterns, such as those considered
in this study. In populations with more significant heterogeneity, readers may consider using
density-dependent or saturated incidence forms as alternative modeling choices.

Another important feature of our proposed model is the inclusion of slow-fast progression of
TB [1,9, 10]. Slow-fast progression refers to the varying rates at which infected individuals move
through different stages of the disease. Several diseases exhibit slow-fast progression, including TB,
HIV/AIDS, Hepatitis B and C, Human Papillomavirus (HPV), Chickenpox, Syphilis, and Leprosy. In
the context of TB, slow progression occurs when a newly infected individual enters a latent stage
before progressing to infectious/active TB. Individuals in the latent stage do not show symptoms and
are not infectious. This stage can last for months, years, or a lifetime without progressing to active
TB. Conversely, fast progression refers to the scenario where a newly infected individual quickly
develops active TB without entering the latent stage. The incubation period for these individuals is
shorter compared to those in the latent stage. Several factors can contribute to fast progression, such
as a weakened immune system due to other diseases like HIV, malnutrition, or other underlying health
conditions. The slow-fast progression in our model is represented by parameter p. Therefore, we have
newly infected individuals from the S compartment who experience slow progression represented as
(1 — w1 é)pB1S1 to the L compartment, while the fast progression directly goes to the / compartment as
(1 —=uw16)(1 — p)B1S 1. Due to the use of vaccine boosters in the A compartment, we assume that newly
infected individuals from the A compartment experience a slow progression when they are infected
with TB.

We assume that infected individuals in the L compartment may receive early treatment due to early
detection. Since the symptoms are mild, it is assumed that infected individuals in the L compartment do
not need hospitalization. We assume they receive only home treatment to cure them from TB infection.
The recovery rate due to treatment in the L compartment is given by @, where the probability of success
is given by k € [0, 1]. Infected individuals in the L compartment who fail to recover after the treatment
will move to the / compartment with a probability of 1 — k. Infected individuals in the / compartment
are assumed to have more severe symptoms and therefore require more intensive treatment to cure them
from TB. We assume that infected individuals in the / compartment can recover at a maximum rate of
vm- However, due to the increased number of infected individuals needing treatment in the hospital,
this y,, recovery rate can be reduced by the amount of 11—%. This latter factor is a monotonic increasing
function with respect to I. Therefore, as the number of infected individuals increases, y,, — 1%1 will

decrease. When the number of infected individuals tends to infinity, the minimum recovery rate of /

individuals is given by y,, — 2. Hence, we assume that y,, > % to ensure that y,, — % is always non-
negative for any value of /. Last, we assume that every compartment can decrease due to a constant

natural death rate, denoted by u.

Based on the explanation of the model construction above, the TB transmission model considering
factors such as slow-fast progression, media campaigns, use of vaccines booster, use of face masks,
saturated treatment, and treatment failure is given by the following five-dimensional system of
differential equations:
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dA _

il S — (1 = §)BAI — nA — pA,

dL

I = (1-wé&pBSI+ (1 —-u&)BAI - (1 —k)al — kal — uL, 2.1
dl _ ’)/()I

o= (=w&( = pAiST+ (1 - Kol (ym 1+b1)’ ul,

dR B Yol

@ k““(y’" 1+b1)1 KR,

with initial conditions S (0) = S, A(0) = Ay, L(0) = Ly, I(0) = Iy, and R(0) = Ry. Since in the boundary
in R} we have

das

— = A+nA>0,

dt 4

dA

— = S >0,

dt oo =

dL

il (= &)pBiST+ (1 —u&)BAI > 0,
dl

— = (1-keaL >0,

a - (—hal=

dR '}/01

aR el (m— )120.
dr R Uy

Therefore, all the rates are non-negative on the boundary planes with non-negative initial condition
S@0) = S9,A0) = Ay, L(0) = Ly, 1(0) = Iy, and R(0) = Ry. Therefore, for any non-negative initial
conditions, all vector field direction is inward from the boundary planes. Hence, the solution of

system (2.1) is always non-negative for all time ¢ > 0. Furthermore, adding all the equations of model
in (2.1) yields

dN

— = A—uN. 2.2
7 M (2.2)

With initial condition N(0) = N, the solution of (2.2) is
A —ut —ut
N@) = —(1-e™)+ Noe ™.
u
It can be seen that the solution of N() is always on the region of
A
Q= {(S,A,L, I,R) € R2,|0 < N(#) < max {N(O), —}}
- H
Therefore, all feasible solutions of system (2.1) enter Q. This implies that Q is an attracting set.

2.2. Model analysis

In this section, we conduct a mathematical analysis of the model in system (2.1), focusing on its
non-dimensionalization process, the calculation and stability analysis of equilibrium points, and the
determination of the reproduction number.
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2.2.1. Model non-dimensionalization

Let us assume the total of the human population is constant, by assuming that A = uN. Scaling
each variable with respect to the total population N, we have:
S A L 1 R
X]= —,X=—,X3= —,X4 = —,Xs = —.
NN NN TN
Hence, we have x; + x» + x3 + x4 + x5 = 1. Furthermore, we rescale the time scale to match the
recovery rate of the L compartment, denoted by @. We assume that 7 = fa, where 7 represents the
new time scale. Consequently, we introduce the following new parameters as a direct result of this
time rescaling:

H n
m:_’e:_ab]:_’bzz_’u2:_7dl:_7d2:_’C:
a 04

R

Using the above assumptions, the model in Eq (2.1) can now be written as:

d

% =m(l —x;) +ex, — (1 — w1 E)by1x1 x4 — U5 x1,
T

dx

d—: =uprx; — (1 — w1 €)brxox4 — (e + m)x,,

i 2.3)
= (1 = E)pbix1xs + (1 —u1E)brxox4 — (1 + m)x3,

dr

d d

Y A= md)(1 = plbixixs + (1 = k)xs — [dy — =22 ) %, — mxs,
dr c+ bxy

where we have success in reducing the dimension of system (2.1) into four dimensions and the number
of parameters from 13 into 11 parameters.

2.2.2. TB-free equilibrium point and the reproduction number

There are two types of equilibrium points for our TB model in (2.3). The first equilibrium point
is the TB-free equilibrium point where TB is extinct from the population, and the second is the TB-
endemic equilibrium point where TB persists in the population (which will be discussed in the next
section). The TB-free equilibrium point is given by:

e+m u

E = (20,91 = (e ra b m2+ uz,o, 0) : (2.4)
The next significant calculation that we present is the computation of the respected reproduction
number of system (2.3), indicated by R.. This reproduction number indicates the anticipated number
of secondary tuberculosis cases resulting from one primary case during a single infection period,
assuming the implementation of control measures in a wholly susceptible population. In many
epidemic models, the reproduction number becomes the threshold to decide whether a disease would
endure or become extinct. The predominant outcome is that diseases may vanish from the
population if this threshold is below one. The reproduction number of system (2.3) is stated in the
following theorem:
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Theorem 1. The reproduction number (R.) of non-dimensionalized TB model in system (2.3) is
given by

(I =, §)(A = p)ym + 1 — kp)(e + m)by + brus(1 — k))

Re (e +m~+u)(1+m)d, + m)

(2.5)

Proof. The proof is using the next-generation matrix method [27]. First, we evaluate the Jacobian
matrix of infected compartments (L, /) of system (2.3) on &, which yield:

(1-u1§)pbi(e+m) (A-u1&)bruy
—(1+m)
J (1 -k At ST (omy _(6(2“_‘:_2) )|
(e+m+uy) 1 m

Decompose J into transition (X) and transmission (7°) matrices, where J = £ + T, gives

0 (-u1)pbi(e+m) + d=u1d)brus
T — e+m+uy e+m+uy
o A= &)(A=p)bi(e+m) ’
e+m+uy
s -(1+m) 0

(I1-k) —(d+m)

Hence, the next-generation matrix is given by

K = -Tx,

(A= &)pbi(e+m) | (I-ui&)brup -1

— _ lo e-l(—llfn+u%)(1 ; ( e+r;l+u2 l _(1 + m) 0

- —U|é —p)bi(e+m _ _ s

0 Lo (1-k) —(d +m)

(1-u1&)pbi(e+m) (1-u1&)bruy 1

- _ 0 e+m+uy + e+m+uy (14+m) O

- 0 (1-u1&)(1-p)bi(e+m) k=1 _ 1 ’

e+m+uy ((1+m)(dy+m)) (d1+m)

1 d d
A pbitesmiy  (andipbiieom
((e+m~+up)(1+m)(dy +m)) ((e+m~+up)(dy+m))

l(l—k)(Pbl(e+m)+b2u2)(1—u|§) (1—u1§)(ph1(e+m)+b2u2):i

Therefore, the control reproduction number is given by the spectral radius of K is given by

(- w (A = pym + 1 — kp)(e + m)b + byuy(1 - b))

Re (e+m+u)(1 +m)d, +m)

From the formulation of R., we may define the expression of the reproduction number when
no control applies. We name this special case of R. where u; = u, = 0 as the basic reproduction
((I = p)m +1—kp)b,

(e + m)(d; + m)

number. The expression of R, is From this expression, we derive the

subsequent corollary.
Corollary 1. The basic reproduction number (where uy = uy, = 0) of TB model in (2.3) is given by:

R - (I =pm+1-kp)b,
07 (e +m)d, +m)

(2.6)
where R. < Ry always satisfies for all u, € (0, 1] and u, > 0.
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The basic reproduction number R, represents the average number of secondary infections of TB
in our case, which is generated by one infectious individual in a completely susceptible population
and in the absence of any control measures. On the other hand, R. accounts for interventions such as
media campaign and mask use intervention. Both this threshold helps to assess whether implemented
strategies are sufficient to bring the reproduction number below unity, thereby ensuring TB elimination.

2.2.3. Stability of TB-free equilibrium point

To analyze the local stability of the TB-free equilibrium point, we use a linearization approach of
system (2.3) on TB-free equilibrium point which gives:

—(m + uyp) e 0 _W
—Uu15)boun
Jon = Lg _(e(-)i_ " y (1_“15)P’7_1(M—u15)b2u2
_(1 + m) (e+m+ui) (exm+uz)
’ 0 -k CEEEETEE - dem)

The characteristic polynomial of Jg, is given by
g() = (A +m) A+ (m+ e+ u2))(A* + b1 A + by) = 0,

A —mde+md -pbr by = (1 + m)d; + m)(1 — R.). TB-free
(e+m+uy)

equilibrium point &, is locally asymptotically stable if all real part of the eigenvalues of Jg,
are negative. From the expression of g(1), we have two explicit negative eigenvalues, i.e.,

where by = Cm+d; + 1) —

A1 = —mand A, = —(m + e + uy). The other two eigenvalues, A3 and A4, are taken from the
roots of A2 + byd + by = 0. Hence, Refl;, 14} < 0 if 234, > 0 and A3 + A4 < 0. Since
A3y = by, then by > 0 — R < 1 On the other hand,

(1 = w&)e +m)(1 - p)b,

(e+m+u)2m+d; +1)
it can be shown that R, < R.. Therefore, the TB-free equilibrium point is locally asymptotically

stable if R, < 1. This result stated in the following theorem.

L+lh=-b<0 < b >0 < R, = < 1. From direct calculation,

Theorem 2. The TB-free equilibrium point & is locally asymptotically stable if R. < 1 and unstable
ifR. > 1.
2.2.4. The endemic equilibrium point

The second equilibrium point of system (2.3) is the TB-endemic equilibrium point and is given in
the form of:

&1 = (X, x5, X3, xy), 2.7)
where
. m(byxs(1 — ué) + e + m)
X, = ,
! biby(1 — ulf)zxﬁ + x4((by + by)m + eby + byuy)(1 — u &) + m(e + m + u)
« muy
x2 =

biby(1 — u1€)2x2 + x4((by + bo)m + by + byup)(1 — 1) + m(e + m + u)’
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. mxs(1 —u &) (p(br(1 — u1&)x4 + e + m)by + bruy)

BT U mm? + (ar + )1 — ) + e + upym + (1 — w)xs(brba(l — &) xseby + byitn))’

and x), is the positive roots from the following polynomials:
f(xq) = 613)63 + agxi +ajxs +ag =0, (2.8)
with

az = biby(1 —w &1 +m)((d, + m)b — dy),

a = (1 +m)dy +m)c—((1=pm+1—kp)bm)bibry(1 —u,&)* + (1 +m)
((by + ba)m + eby + baup)((m + d1)b — do)(1 — u; ),

a; = —cmbiby(1 = E*((1 = pym+ 1 —kp) + (1 + m)(m + wp)(d; + m)c —
((e+m)((1 = p)ym + 1 = kp)by = baup(1 — k))mb)(1 — u1§) — mdy(1 + m)
(e +m+uy) + m(l + m)(e + m+ u)(dy + m)b

ap = cm(l +m)(d; +m)(e+m+u)(1 —R).

Since bd; > d,, then a3 is always positive. Since aj is always positive, and gy < 0 < R, > 1, then
we have the following theorem.

Theorem 3. There is always exist an endemic equilibrium point &, whenever R. > 1.

Polynomial f(x4) is a three degree polynomial. It is possible to have more than one endemic
equilibrium point for system (2.3). Hence, we use the Descartes rules of sign to analyze this
possibility further. The results is given in Table 2.

Table 2. Possible number of positive roots of polynomial (2.8).

Case as a a ag R. Possible number of positive roots
1 + + + + R. <1 0

2 + + - + R. <1 Oor2

3 + - + + R. <1 Oor2

4 + - - + R. <1 Oor2

5 + + + - R, > 1 1

6 + + - - R.>1 1

7 + - + - R.> 1 lor3

8 + - - - R.>1 1

From Table 2, it can be seen that it is still possible to have two endemic equilibrium points for
the case of R. < 1 (cases 2—4). Furthermore, it is also possible to have three endemic equilibrium
points when R, > 1 (case 7). We use a gradient analysis on the bifurcation point R. = 1 to determine a
condition when we may have an endemic equilibrium point when R, < 1. Hence, we need to determine

0
the sign of % at R. = 1, x4, = 0. If it is negative, then we will have an endemic equilibrium point for

C
some interval values of R. < 1. To do the analysis, first we rewrite the polynomial f(x4) as a function
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dependent on R.. Let b(R.) be the bifurcation parameter. From the expression of R. in (2.5), b; as a
function of R, is given by:
(e +m+w)l +m)d +m) = (1 —u;§)(brur(l - k))
(I = &)1 = pym + 1 - kp)(e + m)
Substituting this b} into f(x4) yields:

[ () = a3(R)(x0) + aa(Re)(xa)* + ar(Ro)xs + ap(R,) = 0.

bt =R,

Taking the implicit derivatives of f(x4) with respect to R. at R. = 1 and x;, = 0,solving it with respect
(9)(,'4

to IR gives:
Oxy _6a0(7€c) 1
oR. R, \a(R.=1))°
0ag(R.) c(P+Q0+R)-S )
h = — 1 d = th
where IR, cm(e+m+u)(1+m)(d, +m) an (611(7% = 1)) (A= pm+ 1—kp)e +m) wi
P = b1 — w1 &) ’uym(l = k)((1 = pym + 1 - kp),
Q = wby(1 -1 +m)di +m)(1 - p)k+me—(1-km),
R = (1+m)’(d) +m)(e+m)e+m+u),
S = (I+m)e+m)e+m+u)((1-pm+1-kp)md,.
Since dao(R.) is always negative, then the sign of g%‘c at R. = 1, x4 = 0 is dependent on the sign of a;

C
at R, = 1. From direct calculation, we have

Oy <0 & c<c" S
c<c'= ———.
oR, P+Q+R
With these results and combining them with the result from Table 2, we have the following theorem.
S
Theorem 4. Let c* = P+—Q+R where P = b%(l — 1€ u,m(1 = k)((1 = pym+ 1 =kp), O = uby(1 —

w &1+ m)(dy + m)((1 — p)k + m)e — (1 —k)m), R = (1 + m)*(d; + m)*(e + m)(e + m + up), S =
(1 +m)(e+m)(e+m+u)((1 —p)m+1—kp)md,, and R is R, that satisfies the discriminant of f(x4)
given by a%a%—4a3a?—4a§ao—27a§aé + 18azaya ay equal to zero. If ¢ < c*, then the TB model in (2.3)

has two endemic equilibrium points for R. < R, < 1.

For a specific case when R, = 1, it is possible to have two endemic equilibrium points. If R. = 1,
then we have ay = 0, which gives one zero roots of polynomial f(x4). The other two roots are taken
from the following polynomial:

1) = a3(R)XG + ax(Ro)xs + ay(R.) = 0.

We have two positive roots that satisfy f7(xs) = 0ifa; >0 < ¢ > ¢*,a, <0, and a; — 4aza, > 0.
With this result, we will have two turning point of f*(x4). One of them appears on some specific value
at R. > 1, and the other one is when R, < 1. Hence, it is possible to have three endemic equilibrium
points for some interval of R, > 1ifa; >0 < ¢ > c",a, <0, and a% —4asa; > 0. We conclude this
result with the following theorem.
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0f*(x4)

Theorem 5. Let R! and R? are the turning point of f*(x4) that satisfies = 0 where R2 > R.. If

c>cay <0, and a% —4asza; > 0, then the tuberculosis model in (2.3) has:

1) Three endemic equilibrium points in 1 < R. < R,
2) Two endemic equilibrium points in R: < R, < 1.

To close this section, we conclude our calculation on the possible appearance of the endemic
equilibrium point as follows:

1) There is always at least one endemic equilibrium point if R, > 1.
2) If ¢ < ¢, then there exist two endemic equilibrium points for R < R, < 1.

3) It is possible to have three endemic equilibrium points when R, > 1 and two endemic equilibrium
points when R. < 1 if ¢ > ¢*,a, < 0, and a3 — 4aza; > 0.

The calculation suggests a scenario where the traditional public health criterion that a basic
reproduction number below 1 ensures the eradication of TB might not hold true. In our proposed
model, this is due to factors such as the saturated treatment effect. A saturated treatment effect is
observed when the maximum benefit of TB treatment is achieved, and further treatment
attempts result in reduced benefits. This can occur as a result of constrained healthcare resources.
This factor imply that even with effective treatments reducing the transmission rate, TB might persist
in the population, necessitating a more comprehensive public health approach that addresses
these complexities.

3. Existence of backward bifurcation

To analyze the existence of backward bifurcation at R. = 1, we apply the Castillo Chavez and
Song bifurcation theorem [28]. This theorem has been implemented widely by many authors on their
epidemic models to analyze type of bifurcation that appears in Ry = 1 (or R. = 1). See [29-35] for

more examples. First, let % in Eq (2.3) as f; fori = 1,2, 3,4. Next, we choose b, as the bifurcation

parameter, where bj is the critical value obtained from R. = 1. Linearization of system (2.3) around
&o and by gives:

—m — up e 0 Cl
byuy(§uy—1)
U —e—m 0 SLellm
S’b* — e+m+uy ,
T (Eo:51) 0 0 -1-m C2
0 0 1 -k C3
where :
cl = bzuz(l—ful)k+m3+(e+d1+u2+1)m2+((d1+1)u2+(e+1)d1+e)m+(§u1b2—b2+d1)u2+ed|
B (e+m+u)kp—1+(p—1)m) ’
((m2 + (e +d1 + Mz)m + (fulbz —bz +d1)bt2 + edl)p - bzuz (ful - 1))(1 + m)
2 = - (kp+mp—m—1)(e +m+ uy) ’
3 = _((Guiby +m — by +dy) uy + (di +m) (e + m)) p— boup (§uy — 1)) (k— 1)

kp+mp—-—m—1)(e+m+ uy)
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The eigenvalues of (&, b)) are 41 = 0,4, = —m, A3 = —(e + m + u,), and

(1= wdbsir(1 = p)(1 = K) + (e + m+ ) (1 = pyn® + 2(1 = kp) + (1 = Kypdy + 1 — kp)
((1=pm+1-—kp)(e+m+uy) '

4=-

It can be seen that (&, b}) has a simple zero eigenvalue, while the other three are negative. Hence,
the Center Manifold Theorem can be applied, and the Castillo-Song bifurcation theorem ensures that
a local bifurcation occurs at b, = bj.

Next, we compute the left eigenvector of J(&, b)) corresponding to the zero eigenvalue 4; = 0,
denoted by v. Through direct calculation, we obtain:

1 -k
v:{v1 =0,v, =0,v3 = Vg = 1},
m

1+

Similarly, we determine the corresponding right eigenvector associated with 4; = 0, denoted by w, and
find w = {wy, w2, wa, wy}:

byur(1 — , §)((1 — p)(k + m)e + m(1 — k))

M T e T m w2 (1 = pym + 1 — kpym
(1 +m)e+m)e+m+uy)(d, + m)
(e+m+u)*((1-pm+1-kpym’
e = _up((d - p)m* + (1 = p)us + 1 — kp)m + kup(1 — p))(1 — w1 €)by
27 (e +m+u)*(1 = pym+ 1 — kp)m
B war (1 + m)(dy + m)
e+m+u)((1-pm+1-kpym’
x = byuy(1 — p)(1 —u &) + ple + m + up)(dy +m)
T (e + m + up)(1 + m)(d, + m) :
Wy = 1.

To determine the type of bifurcation that arise at R, = 1, we substitute the above result into the
following formula:

2
#= Y vouw LI S D), 7= kawla S (0.0,

ki, j=1 k,i=1 ﬁ
By direct calculation, we have:

2d 2
2p (=€uy + 1) byvswiwy + 2 (=€uy + 1) byvswowy + 2(1 = p) (=€uy + 1) byvaw,wy + ﬂ,

c
B - (1 = &uy) (1 — pm + (1 — pk)) S o.
(e+m+u)(1+m)

o

It can be seen that .27 could be positive or negative, depending on the combination of parameter values
of the model. Based on this calculation, we state the result in the following theorem.
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Theorem 6. TB model in (2.3) undergoes:
1) Forward bifurcation at R. = 1 if &/ <0, and
2) Backward bifurcation at R. = 1 if &7 > 0.

In conclusion, determining whether a forward or backward bifurcation occurs at the critical threshold
R. = 11s crucial, as it directly influences the long-term behavior of the system. A forward bifurcation
implies that reducing R, below unity is sufficient for disease elimination, whereas a backward
bifurcation indicates the potential for disease persistence even when R. < 1, thereby necessitating
stronger or combined control strategies. More discussions will be provided in the numerical
experiment section.

4. Investigation of Hopf bifurcation

To investigate the potential emergence of oscillatory behavior near the endemic equilibrium point
&1, here we analyze the occurrence of Hopf bifurcation from our non-dimensionalized model in
system (2.3). This type of bifurcation arises when a pair of complex conjugate eigenvalues of the
Jacobian matrix of system (2.3) evaluated in &; crosses the imaginary axis as the bifurcation
parameter varies. For our analysis, we choose the infection parameter b, as the bifurcation parameter.

First, we calculate the Jacobian matrix of system (2.3) which is evaluated in &;. By direct

calculation, we have
A| B
J&1) = [ﬂL] 4.1)

where
A = (—m — p(1 = b1y — (1 = p)(1 —w E)b1 X, — uy e
i U —(1 =1 &)byxy — e —m|’
g |0 —p(—wdHbix; - (1= p) - mf)blx’f]
0 —(1 —w&)brx; ’
c-| PA-w&bxy  (1- ulf)bzXZ]
(1= p)(A —ui&)bx; 0 ’
(-1 —m p(1 — 1 E)by x| + (1 —u &by x5
D = d2 ngZb d2xj
-k (1-p)1- byxi — |- 2 —d -
I (1 =) ~mdorx ( bx; +c (bx;+c)? BT bx, +c

As mentioned earlier, we choose b; as the bifurcation parameter. Accordingly, the characteristic
polynomial associated with the Jacobian matrix J (&), used to determine the eigenvalues, is given by

P(b1, D) = 2* + c3(b) A + c2(b) A% + ¢ (b)) A + co(by) = 0, (4.2)

where the coefficients c;(b;) are too complex to be presented explicitly in this article. According to [36],
a Hopf bifurcation may occur only if the following conditions are satisfied:

(A) All coeflicients of the characteristic polynomial in (4.2) are positive, i.e., c;(b]) > 0 for
i=0,1,2,3,
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(B) The Hurwitz determinant A,(b7) is positive, and A3(b}) =0

da
(C) The transversality condition holds, i.e., ﬁ(b*l‘) # 0, where A denotes an eigenvalue of the
1
polynomial in (4.2).

To verify the existence of a Hopf bifurcation, we examine whether the system satisfies all conditions
listed above. First, we confirm that all coefficients of the characteristic polynomial P(b, 1) are positive
at a critical value b; = b}, i.e., ¢;(b]) > Ofori = 0, 1,2, 3, ensuring that the system is initially in a stable
configuration. Next, we locate the critical value b} for which the third Hurwitz determinant vanishes,
i.e., A3(b}) = c3cact — ¢3¢0 — ¢f = 0, signifying the potential emergence of a pair of purely imaginary
eigenvalues. Furthermore, we also compute the other Hurwitz determinant A(b;) = c3(by)ca(by) —
c1(by) and show that Ay(b7) > 0, indicating local stability prior to bifurcation. Finally, instead of
verifying the full derlvatlve (b*) we check the transversality condition by confirming that the real
part of the eigenvalue crosses zero with nonzero speed, i.e.,

dRe()

# 0.
dby  p=p:

This condition ensures that the eigenvalues move transversely across the imaginary axis. To show this
last condition, differentiating (4.2) with respect to b; gives

P
d——4/l d/1+dc3(b1)/l3 e 34 da dCz(bl) z(bl)/lﬂ dcl(bl) l(bl)ﬂ dco(by)

= =0.
db, db,  db, db1 db; db,  db, db,  db,

Solving the above equations with respect to <, we get

db’

dcs(by) 34 dea(by) 32, dei(by) dco(by)
i A s AT+ A+

db, 423 + 3c3(b))A2 + 2¢5(b)A + ¢ 1(by) |

Substituting A = iw and b; = b}, we have the real part of 44 which is given by

db’

deg _ dey 2 — 2 dey de
(dbl bW )(01 3czw )+ (dbla) bW )(2c2a) 4w )

x=iw,by=b’ (c1 = 3c3w*H)? + 2crw — 4w?)? ’

dRe(1)
db,

while the imaginary part is given by

dTm() ~ (%w - fl—lcfw )(01 - 303(b1)w2) - (%’ - ;%wz) (2C2(4) - 4w3)
dbi iciom=s; (1 = 30307 + Qo2 — 4w’)?
dRe(A
Therefore, we have that e(d) #0if
1 x=iw,b|=b’f

dey dcy - [de dcs
deo 4 3 2 )~ 25 ) (2000 — 400 # 0.
( w)(cl c3a)) b dblw ( Crw — w)

This result is summarized in the following theorem.
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Theorem 7. The TB model described in (2.3) undergoes a Hopf bifurcation from the endemic
equilibrium point &, at the critical parameter value by = b} if the characteristic polynomial
coefficients satisfy the following conditions:

® c3,02,C1,¢0 > 0,
® c3co—c; >0,
e ¢3¢ — c3¢0 — ¢ =0,

along with the transversality condition:

where w # 0 is the imaginary part of the purely imaginary pair of eigenvalues at by, = b}, and c; for
i =0,1,2,3 is the coefficient of polynomial (4.2).

5. Numerical experiments

In the preceding section, we formulated our TB model taking into account variables such as
constrained treatment resources, reinfection, public knowledge, and the slow-fast progression of
infection. The model is introduced in system (2.1) and then simplified to system (2.3) by making the
assumption of a constant total population. In this section, we perform numerical experiments to gain a
deeper understanding of the qualitative dynamics of our TB model, with a specific emphasis on
examining the effects of media campaigns and restricted treatment facilities on strategies for
preventing TB. Initially, we determine the parameters of our model by utilizing incidence data
per 100,000 inhabitants in Indonesia spanning 2000 to 2020. The data were acquired from [37] and
are readily available to readers under the license 4.0. With these predicted parameter values, we
perform numerical experiments that involve sensitivity analysis and autonomous simulations to see
the evolution of our model. These tests illustrate the biological consequences of our study, as
mentioned in Section 2.2.4.

5.1. Parameter estimation

In this section, we calculate our parameter values by utilizing the fimincon toolbox provided in
Matlab. The data utilized to estimate the parameters is depicted by the red curve in Figure 2(a). This
graph illustrates a declining trend in the number of new cases of tuberculosis in Indonesia per 100,000
individuals. Notwithstanding this decrease, it is imperative to predict the potential consequences in
the imminent future, particularly in light of Indonesia’s objective to eradicate TB by 2030. Precisely
quantifying these factors will enhance our comprehension of the dynamics of TB transmission and
control, and empower us to make well-informed forecasts regarding future trends. Our goal is to find
the best initial conditions and parameters that will make sure the output of our model matches the
patterns seen in the new incidence data shown in Figure 2. It is noteworthy that various authors have
computed certain parameter values for their own models. It is important to remember that various
epidemiological models can produce different optimal parameter values, although these variations
may be minimal in certain instances. Our goal is to improve the dependability of our model in
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forecasting trends and comprehending the dynamics of disease occurrence by precisely calculating

these parameters.

e 95% CI
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Figure 2. (a) Curve fitting results using new incidence data per 100,000 individuals in
Indonesia. The black curve shows the forecasting results for 10 years onward, from 2021

until 2031. Panels (b) to (e) show the dynamics of S (¢), A(?), L(¢), and I(¢), respectively.

As mentioned, the data available is the new incidence per 100,000 individuals. In our model, the
new incidence data is represented by the following term:

New incidence = (1 — u;€)(B1S + BA)],
where 8, < ;. Hence, we need to seek a best fit parameter:

{ﬁl’ﬁz’ ul,u_bf,n’p,k,a,?’m,')’mb},

and initial condition:
{§(0),A(0), L(0), 1(0), R(0)},

such that the following cost function:
21
T = ), (1= w&)BiS +prA) - data)’
i=1
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can be minimized. Using the fimincon toolbox in Matlab, we find the best fit parameter values and
initial condition, which gives the results in Figure 2(a) given by:

Bi1=32%x107,8,=3.93%x10"°u; = 0,15, = 0.01,& = 0.56,17 = 5.5295 x 1077,
p =0.899,k = 0373341, = 0.5,7,, = 1,7 = 9.9947 x 107>, b = 107*,
S(0) = 44277, A(0) = 19289, L(0) = 700, I(0) = 246, R(0) = 24282.

To quantify the uncertainty around the model predictions, we construct a 95% confidence interval (CI)
for the model-generated incidence using a bootstrap-based approach with relative error. Using the
data above, the dynamics of compartments S, A, L, and [ are presented in Figure 2, panels (b) to (e),
respectively.

In panels (b) to (e) of Figure 2, we extend our simulation over the next 10 years to forecast the future
of TB in Indonesia. The results indicate that with the current government programs, the number of new
cases per 100,000 individuals may continue to decline but will not be completely eradicated by 2031.
Therefore, more comprehensive interventions are required to accelerate the goal of TB elimination
by 2031. In the next section, we continue our analysis by exploring the potential of face masks and
media campaigns to enhance the chances of TB elimination in Indonesia.

5.2. Sensitivity analysis of R.

5.2.1. Global sensitivity analysis

Table 3. The numerical PRCC values and the corresponding p-values of the parameters of
TB slow-fast progression model R..

Parameter PRCC P-value Keep

e 0.004856344 8.787¢7"! FALSE
m 0.301509267 0.000e*% TRUE
u -0.235991030 4.019¢71 TRUE
d, -0.768972664 0.000e*% TRUE
b, 0.104436076 9.853¢™% TRUE
k -0.078726091 1.315¢7 TRUE
b, 0.725800659 0.000e+% TRUE
p -0.109847318 5.268¢7% TRUE
u 0.032139141 3.122¢79! FALSE
¢ 0.775143706 0.000e*% TRUE

The sensitivity analysis of R, is conducted to evaluate how changes in key parameters influence
disease dynamics, especially regarding their effect on the spread of infection. To assess the sensitivity
of the model’s parameters, we employ a robust statistical approach that combines Latin Hypercube
Sampling (LHS) with Partial Rank Correlation Coefficients (PRCC), as described in [38]. This
technique is particularly effective in detecting monotonic nonlinear relationships between the model’s
inputs and its outcomes. With this approach, we calculate the PRCC values for each parameter along
with their associated p-values. These values provide insight into the uncertainty within the dynamic
model. The parameters with the highest absolute PRCC values and the lowest p-values are recognized
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as the most influential in the model. The results obtained are presented in Table 3, while the PRCC
plot is shown in Figure 3(a) in addition to the distribution of the R, for 1000 runs given by
Figure 3(b). Note that in Table 3, the “Keep” column indicates whether a parameter is statistically
significant (TRUE, p-value < 0.05) and should be retained in the model or not significant (FALSE)
and potentially may be excluded from further analysis.

Global Sensitivity Analysis of R.

0.8
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0.4

0] ]
] - [ ll
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€ w
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R. Parameters

PRCC Values
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R, Distribution

Mean R, =07

Frequency

R, Value

(b)

Figure 3. (a) Global sensitivity analysis using LHS (b) Distribution for the reproduction
number R, during 1000 runs during the global sensitivity analysis using LHS.

Based on the data presented in Table 3 and Figure 3(a), it is clear that b; and & exhibit the highest
positive PRCC values coupled with the lowest p-values, indicating their strong influence on the
model. These results highlight the importance of controlling the TB infection rate, whether through
pharmaceutical means such as vaccination or by utilizing self-defense mechanisms against infection,
such as wearing proper face masks. In contrast, d; demonstrates a significantly negative PRCC value
with a low p-value less than 0.05, highlighting its substantial impact. Thus, controlling the spread of
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TB infectious diseases can be achieved by reducing b, and £ while increasing the rate of d,. For more
on the global sensitivity analysis, interested readers can also reference the following mathematical
modeling framework [1,39-44] that has applied this approach. Furthermore, our results in Figure 3 in
panel (b) show the distribution of R, using 1000 samples of parameter sets. In this simulation, we
observe that the mean of R, in Indonesia, according to our model, is below one, indicating that TB
could potentially be eliminated from Indonesia if the current public health policies on TB are
maintained or further enhanced.

5.2.2. Two-parameter sensitivity analysis

We present a two-parameter sensitivity analysis of R, with respect to the proportion of face mask
usage (u#;) and the rate of media campaigns (u,) in Figure 4(a) and between proportion of slow
progression (p) with proportion of success treatment (k) in Figure 4(b). From Figure 4(a), increasing
the proportion of people using face masks and intensifying media campaigns reduces the reproduction
number. A smaller reproduction number increases the likelihood of TB elimination. The more intense
the media campaign, the smaller the proportion of people who need to use face masks to achieve
R. < 1. Combining both interventions will alleviate the burden on the government in eradicating TB
from the population. Figure 4(b) shows the level set of R, with respect to p and k. It is seen that a
higher probability of slow progression reduces R.. Biologically, this means that more infected
individuals do not immediately progress to active TB, which delays the transmission to others.
Similarly, a higher probability of successful treatment also reduces R.. To increase the probability of
successful treatment, several interventions can be implemented, such as enhancing monitored
treatment efforts or improving the quality of TB medicine.

o
®
T

Rate of media campaign (uz)
Proportion of success treatment (k)
°

0 \ n . . . . . . . . .
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Fraction of people who use mask (u 1) Proportion of slow progression (p)

(@) (b)

Figure 4. Contour plot of R. with respect to face mask use (#;) and media campaign (u,)
in panel (a), and between proportion of slow progression (p) with proportion of success
treatment (k) in panel (b). All parameters are provided in Section 5.1.
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in Section 5.1, except u#; which varies.
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right, respectively, showing the impact of media campaign (u,). All parameters are provided
in Section 5.1, except u,, which varies.
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To show the impact of mask usage and media campaign interventions on the dynamics of each
compartment xy, X, X3, and x4, we conduct an autonomous simulation, as shown in Figures 5 and 6.
Figure 5 presents the results for varying values of u; from 0,0.1,0.2,0.3,0.4, and 0.5. The smallest u;
value is represented by the red curve, while the largest u; value is represented by the black curve. It
is evident that increasing mask usage successfully increases the number of susceptible individuals (x;
and x,) while reducing the number of infected individuals (x3 and x4). Figure 6 displays the changes in
the variables xi, x,, x3, and x4 as u, increases from O (shown by the red curve) to 0.0125 (represented
by the black curve). In a similar manner, intensifying the media effort can enhance the number of
susceptible individuals while decreasing the number of infected individuals.

5.3. Bifurcation diagram and autonomous simulation

From Theorems 2 and 4-7, we demonstrate that system (2.3) always has a stable disease-free
equilibrium point &) if R. < 1. Conversely, it always has a stable endemic equilibrium point &, if
R. > 1. Additionally, bistability between &, and &, is possible for R < R, < 1 if ¢ < ¢*. Parameter ¢
plays a critical role in regulating the saturation of hospital treatment capacity. A larger value of ¢
implies a greater intrinsic treatment capacity, so the recovery rate is less affected by rising
hospitalization. Smaller ¢ can contribute to the occurrence of backward bifurcation and the
persistence of the disease even when R, < 1. In contrast, a larger ¢ reflects higher hospital capacity,
which not only improves patient outcomes but also reduces the likelihood of complex bifurcation
behavior, thereby simplifying disease control strategies.

Furthermore, the possible occurrence of periodic solutions through Hopf bifurcation phenomena
also has been analyzed. In this section, we present numerical experiments to confirm these phenomena.
We use all parameter values estimated in the previous section, except for b;, which serves as the
bifurcation parameter, and ¢, which serves as .«#. From Theorem 7, it has been shown that forward
bifurcation occurs at R. = 1 if &/ < 0. On the other hand, backward bifurcation appears when .27 > 0.
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Figure 7. Bifurcation diagram of system (2.3) at Ry = 1 shows a backward bifurcation
phenomena when ¢ = 3.73 x 1077 < ¢* in panel (a), and a forward bifurcation phenomena
when ¢ = 1.86 x 107® > ¢* in panel (b).

Using the best-fit parameter from the previous section, we find that ¢* = 9.349 x 1077, The first
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numerical experiments are given in Figure 7, where we choose ¢ = 0.4¢* to give a backward bifurcation
phenomena, as shown in Figure 7(a), and ¢ = 2¢* to give a forward bifurcation phenomena, as shown
in Figure 7(b). From Figure 7(a), for b; = 0 and increasing, we have a stable disease-free equilibrium
point &, until it reaches its branching point (BP), or where b; = 4.86 such that R. = 1. At BP, &
changes it stability from stable to unstable and remains unstable for all »; > BP. Moving to the other
branch, since ¢ < ¢*, we have an unstable endemic equilibrium point from b; < BP until it reaches
the Fold Point, which is denoted by the interchange between red and blue curves on the branch. There
is a multiple endemic equilibrium that appears for some value of R. < 1, where the smaller endemic
equilibrium point is unstable, while the larger one is stable. This enables the possibility of a bistability
phenomenon when R. < 1. For b; = 2, the solution may converge to either a stable disease-free
equilibrium point or a stable endemic equilibrium point (Figure 8). Conversely, when bistability does
not occur, the solution consistently converges to the same stable equilibrium point. As illustrated in
Figure 9, selecting b, = 0.1 causes the solution to converge to a stable disease-free equilibrium point.
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Figure 8. Time series demonstrating bistability corresponding to selected points on the
bifurcation diagram in Figure 10(a), with parameter values b; = 2 and four different
initial conditions, confirming the coexistence of multiple attractors. Each panel shows the
trajectories in (a) x, — x3 — x4, (b) T — Xp, (¢)T — x3, and (d) T — x4 plane.
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Figure 9. The sample of solution tends to the asymptotic stable disease-free equilibrium
point corresponding to selected points on the bifurcation diagram in Figure 10(a), with
parameter values b; = 0.1 and four different initial conditions. Each panel shows the
trajectories in (a) x, — x3 — x4, (b) T — X2, (¢)T — x3, and (d) T — x4 plane.

In the case of a forward bifurcation phenomenon illustrated in Figure 7(b), the disease-free
equilibrium point is locally stable for b; < BP. Upon reaching the branching point BP at b; = 4.86,
the disease-free equilibrium point loses its stability and remains unstable for all b, > BP.
Furthermore, a unique stable endemic equilibrium point begins to appear as b; increases, until it
reaches the first Hopf point H; at b; = 5.266. At this point, the stability of the endemic equilibrium
point changes to a stable periodic solution until it reaches the second Hopf point H, at b; = 23.12.
The family of the stable limit cycle between the two Hopf points are given in Figure 10(a) with the
period for each limit cycle is given in Figure 10(b). It can be seen that the smaller »; when
b, € [Hi, H,] then the period becomes larger. Beyond Hopf point H,, the endemic equilibrium point
becomes asymptotically stable again. The autonomous simulation for by = 15 is shown in Figure 11.
Since b; = 15 lies between H; and H,, the solution tends toward a stable limit cycle, as demonstrated
in Figure 11(a). As shown in panels (b)—(d) of Figure 11, we can see that all solutions converge to the
stable limit cycle. Conversely, when b, exceeds H,, the endemic equilibrium point becomes
asymptotically stable again, as shown in Figure 12.
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Figure 10. (a) Families of periodic solutions for ¢ = 1.86 x 107 and (b) corresponding
period of the periodic solutions over the range b, € [H,, H,].
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plane. These plots illustrate the dynamic behavior of the system on the periodic branches.
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Figure 12. The sample of solution tends to an asymptotic stable endemic equilibrium point
corresponding to a selected points on the bifurcation diagram in Figure 10(b), with parameter
values b; = 27 and four different initial conditions. Each panel shows the trajectories in (a)
Xy — X3 — X4, (b) T — X2, (¢)T — x3, and (d) T — x4 plane. These plots illustrate the dynamic
behavior of the system on the stable endemic equilibrium point branches.

6. Optimal control model

6.1. Optimal control modeling

From our previous analysis, we can see that increasing the proportion of individuals who use
masks or increasing the intensity of media campaigns can significantly reduce the reproduction
number, which in the end may eliminate TB. However, because of the intensity of this intervention,
the cost will be higher. Hence, an optimal intervention needs to be justified, which is an intervention
that depends on the needs. Hence, the intervention should depend on the epidemic status and time.
The control parameters should be time-dependent variables. Based on this assumption, we define our
control parameter in Eq (2.3) as a new time-dependent control variable, namely u(¢) and u5(¢), which
represent the mask use and media campaign intervention.

Based on the above assumptions, our non-dimensional TB model in (2.3) now read as follows:
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dx

d_Tl =m(l —x;) + exy — (1 — w1 (HE)b1x1x4 — ur(t)xy,
dx

d_7'2 = uy()x; — (1 — uy (HE)brx2x4 — (€ + M) x7,

dxs 6.1)
— =(1- ul(t)cf)pblxl)u +(1- I/tl.f)bz)Cz)M — (1 + m)xs,

dr

dx drx

= = (1 =& = p)byxixs + (1 = k)x3 — (dy — ——— | x4 — mxy.
dr c+bxy

Our goal is to reduce the number of infected people x3(f) and x4(¢) while using the least amount of
force for our interventions, u;(f) and u,(¢). The following cost function reflects these objectives:

1f
T (ui (1), ux (1), x3(1), x4(1)) = fo (0)1X3(t) + wyxs(t) + prup + 90214%) dt, (6.2)

where w; and w, are positive weight parameters for x3(¢) and x4(¢), respectively, while ¢; and ¢,
present positive weight parameters for u;(f) and u,(z), respectively. The purpose of these weight
settings is to balance each component on J so that no component gains greater dominance than any

u(t)

other. Thus, — =~ B must be satisfied. We write x;(7) fori = 1,2,3,4 as x; and u(¢) fori = 1,2 as u;
0 X
to simplify things.

6.2. Optimal control characterization

We characterize the optimal control u* = (u}, u3) which will gives an optimal value of J and optimal
solution of xi, x3, x5, and x;. The necessary condition for the optimal controls are obtained from using
the Pontryagin’s Maximum Principle (PMP). First, we define the Hamiltonian function as follows:

H

W1 x3(1) + wrxy(t) + goluf + gozug ..

Ay (m(1 = x1) + exs = (1 —u (DED1x1x4 — uz()x1) . ..

A (ur(D)x1 — (1 = ur(ODE)baxax4 — (e + M)xz) ... (6.3)
A3 (1 = uy (DE) by x1 x4 + (1 — w1 E)baxoxs — (1 + m)xs) . ..

d
A4 ((1 — i (DE)1 = p)byxyxg + (1 = k)xs — (d1 - j’;‘; 4) X4 — mx4) :

+ + +

+

where A; fori = 1,2, 3,4 are the adjoint variables.

Theorem 8. Let X = (x1, xp, X3, X4) and u = (uy,u). Let u* be the optimal control pair, then there
exists an adjoint variable Ai(t) for i = 1,2,3,4, satisfying the following system of ordinary
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differential equations:

dAa
— = (L= w1 = pbixa(h = ) + (1= w&pbrxa(ly = b5) + 1y = ) + may,
da,
E = (1 - Ltlf)bz)m(/lz - /13) + 6(/12 - /ll) + I’I’I/lz,
dAa
d_: = —w; + (A3 — ) + kAy + mAas, (6.4)
dAa
d—: = —wy + p(1 =1 &)bix1(A; = A3) + (1 = p)(1 — w1 E)b1x1 (A4 — ). ..
d2X4(2/N + bX4)
1 — - —
+ (1 = w1 §)brxy (A — A3) + A4 (d1 /N + b2 may,

with a transversality condition
Aity) =0,i=1,2,3,4,

and optimal controls:

u; = min {1, max {0, g—;j (b2x2(A3 — Ag) + Dy x1 [(Aa — A1) — p(Ag — /13)])}} ,

u, = min {1, max {O, i(/11 - /12)}} )
20,

Proof. With the Hamiltonian function given in Eq (6.3), the proof of the theorem is a direct
consequence of Pontryagin’s Maximum Principle. The adjoint system and its transversality conditions
are taken from:

(6.5)

dA; oH .
E——a—-xi, for i = 1,2,3,4.

Since all the state variables x; are free at 74, then the transversality conditions is given by

Aty) =0,i=1,2,3,4.

0
The optimal control u; is taken from the solution ﬂ = 0 with respect to u; for i = 1,2, and including
Ui
the standard argument that the control variables should be between 0 and 1.

6.3. Numerical experiments on the optimal control problem

To conduct our numerical experiment on the optimal control problem, we use the same set of
parameter values as given in Section 5.1, except we set by = 6.4, w; = 1,w, = 1,¢; = 0.1, and ¢, = 5.
To solve the optimal control problem, we use a forward-backward sweep method [45]. This method is
well known to be used to solve an optimal control problem numerically, including in mathematical
epidemiology models [46—49]. The algorithm is as follows:

Step 1. We solve the state system in Eq (6.1) forward in time by setting u; = 0 as a base when control
is not implemented. We also calculate the cost function .

Step 2. To solve the optimal control problem, we start by setting an initial guess for u; and u, for
t € [0,1/]. Here, we use a constant initial guess.
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Step 3.

Step 4.

Step 5.
Step 6.

Solve the state system in system (6.1) forward in time using the initial guess of u; and the
initial condition of x; fori = 1, 2, 3, 4.

Using the results from Step 3, solve the adjoint system in (6.4) backward in time using the
transversality condition A4;(t;) = 0. fori = 1,2, 3,4.

Update the control u;(¢) for i = 1,2 using the formula in (6.5), and update the cost function 7.

Continue with Step 3 using an updated u;(¢) until the convergence criteria are achieved. In
our case, we terminate the iteration whether the difference of J from iteration k and k£ + 1 is
less than 1073 or the iteration reaches 100 times.

In the following subsection, we conduct our numerical experiments based on several scenarios,
including different combinations of strategies, varying unit costs of interventions, and the impact of
slow-fast progression.

6.3.1. Different combinations of interventions

The first numerical experiment conducted for the optimal control problem focuses on the
combination of interventions we aim to implement. Consequently, we have three scenarios for control
implementation. The first scenario involves using face masks as the sole intervention to minimize the
spread of TB. In this scenario, we set u,(t) = 0 for all # € [0,#¢], while u,(¢) is allowed to vary
between 0 and 1. The results are presented in Figure 13. It can be observed that implementing face
masks as a single intervention only slightly reduces the number of infected individuals and delays the
peak of the outbreak for a short period. The dynamics of u; are shown in panel (e) of Figure 13, while
the dynamics of x; to x, are illustrated in panels (a) to (d).
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@
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Figure 13. Optimal control simulation when face masks are implemented as a
single intervention.
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The next scenario is when we use media campaigns as a single intervention to prevent the massive
spread of TB. Hence, we setu; = O forall 7 € [0, t7]. The results are given in Figure 14. Compared with
the previous scenario where we use only face masks as a single intervention, the results of using media
campaigns as a single intervention are not trivial in combating the spread of TB. It can be seen that
the number of people becoming aware of TB increases significantly (see panel (b) in Figure 14). As
a result, the frequency of outbreaks during the simulation period can be reduced. Without any control
measures, there are three outbreaks. On the contrary, implementing a media campaign successfully
reduces the number of outbreaks to just one during the same simulation interval, as shown in panels (c)
and (d). However, the severity of the outbreak with control implementation is slightly higher compared
to the case with no control. The dynamics of healthy individuals who are not aware can be seen in
panel (a), while the infected individuals are shown in panels (c) and (d). The dynamics of the media
campaign control are displayed in panel (f), where the intervention is intense at the beginning and end
of the simulation but low in the middle.

(b)

T T T 08 T T I
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025
<+
[EIS

015

e .

Figure 14. Optimal control simulation when media campaigns are implemented as a
single intervention.

The final scenario involves the simultaneous implementation of face masks and media campaigns.
The results are depicted in Figure 15. Compared to the first and second scenarios, combining face
masks and media campaigns is more effective in reducing the spread of TB. The intensity of the media
campaign is lower compared to the second scenario, as in this scenario, the face mask intervention
serves as a complementary measure. The dynamics of the controls are shown in Figure 15, panels
(e) and (f). As a result, the number of susceptible individuals who are aware increases significantly,
as shown in panels (a) and (b). Panels (c) and (d) illustrate the dynamics of infected individuals.
Compared to the second scenario, the number of the reduced outbreak is the same. However, the level
of outbreak is smaller and and it occurs more quickly than in scenario 2.
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Figure 15. Optimal control simulation when face masks and media campaigns are
implemented together.

From these three simulations, we can conclude that while face masks and media campaigns have
the potential to prevent the rapid spread of TB, the simultaneous implementation of both strategies
should be considered the best intervention. This is because the two strategies target different aspects
of prevention. Media campaigns focus on increasing public awareness of TB, encouraging people to
be more cautious about direct contact with infected individuals, while the use of face masks provides
a practical means for individuals to protect themselves from direct contact. Therefore, both strategies
should be implemented together to achieve better results.

6.3.2. Impact of a cheaper unit cost for controls

In the previous section, we observed that implementing face masks and media campaigns
simultaneously is the most effective strategy for reducing the spread of TB. In this section, we
conduct a simulation using both interventions but with a reduced unit cost for control (smaller ¢; and
¢>) and compare it with the results in Figure 15. Specifically, we reduce ¢; and ¢, to just one-fifth of
their previous values. The results are presented in Figure 16. It can be observed that with the lower
unit cost for face masks and media campaigns, a more extensive intervention is achievable, as shown
in panels (e) and (f) in Figure 16. Consequently, the number of infected individuals decreases
significantly to zero (see panels (c) and (d)), while the number of susceptible individuals, both aware
and unaware, increases significantly (see panels (a) and (b)). According to our prior simulation, we
have determined that decreasing the cost of interventions, such as face masks and media campaigns,
can result in a broader and more successful implementation of these methods. Consequently, the
transmission of TB can be more efficiently managed, potentially leading to a complete elimination of
infected persons. This implies that the cost-effectiveness of public health initiatives is essential since
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it enables a wider and more influential implementation, therefore improving the overall effectiveness
of disease control efforts.
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Figure 16. Optimal control simulation when face masks and media campaigns are
implemented together, but with a smaller unit cost where ¢; = 0.02 and ¢, = 1.

6.3.3. Impact of bigger probability of fast TB progression (smaller p)

From Table 3 and Figure 4(b), we found that the proportion of slow TB progression plays a crucial
role in determining the reproduction number. A smaller p gives a bigger reproduction number and
indicates that more individuals experience fast progression of TB to active TB status. Biologically,
this suggests that a higher proportion of individuals experiencing fast progression is worsening the TB
endemic situation. Therefore, it is important to analyze the impact of TB control when p is smaller.

To conduct the simulation, we set the parameter value of p to 50% of its original value and compared
the results with those from Figure 15. The results depicted in Figure 17, panels (e) and (f), show that
when more people experience fast progression, a more intensive intervention is required compared to
when p is larger. Specifically, with a smaller p, a high intensity of face mask use and media campaigns
should be followed by a moderate level of intervention shortly after the peak intervention. Furthermore,
with a smaller p, the intensity of face mask use reaches 100% implementation three times, coinciding
with TB outbreaks. Similarly, the intensity of media campaigns is also greater when p is smaller.

Comparing the scenarios with larger and smaller p in Figures 15 and 17, respectively, we observe
that outbreaks occur three times when interventions are not implemented. A smaller p results in a lower
level of outbreak for x3 (see the red curve in panel (c) in Figure 17) but a higher level of outbreak for
x4 (see the red curve in panel (d) in Figure 17). Despite the implementation of face masks and media
campaigns in the case of a smaller p, the outcomes are not better compared to a larger p scenario. In
the case of a smaller p in Figure 17, even with the controls in place, TB outbreaks still occur three
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times within the simulation period. This is in stark contrast to the scenario with a larger p in Figure 15,
where the outbreak occurs only once in the same time interval.
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Figure 17. Optimal control simulation when face masks and media campaigns are
implemented together, but with a bigger fast progression probability (smaller p).

From the optimal control simulation in this section, we conclude that when the fraction of
individuals who experience fast progression to active TB (represented by smaller p), more intense and
ongoing interventions, such as the use of face masks and media campaigns, are necessary to control
the spread of TB. Nevertheless, despite the increased efforts, the results are less effective when
compared to situations where a larger proportion of individuals experience slow progression (bigger
p). More precisely, when the value of p is smaller, there is a higher frequency of TB outbreaks. This
suggests that the rapid advancement of the disease greatly hinders the efficiency of control methods.
This emphasizes the crucial significance of focusing on the factors that impact the pace of progression
in tuberculosis control programs.

7. Discussion and conclusions

In this paper, we investigate a novel SALIR TB model that incorporates the impact of media
campaigns, face masks, slow-fast progression, and a saturated recovery rate. We rigorously analyze
the model concerning the existence and stability of equilibrium points and how the reproduction
number determines the stability and existence criteria. Interestingly, our model may exhibit a
backward bifurcation phenomenon when the reproduction number equals one, particularly if the effect
of hospital bed capacity increases. This implies the co-existence of TB-free and TB-endemic
equilibrium points even when the reproduction number is less than one. This presents a significant
challenge for TB control strategies, as reducing the reproduction number to less than one no longer
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guarantees the eradication of TB from the population.

Our model parameters were estimated using incidence data from Indonesia, which can be accessed
from [37]. Based on this set of parameters, we conducted a global sensitivity analysis and found that
media campaigns are more promising in reducing TB compared to the use of face masks. From the
forward bifurcation diagram, we discovered a family of periodic solutions when the reproduction
number is greater than one. A periodic solution suggests that the number of TB cases can vary over
time, resulting in repeated outbreaks even when interventions are implemented. This implies that the
entire eradication of TB may not be achievable; instead, its prevalence may fluctuate in alternating
episodes of growth and decline. The existence of periodic solutions suggests that a constant or
one-time interventions may not be enough to effectively control TB. For instance, if face masks and
media campaign efforts are solely employed during the initial outbreak, they may temporarily
decrease the number of infections, but they will not prevent future resurgences. On the contrary, our
model proposes that these interventions must be maintained or modified over time, especially during
periods of increasing illness prevalence. Additionally, the periodic occurrence of the outbreaks may
be influenced by the point at which treatment capacity reaches its maximum limit. This means that
during periods of high demand, healthcare systems may become overburdened, leading to a decrease
in the effectiveness of interventions. It is crucial to not only sustain but significantly expand
interventions such as face masks and media campaigns during these periods.

An optimal control model was introduced in this article, treating face masks and media campaigns
as time-dependent interventions. Pontryagin’s Maximum Principle was used to characterize the
optimal control problem, which was then solved numerically using the forward-backward sweep
method. Numerical experiments on the optimal control problem demonstrate how time-dependent
media campaigns and face mask interventions can successfully reduce the spread of TB when
implemented together. Our simulations show that the more people experience fast TB progression, the
more intense the face mask use and media campaigns must be to effectively control the spread of TB.

The mathematical findings described in our research have important implications for public health
strategies aimed at managing TB. The identification of a backward bifurcation, where TB can persist
even when the reproduction number falls below one, emphasizes the complexity of eradicating this
illness.  This observation challenges the conventional approach that focuses on reducing the
reproduction number, suggesting that broader strategies are required. In addition, our sensitivity
analysis indicates that media campaigns are a more efficacious method for halting the transmission of
tuberculosis compared to the use of face masks. This highlights the importance of dedicating
resources to public awareness and education as essential components of tuberculosis control efforts.
The detection of potential recurrent episodes, even in cases where tuberculosis appears to be
well-controlled, underscores the need for ongoing and adaptable therapy. These findings endorse the
implementation of a comprehensive and adaptable approach to tuberculosis management, which
encompasses a blend of medical, behavioral, and systemic interventions to attain long-lasting success
in public health.

Despite providing useful insights into TB transmission dynamics, this study has several
limitations. First, the model assumes a homogeneous population, which may not fully capture the
complexities of real-world transmission patterns. In practice, population heterogeneity, such as
differences in age, contact behavior, or socio-economic status, can significantly influence disease
spread. In future work, researchers may consider incorporating heterogeneous structures, as
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demonstrated in models of other infectious diseases (e.g., [50, 51]). Second, our model does not
account for additional infection pathways in TB, such as relapse and reinfection, which are known to
contribute to long-term disease persistence and resurgence. Including these mechanisms would
provide a more comprehensive understanding of TB dynamics and enhance the model’s applicability
to diverse epidemiological contexts.
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