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Abstract: In this article, we considered a Bayesian approach to estimating the evolution of the
COVID-19 pandemic in Ecuador, providing the first rigorous analysis of its progression in the country.
Specifically, we applied variational data assimilation to estimate the parameters and initial conditions
of a compartmental SARS-CoV-2 propagation model while accounting for structural data uncertainty
through error covariance matrices. These optimized parameters correspond to maximum-a-posteriori
(MAP) estimates, which, in a second stage, allow us to infer the posterior distribution of the param-
eters. We considered two different data sources: the official count of positive COVID-19 tests from
the Ecuadorian Public Health Ministry (MSP) and an estimate of COVID-19-related deaths derived
from excess mortality data recorded by the Ecuadorian Civil Registry (RC). We regard RC data as the
closest approximation to the actual number of COVID-19 cases. The results highlight that, although
there are differences between the estimates obtained using MSP data—generated in real time during the
pandemic—and those based on positive cases inferred from excess mortality, the trends in the computed
effective reproduction numbers coincide. This suggests that the methodology presented in this paper,
and applied in real time during the pandemic, was able to accurately capture the evolution of the pan-
demic in Ecuador. Additionally, we conducted a comparative analysis of Ecuador’s two most populous
provinces, Pichincha and Guayas, which experienced the pandemic very differently, particularly in its
initial stages. This study aimed to improve our understanding of the virus’s spread in these provinces
and provide insights into how epidemiological dynamics can vary within the same country.
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1. Introduction

A new type of coronavirus (SARS-CoV-2) appeared in November 2019, and due to its extensive
spread, the World Health Organization (WHO) declared a pandemic on March 11, 2020 [1]. Ecuador
reported its first confirmed case of SARS-CoV-2 infection on February 29th, 2020, and by April 2020,
it became one of the worst-hit countries in the region [2]. Guayaquil, the capital city of Guayas, was
the most affected city in Ecuador [3]. In response to the escalating crisis, the Research Center in Math-
ematical Modeling and Optimization (MODEMAT) started studying and tracking the transmission of
the SARS-CoV-2 virus in Ecuador using mathematical models, see [4].

In Ecuador, the primary source of information was the official count of COVID-19-positive cases
reported by the Public Health Ministry (MSP). Unfortunately, the lack of widespread testing and non-
coordinated strategies between official entities in collecting and reporting cases increased the data
uncertainty, which was exceptionally high compared to other countries in the region. Relying on just
one source of information could in fact lead to biased results (see, e.g., [5]). To evaluate this, we
consider the mortality excess registered during the COVID-19 pandemic as another source of reliable
information. In this respect, even though not all excess deaths are directly related to the pandemic,
there exists a positive correlation between excess mortality from all causes and COVID-19 deaths; see,
e.g., [6]. To obtain a good estimation of excess mortality, we modeled the time series of deaths before
the pandemic using a seasonal autoregressive integrated moving average (SARIMA) model. Using
this, we forecasted for the following months, which was then compared with the registered deaths to
derive an estimation of COVID-19-related deaths from the difference.

Both data sources have their strengths and weaknesses. The lack of widespread tests makes the
Public Health Ministry (MSP) data less reliable. Conversely, mortality data from the Ecuadorian Civil
Registry (RC) is generally considered less uncertain. However, it requires additional time to be con-
solidated, with a lag of up to four weeks between the occurrence of a death and its inclusion in the
official records. For our study, we consider excess mortality and the number of COVID-19-positive
cases inferred from it as the closest estimate of the true number of COVID-19 cases in the country.

To address the uncertainty inherent in COVID-19 data, we employ variational data assimila-
tion techniques in conjunction with a compartmental susceptible-exposed-infectious-removed (SEIR)
model. This model distinguishes between reported (symptomatic and documented) and unreported
(asymptomatic or mild and undocumented) infections, thereby enhancing the capacity to capture the
dynamics of SARS-CoV-2 transmission (see, for example, [7-9] for further insights). Variational data
assimilation is used to estimate both the unknown parameters and the initial conditions of the SEIR
model, accounting for observational uncertainty via error covariance matrices.

Notably, unlike other parameter-estimation approaches applied to COVID-19 modeling (e.g., [10,
11]), our method performs joint estimation of parameters and initial conditions—an approach known
to yield more robust results in other applied fields. A related methodology for COVID-19 modeling,
although based on Bayesian filtering rather than variational data assimilation, is found in [12], where
the authors infer model parameters and initial conditions for a SEIR-type model, requiring, however, a
reliable and consistent stream of epidemiological data.

After obtaining an initial estimate of the parameters by solving the variational data assimilation
problem, we perform a Laplace approximation to infer an approximate posterior of the model param-
eters. The observational data required are sourced from two different datasets: the Ecuadorian Public
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Health Ministry (MSP) and the Civil Registry (RC). It is important to note that the observational data,
considered closer to the true values, are those retrieved from this last source. Therefore, the predictions
of the reported infected population obtained with this data will be regarded as the closest representation
of the actual pandemic state at any given time.

In this study, we compare the results obtained using data from the Public Health Ministry (MSP)
with those derived from the Civil Registry (RC) to assess the accuracy of our model’s predictions,
which were used during the pandemic to inform health policy decisions. We note that the estimates
made during the pandemic were based on real-time MSP data, whereas the second set of estimates
could only be performed retrospectively, once the Civil Registry data had been processed and pub-
lished—often weeks or even months later.

Our results reveal how the COVID-19 pandemic unfolded in Ecuador, based on a rigorous method-
ological framework. To the best of the authors’ knowledge, there is only one other study, in Ecuador,
regarding the evolution of the pandemic in the first three months since the first case was unveiled,
which exclusively utilizes official data on reported cases from MSP (with a high degree of uncertainty)
and a simple probabilistic model [13]. Since the evolution of the pandemic in Ecuador exhibits signif-
icant geographic heterogeneity, in this paper, we focused on a comparative analysis of the pandemic’s
progression in the provinces of Guayas and Pichincha. We chose these provinces for three primary
reasons: First, due to their population, as they are the most populous provinces in the country. Sec-
ond, because of the different socioeconomic conditions that each of the two presents (living conditions,
hospital infrastructure, overcrowding, etc.). Third, because of their distinct geographical features, with
Guayas situated on the coast and Pichincha in the Andes at an altitude of around 2500 meters above
sea level.

This document is structured as follows: In Section 2, we analyze the data and discuss the neces-
sary preprocessing steps, including the calculation of expected mortality to determine excess mortality.
Section 3 delves into the variational data assimilation process for estimating initial conditions and pa-
rameters for the compartmental SARS-CoV-2 model, outlining the specific problem, its mathematical
treatment, and numerical solution. Section 4 showcases the results achieved through the proposed
methodology, illustrating the COVID-19 case evolution in the provinces of Guayas and Pichincha tak-
ing into account the different data sources. Finally, in Section 5, we offer a comprehensive discussion,
draw conclusions, and address limitations stemming from our work.

2. Data preparation

We analyze data from March 2020, when the pandemic hit the country, to August 2021, when the
vaccination process started for most of the Ecuadorian population. We used two data sources: the
official count of COVID-19-positive cases and the mortality data. We describe them below.

e COVID-19 positive cases: This data comes from the official statistics of confirmed COVID-19
cases reported by the Ecuadorian Public Health Ministry (MSP). The considered individuals are
those who, due to their symptomatology, have undergone a PCR test with a positive result.

e COVID-19 deaths: The mortality data is retrieved from the Ecuadorian Civil Registry (RC) [14].
Although this data is assumed to be more reliable, it takes between three and four weeks to be
consolidated by the authorized governmental entity; therefore, it is not possible to analyze it in
real-time. Below, we describe the processes to first estimate the mortality excess and, second, the
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observed documented infected population from the Civil Registry data.

2.1. Mortality excess estimation via the SARIMA forecast model

To calculate the COVID-19 deaths, we compute the excess of mortality, which refers to the differ-
ence between the total number of deaths in a crisis event, such as the COVID-19 pandemic, compared to
those expected under normal conditions. Expected mortality can be computed using various forecast-
ing methods, including time series or regression-based methods; see [15] and the references therein.
In this work, we employ a seasonal autoregressive integrated moving average (SARIMA) model to
forecast expected deaths from February 4, 2020 to September 2, 2021. We use the historical data of
daily deaths from January 2, 2017 to February 3, 2020. The final 182 days of the historical period,
corresponding to 16% of the data, were used to verify the accuracy of the prediction model.

Selecting appropriate values for the parameters of the SARIMA(p,d, q)(P, D, Q, s) forecast model
requires careful analysis of the time series data, including checks for stationarity and examination
of autocorrelation structures. Based on this analysis, which involved applying differencing, evaluating
ACF/PACEF plots, and comparing models using the Akaike Information Criterion (AIC), the final model
selected for forecasting expected deaths was SARIMA(1,1,2)(1,1,0,52). The detailed derivation,
justification for parameter selection, diagnostic validation of this model, and an explanation of the
parameter notation are provided in Appendix A.

Recorded vs. Forecasted Deaths - Guayas
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Figure 1. Comparison between recorded and forecasted deaths in Guayas from February
2020 to October 2021. A zoomed image of the results from May 2020 to October 2021 is
shown inside.

Subsequently, the validated model was used to generate forecasts of expected deaths. By subtract-
ing these forecasted values from the registered deaths recorded by the Civil Registry, we computed the
excess mortality. As an example, we depict the registered (solid line) vs. the forecasted deaths (dotted
line) for Guayas in Figure 1. The mortality excess from February 3rd, 2020 to July 23rd, 2021, com-
puted as the difference between the forecasted and the registered deaths on those days, was 15,174 (for
Pichincha) and 23,672 (for Guayas). These values significantly surpass the COVID-19 deaths reported
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by the Ecuadorian Health Ministry for these provinces during the same period, which indicated 6750
for Pichincha and 5995 for Guayas [16]. It is noteworthy that during the early months of the pan-
demic, numerous reports highlighted the underreporting of COVID-19 deaths in Ecuador, prompting
the government to suspend disaggregated information at the provincial level from July 26th onwards.

The significant gap observed between forecasted and recorded deaths may indicate that the real
impact of COVID-19 in Ecuador was much worse than what was reported by the Ecuadorian official
means. Underreporting could have been caused by inadequate testing and the misattribution of COVID-
19 deaths to other causes. Moreover, besides the differences between mortality data obtained with
both data sources, there is a notorious difference between the mortality excess registered in Guayas
and Pichincha, Ecuador’s two most populated provinces, with approximately 4,387,434 and 3,228,233
inhabitants, respectively [17].

2.2. Observed documented infected population from mortality excess

This study uses two different sources for observational data on COVID-19 infections: the official
positive case counts from the Ecuadorian Public Health Ministry (MSP) and an estimate derived from
excess mortality data recorded by the Ecuadorian Civil Registry (RC). The reason for incorporating RC
data stems from the significant uncertainties associated with the official MSP case counts, particularly
due to testing limitations.

To obtain a potentially more robust, albeit retrospective, measure of the infection burden less sus-
ceptible to testing biases, we use excess mortality data. This subsection outlines the methodology used
to transform the estimated excess mortality (calculated as described in Appendix A) into an estimate
of the documented infected population, which serves as the observational input (1°**) for our data as-
similation framework when using the Civil Registry data stream, allowing for a comparative analysis
against results obtained using MSP data. The core of this transformation relies on the case fatality
rate (CFR).

According to [18], the case fatality rate (CFR) represents the proportion of individuals diagnosed
with a disease who eventually die from it. Once a pandemic has ended, the CFR can be calculated by
dividing the total number of known deaths by the total number of confirmed cases; see, e.g., [18, 19].
However, estimating this ratio during an ongoing pandemic requires a delay correction to account for
the time between case confirmation and death. As noted by [19], a real-time CFR can be calculated as

m(X)

CFR= ——2_,
IX-T)

where m(X) represents the number of deaths at day X and /(X — T') denotes the number of cumulative
cases (or infected population) at day X — 7'. T represents the time from case confirmation to death. In
our specific case, we consider 15 days for this period as an average of those reported on the MIDAS
Online COVID-19 portal [20]. We remark that assuming a fixed average duration (T = 15 days) is
indeed an approximation. In reality, the time from diagnosis to death is highly variable and depends
on numerous factors that our model does not capture at the individual level.

Given that our study was conducted in hindcast, we already have the CFR values. Therefore, we can
estimate the number of deaths, m, on day X as the number of cumulative cases on day (X—7"), multiplied
by the case fatality rate, i.e., m = CFR X I. Furthermore, since the infected population is divided into
reported and unreported cases, with approximately one-third of infections being asymptomatic, we can
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obtain estimates for the reported and unreported case fatality rates. This allows us to refine the formula
as follows:
m = 66.86% I CFR, +33.14% I CFR,, 2.1

where the subindices r and u denote if the rates correspond to the reported and unreported cases, re-
spectively. In Eq (2.1), the approximated one-third proportion between symptomatic and asymptomatic
cases is taken as 0.3314, which corresponds to the average value reported in the literature [21-23]. We
remark that the fraction of reported and unreported cases is highly context-dependent. It depends on
test availability and socio-economic factors, among others.

The case fatality rate (CFR) of the reported infected population varies by region and time period.
For instance, according to the US National Epidemiological Surveillance System, the CFR for reported
COVID-19 cases from February 29, 2020 to December 6, 2021, was 2.17% for Pichincha and 6.84%
for Guayas; see [24]. Additionally, according to Yang and coauthors [25], asymptomatic patients
were younger than the symptomatic ones. Consequently, a plausible estimate for the CFR of the
undocumented infected population can be derived from the rate assigned to the younger population
(0-19 years old), which in Ecuador is 0.24% [24].

It is important to note that excess mortality does not distinguish between deaths caused directly by
COVID-19 and those resulting from other causes; see, e.g., [26]. Nonetheless, the analysis remains
valid, as there is evidence of a positive correlation between COVID-19-related deaths and all-cause
excess mortality [6].

3. Variational data assimilation problem

Variational data assimilation aims to determine the most accurate estimate of a dynamical system’s
state by minimizing a cost functional that quantifies the disparity between the model predictions and
observed data. Its formulation is rooted in a Bayesian framework and may account for nonlinear
dynamics, as well as integrate observations within a specified time interval.

In brief, if we have knowledge of the prior probability density function of the model variables
x, denoted as p(x), and the conditional probability density function of the observations y given x,
represented as p(y|x), then we can derive the posterior distribution of the unknown model variables x
given the observations y, expressed as p(x|y), by applying Bayes’ formula:

p(ylx)p(x)
2

If the observations and the background information are normally distributed, with error covariance
matrices C and B, respectively, then the conditional probability density function p(y|x) takes the form:

pxly) = (3.1)

1 1 _
pOlx) = Qrycin P {_i(y ~Hx) ' C'(y - H(x))} ; (3.2)

where n is the number of available observations, and H is the observation operator. Likewise, the prior
probability density function p(x) is given by

p(x) = exp (—%(x — B (x - x”)) , (3.3)

1
@y (Bl
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where m and x” are the number of model variables to estimate and the background estimate of them,
respectively.

In the Bayesian formulation, the objective is to find the best estimator, i.e., the one that maximizes
the posterior probability density function given by (3.1). Since p(y) is independent from x, this maxi-
mization problem reads as follows:

max - p(lop(x). (3.4)

The parameter maximizing the posterior distribution, i.e., xy4p = arg max p(y|x)p(x) is called the
X

maximum-a-posteriori (MAP) estimate.
On the other hand, taking into account that the logarithmic function is increasing and continuous,
the maximization problem (3.4) is equivalent to the following one:

max  In(p(ylx)) + In(p(x)). (3.5)

Substituting the probability density functions (3.2) and (3.3) in the problem above, we obtain the
equivalent minimization problem:

min %(y ~-H(x)'C'(y - H(x)) + %(x - DIB(x - xb), (3.6)

which is a robust balance between the background information and the observed data. Problem (3.6)
considers a single observation acquired at a given instant. In cases where observations are obtained
at different moments in a time window, the Bayesian formulation described above has to be adapted
to account for the system’s evolution and the variation of the uncertainty measured by the covariance
matrices.

Furthermore, when the estimation problem extends beyond determining the initial state of a dy-
namical system to also include the estimation of its governing parameters, the minimization problem
exemplified by (3.6) must be modified. This involves incorporating background information for both
the parameters and the initial state through different error covariance matrices: B, the background error
covariance for the model parameters, and Qy, the background error covariance for the system state.

3.1. Problem statement

In our case, the model variables to be estimated, considering the information given by the obser-
vations, are the parameters and initial conditions of the SARS-CoV-2 virus spread model proposed
in [7,27-29]. The mathematical formulation used to solve the parameter estimation problem jointly
with an estimation of the initial conditions of the virus propagation model reads as follows:

min I'(t) = IPHCH A () = I9) + (0 — p")' B (0 = p) (3.7a)
o, 0 € Uaa IZ]: R
+(ug — US)TQ(_)l(Uo - uf;) = J(p,ug)
ds  BSI'  uBSI*
.t. — = — , S(t) =95, 3.7b
S 7 N N (t)) = So (3.7b)
dE SI Sl E
LY L E(to) = Es, (3.7¢)

= + ,
dt N N VA
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dr E I

— =a= - —= I'(ty) = I, 3.7d
iy (fo) = I, (3.7d)
dr E I ) )

i (1- O’)E - (1) = Iy, (3.7¢)
dR I'+1I"

7 D (t0) = Ro (3.71)

The contagion and spread of SARS-CoV-2 are modeled by the SEIR-type system given by Eqs
(3.7b)—(3.7f), where S, E, I, I", R, and N represent the susceptible, exposed, documented infected,
undocumented infected, removed, and total number of inhabitants of the studied province. To capture
mathematically the particularities of the virus, such as the presence of asymptomatic infections, the
infected population is divided into two separate compartments: documented and undocumented. The
documented infected population comprises individuals who have undergone PCR testing due to their
symptoms, yielding positive results. Conversely, the undocumented cases represent positive infections
with mild or no symptoms, potentially exposing a larger portion of the population to the virus as they
may go unnoticed. Additionally, the SEIR model strongly depends on the following coefficients:

e [3: transmission rate due to documented or symptomatically infected patients.

e u: multiplicative factor that reduces the transmission rate of undocumented patients.
e «: fraction of the documented infected population developing severe symptoms.

e Z and D: average latency period and the duration of the infection, respectively.

In the cost functional (3.7a), p = (B, u, @, Z, D)! represents a parameter’s vector, and U, is the
admissible set formed by the initial prior range of the model parameters as follows: 0.8 < g < 1.5,
02 <u<1,002 <a<1,Zand D between 2 and 5 days. The bounds of the intervals as well as
the background information of the parameters, p”, are determined by the values given in the extensive
COVID-19 literature (see, e.g., [7] and the reference therein). In particular, for the ranges of the model
parameters, we use the work of Li et al. [7], where the intervals were computed considering a 95%
confidence level, using Latin hypercube sampling (LHS) with n = 300 simulations. u, is the vector of
initial conditions, while ug represents its background information. For the current assimilation window
k, the background initial condition ug will be set to u,_;, the final state vector of the SEIR model ob-
tained from the analysis of the immediately preceding window (k — 1). The measured or observed data,
I°’ | is given by the official statistics on positive COVID-19 cases reported by the Ecuadorian Health
Ministry or the number of cases inferred from the mortality excess obtained from the Ecuadorian Civil
Registry. The error covariance matrices appearing in (3.7a), C, B, and Q,, are built as described in
3.3. The solutions to problem (3.7) are optimal parameters p = (8, u, @, Z, D) and an optimal initial
condition Wy = (Eo, I, I}, Ro), that can be used to estimate the SARS-CoV-2 propagation model out-
puts, u(t) = (S(#), E(t), I'(¢), I"(t), R(t)), for a given period of time [#, #,]. We recall that the obtained
optimal parameters correspond to MAP estimates, which are single-point values. Obtaining their full
probability distribution requires additional steps, such as employing a Laplace approximation method.
We will explore this process further in Section 4.1.

It is important to mention that the SEIR system (3.7b)—(3.7f) studies the virus’s behavior and its
spreading in an isolated province or region. In the Ecuadorian case, studying the isolated model makes
sense since one of the measures implemented by the government during the pandemic outbreak was
the prohibition of traveling outside provinces.
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3.2. Solution via a Lagrangian approach

The minimization problem (3.7), where the objective functional J(p, uy) is minimized subject to
the SEIR differential equation (3.7b)—(3.7f), is addressed using techniques from optimal control [30,
31]. Specifically, we employ the Lagrangian approach to derive the first-order necessary optimality
conditions, which comprise:

e The state equations, which are the original SEIR model ODEs (3.7b)—(3.7f).

e The adjoint equations, a backward system describing the dynamics of the Lagrange multipliers
(adjoint variables) A(?).

e The gradient of the cost functional J with respect to the control parameters p and initial conditions
uy, expressed in terms of the state and adjoint variables.

The detailed derivation of the specific adjoint system and the gradient expressions for our problem can
be found in Appendix B.1.

Since the variable corresponding to the model parameters p belongs to the admissible set U, the
optimality condition of the problem is given by the following variational inequality:

VI, 1) [(p,w9) — (5,0)] 20,  Vp € Uy, Yuy € RY, (3.8)
where the partial derivatives forming the gradient s and — are given by (B.4) and (B.5), respec-
(Y Ug
tively. Note that since the box constraints for p and u are convex sets: U,y = {p € R’ : pr < p < pu)
where for each i € {1,...,5}, p/ and p* represent the lower and upper bounds for each parameter, and,
for each j € {1,...,4}, the lower bound of u(J) is taken as 0, then, the variational inequality (3.8) may
be replaced by a pointwise projection [31, Section 5.2], as follows:
pi—P(pi =V, J) =0, forie{l,...,5),
ﬁé—P(ﬁé—quéJ):O, for je{l,...,4},
for every y > 0. P : R" — Q represents the projection operator defined by:
a;, if Xi < a;,
P(x); =3x;, ifa;<x;<b,
bl', if bi < Xi,

where Q = {x e R" : a; < x; < b;}.

Furthermore, the robustness and local optimality of the obtained solution can be assessed by ver-
ifying the second-order sufficient conditions, as detailed in Appendix B.2. In particular, the solution
to the variational data assimilation problem (3.7) is a local minimizer if the second derivative of the
Lagrangian functional is positive definite at that point. This condition is satisfied, for instance, when
|C;'(I" — I°P*)| is sufficiently small.

3.3. Building error covariance matrices

One of the critical elements in the variational formulation is the construction of the error covariance
matrices appearing in the cost functional (3.7a). C represents the error covariance matrix of the obser-
vations, and B and Q, are the error covariance matrices of the background information of the model
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parameters and the initial condition, respectively. Next, we explain how the error covariance matrices
are built for our specific problem and data.

Matrix C - Health Ministry data

The matrix C is computed by taking into account the effectiveness of the PCR tests in detecting
the SARS-CoV-2 virus and the number of PCR tests applied to the population. Specifically, C is a
diagonal matrix where each diagonal element o> takes the form:

o2 = Z0%en (3.9)

1

where o pcp 1s the standard deviation inherent to PCR tests. It refers to the baseline level of uncertainty
or variability associated with using PCR tests as a diagnostic tool for counting cases. The parameter «
represents a benchmark for weekly testing capacity, set at 4000 tests per million inhabitants, reflecting
levels achieved in countries with effective and widespread testing campaigns during the pandemic,
such as Germany, Vietnam, and South Korea (see, e.g., [32,33]). The variable 7, is the number of PCR
tests per million inhabitants performed in each province during a week of study.

Matrix C - Civil Registry data

Since the observed infected population is estimated based on excess mortality, the observation error
is directly related to the error in computing this excess. Given that excess mortality is defined as the
difference between reported and expected deaths, we assume that the primary source of error in excess
mortality arises from inaccuracies in forecasting expected deaths.

The residuals of the forecasted expected mortality, obtained using a seasonal ARIMA model, form
a stationary time series with constant variance; see, e.g., [44, Section 1.4]. In our case, the standard
deviations of these residuals for Pichincha and Guayas are op = 27.29 and o = 45.25, respectively.

Matrix B

The background knowledge of the parameters, like their confidence intervals and mean values, are
taken from the extensive COVID-19 literature. We use the work of Li et al. [7], where the authors set
the initial prior range of the model parameters as follows: 0.8 <5<1.5,02<u<1,002<a<1,a
mean latency period Z between 2 and 5 days, and an average duration of the infection, D, in infected
patients from 2 to 5 days, to find the elements of the diagonal matrix B. In fact, in the source literature,
the intervals were computed at 1-@& = 95% confidence level, using LHS with n = 300 simulations. This
information lets us retrieve a measure of uncertainty of the background knowledge of the parameters.
In fact, according to [34], the lower and upper bounds of the intervals are computed as follows:

Gty s, (3.10)

where ¢ represents any of the model parameters {3, u, @, Z, D} and § its mean value. Additionally, for

the given values of n and &, s = 1.968. Given the lower (giow) and upper bounds (g,,) of each model

parameter, we can compute its standard deviation, s, from Eq (3.10). In fact, s, = i“pif. The square

a
-3

values of these elements will form the diagonal matrix B.
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Matrix Q

The matrix Qo measures the problem’s sensitivity concerning the initial conditions. To build this
matrix for the k-period, we form a set of perturbed initial conditions ugk = (ES IS, Iuf, RY), by con-
sidering the solution vector at the end of the previous period, i.e., u;_;, and random Gaussian noise as
follows:

llgk = U1 + &y, Ep ~ N(O, O'L%),

where oy = 0.2u;_; and £ = 1,..., M. Solving the SARS-CoV-2 propagation model with these initial
conditions results in an ensemble of M state vectors u} = (E, Ir’, Iu’, R"). The main idea is to emulate
the uncertainty of the system by the variability of a collection of solution vectors. In this sense, matrix
Q is estimated using the information of these ensemble members as follows:

1 <& _ _
Q= m;(ug — W)l — ), (3.11)

M
_ 1 ¢
where u = Z u,.

3.4. Numerical algorithms

In this section, we describe the algorithms we use to solve the data assimilation problems that appear
in the paper. We have chosen a discretize-then-optimize approach as it offers advantages in finding the
numerical solution to the minimization problem by employing quasi-Newton methods. In particular, an
updating formula, without solving large linear systems, is available in this context, which significantly
improves the computational efficiency.

3.4.1. Projected quasi-Newton methods

Projected methods are used to solve minimization problems with box constraints, min,.ey,, f(w),
with U, = {w : a; < w; < b;}. Generally, these methods use the descent directions of the unconstrained
problem and project the next iteration on the admissible set, that is,

W1 = Py, (Wi + aidy), (3.12)

where P represents the projection operator, d; is a descent direction, and ¢y is a projected line search
parameter; see, e.g., [31, Section 5.3] .

For projected quasi-Newton methods, it is necessary to use the information of the reduced Hessian
or its approximations (denoted as H;) based on the estimation of e—active sets:

Aw)={i:a; <w;<a;+eorb; >w; > b; — €},

with 0 < € < min;{b; — a;}/2. Its complement forms the e—inactive set, /°(w). The reduced Hessian, or
an approximation, is defined as follows:

5 if i € A%(wy) or j € A%(wy)

R, €, HY) - = Rasiuy + Rrcon HiRrony :{ (H,)ij» otherwise
ijs >
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where (Rg(w)); = w; if i € §, and (Rg(w)); = 0 if this is not the case, for any index set S. The model
iterations will be given as follows:

W1 = Py, (Wi — axR(wy, €, H) 7'V f(wy)).

BFGS projected method

If the approximation of the Hessian matrix is given by the BFGS method (Broyden-Fletcher-
Goldfarb-Shanno), its reduced matrix is given by:

T # T
He =R, HR, R, JrSesit Op)
k+1 — DL A L1 — T Iis1 T # °
SkaSk Skyk

where [i,1 = I¥'(Wip1), Sk = Wi — Wy, and y}i’E =Ry, (VfWis1) = Vf(wi)). In some problems, it is
helpful to get updates for the generalized inverse of Hy, i.e., By. According to Kelley [35] in Section
5.5.3, the update of this generalized inverse, By, has the form:

100"

OhT s

yz(s’,f)T) il ; (3.13)

Bk 1 = (I -
" ohHTst) oMt

)le+lBkRIk+l (I

where st = Ry, (Wi — wy). In particular, using the update of the generalized inverse, it yields
dy = =BV f(Wi) = Racquy V. (W)

In our implementation, we used the reduced matrix update given by (3.13). To see the form of this
matrix for our specific problem, let us set the following values: in the iteration k, wy = (px, u’(‘)). Let
Uw=1w = (p,u) : p € Uy, and 0 < uy < U} represent the admisible set, where U > 0 is a high
upper bound for the initial conditions, and U,; = {p : p¢ < p < p,} where p, and p, denote the lower
and upper bound for the model parameters, respectively. Note that w = (p,u,) € R°, and then, for a

given value of €, the e-active set has the form

Aw) ={i: (po)i w; < (pp)i+eor(p,)—e<w; <(p,)ifiefl,...,5} or
Oswi<eorU-e<w; <Uifiefo,...,9}}.

We will denote Iy = I9(Wis1) = (AWie1)), st = Ry, ((0ks1, uf™) — (o, 0l)), and

O [ R O o) O AR )
k k+1 ap > auo ap ] auO 1)

oJ aJ
where s and I are given by (B.4) and (B.5), respectively. Replacing these terms in (3.13), we
P Uo
obtain an update of the generalized inverse By, and consequently, a descent direction

(3.14)

dy = —By

aJ(piuh) dJppup)] 0J (o) 0J(pru)]
dgo  Oug AT 90 By '
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4. Results

In this section, we analyze and compare the evolution of the COVID-19 pandemic in two provinces
of Ecuador: Pichincha and Guayas. One of our goals is to compare the estimated models built dur-
ing the pandemic—based on the official COVID-19 case counts reported by the Public Health Min-
istry—with those derived from Civil Registry data, which only became available after our initial esti-
mates were made. Since the latter dataset and its corresponding estimated models are considered the
most reliable representations of the pandemic’s state, we use them as references to assess the accuracy
of our initial estimates. Additionally, we examine the evolution of the documented infected population
and the effective reproduction number, two key indicators of the pandemic’s progression, based on the
two datasets.

4.1. Estimation of COVID-19 model parameters

To obtain the model parameters and their approximate posterior distributions, we proceed in two
steps. First, we determine the optimal parameters (p) and initial conditions (uy) by solving the vari-
ational data assimilation problem (3.7). We proceed iteratively using the projected BFGS method
described in Section 3.4.1, until a stopping criterion is met. Since the computations are performed
weekly, the initial point for the algorithm is set to the parameters obtained in the previous week, p;_,
while for the initial conditions, uy, the observations at the first day of the studied week are considered.
The BFGS direction is determined by (3.14), and the parameters and initial conditions are updated
following (3.12). The stopping criterion is defined by e(wy) = |wy — Py,(wr — VW)l < tol,
where w; = (o, u’é) and tol > 0 is a fixed tolerance value. Specifically, we set tol = 1 X 107%; see,
e.g., [31, Chapter 5.3].

If the iterations of the projected BFGS start near a non-degenerate local minimum and a good initial
approximation to the reduced Hessian is available, it is expected that the iterations of the method will
converge g-superlinearly; see [35, Theorem 5.5.4]. This is verified also in our experiment, see Table 1,
where we summarize the method performance for a subsample of weeks. We recall that the algorithm
converges superlinearly if the convergence rate, p, is between 1 and 2.

Table 1. Performance of the projected BFGS method with RC data for Guayas.

Studied week iter f(w) e(w) Conv. rate (p)
March 13-19, 2020 8 3.003 1.71x107'" 1.37
June 19-25, 2020 10 4908 3.01x107'° 1.10
Nov 20-26, 2020 8 4212 2.12x107'% 1.97
April 9-15, 2021 9 3.258 9.14x107° 1.74
May 28-June 3,2021 11 1459 199x10°% 2.14

Since we are using observational data from two different sources—MSP and RC—the iterative pro-
cess described above yields two sets of optimal solutions: (u)’*”, p*$*) and (uf, p*¢). As mentioned
previously, the obtained optimal parameters correspond to the MAP estimates, representing the mode
of the posterior distribution. However, MAP estimates alone do not provide information about the

uncertainty surrounding these optimal values or the full shape of their posterior distribution. Conse-
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quently, to obtain a more complete understanding of the parameter uncertainty, we need to approxi-

mate the posterior distribution of the model parameters, w = (p, uy), given the observed data, I°% ie.,
bs

pW[I?).

According to Bayes’ formula (Eq 3.1), the posterior distribution is proportional to the product of
the likelihood p(I°”*|w) and the prior p(w). We have already identified the MAP estimate, wyp =
(omap, U map), Which maximizes this posterior (or equivalently, its logarithm). The data assimilation
approach used to find wy4p (Section 3) was formulated by assuming Gaussian distributions for both
the likelihood (errors in observations) and the prior knowledge (background information for w). Given
these assumptions and the computed wy;4p, we employ the Laplace approximation to estimate the full
posterior distribution.

Laplace approximation exploits the properties of the approximate posterior around the mode. The
core idea is that, in the vicinity of a well-defined mode (such as our MAP estimate), the posterior
distribution can be effectively approximated by a multivariate Gaussian distribution, i.e.,

pOWII™) ~ N(wip, Z). (4.1)

This approximating Gaussian is centered at the MAP estimate, so its mean is g = wyp. The
covariance matrix X is determined by the curvature of the log-posterior at the mode, specifically
Y = H', where H is the Hessian matrix of the negative log-posterior evaluated at wyp (i.€.,
H = -V?In p(wl]"h‘)|W:WMAP); see, e.g., [45, Section 13.3]. This method provides an efficient alter-
native to sampling-based approaches like Markov Chain Monte Carlo (MCMC) for characterizing
posterior uncertainty, particularly when a well-defined mode exists.

In our framework, this matrix corresponds to the Hessian of the cost functional J(p, uy), given in
(3.7a), with respect to w = (p, ), evaluated at wyap = ()Y, pprap), i.e., V2J(0, W)y, Observe
that we have computed V2 Ly, u,[(4, iy, ho), (B, hy, ho)] in Section B.2, which when evaluated at the op-
timum wyap = (Omap, uy*?), coincides with V2J,y [(hy,, ho), (hy,, ho)]; see, e.g., [31, Section 4.2]. The
resulting Gaussian distribution provides an estimate of the full posterior, allowing for the quantification
of uncertainty in w and the generation of samples for propagating this uncertainty to model predictions.

To assess the similarity between the posterior distributions of the parameters obtained using ob-
servations from the Civil Registry and the Public Health Ministry, we compare both distributions for
selected parameters and dates. Figure 2 presents both approximate posterior distributions of the pa-
rameter S, representing the transmission rate due to symptomatically infected patients, on different
dates for the province of Pichincha, while Figure 3 illustrates the same comparison for the parameter
@, which indicates the fraction of the documented infected population developing severe symptoms,
for the province of Guayas. As shown in the figures, for both selected parameters, there are instances
where the two approximate posterior distributions closely align, as seen in Figure 2(b). However,
there are also weeks when the approximate distributions are close to each other but do not overlap, as
observed in Figure 3(c).
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Figure 2. Comparison of the approximate posterior distribution of 8 obtained using MSP
data (shown in blue) and RC data (shown in red) for Pichincha.
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Figure 3. Comparison of the approximate posterior distribution of @ obtained using MSP
data (shown in blue) and RC data (shown in red) for Guayas.

To gain insight into the behavior of these estimated posterior distributions over the entire period,
we display and compare their means. Figure 4 presents the comparison and evolution of the posterior
distributions’ means for the parameter § in the Guayas province, and u in the province of Pichincha.
We recall that u is a multiplicative factor that reduces the transmission rate of undocumented patients.

To observe the percentage of difference between the parameters’ estimations obtained with both
data sources, we compute the relative error between them as follows: pPrelerror = "% for each
o € {B,u,a,Z,D}. Figure 5 displays the relative errors for selected model parameters in the first year
of study for Guayas (top) and Pichincha (bottom).

Uncertainty quantification is crucial for parameter estimation in epidemiological models, particu-
larly for COVID-19, where data may be incomplete, noisy, or affected by reporting delays. By charac-
terizing the full posterior distribution rather than relying solely on MAP estimates, we obtain a more
robust understanding of the variability in model predictions. This is especially important for decision-
making, as predictive intervals allow policymakers to assess potential worst-case scenarios and adapt
containment strategies accordingly.

4.2. Evolution of the documented infected population

If the estimation of the COVID-19 documented population is performed periodically (e.g., weekly),
the solution variables—particularly the documented infected population—can be updated at the same
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Figure 4. Comparison of the evolution of the posterior distribution mean for parameter
B (top), and parameter u (bottom) computed with MSP data (dotted line) and RC data
(solid line).

frequency. We report the results for the variable I” in Guayas and Pichincha, computed using two
different data sources and the methodology described in Section 4.1:

e ["-MSP: Obtained using the observations coming from official COVID-19 data reported by the
Public Health Ministry (MSP).

e ["-RC: Estimated using COVID-19-positive cases inferred from excess mortality data recorded
by the Civil Registry (RC).

Figures 6 and 7 depict the evolution of the number of contagious individuals estimated from both data
sources. It is important to highlight that the MSP estimate (/"-MSP) was conducted in real time during
the crisis using the available data at that moment. In contrast, the estimate based on RC data (I"-RC)
was performed retrospectively when a more reliable data source became available. The estimate is
considered to better approximate the actual progression of the pandemic.

In Guayas’ case, the difference between both series is evident, particularly in the first months of
the pandemic. In fact, by analyzing the approximate dates when the pandemic hit the worst with the
different data sources, we get different values for the maximum of contagious individuals and the dates
when they occurred. Nevertheless, both peaks occurred between the last weeks of March and the first
week of April 2020. The difference in dates can be explained by considering that estimates based on
official MSP data may naturally be delayed due to the time lag between individuals taking a COVID-
19 test and receiving their results. This phenomenon was particularly evident during the pandemic’s
first months. It is worth mentioning that the maximum number obtained with MSP data (3670 cases)
is much smaller than the one obtained with the RC data (18,368 cases), highlighting the potential for
underreporting in official statistics. We summarize these results in Table 2.

In Pichincha’s case, it is important to remark that in mid-September 2020, the results of repressed
PCR tests were released, which artificially increased the number of observed positive COVID-19 cases
due to the high PCR-test positivity; see, e.g., [36,37]. Therefore, the results obtained from MSP
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Figure 5. Evolution of the relative error for selected model parameters from March to De-
cember 2020.

data for those dates were artificially high. To deal with that, we treat these results as outliers, and
to correct them, we used a linear interpolation of the generated I"-MSP series. Likewise, the results
of this province’s peak infection values and dates are illustrated in Table 2. Analyzing Pichincha’s
series, we find that the first critical infection increment, according to both data sources, occurred in
July 2020. In fact, this date was recognized by national and international media as one of the hardest
of the COVID-19 pandemic in Quito (Pichincha’s capital city); see, e.g., [38]. It is worth noticing that,
different from Guayas’ case, the estimate of the infected population obtained with RC data is lower
than the one obtained with the records of the Public Health Ministry.

Table 2. Infection peaks computed with MSP and RC data for Guayas and Pichincha.

Guayas Pichincha

Max  Date Max Date
I'-RC 18386 12-03-2020 | 1624 16-07-2020
I"-MSP 3670  02-04-2020 | 7490 22-04-2021

4.3. Effective reproduction number

A critical metric for understanding epidemic dynamics and guiding public health interventions is
the effective reproduction number, denoted by R,. Unlike the basic reproduction number (R,), which
measures the average number of secondary infections caused by a single infectious individual in a
completely susceptible population, R; quantifies this average number of secondary infections at a spe-
cific time during the epidemic. R, accounts for changes in population susceptibility, due to infection-
acquired immunity or vaccination, and the impact of interventions like lockdowns. Therefore, tracking
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Figure 6. Comparison of the evolution of the variable reported infected population computed
with MSP data (dotted line) and RC data (solid line) for Guayas. A zoomed image of the
results from May 2020 to September 2021 is shown inside.

R, provides a real-time overview of the epidemic’s evolution and the effectiveness of control measures.

In the context of our compartmental SEIR model (Egs (3.7b)—(3.7f)), which distinguishes between
documented (/") and undocumented (/") infections, the effective reproduction number is calculated
based on the estimated model parameters as:

R, = aBD + (1 — a)uBD (4.2)

where £ is the transmission rate due to documented cases, u is the multiplicative factor reducing trans-
mission from undocumented cases, « is the fraction of infections developing severe symtoms, and D is
the average duration of the infection. The time-varying nature of R, arises directly from our method-
ology: since the parameters («, 5, u, D) are estimated periodically (e.g., weekly) using the Bayesian
data assimilation framework described in Section 3, the resulting R, value will reflect the conditions
prevalent during that estimation window. The interpretation of R, values is crucial. An R,-value higher
than two represents the exponential growth of the disease. Moreover, if the reproduction number is
between one and two, it means a less accelerated increase in the infection. When the R, values are
lower than one, we can say that the spread of the virus is shrinking. Being steadily in this range means
the infection is under control [39].

Since the SEIR model parameters are periodically updated using either MSP or RC data, we com-
pute and compare the corresponding time series for the effective reproduction number, R,. Figures 8
(for Guayas) and 9 (for Pichincha) illustrate the evolution of the estimated R, comparing the estimates
derived from MSP data (R,-MSP, dashed line, from March 12, 2020) and RC data (R,-RC, solid line,
from March 5, 2020) until July 29, 2021. The shaded area represents the uncertainty of the R, values.
It was computed using deterministic bounds [40-42]. The upper bound is found by using the upper
limits of the uncertainty intervals of all input parameters in the R, formula. The lower bound is found
by using the corresponding lower limits. We present the R, series with semi-log graphs to appreciate
in a better way the variations in their evolution without getting perturbed by the different scales of the
series itself.

In Guayas (Figure 8), the early outbreak phase in March—April 2020 was characterized by extremely
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Figure 7. Comparison of the evolution of the variable reported infected population computed
with MSP data (dotted line) and RC data (solid line) for Pichincha.

high transmission levels, both for R,-RC and R,-MSP estimates. This aligns with Guayas’s status as
one of the initial epicenters of the pandemic in the region. From mid-2020 to early 2021, transmission
appeared comparatively stable, with both indicators fluctuating around 1, though R;-RC occasionally
showed values above this threshold.

In Pichincha (Figure 9), the initial R, peak was lower but still significant. The period from mid-2020
to mid-2021 saw more frequent and sometimes prolonged phases during which R, slightly exceeded 1.
Although the general trends in R;-RC and R,-MSP remain broadly aligned, short-term differences are
more apparent.

An almost yearly wave pattern can be observed in the R, estimates, with peaks around March in
Guayas and June in Pichincha. However, interpreting these patterns requires caution, as their meaning
depends heavily on the quality of the reported data and the assumptions made in the modeling process.

5. Discussion

This work presents a comparative analysis of the evolution of the COVID-19 pandemic in two
provinces of Ecuador: Pichincha and Guayas. We computed the optimal parameters involved in the
SARS-CoV-2 propagation model using two different data sources. The first one relies on the official
count of positive COVID-19 cases reported by the Public Health Ministry. The second, considered a
closer approximation to the actual number of COVID-19 cases in Ecuador, is based on excess mortality
records from the Civil Registry.

Our approach involves the optimal estimation of the model parameters while accounting for uncer-
tainty, using variational data assimilation methods. These optimal solutions are then combined with the
likelihood of the observed data given the parameters—modeled as a normal distribution. Using Bayes’
theorem, we compute the posterior probability distribution of the parameters. This framework enables
a Bayesian inference of the model variables, providing a more robust estimation of the pandemic’s
progression.

Even though the parameter estimates of the models for both datasets differ in certain weeks, the
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Figure 8. Evolution of the effective reproduction number in Guayas calculated with MSP
and RC data from March 5, 2020 to July 29, 2021.
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Figure 9. Evolution of the effective reproduction number in Pichincha calculated with MSP
and RC data from March 5, 2020 to July 29, 2021.

evolution of the pandemic exhibits similar trends. This is particularly true for the effective reproduction
number R,, which was the primary indicator for public policy design during the pandemic. In Figures
8 and 9, it can be observed that the credible intervals of the effective reproduction numbers calculated
using MSP data and RC data overlap in most of the weeks considered. In fact, in cases where they do
not (e.g., September 2020), this can be attributed to the presence of outliers in the MSP data due to
delayed reporting. Assuming the RC data to be closer to reality, this proximity of R, values suggests
that the data assimilation methodology presented in this paper, and used during the pandemic with
MSP data, was able to accurately capture the evolution of the pandemic in Ecuador.

Regarding the comparison between the provinces of Pichincha and Guayas, a different pattern in
the evolution of the pandemic is observed, regardless of whether MSP or RC data are considered.
In Guayas, the pandemic had a more significant impact in the early weeks, with a sharper peak in
infections compared to Pichincha. This behavior may be attributed to socioeconomic factors such as
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population density and mobility, which are higher in Guayas than in Pichincha. On the other hand,
in Pichincha, the pandemic had a more moderate impact, with a less pronounced peak in infections
and a lower mortality rate. These differences highlight the importance of addressing the pandemic in a
context-specific manner, taking into account the particular characteristics of each region.

Moreover, the estimation of the reported infected population using both datasets shows significant
differences in both provinces (see Figures 6 and 7). In Guayas, the trend appears to be consistent
across both datasets. In the case of Pichincha, although some peaks in the series coincide, the differ-
ence in overall trends is significant. This discrepancy may be attributed to several factors, such as a
higher hospitalization rate, lower mortality at higher altitudes, or better socioeconomic conditions of
the population. However, all these hypotheses require much more detailed verification.

Limitations:

One of the main limitations of our work is that we assumed no mobility between provinces in the
SEIR propagation model. Studying the spatial movement of COVID-19 can be ideal for obtaining a
precise picture of the pandemic state. However, in most cases, mobility data were available just for
control entities, and access to that data was not granted to us. Nevertheless, the isolated SEIR model
was adequate for the pandemic onset in the Ecuadorian case since mobility between provinces was
prohibited.

Distinguishing the excess in mortality attributed directly to the SARS-CoV-2 infection from the
one caused by non-related causes would be ideal for understanding the real impact of the pandemic.
Unfortunately, there is no data available to make this distinction. Nevertheless, due to the positive
correlation between all-causes mortality excess and COVID-19 deaths (see, e.g., [6]), working with
the mortality excess provides a more reliable picture of the COVID-19 pandemic in Ecuador than the
one obtained using the official statistics of the Public Health Ministry.

The comparison between estimates obtained using different data lets us see how the estimate can be
significantly different when a reliable source of information is considered. However, the Civil Registry
data takes weeks to be consolidated for the official Ecuadorian entities; therefore, we cannot develop
an online version of the Bayesian inference approach.
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Appendix
A. Details of excess mortality estimation

As discussed in Section 2.1, one of the key data sources used in this study relies on estimating
COVID-19 infections from excess mortality data provided by the Ecuadorian Civil Registry (RC).
Calculating excess mortality requires a reliable forecast of the expected number of deaths that would
have occurred under normal circumstances. This appendix provides the methodology, based on a
seasonal autoregressive integrated moving average (SARIMA) time series model, used to generate
these forecasts and validate the model’s performance.

The general seasonal ARIMA model is denoted by ARIMA(p,d, q)(P, D, Q, s). This notation rep-
resents the combination of non-seasonal and seasonal components:

e Non-seasonal part (p, d, q)

p : The order of the non-seasonal autoregressive (AR) component, indicating how many past
values in the time series affect the present.

d : The order of non-seasonal integrated (I) differencing, representing the number of times the
raw observations are differenced to achieve stationarity.

q : The order of the non-seasonal moving average (MA) component, indicating how many past
forecast errors affect the present

e Seasonal part (P, D, Q, s)

: The order of the seasonal autoregressive component.

: The order of seasonal integrated differencing.

: The order of the seasonal moving average component.

: The length of the seasonal cycle (e.g., s = 7 for daily data with weekly seasonality, s = 52
for weekly data with yearly seasonality).

w IO U~

First, we determine the necessary order of differencing to ensure stationarity. Examining the original
series and its differences, Figure Al indicates non-stationarity in the original series. Therefore, we
initially set the parameter d = 1. It is worth mentioning another time series model for Ecuador mor-
tality data during the COVID-19 pandemic that we are aware of [3], where the authors proposed an
ARIMA(3,0, 1) model, overlooking the non-stationary nature of the series.

One way to obtain preliminary values for p and g from the data is to observe the partial autocorrela-
tion function (PACF) and autocorrelation function (ACF) plots. An AR(p) process is obtained if there
is a significant spike at lag p in the PACF plot and there is no larger one beyond [43]. Likewise, we
have a MA(q) if such a significant spike is obtained at lag ¢ in the ACF plot. In our case, according to
the ACP and PACEF plots of the first difference time series (see the second row of Figure Al), we set
p = q = 1 as preliminary values.
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Figure A1l. The first row presents the series of registered deaths in Pichincha from January
2, 2017, to February 3, 2020, and their ACF and PACF plots. The second row presents the
series after performing one difference and their corresponding ACF and PACF plots.

The above procedure enables us to estimate the parameters of pure AR and MA models; there-
fore, rigorously verifying if another ARIMA(p, 1,q) model with p > 0 and ¢ > 0O performs better
is necessary. We conduct the latter using the Akaike information criterion (AIC), i.e., we compare
which parameter combination provides the lowest AIC value. By running this test, the best model is
ARIMA(1, 1, 2). Likewise, for the seasonal components of the model, we set (P, D, Q, s) = (1, 1,0, 52).
The seasonality is set at s = 52 weeks. Similarly, in our case, D = 1. This model considers the rela-
tionship between the current observation and the observation from the same period in the previous year
(P = 1). Additionally, we set Q = 0, indicating that no past seasonal errors are considered. After the
model identification, ARIMA(1, 1,2)(1,1,0,52), we must ensure that its residuals are uncorrelated and
normally distributed. Figure A2 shows the statistics assessing the quality of the model. Observe that if
the number of parameters were constant across all compared models, then minimizing AIC is equiva-
lent to maximizing the likelihood function of the model. However, order selection typically involved
comparing models where the number of parameters varied (due to different choices of p, g, P, Q). Then,
this specific equivalence generally did not apply.

Visual inspection of diagnostic plots for Pichincha’s residuals supports normality. The normal Q-Q
plot (Figure A2, bottom left) shows residual quantiles closely aligning with theoretical normal quan-
tiles, and the histogram (Figure A2, top right) displays an approximately symmetric, bell-shaped dis-
tribution. Formal testing corroborates this: the Jarque-Bera (JB) test for Pichincha yields a p-value
of 0.49, well above the typical 0.05 significance level, leading to the non-rejection of the normality
hypothesis. The observed skewness of —0.23 and kurtosis of 2.36 are consistent with this finding as
they do not indicate a significant deviation. Similarly, for Guayas’ time series, the Jarque-Bera test
(p = 0.41) also leads to the non-rejection of normality, a conclusion supported by its skewness of 0.41
and kurtosis of 3.31.
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B. Details of variational data assimilation and optimization

B.1. Lagrangian approach

As the constraints of problem (3.7) consist of a system of differential equations, it must be addressed
as an optimal control problem. In this framework, the state vector u = (S, E, I", I“, R) belongs to the
space of absolutely continuous functions AC([ty, t,],R3). This choice is justified by the measurabil-
ity of the right-hand side of Eqs (3.7b)—(3.7f) with respect to time for a fixed u, its differentiability
with respect to u for any #, and the boundedness of this derivative in compact sets; see, e.g., [30, Sec-
tion 2.5.1].

We compute its first-order optimality system by using the Lagrangian approach, with the Lagrangian
given by:

In
ds pBSI' +uBSI dr E I
1,60) = A (-E2 PR HER T L (- ENYV o
L(u,p, a9, 4,6) J(u,p,uO)+f( s( o N )+ ,( ez D) (L)
fo
dE BSTI" +uBSIl* E dar E I
Agl-——+—— — — Ay |- l-a)= - —
* E( it N Z)+ U( a TUYz D)
dR I +1I"
+/1R(—E+ ))dt+05(N—S(l0)—E0—16—IS—R())

+ 0p(Eo — E(t9)) + 6,1y — I' () + 0y (I — I'(1)) + Or(Ro — R(1))),

where A = (Ag, Ag, A;, Ay, Ag) € AC([ty,1,],R?) is the Lagrange multiplier associated with the prob-
lem’s differential equations constraints, and 8 = (6s,0g,6;,0y,0;) € R’ is the multiplier associated
with the initial condition of problem (3.7).

Let U be an open set in R X R’ x R’ and, for each ¢ € [, t,], let the function ¢(t, u(?), p): U — R’
denote the right-hand side of Eqs (3.7b)—(3.7f). Additionally, let us write the problem’s initial condition
as

-1 -1 -1 -1 N
1 0 0 O 0
0O 1 0 Olu+|0]= Muy+m.
O 0 1 O 0
0O 0 0 1 0

Then, the mapping e: U — L'([t, 1,],R>) X R® determined by

dua
U 3 (u,p,ug) = e(u,p,ug) = (E —o(,w,p), u(tp)—Mu, - m)

where U = {(u(-), p,up) : (t,u(t),p) € U,ty <t < t,,uy € R} € AC([19,1,],R?) x R3 x R*, defines a
superposition operator, which is differentiable in U; see Proposition 3 in [30, Section 2.4.1]. Moreover,
¢’'(u, p, uy) defines the following linear and continuous mapping:

¢'(u,p,up): AC([to, 1,1, R’) x R> x R* — L'([ty,2,],R°) x R?

@)
_ / @ w9 0
h (h’ hpa hO) = e (ll,p, ll())h [ 6t0(') 0 —M] h
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Figure A2. Pichincha’s diagnostic graphics. The histogram plus estimated density of the
model’s residual plot (top right) serves to visually assess the normality assumption for the
model residuals. The residual plot (top left) does not display any seasonality. This is con-
firmed by the correlogram plot (bottom right), which shows that the residuals have a low
correlation with lagged versions of themselves. The normal Q-Q plot (bottom left) shows
that the ordered distribution of residuals (blue dots) follows the linear trend of the samples
taken from an N(0, 1) distribution.

where 6,,(-) denotes the evaluation operator, that is, d,,(v) = v(fp) for some v. Consequently,

dh(t)

¢ (u, p,uph(r) = g~ PO = gy Dhy,  hlto) = Mho)- (B.1)

Note that, for each ¢, the partial derivatives of ¢ with respect to u and p are given by

=Bl —upI" B wS ] F=SI'—uSI* _ BSI"
= 0 5 -5 0 —— &5 0 0 0
Bruupr 1 S wsS srapsr - pstt E 0
N z N N N N E z. r
eu(t) = 0 1% -5 01 0f, (1) = 0 0 z (_1%_2)E i
—a - u
07z 0 -5 0 0 0 =2 = 7,
o 0 L L o o o o 0 -Lx

The existence of Lagrange multipliers is guaranteed if

Im[e'(u, p,up)] = {((), 0) € L'([10, 1,1, R°) X B> : A(h(:), hp, ho) € AC([t0, 1,], R') X R* x R*
such that ¢’(u, p, w)[A(-), h,, ho] = (¥(-), 6)}
is a closed subspace of L'([t,1,],R%) x R>; see [30, Section 3.2]. Note that for each (y(-),6) €

L'([t0, 1,], R%) x R?, the equation €'(u, p, wo)[h, 1, hol(1) = (¥(2),6) is equivalent to the linear differ-
ential equation, with continuous coefficients,

{@ — uOh() = 9Ok, = (1), (B.2)

]’l(l()) - Mh() = 9’
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which according to [30, Section 2.5.4] possesses a solution A(-) € AC([ty,t,], R*). Consequently, the
mapping e’(u, p, up) is surjective. Therefore, its image coincides with L!([fy, 7,],R?) x R, from where
we can conclude its closedness. On the other hand, observe that for fixed 4, € R and hy € R*, and for
each (¥(+),6) € L'([ty, 1,], R*) X R3, the linear differential equation:

IO — Gu(OR(E) = YO + @ (Dh,,
h(t()) =60+ Mh()

has a unique solution, i.e., the operator e, (u, p, uy) is bijective. As a result, the bijectivity of e, (u, p, up)
ensures the existence of Lagrange multipliers.

To obtain the adjoint equation, we compute the derivative of the Lagrangian with respect to the
state variable u = (S, E, I', I", R) in an arbitrary direction v = (o, {,w,v,r) € AC([t, t,], R?) and set
the result equal to zero (see, e.g., [30,31]). That is, using additional integration by parts,

In

[ dA " & ]
Vs Llo] = f 25 (’% " “fv )uE 29| o i = Ag 1)t + i) As (1) + ) = O

to
In

[dA A A Az |
Ve L[£) = f —f a2+ (1 - ) = 22| & dt — Ap(t)é(1,) + E(to)(Ax(to) + ) = O

fo

In

dy 8J BSAs BSAz A Ak O b

v, = |==+—=- — =+ S wdt+w(t I'(8) — o
rLw] f_dt *oFr- N TN D+D] +w(t,)(C,, (I'(t,) = 1,”")

fo

— Ai(ty)) + wlto)(A,(to) + 67) = 0

dl 1 A Ay A
VL] = f [ dtU _HP if S 4 ”ﬁ]Sv E_ BU + ER] v dt = v(t,)Ady(t,) + v(to) Ay (to) + 6y) = 0

fo

~da
Ve L[r] = f d_th dt — r(t,)Ag(t,) + r(to)(Ar(fy) + 6g) = 0.

0

Since the direction v was taken arbitrarily, the latter yields the following adjoint system:

‘%S - (ﬁ; . "fv’”) (A — As), As(t,) = 0 (B.3a)
-ddif - —%AE + %/1, + (1;—0‘)@, Ae(t,) =0 (B.3b)
_% _ g}f -2+ k) = Col (7 (1) = 1) (B.3¢)
_%U = —’%(as — Ap) - %U + %, Ay(t,) =0 (B.3d)
_‘%? _0, Ax(t,) = 0. (B.3e)
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Additionally, the multiplier 8 takes the value of the adjoint at the initial time A(7)), that is:
Os = As(t0), O = Ae(to), Op = A4(t0), Oy = Ay(to), Or = Ag(to).

Observe that from (B.3e), we obtain that Az() = O for each ¢ € [1, t,], and 6 = 0, which further
simplifies the above adjoint system. Furthermore, the gradient of the objective function is obtained
by differentiating the Lagrangian with respect to the parameters p := (8, u, @, Z, D)’ and with respect
to the initial condition uy = (Ey, I, I}, Ry). Note that since four out of five initial condition variables
were set, the remaining one, corresponding to the susceptible population, is computed as Sy = N —
Ey — I — I; — Ro. Proceeding like this and computing first the derivate with respect to the parameters,
we obtain:

In S
Vel =B (B-p") - f N I+ pul") (s — Ag) dt, (B.4a)
1
Otn S
V. =B (u—p") - f ,BNI” (As — Ap) dt, (B.4b)
t()t
-1 b "E
Vo =B, (a—a’) + f z(/l, — A,)dt, (B.4c)
totn E
v, =B, (Z-2Z"+ f ?(AE —ald; — (1 —a)Ay)dt, (B.4d)
o
In 1
VpJ =B, (D - D% + f o7 (I + "2y — -7 + 1) dt. (B.4e)
fo

Likewise, computing the derivative with respect to the initial conditions, we get:

Vi, J = (Q'(wy — uf)), = As(to) + Ax(to), (B.5a)
Vi,d = Qo' (wp = uf)), — As (1) + As(to), (B.5b)
Vit = (Qp' (o —wh)), = As (1) + Ay (o), (B.5¢)
Vi = (Qp' (W — ), = As (1) + Arlto), (B.5d)

T
where (Q6 Y(uy - ug))_ represents the i-component of the vector (Q6 Y(uy — ug))1
l

B.2. Sufficient second-order optimality condition

To analyze second-order optimality conditions, we use the Hamiltonian associated to the problem,
1.e.,

H: R xR*XR*xR’ — R
(p’ Uy, ll(t), /1(1’)) = H(p, U, U(t), A(t))’

where, for a.e. t € (%, 1,),

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2686-2719.



2716

N Z D
E@®) I”(t)) 4 (D) (If(t) + I“(t)) .

H(p’uo’u(t)”l(t)):J(P,llo)+/ls(t)(_lBS(t)Ir(l)+#’BS <f>1“<r>) w( E® m))

BSOI'(1) + upS OI(r)  E(1)
N Z

+ Ay (?) ((1 -a) 7 D D

+ /lE(f) (

Observe that, by integrating by parts, we can rewrite the Lagrangian, using the Hamiltonian, as

follows:

In

‘L(uap’ U, /la 0) = f(H(u’P’ ll(),ll([) /l(t)) + # (t))

— A(t)u(z,) + Ato)u(to) + 6(uo — uy)).

Consequently, the second derivative of the Lagrangian in a direction [h, h,, hy] can be expressed by
using the second derivative of the Hamiltonian, that is,

In In

Ve o LU By, o), (B By, )] = f V2H[h, h]dt + f V2H[hy, hy)dt

fo fo
t)l tn

f V2 Hlho, holdt +2 f 2 yHIh h)dr, (B.6)

fo fo

since V(zuu JH = V(Zpu JH = 0sx4. Moreover Ve, H =Qp', and ViH and V?u ,,H have the form:
0 0 5= As() et = A5(0) 0
0 0 0 0 0
V2H = | Qe - 25(1) 0 & 0 0f,
L Qe(n) = As(0) 0 0 0 0
| 0 0 0 0 0
L, , _
V(S ﬁ)H V(S ﬂ)H X 0 i 0 0
X 20 0 V(Ea)H V(EZ) 2O
V(up)H = Vg,ﬁ)H X 0 0 0 V(Zl, D)H ,
VagH Vit 0 0 VipnH
0 0 0 0 0
with
I 10
VispH = | 5 (Ae(0) = A5 (1) + 22 ) - A0
1
ViepH = 1460 - adi(t) = (1 = )y ()], Vol (/lz(t) Ay(1),
S
Vi pH = 5 (e = A5 (1), Vi nH = ﬁ(w) — Ax(1)),
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S S
Vi H = o (ett) = A5(0), Vit = 2o a0 - A5 0),
1 1'(t)
Vi H = o5 () = A4(0), VisH = 2200 - 25 ).
Likewise, VﬁH has the form:
B! SO (Ap(1) = As(1) 0 0 0
SO (g (1) — A5(D)) B! 0 0 0
0 0 B, Ly - 4@) 0
0 0 E2Au(0) = (1) V2H 0
0 0 0 0 V2H
with
2E(t
VH =B - Z§ 2[460) - ai(t) - (1 - (o),

20 (1) 20(F)

V%)H — BBI — 7[/110) - /lR(t)] - D3

[Au(®) = AR(D)].

Before evaluating the quantities in (B.6), and since most terms depend on the adjoint variable A(?),
we derive an upper bound for its norm. By writing V(f) = ¢,(t)7 and transforming the time variable
t — t, — t + 1y, the adjoint system (B.3) can be written forward in time as follows:

dA(t)

o V(H)A(t) = b, A(ty) = Ao, (B.7)

where b = (0,0, 22,0,0), with 22 = 3,(I"(1;) - 1°*)C;;'. Moreover, 4y = (0,0, C,,} (I'(1,) - 13"*),0,0)".
While the explicit solution A(¢) could be found by using the integrating factor method, obtaining a
bound is sufficient for our purpose, which is obtaining the sufficient second-order conditions. To

achieve this, we start with the integral representation of the solution to (B.7):

In

A = o + f VA dr + f b dr.

fo fo

Computing the norm of the above expression and using Gronwall’s inequality gives the upper bound:

A < ol + [bI|(z, — 70)) exp (f IIV(T)IIdT)

<

for some k > 0, which exists since V(¢) is bounded in compact sets. Observe that if the value of the
observation is near the solution variable /" in a given time window, weighted by the observation error
covariance term, then the adjoint variable A(¢) will be sufficiently small in norm, for a.e. ¢ € (%, t,,).
The closeness between observations and solutions is fundamental for obtaining second-order con-
ditions. In fact, for sufficiently small values of A(¢) = (As(t), Ae(t), A,(2), Ay(t), Ar(?)) for a.e. t € (o, 1,),

C. (', - I

(= t0) |G U@ = 1) ) (B.8)
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the matrix V °H is positive definite since the terms of the diagonal matrix B™! are strictly positive.
Therefore, there exists 0; > 0 such that V/%H [hy, hpl = 6 1||hp||2, for every h, € R>. Consequently,

17 15
f V>Hlh,, hyldt > f Sillh,llPdt = (t, — to)S: |l |- (B.9)
1) To

Likewise, since Q' is positive definite, there exists 6, > 0 such that Vi H[ho, ho] > 8,||ho|I* for every
ho € R*, and

In

f Ve, Hlho, holdt > (t, — 10)Sallhol*. (B.10)
1o

Observe that (B.10) and (B.9) hold for every (h,, hy) € R> x R*. Likewise, considering
h() = (hl()’ hZ(')’ h3(')5 h4(')9 hS()) € AC([th tn]7 Rs)a

for suﬂclciently small values of A(¢) and for a.e. ¢ € (%, t,), given that the terms of the diagonal matrix
C~! are strictly positive, it holds that ViH[h, h] = Y hs3(#;)*C;' > 0, and

tn

f V2H[h, hldt > 0. (B.11)

fo

Moreover, analyzing the matrix V(u oH, it holds that

V2, ) HIR, hyl| < cllA®IA@IIR]l,  for some constant ¢ > 0.

(u,0)
Additionally, if h = (h, h,, ho) satisfies ¢’(u, p,ug)h = (0,0), i.e.,
dh(t)
- eu(DA(t) = @, (Dh, = 0, h(ty) — Mhy = 0, (B.12)

we can obtain a bound of |V(u o) Hih, hp]| in terms of [|A,|| and ||Aol|. In fact, since the integral represen-

tation of (B.12) has the form

In

h(t) = Mhgy + f ' e (Dh(T)dT + f @p(T)h, dr,

fo fo

Gronwall’s inequality yields

RO < (I|M||”h0”+”hp“f |I¢p(T)|IdT)€XP(f ||<Pu(T)IIdT)

< 1 (IMIlloll + ka(t = o)1) < ko]l + 1A,

for some ky,k, > 0, which exists since ¢,(7) and ¢,(¢) are bounded in compact sets, and where « =
max{x;||M]||, k1k>(t, — t9)}. Therefore, |V( o) Hlh, hp]| < ckl|A@ A lIlAoll + lA,l]). Observe that if

o]l < llholl, it holds that |V?, | HIh, k]| < 2cxfla@lllholl?, and consequently,

In

fV(zup) [h, hpldt > =2¢x(t, = to)lIA@IFol. (B.13)

fo
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The case ||ho|| < ||h,l| holds analogously. On the other hand, using (B.9), (B.10), and (B.13) in (B.6), it

follows that

Vi o LU, By, ho), (B, B, ho)] 2 (8, = 1) (S111R, I + (62 = 2¢xllA® Do I) = 611y, ho)IF,

where 0 := (¢, — to) min{d, 0, — 2c«||A(?)||} which is positive given that, accordingly to (B.8), ||A(?)|
is bounded and sufficiently small for a.e. t € (), t,), given that the observations /°** and the solution
variable /" are close enough. Consequently, the sufficient second-order optimality condition holds for
every h = (h, hy, hy) € AC([to, 1,], R’) x R®> x R* satisfying ¢’(u, p, up)h = (0,0) if [|C;'(I" — I°*)|| is

sufficiently small.
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