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Abstract: This paper deals with the multiscale derivation of a nonlinear stochastic chemotaxis—
haptotaxis system of cancerous tissue invasion from a new stochastic kinetic theory model based
on the micro-macro decomposition technique. We show that this approach technically can lead to
some systems known in the literature, such as the filling volume effect, and a new system by taking
the stochasticity effect and nonlocal diffusion into account. We develop an asymptotic—preserving
numerical scheme to solve the obtained equivalent micro—macro formulation numerically. The
objective is to provide a uniformly stable scheme regarding the small parameters and consistency with
the diffusion limit. Various numerical examples validate the proposed approach. Finally, we provide
numerical simulations in the two-dimensional setting obtained by the macroscopic stochastic model.
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1. Introduction

Background

Cancer growth is a complicated multiscale phenomenon involving many inter-related biochemical
and cellular processes at many different spatial and temporal scales [1]. It is a critical societal and
scientific problem. Indeed, it is a large group of diseases that can affect any part of the body,
characterized by abnormal cell proliferation and an increasing migration rate that can lead to invasion
and organ spreading. As it is known, the biological experiments needed to test such hypotheses can be
time-consuming and expensive with the currently available technology. Thus, mathematical modeling
plays a primary role, giving an independent check of the consistency of the chosen hypothesis.
Moreover, it can improve the experimental design by stating the measurements needed to test a
particular theory (see [2]). At this point, mathematical modeling is a necessity that may be calibrated
by experimental data. Furthermore, the significance and functions of variables representing specific
biological features can be easily tested by testing the parameter values of descriptive equations. To
achieve these purposes, a variety of mathematical models have been proposed in the literature for
various aspects of cancer invasion of tissue extracellular matrix which focuses on the role of the
plasminogen activation system, see [3—6]. For instance, the authors in [7] used reaction—diffusion
equations to describe the interaction between the density of normal cells, tumor cells and the
concentration of H*—ions produced by the latter. Precisely, they assumed that cancer cells up-regulate
certain mechanisms, which permit the extrusion of excessive protons and thus acidify the
environment. Next, the authors of [8] proposed a population-based micro-macro model for
acid-mediated tumor invasion restricted to the interactions between the microscopic dynamics of
intracellular protons and their exchange with extracellular counterparts. While in [9], the authors
proposed continuum micro—macro models explicitly accounting for sub-cellular events in the context
of cancer cell migration. For comprehensive reviews of the modeling in this area, see [4, 10—13]. The
theoretical studies on various models of cancer invasion are mathematically interesting [14—18]. We
note that the system under consideration contains a strong coupling of reaction—diffusion equations
and an ordinary differential equation (ODE). A considerable difficulty for mathematical analysis
comes from the fact that ODE corresponds to a full degenerate reaction—diffusion equation and has no
regularizing effect. However, the proof of the global existence and boundedness of solutions can be
found in [9, 19,20]. For the numerical studies, a number of numerical methods have been proposed in
the literature. We refer the reader to the finite difference method [4, 5], the finite volume method [21],
and the method of lines [1], which are the most commonly used methods in the literature for cancer
migration models, and discontinuous Galerkin finite element methods have also been successfully
applied in [22-24].

Deterministic system

The well-known tumor-induced angiogenesis has been established with the work by [25], where the
authors proposed a simple model of tumor angiogenesis to describe experiments of tumor cells which
resulted in the growth and migration of new blood vessels from the corneal limbus to the tumor [2].
However, several mathematical models have focused on the way in which tumor angiogenic factor
(TAF) initiates and coordinates capillary growth [12]. The dimensionless governing equations can be

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2641-2671.



2643

written as follows:

omn = div (D,(n)Vn) — div (£(m) nVm) — div (x(S)nVS )+ n(l —n = 8), xeQ, t>0,

dif fusion chemotaxis haptotaxis proliferation

yom = D,Am+ an - Pm , xeQ, t>0,
—_— T Y~
dif fusion ~ production  gecqy
&S:—@iwt,qu(l—n—S), xeQ, t>0,
proteolysis re—establishment
(1.1)
Table 1. Description of dimensionless variables and parameters.

Symbol Description
n Cancer cells density
m The urokinase plasminogen activator concentration (uPA)
S The extracellular matrix concentration (ECM)
D, Nonlinear diffusion of n
D, Diffusion coefficient of m
& The sensitivity of chemotaxis
X The of sensitivity haptotaxis
Ui Cell proliferation rate
U ECM re-establishment rate
o Noise amplitude function
W! Cylindrical Wiener process
a uPA production rate
B uPA decay rate
0 ECM degradation rate

where Q ¢ R¥, N > 0 is an open and bounded domain with a smooth boundary 8Q; n and m represent
the density of cancer cells and the urokinase plasminogen activator concentration, respectively; while
S describes the concentration of the extracellular matrix (ECM). The functions &(m) and y(S ) measure
the sensitivity of chemotaxis and haptotaxis, respectively. The reaction term y;n(l —n — §') assumes
that in the absence of the ECM, cancer cell proliferation satisfies a logistic law, and u, > 0 embodies
the ability of the ECM to remodel back to a normal level. Note that the parameter y may take on the
value of 0 or 1. Indeed, if y = 0, this makes the simplifying assumption that the diffusion rate of
the uPA is much greater than that of cancer cells (see [5]). Finally, the parameters «, 5, and ¢ given in
Table 1 are assumed to be positives. Observe that the term D, is taken in the general form, and one may
take it to be constant, nonlinear, or nonlocal. The last choice (with nonlocal diffusion) leads to a new
mathematical model of the phenomenon of angiogenesis. Note that in the system (1.1), we consider
cancer cell proliferation in which we get the logistic growth in the absence of S with a constant rate
1. However, it is interesting to integrate oscillatory behavior into the proliferation term of cancer cells
and the ECM by considering function rates rather than constant rates. This has overcome a certain
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weakness of continuum models, which generally only consider constant reproduction terms for cancer
cells. In addition, it is also important to extend our model to include other interactions with other cell
populations such as the urokinase receptor, matrix-like protein vitronectin and plasminogen activator
inhibitors [4], stem cells, and effectors cell, tumor cells, as well as chemotherapy drugs [26].

Stochastic system

The deterministic systems above have some limitations, since biological systems are subject to
environmental fluctuations [27].  Therefore, the explicit incorporation of stochasticity can
fundamentally change and renormalize the behavior of a system of interacting species. Indeed,
environmental fluctuations are essential components of an ecosystem. These fluctuations, rather than
being deterministic, are stochastic. Since deterministic models do not consider environmental noise
fluctuations, they have some limitations from a biological point of view [28]. Most natural
phenomena do not follow strictly deterministic laws but rather oscillate randomly about some average
value, so the deterministic equilibrium is no longer an absolutely fixed state with the advance of
time [29]. The aforementioned fluctuations can be modeled by incorporating additive and
multiplicative noise sources into the deterministic system. In this context, the present paper proposes
a nonlinear stochastic chemotaxis—haptotaxis system. The system consists of three dimensionless
reaction—diffusion stochastic partial differential equations describing the interactions of the
endothelial cells, tumor angiogenic factor, and fibronectin with noise as follows:

dn = div (D, (n)Vn) dt — div (£(m) nVm) dt — div (y(S) nVS) dt

dif fusion chemotaxis haptotaxis

+urn(l —n—S)dt+o(n)dw},

proliferation noise

(1.2)
vdm = D,,Amdt+ andt —pBmdt+y O'z(m)thz,
——— S~ N—— ——

dif fusion production decay noise

dS = — omS dt + S (1 —n—S)dt+03(S)dW; .

proteolysis

re—establishment noise

InQr = Qx(0,T), T > 0is a fixed time. In the system (1.2), W' is a cylindrical Wiener process,
with the noise amplitude function o; verifying o;(0) = 0 for i = 1,2,3. Formally, we can think of
a(w)dW! as Y orw(W) dWy (1), where {W,,,}is1 is a sequence of independent one-dimensional
(1D) Brownian motions and {o,,}s; is a sequence of noise coefficients. Note that the noise dW!
represents the independent environmental variables. Moreover, o;(w)dW! models random
perturbations of the stochastic system (1.2). We consider a complete probability space (€, 7, P),
along with a complete right-continuous filtration {¥;},co7; (We assume that the o-algebra F is
countably generated). Equipped with the Borel o-algebra 8(B), we let B be a separable Banach
space. A B-valued random variable X is a measurable mapping from (Q,F,P) to (B, B(B)),
Q5 w > X(w) € B. A stochastic process X = {X(#)},07) 1S a collection of B-valued random
variables X(#). The stochastic process X is measurable if the map X : D X [0, T] — B is measurable
from ¥ X B([0, T']) to B(B). The paths t — X(w, t) of a measurable process X are automatically Borel

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2641-2671.



2645

measurable functions. A stochastic process X is adapted if X(t) is F; measurable for all t € [0, T]. We
refer to
S = (QF Fhetors» P AWK, ) (1.3)

as a (Brownian) stochastic basis, where {W;};”, is a sequence of independent 1D Brownian motions
adapted to the filtration {¥},c;0r). Let the Hilbert space U be equipped with a complete orthonormal
basis {4}, We define the cylindrical Brownian motions W on U by W := ;. Wiy,. The vector
space of all bounded linear operators from U to X is denoted L(U, X), where X is a separable Hilbert
space with the inner product (-, -)x and norm ||-||x. We use L (U, X) to denote the collection of Hilbert—
Schmidt operators from U to X. Note that, for the stochastic model (1.2), a natural choice is X = L*(D).
In this paper, the stochastic process (for i = 1,2, 3)

Wilw,1,2) := ) Wisle, DU() (1.4)
k>1

is referred to as a cylindrical Brownian motion evolving over Y. The right-hand side of (1.4) converges
on the Hilbert space U, with the embedding U < U, being Hilbert—Schmidt. Via standard martingale
arguments, W; is almost surely continuous with values in U, i.e., Wi(w, -, -) belongs to C([0, T']; Uy)
for P almost everywhere w € D, and also L>(D, ¥, P; C([0, T1; Uy)). Without loss of generality, we
assume that the filtration {F,},c/0r is generated by W; and the initial condition for i = 1,2,3. For a

given a cylindrical Brownian motion W;, we can define the It6 stochastic integral f o; dW; as follows
(e.g., [30,31]) fori=1,2,3

! had t
f o dW; = Zf Tix dWig, ik = O, (1.5)
0 “—~Jo

where o; is a predictable X-valued process satisfying
o € L(Q 7, Py L*((0. T); Ly(U. X)),

We impose conditions on the noise o;. For each u; € L*(D), we assume that o;(u;) : U — L*(D) is
defined by
oiu = o), k=1, fori=1,2,3

for some real-valued functions (-, -) : R> — R that satisfy (fori = 1,2, 3)

o]’ < Co1 + i),

k>1 ) . o (1.6)
Do) = oip@|” < Coli — P,
k>1
Vu;, u;, it; € R, for a constant C, > 0. Consequently,
s} g 2y < Cor (14l
(L.7)

— A N2 — ~ 112
lers) = @I 2y < Corl s = illEz ) )
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where u; = n, up, = m,and u3; = S.
System (1.2) is complemented with the following boundary conditions in X7 := (0, T) X dQ2 and the
initial data

(= D,(m)Vn + x(m)nVm + £S)nVS)-n=0, D,Vm-n=0, (t,x) € Zr,
(1.8)
n(0, x) = no(x), m(0,x) = mp(x), S0, x)=Sy(x), x € Q,

where 7 is the unit outward normal to Q on 0€.

Note that we used multiplicative noise to incorporate the uncertainty and variability inherent in
cancer progression into the mathematical model. The inclusion of this multiplicative noise is justified
by biological and mathematical arguments; see [32]. Biologically, tumor progression is driven by
highly variable and state-dependent processes, including cell proliferation and interaction with the
ECM, all influenced by local cell density, nutrient availability, and micro-environmental heterogeneity.
These fluctuations are not uniform but intensify in regions of low or high tumor density, such as at the
invasive front, where stochastic effects are most pronounced. Moreover, this noise naturally captures
this state-dependent randomness by allowing its intensity to adapt to the local value of tumor cell
density or associated variables.

In this paper, we are interested with the multiscale derivation of a nonlinear stochastic
chemotaxis—haptotaxis system (1.2) P° of cancer invasion of tissue using a new stochastic kinetic
theory model P? according to the micro-macro decomposition method as shown in Figure 1. Note
that the main idea of this method consists in rewriting the kinetic model, as coupled system of a
microscopic part and a macroscopic one. Indeed, the distribution function is decomposed into its
corresponding equilibrium and the deviation. Many works adopted this technique within different
fields of application, such as chemotaxis phenomena [14,33-35], the formation of patterns induced by
cross-diffusion [36, 37], and angiogenesis phenomena [14, 38]; for more details, we refer to a recent
review [39]. We note that the micro-macro decomposition method has been used to design a
numerical scheme P¢ that preserves the asymptotic property in the limit P9 introduced by [40,41]; in
other words, a stable numerical scheme in the limit along the transition from kinetic to macroscopic
regimes. This approach was generalized for a variety of kinetic models; see, for example, [42-44].
This concept is a very challenging task because it is so expensive in terms of time due to the
singularity in the kinetic model. The difficulty increased with the presence of stochastic terms in the
studied model. For this reason, it is recommended to reformulate this singularity into an equivalent
micro—macro formulation that is a regular perturbation of the derivation model; for more details,
see [33,36,37,45]. Compared with the existing works, in this paper we derive a cancer angiogenesis
model (1.2) according to the micro—macro decomposition method, considering a more general
random modification of the direction of the cells, and the stochastic terms are considered.
Additionally, we develop an asymptotic—preserving numerical scheme which is stable and convergent
in the limit along the transition from stochastic kinetic to hydrodynamic regimes. Note that the
adopted multiscale derivation approach enables a deeper understanding of the specific characteristics
of the kinetic and macroscopic regimes. Indeed, on the one hand, thanks to the proposed kinetic
theoretical system, we obtain more detailed information on the density of cancer cells, the
concentration of urokinase plasminogen activator, and the concentration of the extracellular matrix, as
well as on their velocities. On the other hand, we predict their spatio-temporal dynamics via the
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macroscopic system. We note that the authors in [46] propose an innovative modeling framework for
cell migration within anisotropic environments characterized by biochemical heterogeneity and
interspecies interactions, using glioma invasion in brain tissue as a representative case study
influenced by hypoxia-induced angiogenesis. Their multiscale approach provides a connection
between single-cell and mesoscopic dynamics and the emergent population-level behavior,
culminating, at the macroscopic scale, in a flux-limited glioma diffusion model incorporating multiple
taxis mechanisms.

h—0

_ E
Pe < P
Continuous Limit e — 0 Discrete Limit e — 0
0 < PO
P h—0 h

Figure 1. Schematic diagram of the multiscale framework.

This paper is organized as follows: In Section 2, we present the stochastic kinetic theory model
and its properties. An equivalent system of the model (2.1) is obtained according to the multiscale
approach. In addition, we derive a general macroscopic chemotaxis—haptotaxis system. This section is
closed by setting some applications, specifically stochastic systems with linear, nonlinear, and nonlocal
diffusion. Section 3 is devoted to developing a numerical method for the solution of the stochastic
kinetic theory model. We present various numerical tests where the aim is to show the asymptotic—
preserving scheme property and to depict some cancer invasion phenomena. Finally, in Section 4,
we provide some numerical simulations obtained from the macroscopic model in the two-dimensional
(2D) setting.

2. Multiscale derivation of the stochastic chemotaxis—haptotaxis system

This section deals with the derivation of the nonlinear stochastic chemotaxis—haptotaxis system
(1.2) via an improved stochastic kinetic theory model. After a short presentation of the properties of
the kinetic model, we give the equivalent micro-macro formulation according to the micro—macro
decomposition method. Next, we derive a class of general macroscopic systems describing the
angiogenesis phenomena. Finally, we show that this present approach technically can lead to some
systems known in the literature such as the filling volume effect, as well as a new system by taking the
stochasticity effect and nonlocal diffusion into account.

2.1. Stochastic kinetic theory model

Here, we state our stochastic kinetic theory model and we present its properties. The ultimate
objective is to derive the macroscopic chemotaxis—haptotaxis system (1.2) from the following
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stochastic kinetic theory model according the parabolic—parabolic scale [14]

1
edf +v-V.F(f)dt = ;L(f,gl,gz)dl"'H(f,gl,gz)df+80'1(f)dW,1,
ydg = (DiAg: +affdv—ﬁgl)dt+70'2(g1)th2,

14

dg, = —6g18> dt +,U2g2(1 - ffdv B gz) di + 03(g2)dW;
Vv
fO,x,v) = foev),  £1(0,0) = gio(x),  g20,%) = g20(x),

(2.1

where f = f(¢, x,v) is a generalized distribution function depending on the time ¢, the position x €
Q c R? and the velocity v € V C RY, where V is a symmetric domain that describes the statistical
distribution of epithelial cells. The nonlocal function F is defined by

F )t x.v) = ¢ fg f £t x,v)dvdx) f(2, x,v).
\4

The operator £ models a random modification of the direction of the cells and ¢ is a positive constant
parameter. It assumed that the linear operator £ admits the following decomposition:

2
L. 81:82) = To() +& D Tig)(f),
i=1

where the operators 7;, which are linear with respect to f, and the integral operators are defined as
follows [37]:

ﬂ(gi’ f) = f [Ti(gi’ v, V*)f(t’ X, V*) - Ti(gi’ V*’ V)f(t, X, V)]dV*’
Vv

for i = 1,2, where T;(v,v") is the probability kernel over the new velocity v € V, assuming that the
previous velocity was v*. Herein, we assume that

H(f,81.82) = 8fH1(j;fdv,g1), 2.2)

where H, is independent of the velocity v. In the model (2.1), W; is a cylindrical Wiener process, with
the noise amplitude function o; for i = 1, 2. Formally, we can think of o;(f;) dW! as >, o.i(f) th"’i,
where {W*i},., is a sequence of independent 1D Brownian motions and {G*};>, is a sequence of
noise coefficients. The noise dW' represents the independent environmental variables, namely the
time-dependent Gaussian white noise. Herein, the following assumptions are necessary to develop the
micro—macro decomposition method.

Assumption (HI). a. The operators 7; preserve the local mass

f‘To(f)dv = f‘T,-(f,gi)dv =0, £=>0, i=12. (2.3)
14 14

b. The operator 7(f) is independent on g;, i = 1, 2.
Assumption (H2). A bounded velocity distribution M(v) > 0 exists, independent of x and ¢, such that
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1) The flow produced by the equilibrium distribution M vanishes, and M is normalized as

va(v)dv =0, fM(v)dv = 1. 2.4)
14 14
2) The detailed balance

To(v',vIM(v) = To(v,vIM(V")

holds.
3) The kernels Ty(v, v*) is bounded, and a constant o > 0 exists such that

To(v,v") = kM(v) (2.5)
forall v,v)e VxV,xeR%andt > 0.

Using the same arguments as in [29], the following lemma states the necessary properties of the
operator 7.

Lemma 2.1. Suppose that the Assumptions (HI) and (H2) hold. We then have the following properties
of the operator T:

1) For f € L*(V, %), the equation Ty(g) = f has a unique solution g which satisfies

fgdv:O ifandonlyifffdv:o.
14 14

dv )
M®u)"
3) The equation To(g) = vM(v), has a unique solution called 6(v).
4) The kernel of T is N(Tg) = vect(M(v)).

2) The operator Ty is self-adjoint in the space L*(V,

2.2. micro-macro formulation

In this subsection, we show that the kinetic equation (2.1) can be equivalently written as a system
coupling a hydrodynamic part with a kinetic part of the distribution function.
In what follows, the integral with respect to the variables v and u will be denoted (.), and let f be a

solution of (2.1). We decompose f as follows: f = M(v)n + €h, where n = ffdv =: (f) is the mass
%

density. Then, (h) = 0, ¢( f (frdx) = ¢( f ndx) := ¢(n) and one has
Q Q
d(M()n) + edh + évM(v) -Vi(@p(m)n) dt +v - V (¢p(n)h) dt = é%(h) dr (2.6)

2 2
1
+= > Tig)M@n) dt + > Ti(g)(h) dt + M()nH, dt + ehHy dt + oy (n)dW,;.
€
i=1 i=1

We now use a projection technique to separate the macroscopic and microscopic quantities n(t, x) and
h(t, x,v).

Let P, denotes the orthogonal projection onto N(7). Then

dv

Py(h) = (WyM(v), forany he L*(V, )

).
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Lemma 2.2. One has the following properties for the projection Py:
(I = Py)(M(v)n) = Py(h) =0,

(I = Py)(vM(v) - Vi(@(n) n)) = vM(v) - V.(p(n) n),
(I = Pu)(Ti(g)MWn) = Ti(g)(M(v)n), i=1,2,
(I = Py)(Ti(g)(h) = Ti(gd(h), i=1,2.
Taking the operator I — Py, in Eq (2.6) and using Lemma 2.2 above, yields

edh + évM(v) -Vi(@pm)n)dt + (I — Py)(v - Vi(¢(n) h))dt = é‘]’o(h) dr

1 2 2
+= D Tg)Mn) di + 3 Ti(g)(h) + shHy di + (I = Py)ors(myd Wy

i=1 i=1

Integrating (2.6) over v and using Assumptions (H1) and (H2), yields:

dn + ¢(n) (v - Vihydt = nH, dt + (o (n) )dW,.

Then, the micro—macro formulation finally reads
1 1

edh+ —vM©) -V (pn)n)dt + (I — Py)(v - Vi(p(n) h))dt = =T o(h)dt
f> &

2 2
2 3 T M@y d+ > Tl (W) di + shHy di + (I = Py)cry(maW,.
€ i=1

i=1
dn+ ¢(n)(v-V,hydt = nH, dt + oq(n)thl,

vdg, = D1Ag,dt + andt — Bg, dt + 70'2(g1)th2,

dgz =-0g218 dr +,ngg2(1 -—n- gz) dr + Ug(gz)dW?

(2.7)

(2.8)

(2.9)

Equation (2.9) is the micro-macro formulation of the kinetic equation (2.1). The following
proposition shows that this formulation is indeed equivalent to the stochastic kinetic theory

model (2.1).

Proposition 2.1. i) Let f be a solution of the kinetic equation (2.1). Then the functions (n, h), where

n={f)andh = —(f — Mn) is a solution to a coupled system (2.9) with the associated initial data.
e

1
n(t=0)=ny=(fo), ht=0)=nhy= g(fo — Mny).

(2.10)

ii) Conversely, if (n, h) satisfies the system (2.9) with the initial data (ngy, hy) such that (hy) = 0, then
f = Mn + gh, is a solution to kinetic model (2.1) with the initial data f, = Mny + €hy, and we have

n=(f)and (h)=0.
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2.3. Derivation of a general macroscopic systems

Here, we briefly show that the micro-macro formulation (2.9) of the kinetic equation (2.1) allows
to very easily obtain the corresponding macroscopic models as € goes to 0, without using the Hilbert
expansion. Indeed, Eq (2.9) gives

2
To(h) =vM()-V.n - Z Ti(gd(M(v)n) + O(e),
i=1
and as

2
M) = (Y TigHMmm) = 0.

i=1
It implies that the operator 7 is invertible, and one obtains

2
h= 75 (VM) Vg = Y TilgdM@m) + 0. @.11)
i=1
Using (2.8) and inserting (2.11) into (2.9), yields the following macroscopic models:

2
dn + div ( Zp(n)ai(g,-) —Y(n) - Vn) dr = nH, dt + O'I(n)dW,1 + O(e),
i=1

) (2.12)
vdg, = D\Ag, dt + andt — Bg, dt + yo(g1)dW;,
dg, = —0g1g,dt + #282(1 —-n- 82) dr + 0'3(82)sz3’
where p, ¥, and «;(g;) are given by
pn) = ¢(n)n, (2.13)
W(n) = —p(n)* f v O(v)dv, (2.14)
\%4
0
m@h—vi%mmwmw, 2.15)
0
@@h—vﬁ%%@mmww (2.16)

2.4. Applications

We consider the case where the set for velocity is a sphere of radius » > 0, V = rS%!, It can be
shown that for a particular choice of T;(g;, v,v*) i = 0, 1, 2, the model (2.1) is asymptotic to the system
(1.2). Precisely, we consider, in (2.1), a particular choice of terms

g1 =m, gzzS’ H](I’l,S):/Jl(l—n—S)
We assume that the kernel T is given by

Tog=0M®), o> 0.
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Then 7(f) is a relaxation operator

To(f) = K(MOXP) - ) 2.17)
Using (2.4), (2.17), and Lemma 2.2, then the 6 solution of 74(6(v)) = vM(v) is given by 6(v) =
—lvM(v).
Eg;lmple 1: Derivation of the stochastic chemotaxis—haptotaxis system. In this example, we derive

the system where the diffusion is assumed to be constant as well the functions ¢ and y, i.e., D,(n) =
Dy, &(m) = &, and x(S) = xs. Consequently, we rewrite the system (1.2) as follows:

dn = DiAndt — div (&, nVm) dt — div (ys nVS) dt + uy n(1 — n = §) dt + oy (n)dW,,
ydm = D,,Amdt + andt — fmdt + yo,(m)dW?, (2.18)

dS = —6mS dt + 1S (1 —n— S)dt + o3(S)dW>.
First, let the function ¢ = 1. Then from Eq (2.14), we obtain

v(n) =— fv@@(v)dv = Dy.
14
Now, let T1[g] and T>[g»] be given by

Ti[gi1] = &M@y -Vigi, Talg]=xoMW)v-V,g,

then
T1lg1l(M) = EM )y - Vigr and T2[g21(M) = xoM(v)v - V. 8.
Therefore, using Eqs (2.15) and (2.16), one has

a1(gy) = % f v®vM(Wdv Vg, and a2(g2):)§ f v ® vM()dv V2.
\%4 14

Finally, we take

gm:@fv@)vM(v)dv and s :)QfVQZWM(V)dV (2.19)
o Jy o 14

to obtain the macroscopic chemotaxis—haptotaxis system (2.18).

Example 2: Derivation of the nonlinear diffusion stochastic chemotaxis-haptotaxis system with
a filling volume effect. We deal with the derivation of the nonlinear system where the functions &
and y are given by &(m) = &, and x(§) = —~_ with k > 0. Consequently, we rewrite the system (1.2)

k+S
as follows:

kn
k+S

dn = div(D,(n) - Vn)dt — div (£,,nVm) dt — div ( VS)dt +uyn(l —n—S8)dt + o (n)dw,,

vdm = D,,Amdt + andt — fmdt + ’YO'z(m)thz,

dS = —6mS dt + S (1 —n— S)dt + o3(S)dW:.
(2.20)
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We consider the same choices as in Example 1 of ¢ and of 7T[g;], while the kernel 7,[g>] is now
given by

_ o k M?(v)
then e
KV v
Tolgal(M) = o (D2 + D) - Vit =y - Vs,

Therefore, using Eq (2.16) one has

k
ax(g2) = (Da(n) + D, )Vn + -

Vg,.
+ & ?

Finally, we collect the obtained results and replace them in the system (2.12) to derive the
system (2.20).

Example 3: Derivation of the nonlocal diffusion stochastic chemotaxis—haptotaxis system with
a filling volume effect. Here, we derive a new system within a nonlocal diffusion under the filling
volume effect. The proposed system is given as follows:

kn
\Y)
+S S)dt

dn = D3( f n dx) Andt — div (¢, n"Vm) dt — div (
Q k

+uyn(l —n—8)dt + o (n)dw), 2.21)

ydm = D,,Amdt + andt — fmdt + yo,(m)dW?,

dS = —6mS dt + S (1 —n — S) dt + o3(S )dW?.

Let the function ¢(s) = +/D5(s) where s > 0, then from Eqs (2.13) and (2.14), we obtain

p(n) = g(m)n, w(n) = Dy f ndx) f v®0(v)dv .
Q 14
The kernel operators 7 and T, are given by
. M) 3 k M?(v) .
Thlgi1l=¢&o 50 v- Vg and Tr[g] = WV Vg,
ther EoM(v) k M>(v)
— SV, LS\ /R
T1[81)(M) = o V.gr and T5[g:1(M) 2k 200 Vga.
Therefore, using Eq (2.16), one has
g = = [ vouMo)dy Vg, and ax(e) =

— Vo,.
aon) Jy &+ gn) >

Finally, we collect the obtained results and replace them in the system (2.12) to derive the
system (2.21).
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3. Numerical methods for stochastic kinetic model in 1D

In this section, we develop numerical methods for the solution of the stochastic kinetic model (2.1)
using the micro—macro formulation (2.9) in 1D. The discretization is carried out with respect to each
independent variable (time, space, and velocity). The well-known Euler—Maruyama scheme is used
with an implicit—explicit (IMEX) strategy for the time discretization, while the spatial discretization is
carried out by a finite volume scheme, and the velocity discretization is performed by a
quadrature formula.

3.1. asymptotic—preserving scheme

This section aims to develop and to propose asymptotic—preserving (AP) numerical schemes in 1D
space; in other words, the uniform stability with respect to the parameter & and the consistency with
the chemotaxis—haptotaxis limit. We assume the same activity for all the particles. Moreover, it is
subjected to the following initial condition:

0, x,v) = fo(x,v). (3.1

It is shown that kinetic equation (2.1) is equivalent to the system (2.9) which is implemented with the
following initial conditions:

1
n(t=0)=ny=(fy), ht=0)=hy = ;(fo—Mno), St=0)=Sy, m(t=0)=m,. (3.2)

The discretization of the problems (2.9), (3.1), and (3.2) is carried out with respect to each independent
variable (time, velocity, and space).

3.1.1. Semi-implicit time discretization

In this first step, we present the time discretization of our coupled system. We use At to denote a
fixed time step, and 7, to denote a discrete time such that 7, = k At k € N. The approximation of n(t, x),
h(t, x,v), and ¢(n) at the time step # are denoted, respectively, by n* =~ n(t, x), h* =~ h(t, x,v) and
¢~ ~ ¢(t, x). In the first microscopic equation of (2.9), the only term which presents a stiffness in the
collision part, for a small €, is —7y(h). Hence we take an implicit scheme to ensure the stability for
this term, while the other terms aé;e still explicit, then one has

A (izqskvM(v) Vot + 21— Pyt V. i))Ar = 1t + lzﬂ(h"“) + %Tl(mk)(M(v)nk)
& & & &
+é'r1 (m")(h*) + éffz(s S(M@n*) + éTz(Sk)(hk) + W HY)AL + (I = Py (n)AWS,
(3.3)

where
AWE = Wi — Wk = VAss)

with ! being independently and identically distributed (i.i.d.) random variables with a normal
distribution. In the second macroscopic equation of (2.9), we take & at the time #;,;, which gives

=k — kv - VYA + i Hy(nF, SO AL + o () AWE, (3.4)
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Finally, replacing n in the third and the fourth equation by n**! one has

ym = ymk + D, AmFT AL + (@t — B AL + yo (m ) AWE, (3.5)

S = 5% — s IS AL + 1 SH(1 = 1 = SH)AL + o3(SFHAWS. (3.6)

Proposition 3.1. The time discretization (3.3 ) and (3.4) of the first and second equation of the system
(2.9) is consistent with the first equation of (2.12) when € goes to 0.

3.1.2. Fully discrete 1D scheme
In this section, we construct a suitable space discretization of (3.3) and (3.5). The domain under
consideration is [0, L]. The velocity space [—V, V] can be treated by using a standard discretization.
We define a staggered grid x; = iAx,i= 0, ..., N, with N = A and the cell center points are x;_ 1=
X

(i— —)Ax i=0,...,N+1. Let nk and hk be approximations of n(#, x;) and h(t;, x Xi 1, , V), respectively.

The microscopic equation (3.3) is dlscretlzed at the points x;, 1 o1 while the other macroscopic equations

(3.4) and (3.5) are discretized at the points x;. Then we obtaln

1 nk - nt 1
hk+} + vM(v)¢k%At+ —(I = Py)(@'v - V. i, AL = Kt 1t (h"“)At

1 1 1
FTH0mt MO DAL+ =T10mk, Y A+ S TH(SE MOt A (3.7
& 2 2 E 2 2 E 2 2

+l7~2(5k |)(hk I)At"'h]-C 1I—Il(nl~C HSI.C |)At+ (I_PM)O-I(nk 1)AWka
& i+3 i+3 i+3 i+3 i+3 i+3

hk+ll hk+1
it = k= Ny Al H(nf SDAT+ 0 () AW, (3.8)
X
ml§+1 2mk+1 + mk+l
ym*! = ymk + D, e AL + (ant = Bm¥)At + yor, (mHAWE, (3.9)
it = ST+ SIS AL+ 1S {(1 = nf = SHAL + 03 (SHAWS, (3.10)

The velocity discretization is achieved by using the standard trapezoidal rule.

The spatial discretization error is O(max{Ax?, eAx}), since the spatial discretization error is O(Ax)
at the kinetic regime (¢ = O(1)) and O(Ax?) at the diffusive limit (as & — 0). The Euler-Maruyama
scheme yields the O(At'/?) error for the temporal discretization, while the trapezoidal rule results in
O(AV?) accuracy for the velocity discretization, where Av is the velocity step. Thus, the total error of
the scheme is O(max{Ax?, eAx}) + O(At'?) + O(AV?).

The scheme is conditionally stable. The time step size must satisfy the convection
Courant-Friedrichs-Lewy (CFL) condition (Ar = O(Ax)) under the kinetic regime and the diffusion
CFL condition (At = O(Ax?)) at the diffusion limit. Additional time step restriction conditions,
depending on the intensity of the multiplicative noise, may be required due the use of an explicit
Euler—Maruyama scheme for the stochastic term. Strong multiplicative noise necessitates very small
time steps to maintain stability and accuracy, resulting in a prohibitive computational cost for
long-term simulations. Moreover, the Euler-Maruyama scheme lacks positivity-preserving property.
The computational cost per time step is O(N,.N,), where N, is the total number of discrete velocities.
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3.2. Numerical simulation

This subsection is devoted to presenting the numerical results in the case of 1D space. The ultimate
aim is to validate the asymptotic—preserving scheme property, namely the uniform stability with respect
to the parameter € and consistent with the chemotaxis—haptotaxis limit. The computational domain in
space is [—1, 1], while the velocity space is V = [—1, 1] with 64 discrete points which can be good
enough for numerical simulations [47]. For all numerical simulations carried out below, we take the
same dimensionless parameter values as in [5]; see Table 2.

Table 2. Dimensionless used parameters.

Symbol Description Value
D, Nonlinear diffusion of n 1072

D,, Diffusion coefficient of m 1072

£ The sensitivity of chemotaxis 5% 1072
X The sensitivity of haptotaxis 5% 1072
i Cells proliferation rate w1 = 0.005
73 ECM re-establishment rate ur = 0.1
a uPA production rate 0.05

B uPA decay rate 0.3

0 ECM degradation rate 10

Yy ECM degradation rate 1

The initial condition of tumor cells, the ECM, and the uPA protease density are given as
2 1 2 1 2
n(x,0) = exp(—100x7), m(x,0) = Eexp(—loox ), Sx,0=1- Eexp(—loox ),

and the initial cell distribution function is given by

FQ0,x,v) = no(x) M(v).

The constant function on V is chosen as the equilibrium M(v) = ﬁ, and the kernels Ty, T;, and T,
satisfying this assumptions are written as

Tow,V') = kM), Ti(S,v,v')=vVS, and Tr(m,v,v') = vVm,

then the operator 7 reads

o
To(f) = m(m - ).
For the stochastic case, we assume that o;(¢#;) = Au;, we perform 100 realizations of the process,
and we use p,, (0 = u;) to denote the realizations obtained for m = 1,2,---, 100. We are interested in

the mean solution
100

1
0 =E(p) = — o
o =E(p) 100;/0

where u; = n, up, = m,and u3 = S.
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In Figure 2, we present the plots in log scale of the error estimates given by

| fax(@®) = foaxDll2
Il /22x(0)]]2

to test the convergence of the deterministic micro—-macro scheme, and the mean /2 norm defined by

| fax(®) — szx(f)Hz]
Il f20x(O)ll>

is obtained after R realizations of the processes for the stochastic micro-macro scheme. This can be
considered as an estimation of the relative error in the /> norm, where fy, is the numerical solution
computed with a grid of size Ax = W The computations are performed with
X
2

N, = {100, 200,400, 800, 1600}, At = ATX att = 0.1 for & = {1,107%,107°}. We observe that, in both
the deterministic and stochastic cases, the scheme demonstrates uniform convergence, as its time step
remains independent of e. For the deterministic case (Figure 2 (left)), we see first-order convergence
in the kinetic regime and second-order convergence in the diffusive regime, consistent with the
expected order of accuracy, since At = O(Ax?). Conversely, for the stochastic case (Figure 2 (right)),
the observed convergence order is approximately 0.5 in the diffusive regime and 0.1 in the kinetic
regime, which is lower than anticipated.

eAx(f) =

Elea(f)] = E|

25

-85

Logm(Error)
Logm(Error)
o

451

Figure 2. Convergence order of the deterministic scheme A1 = 0 (left) vs. the stochastic
scheme A = 0.1 (right) for different values of € at time ¢ = 0.1 for cancer cell density.
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Figure 3. The convergence of the deterministic scheme with 4 = 0 (left) vs. the stochastic
scheme with A = 0.1 (right) for different values of ¢ at time ¢ = 0.1 for cancer cell density.
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Figure 4. Convergence toward the macroscopic deterministic solution with 4 = 0 (left) vs.
the macroscopic stochastic solution 4 = 0.1 (right) for different values of ¢ at time ¢ = 0.1
for cancer cell density.
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In order to check the numerical convergence of our method, since we do not have an analytic
solution, we compute the mean reference solutions E(n,,,) after 100 realizations of the process, using
a fine mesh size h,.; = 2710 In Figure 3, we evaluate the convergence of the mean solutions E(n;,)
from a coarse mesh size toward the mean reference solution. We also checked the convergence of the
solutions of the kinetic theory model toward the solutions of the limiting macroscopic system. It can
be seen in Figure 4 that, as € — 0, the densities computed via the micro—-macro scheme approach those
computed via the limiting macroscopic scheme.

We now set N, = 150. The time step is set to At = le — 04. Figures 5 and 6 show the behavior at
different regimes of the deterministic scheme (1 = 0) and the stochastic scheme A = 0.1, respectively,
with different values of & (g, = 27%, where (k € {0, 1,2, 3, 6}). The obtained densities of cells are plotted
at different times # = 0.5, 0.7, 1, 1.5. We note that the deterministic and stochastic schemes are both
stable and converge as € — 0. Moreover, it is clear that the mean densities obtained from the stochastic
scheme seem to converge to the densities obtained with the deterministic scheme as time increases.

—— k=0 —— k=0
—k=1 1 041 —k=1

k=2 k=2
—k=3 1 035 —k=3
k=6 ———k=6
nMacro|7 03F n Macro | 4

L L L L L L L L L . |
1 08 -06 04 02 0 0.2 0.4 0.6 0.8 1 -1 08 06 04 -02 0 0.2 04 06 08 1
Position x Position x

0.45 T 0.45
——k=0
04 k1 |1 04f

k=2
3 |7 03s5F
—k=6
n Macro| |

L . . . . . . L . . . . . .
1 08 -06 -04 02 0 0.2 04 06 0.8 1 -1 08 06 04 -02 0 02 04 06 08 1
Position x Position x

Figure 5. Deterministic case: Dynamics of the cancer cell densities obtained from the (AP)
scheme with & = 2 x 107%, where k = 0, 1, 2, 3, 6, 9, versus the macroscopic scheme at
successive times ¢t = 0.5, 0.7, 1, 1.5. Parameter values: u; = u, =0, and 1 = 0.
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In order to show the impact of the presence of proliferation and re-establishment terms in our
model, we consider two cases. First, we neglect these terms by assuming that u; = y, = 0, and we
provide, in Figure 7, the results of the behavior of cancer cell density, ECM density, and uPA
concentration obtained from the asymptotic—preserving numerical scheme with & = 2 x 107, It can
be seen that chemotaxis and the uPA gradient direct cancer cells to regions with a high uPA
concentration, while haptotaxis and the ECM gradient direct cancer’s movement to high-density
regions of the ECM. Second, we consider the presence of the proliferation and re-establishment terms
by taking the parameters p; = 0.05 and u, = 0.1. In Figure 8, we observe that a large cluster of cancer
cells has built up at the leading edge of the primary tumor at time ¢+ = 1. Moreover, the invading
cluster of cancer cells has migrated all the way through the domain, driven mainly by the matrix-like
protein vitronectin mediated by haptotaxis at time ¢ = 10. Finally, at t = 35, most of the extracellular
matrix has been degraded and cancer cells’ locomotion is driven mainly by the uPA-mediated
chemotaxis. Note that these results are consistent with those reported in [5].

k=0 —— k=0

b

IR

09 —kt | 09l J—

08|

07 1 07

06 1 06

05 1 05

04

03

02

01

Figure 6. Stochastic case: Dynamics of the cancer cell densities obtained from the (AP)
scheme with & = 2 x 107%, where k = 0, 1, 2, 3, 6, 9, versus the macroscopic scheme at
successive times t = 0.5, 0.7, 1, 1.5. Parameter values: u; =y, = 0,and 4 = 0.1.

Mathematical Biosciences and Engineering Volume 22, Issue 10, 2641-2671.



2661
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Figure 7. Evolution of the cancer cell density n, uPA concentration m, and ECM density S
obtained from the asymptotic—preserving numerical scheme with & = 2 x 107%. Parameter
values: uy =y, =0,and 4 = 0.
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Figure 8. Evolution of the cancer cell density n, uPA concentration m, and ECM density S
obtained from the asymptotic—preserving numerical scheme with & = 2 x 107%. Parameter
values: pu; = 0.05, u, =0.1,and 4 = 0.

4. Numerical simulation for the 2D macroscopic model

The following notations will be used for the description of the numerical scheme. Let Dg be a
regular and admissible mesh of the domain D, constituting of open and convex polygons called control
volumes with maximum size (diameter) 4. For all K € Dy, let xx denote the center of K, N(K) denote
the set of the neighbors of K (i.e., the set of cells of Dy which have a common interface with K), and
let Nj,,¢(K) denote the set of the neighbors of K located in the interior of Dg, Next(K) denote the set of
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edges of K on the boundary dD. Furthermore, for all L € N(K), d(K, L) denotes the distance between
xk and x;, ok denotes the interface between K and L, by 5k, the unit normal vector to ok, outward
to K. For all K € Dg, we use |K| to denote the measure of K. The admissibility of Dg implies that
D= UKGDRE, KNL=0if K,L € Dgand K # L, and a finite sequence of points (xx)gep, exists and
the straight xxx; is orthogonal to the edge ok ..

We now want to discretize the problems (1.2)—(1.8). Let At be the time step. We set t* = kAr. We
start by taking the mean values on each K of the initial data in the following way:

1 f 1 1
n% = — | no(x)dx, m% = —fm (x)dx and S% = —fS (x)dx. “4.1)
TN ST K Jx "

Now it is natural to write a numerical approximation to our model (1.2) in the following way: for all
KeDgrand k€ [0,N —1]

At -
il =k - — Ti 1 (Da(nt)Dnk! Z TKL(f(mK)nk“(DmKL) + .f(mL)nk“(Dm];{’l) )
|K| LeNk |K| LeNk

Z TSN DSk )T + (S (DS )7) + mAmit (1 = nfy — S) + o1 (nf) AW,
LEN[(

D,,At
K]

k+1 _ k
YMy =Yg —

Z T (Dm]) + At(ani" — Bmly) + yoo(miy) AW},
LeNg

Sk+1 Sk 6mk+lsk+l +/~l S]I((+l(1 n+l SnK)+O-3(S]I(()AW?{,
4.2)

where

OK,L
TKL_zll(KLl)’ D”KL () — 1),

(4.3)
Du, =0 if L€ New(K),

u* = max(u,0), u~ = max(-u,0), and
AWE = W Wk = VA, i=1,2,3
with &) being i.i.d. random variables with a normal distribution.

4.1. Numerical simulation

We perform the numerical simulation of the macroscopic chemotaxis—haptotaxis systems (1.2)—
(1.8) in 2D space, using the finite volume method described above. The computation is performed
in a square domain [0, L] X [0, L], discretized uniformly using rectangular volumes with a mesh size
h = 0.0125. For the numerical simulations, we take the parameters set in Table 2 unless specified
otherwise. The amplitude noise functions are taken as o;(u;) = Au;, where A is a positive constant. In
our experiment, we consider a test related to the haptotaxis-only model. In this case, the dynamic of
cancer cells is driven by the diffusion, haptotaxis, and noise. Therefore, we set &, = 0. We provide
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simulations results for the homogeneous ECM. To this end, the initial condition of tumor cells, the
ECM and the uPA protease density are given by (see Figure 9)

1 1
l’l(_x, ) O) = eXp(_400(x_05)2_400()’_05)2), m(x’ Yy, 0) = En(x’ Y, 0)7 S(x, Y, 0) = 1_§n(x’ Yy, 0)

In the following, the simulation results are presented in the case of a homogeneous ECM. We also
simulate the absence and presence of cell proliferation and/or the ECM’s re-establishment. In
Figure 10, we present numerical results showing the spatial evolution of the cancer cells’ density and
its interaction with the ECM by producing uPA, at several times (r = 1, t =5, t = 10, t = 15), in the
absence of uPA decay (8 = 0), cell proliferation («; = 0), and the ECM’s re-establishment (u, = 0)).
The effect of noise is observed in the heterogeneous spatial distribution of cells and the matrix
degradation events (uPA), as well as the nonuniform degradation of ECM. Notably, the effect of
haptotaxis with the degradation of the ECM is observed in the density of cancer cells, which decreases
at the center of the domain where the ECM concentration is low, and the cells begin migrating towards
regions with a higher ECM concentration over time. The presence of noise is further emphasized by
the uneven spatial dispersion of the cell populations, leading to the fragmentation of the cancer cells.
as it has been observed in experiments [48]. Compared with the uPA density, we observe that the
tumor cells’ density and ECM concentration exhibit higher oscillations, resulting in chaotic patterns.

In Figure 11, we show the simulation results in the presence of cancer cells proliferation, with
u1 = 2, whereas all other parameters are chosen as in the previous experiment. A fast invasion of
cancer cells is observed, resulting in a fast degradation of the ECM, with the production of uPA.
At time ¢t = 15, almost all the domain is occupied by the cancer cells. The effect of noise is still
highlighted by the heterogeneous spatial spreading of cancer cells and the chaotic patterns observed in
ECM concentration.

Cancer Cell

0.5 1 ECM 1
0.45 0.9 0.9 0.9 0.95
0.4 0.8 0.8 0.8 0.9
0.35 0.7 07 0.7 0.85
0.3 0.6 0.6 0.6 08
0.25 0.5 0.5 0.5 0.75
0.2 0.4 0.4 0.4 0.7
0.15 0.3 0.3 0.3 0.65
0.1 0.2 0.2 0.2 0.6
0.05 0.1 0.1 0.1 0.55
0 0 05
0 02 04 06 08 0 02 04 06 038

Figure 9. Initial conditions: Homogeneous extracellular matrix.
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Figure 10. Spatio-temporal evolution in of the uPA concentration (left column), tumor cell
density (middle column), and ECM density (right column), in absence of chemotaxis, cell
proliferation, and the re-establishment of the ECM at successive times ¢ = 1, 5, 10, 15.
Parameter values: &, = u; = up = 0,and 1 = 0.1.
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Figure 11. Spatio-temporal evolution of the uPA concentration (left column), tumor cell
density (middle column), and ECM density (right column) with cell proliferation and without
chemotaxis, and re-establishment of the ECM at successive times ¢ = 1, 5, 10, 15. Parameter
values: &, =, =0, uy =2,and 1 = 0.1.

5. Conclusions and perspectives

This paper has been devoted to the multiscale derivation of a stochastic chemotaxis—haptotaxis
system (1.2) by using the micro-macro decomposition method. The proposed numerical scheme is
shown to be convergent and uniformly stable along the transition from kinetic to hydrodynamic
regimes. Moreover, the macroscopic phenomena have been reproduced. Specifically, it is shown that
in the case of the absence of the proliferation and re-establishment terms, chemotaxis and the uPA
gradient direct cancer cells to regions of a high uPA concentration, while haptotaxis and the ECM
gradient direct cancer’s movement to high-density regions of the ECM. However, when those terms
are considered, we observe throughout the evolution in time that a large cluster of cancer cells first
builds up at the leading edge of the primary tumor. Next, the invading cluster of cancer cells migrates
all the way through the domain, driven mainly by the matrix-like protein vitronectin, mediated by
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haptotaxis. Then most of the ECM has been degraded, and cancer cells’ locomotion is driven mainly
by uPA-mediated chemotaxis. In addition, we have shown the effect of noise on the cell dynamics.

Looking ahead, we note that the micro-macro decomposition method developed in Section 2 leads
to the derivation of the general model (2.12) of the angiogenesis phenomena. Note that we have
derived the stochastic chemotaxis—haptotaxis system (1.2) with constant diffusion, with nonlinear
diffusion (e.g., see [49]), and with nonlocal diffusion by typical choices of the operators 7; for
i =0, 1,2 and the function ¢. We are confident that it will be interesting to develop this micro—macro
technique using the kinetic theory of active particles, which gives a better model of the cell-cell
interactions and additional knowledge on the activity of each cell, for further applications, such as, the
virus ingections (see recent papers [50, 51]) and new angiogenesis phenomena, such as
chemotaxis—haptotaxis coupled with fluid equations (e.g., the augmented Brinkman or Navier—Stokes
equations). This is not a simple wish but it is a work in progress. Finally, it is worth mentioning that
several potential extensions of the current model can be considered. These include the incorporation
of anisotropic diffusion and mechanical effects, the modeling of treatment dynamics and the
emergence of therapeutic resistance, the application to both real and synthetic experimental datasets,
and the integration of hybrid methodologies that couple discrete and continuum
modeling frameworks.
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